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Integrable	systems	
n  Integrable	system			

=	a	system	with	enough	number	of	conserved	charges	to	
determine	degrees	of	freedom	

n  Genera(ng	func(on	of	conserved	charges	
=	commu(ng	transfer	matrix	

n  Transfer	matrix	of	1D	quantum	system	
=	transfer	matrix	of	2D	classical	system	

[T ('1), T ('2)] = 0

T (') =
P1
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'j

j! Qj

Boltzmann	weights	
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Non-equilibrium	physics	and	integrable	systems	

n  Existence	of	many	conserved	charges	causes	specific	non-
equilibrium	behavior	
–  Thermaliza(on	
–  Dissipa(onless	transport	
–  Exactly	derived	steady	states	
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Thermaliza(on	of	isolated	quantum	systems	

n  Thermaliza(on	

–  No	thermal	flows	between	the	system	and	heat	baths	
–  The	system	reaches	the	temperature	of	heat	baths.		

n  Thermaliza(on	of	isolated	quantum	systems?		

–  Unitary	(me	evolu(on	
–  Is	the	system	thermalized?	



Thermaliza(on	of	isolated	quantum	systems	

n  Thermaliza(on	of	isolated	quantum	systems?	
–  Eigenstate	Thermaliza(on	Hypothesis	(ETH)	for	all	eigenstates	

[Rigol	et	al.,	Nature	452,	854	(2008),	Fig.	2]	

a.	classical	mechanics;	b.	quantum	mechanics	
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Thermaliza(on	of	isolated	quantum	systems	

n  Thermaliza(on	of	isolated	quantum	systems?	
n  Integrable	case?	⇒	ETH	does	not	hold	for	all	eigenstates	

–  ETH	analog	

	

–  “Generalized	Gibbs	ensemble”	(GGE)		

	
–  “String-charge	correspondence”	for	XXZ	chain	

	

lim
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lim
N!1
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Thermaliza(on	of	isolated	quantum	systems	

n  Thermaliza(on	of	isolated	quantum	systems?	
n  Integrable	case?	⇒	ETH	does	not hold	for	almost	all	eigenstates	

–  “Generalized	Gibbs	ensemble”	(GGE)		

	
–  GGE	computa(on	does	not	match	the	result	of	quench	ac(on	method	

–  Existence	of	other	conserved	charges	contribu(ng	to	GGE?	

�m :	generalized	chemical	poten(al	

:	conserved	charge	

[Wouters	et	al.	2014;	Pozsgay	et	al.	2014]	

[Wouters	et	al.,	PRL	113,	117202	(2014)]	
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–  Exactly	derived	steady	states	



Dissipa(onless	transport	
n  Dissipa(onless	transport		

–  Singular	contribu(on		
–  Ini(al	current	(par(ally)	survives	at														.		

n  Whether	or	not	a	physical	system	can	exhibit	dissipa(onless	
transport?	(especially	in	1D)		
–  												is	believed	for	an	integrable	models	where	an	infinite	set	of	

conserved	local	operators	restricts	dissipa(on	process.		
–  How	about	if	the	current	operators	has	no	overlap	with	local	charges?	

n  Contradictory	results	from	Bethe	ansatz	(in	the	isotropic	limit)	
–  Magnon	basis	⇒														for	
–  Spinon	basis			⇒															for	any	

D�(!)

D 6= 0

t ! 1

D = 0 T > 0

D > 0 T [Benz-Fukui-Kluemper-Scheeren	2005]	

dissipa(ve	transport	 dissipa(onless	transport	



Dissipa(onless	transport	
n  Conduc(vity	of	the	current	in	the	linear	response	theory	

	

–  Drude	weight	is	given	by	dynamical	correla(on	of	current.		
–  Kubo-Mori	inner	product	becomes	the	thermal	average	when		

																				or																					.	

n  Non-zero	Drude	weight	⇒	dissipa(onless	transport	of	current	
–  Non-zero	overlap	of	a	conserved	charge							with	current		
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= 2⇡D�(!) + �reg(!)

Drude	weight	

(A,B)� = ��1Z�1
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Dissipa(onless	transport	
n  XXZ	spin	chain	with	periodic	boundaries	

–  Drude	weight	

	

–  Spin-flip	invariance	of	a	conserved	charge		

	
–  Energy	current	

–  Spin	current		

Ballis(c	transport	of	spin	current	
⇒	non-zero	overlapped	charges	with	spin	current?	

[Zotos	et	al.	1997;	Kluemper-Sakai	2002]	

UJEU
�1 = JE , UQU�1 = Q ) (JE , Q) 6= 0 (D > 0)

UJSU
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no	overlap	of	current	with	a	charge	



Non-equilibrium	physics	and	integrable	systems	

n  Existence	of	many	conserved	charges	causes	specific	non-
equilibrium	behavior	
–  Thermaliza(on	
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n  Solvability	of	non-equilibrium	systems		
=	Exactly	derived	steady	states	

n  Classical	case:	Asymmetric	simple	exclusion	process	(ASEP)	
–  Master	equa(on	

–  Steady	state	=	Eigenstate	of															with	zero-eigenvalue		
–  													is	diagonalizable	by	Bethe	ansatz	or	matrix	product	ansatz.		

	

Solvability	of	non-equilibrium	1D	systems	

d

dt
| (t)! = MASEP| (t)! , MASEP " HXXZ

[Derrida	1998]	

MASEP

d

dt
| (t)! = 0

MASEP



n  Solvability	of	non-equilibrium	systems		
=	Exactly	derived	steady	states	

n  Quantum	case:	Quantum	XXZ	chain	with	Lindblad-type	
dissipa(on	

	
–  Bulk	integrability	
–  Steady	state	is	given	by	a	non-Hermi(an	transfer	operator	(matrix	

product	state).		

Solvability	of	non-equilibrium	1D	systems	

What’s	the	mechanism	of	exact	solvability?	

[Prosen	2011]	

integrable	Hamiltonian	
d

dt
⇢(t) = �i[H, ⇢(t)] +
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The	aim	of	this	talk	
n  Integrable	systems	exhibit	specific	non-equilibrium	behavior	

due	to	many	conserved	charges.	Especially,	the	quasilocal	
charges	have	acracted	much	acen(on.	This	talk	aims	to	show		
–  How	quasilocal	charges	are	constructed		
–  How	quasilocal	charges	works	for	non-equilibrium	study	

n  For	the	spin-1/2	XXZ	chain	with	boundary	magne(c	fields,	we	
discuss	
–  Drude	weight	of	spin	current	
–  Exact	deriva(on	of	steady	states	under	the	presence	of	Lindblad-type	

boundary	dissipators	
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Spin-1/2	XXZ	chain	with	boundary	magne(c	fields	

n  Hamiltonian	

	
	

–  Integrable	system	(many	conserved	charges)	
–  Most	general	boundary	condi(ons	(6	parameters																											)	

H =

n�1X

x=1

1l2x�1 ! h ! 1l2n�x�1
+ hB,L ! 1l2n�1
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Spin-1/2	XXZ	chain	with	boundary	magne(c	fields	

n  R-	and	K-matrices	

n  Lax	operator	

	
n  RLL	and	reflec(on	rela(ons	
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Transfer	matrix	and	conserved	charges	
n  Transfer	matrix	

–  Double-row	transfer	matrix	
–  The	boundary					-matrices	act	on	

the	auxiliary	space.		

n  Series	of	conserved	charges	are	
–  given	by	Taylor	expansion	around	the	shif	point	

–  infinitely	many	in	the	thermodynamic	limit		

Ts(') =
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j=0

'j

j!
Q(j)

s

n ! 1
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Drude	weight	for	spin	current	
n  Drude	weight	

–  The	lower	bound	of	the	dynamical	correla(on?		
–  Suppose	the	dynamical	func(on									containing	conserved	charges	

(analog	of	Lagrangian	mul(plier	method).		

–  Posi(vity	theorem	for	dynamical	func(on	

–  The	maximum	lower	bound	is	obtained	through	op(miza(on.			

D = lim
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tr(A  Be! ! H )
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[Khinchine	1934]	



Drude	weight	for	spin	current	
n  Lower	bound	of	the	Drude	weight	

–  													must	be	O(n)	in	order	to	survive	in															.	

n  Spin	current	
	
–  Parity	odd	under	spin-flip	
–  We	need																															for	non-zero														.	

n  We	want	the	charges	which	sa(sfy	
–  parity	oddness	
–  quasilocality	

UJU ! 1 = ! J

U eQmU�1 = � eQm

J = i
P

j(S
+
j S�

j+1 � S�
j S+
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1

n
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1

n
(Ql, J ), (K )k,l :=

1

n
(Qk, Ql)

⇠ O(n)

[Mazur	1969,	Ilievski	et	al.	2016]	
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Quasilocal	charges	
n  Complex	spin	representa(on	

	

–  Infinite-dimensional	highest	weight	representa(on	of	Uq(sl2)	

–  RLL-LLR	rela(on	

spin-1/2	 1/2	 1/2	 1/2	 1/2	

spin-s	

s	

s	
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a U

" 1 6= s"
a

s"
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!X
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[Prosen	2011]	
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[sz , s±] = ±s±, [s+, s�] = [2sz ]q no	lowest	weight	state	

Ř1,2(! ) 2 End(Vp ⌦ Vp), Vp 2 C2

L(! , s) 2 End(Va ⌦ Vp), Vp 2 C2, Va 2 C2s+1



Quasilocal	charges	
n  Non-Hermi(an	transfer	operator	(NHTO)	

	

–  Commuta(vity	

Wn(', s) = h0|L(', s)⌦pn|0i

spin-1/2	 1/2	 1/2	 1/2	 1/2	

spin-s	

s	

h0| |0i

[Prosen	2014]	

projec(on	by	the	highest	weight	state	
instead	of	taking	trace	
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Quasilocal	charges	
n  Parity	oddness	

–  Non-Hermi(an	transfer	operator	

	

–  Spin-flip	transforma(on	

Wn(', s) = h0|L(', s)⌦pn|0i

spin-1/2	 1/2	 1/2	 1/2	 1/2	

spin-s	

s	

h0| |0i

L(', s) = sin ' cos(⌘sz
a) ⌦ �0 + cos' sin(⌘sz

a) ⌦ �z + (sin ⌘)s�a ⌦ �+ + (sin ⌘)s+a ⌦ ��

UWn(! , s)U! 1 = �0|(UL(! , s)U! 1)" n|0�

�� �0

spin	flip	
�� �z �� �� �� �+

spin	flip	 spin	flip	 spin	flip	

� UWn(�, s)U�1 �= Wn(�, s)
� Us± U! 1 �= s"

Non-Hermi(an	transfer	operator	contains	the	odd	parity	part!	



Quasilocal	charges	
n  Quasilocality	

–  Differen(a(on	w.r.t.	the	representa(on	parameter	

	

	
–  Hilbert-Schmidt	inner	product	of		

[CM-Prosen	2017]	
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Ballis(c	transport	of	spin	current	
n  				-invariant	case	

–  Periodic	boundaries,	Open	boundaries	
–  Boundary	magne(c	fields	with	
–  Spin-flip	invariant	charges	

–  Drude	lower	bound	is	deformed	due	to	con(nuous	parameter	of	
quasilocal	charges.		

Z2

[CM-Prosen	2017]	

:	complex	Fredholm	eq.		
		of	the	1st	kind	

UQmU�1 = Qm

no	overlap	with	the	spin	current	J
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n  Not						-invariant	case	
–  Boundary	magne(c	fields	with	one	of	
–  Spin-flip	non-invariant	charges	

–  Drude	lower	bound	consists	of	charges	and	quasilocal	charges.		

	

Dissipa(onless	transport	of	spin	current	
[CM-Prosen	2017]	Z2

! L,R �= "
2

, #L,R �= " n, n � Z

UQmU�1 �= Qm

non-zero	overlap	with	the	spin	current	J

D � Re
�

�;|Re���
2 |< �

2m

d2� f(�)
1
n

(J, Z(�)) + Re
n�

r=1

�r
1
n

(J,Qr)

contribu(on	from	charges	
boundary-parameter	dependence	

� Re
�

�;|Re�! !
2 |< !

2m

d2! f(! )
1
n

(J, Z(! )) :	becer	evalua(on	than		
		that	using	only	quasilocal	charges	



Reconsidera(on	of	quasilocal	charges	
n  Non-zero	Drude	weight	of	spin	current	is	guaranteed	by		

–  quasilocality																																																	(+	further	restric(on)	
–  non-Hermiteness											non-Hermi(an	rep.	of	auxiliary	space	

n  It	is	natural	to	use	ordinary	transfer	matrices	instead	of	non-
Hermi(an	transfer	operator.	
–  non-Hermi(an	transfer	operator	

–  non-Hermi(an	transfer	matrix	

dim Va != dim Vp

Wn (', s) = h0|L (', s)! p n |0i
L (', s) 2 EndVa ⌦ Vp, Va = C2s+1 , Vp = C2

Tn (', s) = tr a(L (', s)! p n )

L (', s) ! EndVa " Vp, Va = C2s+1 , Vp = C2

[Pareira	et	al.	2014,	CM	coming	soom]	



The	aim	of	this	talk	
n  Integrable	systems	exhibit	specific	non-equilibrium	behavior	

due	to	many	conserved	charges.	Especially,	the	quasilocal	
charges	have	acracted	much	acen(on.	This	talk	aims	to	show		
–  How	quasilocal	charges	are	constructed		
–  How	quasilocal	charges	works	for	non-equilibrium	study	

n  For	the	spin-1/2	XXZ	chain	with	boundary	magne(c	fields,	we	
discuss	
–  Drude	weight	of	spin	current	
–  Exact	deriva(on	of	steady	states	under	the	presence	of	Lindblad-type	

boundary	dissipators	



Boundary	dissipator	of	Lindblad-type	
n  XXZ	chain	acached	to	two	different	reservoirs	

	
	

–  Reserviors	(dissipators)	

–  Never	thermalized	due	to	dissipators	 [Prosen,	J.	Phys.	A,	48,	373001	(2015)]	

L 1 = ei ! ! +
1 + "! 0

1, L 2 = ! z
1

L 3 = e! i ! ! !
n + " "! 0

n , L 4 = ! z
n

:	lef	boundary	

:	right	boundary	

=3

H =
n�1�

x=1

1l2x�1 � h � 1l2n�x�1 + hB,L � 1l2n�1 + 1l 2n�1 � hB,R

h = 2�+ � �� + 2�� � �+ + �z � �z cos�

hB,L =
1
2
�z sin� cot �L + �+�Lei�L

sin�

sin�L
+ ���Le�i�L

sin�

sin�L

hB,R =
1
2
�z sin� cot �R + �+�Rei�R

sin�

sin�R
+ ���Re�i�R

sin�

sin�R



n  Lindblad-type	master	equa(on	

–  Dissipators	

–  Steady	state	

n  Matrix	product	ansatz		

	

Exact	steady	state	

non-Hermi(an	transfer	operator!	

⇢1 =
⌦n⌦†

n

tr (⌦n⌦
†
n)

, ⌦n =
1

sinn('+ s⌘)
ah0|L†

1L
†
2 . . .L

†
n|0ia

L1 = ei��+
1 + ��0

1 , L2 = �z
1 , L3 = e�i���n + ���0

n, L4 = �z
n

=3
� d��/dt = 0

=3

�� = lim
t��

eL̂t�(0)� �i[H, ��] +
�

µ D̂Lµ(��) = 0

: Liouvillian	operator	

=3

d

dt
�(t) = �i[H, �(t)] +

�
µ D̂Lµ(�(t)) := L̂�(t), L̂

D̂L(�) = 2L�L† � {L†L, �}

:	fixed	point	condi(on	



n  Fixed	point	condi(on	

	
–  L.H.S.:	(me-evolu(on	part	

–  R.H.S.:	dissipa(on	part	

	

Exact	steady	state	

= ei�! +
1 + "! 0

1 = �z
1 = e�i���

n + ↵0�0
n = ! z

n

=3

[H, ��] = �D̂L1(��) + ��D̂L2(��) + �D̂L3(��) + ���D̂L4(��)

Non-commuta(ve	parts	are	pushed		
to	the	boundaries.		

+	boundary	terms	
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Boundary	dissipators	and	boundary	condi(ons	

n  The	fixed	point	condi(on	has	a	solu(on	in	the	following	case:	
–  Spectral	parameter	
–  	Dissipa(on	rates		

–  Tuning	parameters	

' = ⇡/ 2
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4
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Boundary	dissipators	and	boundary	condi(ons	
n  Steady	state	of	XXZ	model	acached	to	Lindblad-type	

dissipators	was	derived	under	general	boundary	magne(c	
fields.		
–  Non-Hermi(an	transfer	operator	is	the	steady	state.		

n  The	rela(on	was	obtained	between	boundary	dissipators	and	
boundary	magne(c	fields.	
–  Tuning	parameter	provides	transforma(on	which	keeps	the	Liouvillian	

operator	invariant.	

–  Diagonal	boundary	magne(c	fields	does	not	keep	the	Liouvillian	
operator	invariant.		

n  Any	other	exactly	derived	steady	states?		

non-diag.	boundary	magne(c	fields	

) HXXZ
bulk ! HXXZ

bulk + i!" +
1 � i! ⇤" �

1 � i! 0" +
n + i(! 0)⇤" �

n



Summary	
n  On	the	spin-1/2	XXZ	chain	with	boundary	magne(c	fields,	we	

derived	
–  non-zero	Drude	weight	of	spin	current	
–  exact	steady	state	under	the	presence	of	Lindblad-type	dissipators		

n  Both	above	are	discussed	through	the	non-Hermi(an	transfer	
operator,	which	is	
–  the	new	object	of	integrability	
–  different	in	spin-flip	parity	from	conven(onal	conserved	charges		

n  As	future	works,	we	are	interested	in	
–  construc(on	of	non-Hermi(an	transfer	matrix	
–  applica(on	to	generalized	Gibbs	ensemble		

Thank	you!	


