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Integrable systems

m Integrable system
= a system with enough number of conserved charges to
determine degrees of freedom

m Generating function of conserved charges
= commuting transfer matrix

[T(1), T(p2)] =0

T(p) = 2, 510

m Transfer matrix of 1D quantum system
= transfer matrix of 2D classical system

Boltzmann weights
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R-matrix elements: solution of Yang-Baxter eq.

} = [Qj, Qel =0 (Q1:= H)

auxiliary space

spin-1/2  1/2 1/2 1/2 1/2
physical space
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Thermalization of isolated quantum systems

m Thermalization

non-uniform uniform
heat b at bath —t) heat b at bath

— No thermal flows between the system and heat baths
— The system reaches the temperature of heat baths.

m Thermalization of isolated quantum systems?

non-uniform uniform
t
[Wo) e W)

— Unitary time evolution
— Is the system thermalized?



Thermalization of isolated quantum systems

m Thermalization of isolated quantum systems?
- Eigenstate Thermalization Hypothesis (ETH) for all eigenstates

Z |Ca|2Aaa — ; Z Aaa

NEO’AE a;|Eg—Eq|<AE
L.H.S. microcanonical ensemble (= canonical ensemble)
W (0)) := Z ca|¥o) |¥,):non-degenerate
o eigenstate of H
|\IJ(t)> _ 6_7:Ht|‘11<0)> Thermal state
WOLAT(0) = 3 chepe’ PPN, | AW ) :
o, .

Initial state

Coherence

Z Afe = tr

a;|Eg—FEq|<AFE
o;|Bo—Eo|<AE | Eo—Ea

[ Eigenstate thermalization ]

1 a. classical mechanics; b. quantum mechanics
= tr (W ) (Wy
NE..AE  o|Eo—Eo|<AE

[Rigol et al., Nature 452, 854 (2008), Fig. 2]



Thermalization of isolated quantum systems

m Thermalization of isolated quantum systems?

m Integrable case? = ETH does not hold for all eigenstates

~ ETHanalog | , L (96]0]0)
Am lim (O() = lm =

|Dy) : saddle point eigenstate
characterized by {0} ,(A) }

— “Generalized Gibbs ensemble” (GGE)

Bm : generalized chemical potential

p=Z tem ZmPmXm .
X,, : (generating func. of) conserved charge

— “String-charge correspondence” for XXZ chain
S 1 S ) S )
Pen(N) = ar(A) + -1 (A + 5) + (A = )}
BN = lim N H®|X,(\)|D)
N — 00



Thermalization of isolated quantum systems

m Thermalization of isolated quantum systems?

m Integrable case? = ETH does not hold for almost all eigenstates
— “Generalized Gibbs ensemble” (GGE)

: generalized chemical potential
Z o™ 2m BmXm B -8 P

p= X, : conserved charge
— GGE computation does not match the result of quench action method
PPN PPN [Wouters et al. 2014; Pozsgay et al. 2014]
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1 0005 FIG. 1. (color online) (a),(b) Density functions p1 and p2
for the quench to different values of A > 1 of both the quench
action saddle-point state (solid lines) and the GGE equilib-
rium state (dashed lines). (c) Difference between the GGE
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0 0 T 3 [Wouters et al., PRL 113, 117202 (2014)]
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— Existence of other conserved charges contributing to GGE?
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Dissipationless transport

m Dissipationless transport
— Singular contribution D§(w)
— Initial current (partially) survives at t — oco.

TR a2 <

dissipative transport dissipationless transport

m Whether or not a physical system can exhibit dissipationless
transport? (especially in 1D)

— D # 0 is believed for an integrable models where an infinite set of
conserved local operators restricts dissipation process.

— How about if the current operators has no overlap with local charges?
m Contradictory results from Bethe ansatz (in the isotropic limit)

— Magnon basis= D =0for T >0

— Spinon basis = D >0 forany T



Dissipationless transport

m Conductivity of the current in the linear response theory

B[t
o'(w) = lim lim —/ dt e**(J(t), J(0))gs (A,B)g = B'Z5"x
0

T—oon—oo N 3
— 27D3(w) + Ores(w) | anus(atempe -,

Drude weight : Kubo-Mori inner product

B . B ((J,Q)p)?
D= lim %(J(t), J(0))g > Tim o (0.0 Mazur bound

— Drude weight is given by dynamical correlation of current.

— Kubo-Mori inner product becomes the thermal average when
[A, Hl=0or [B, H =0.

m Non-zero Drude weight = dissipationless transport of current

— Non-zero overlap of a conserved charge @ with current J



Dissipationless transport

m XXZ spin chain with periodic boundaries

— Drude weight

n—oo 2N

— Spin-flip invariance of a conserved charge
UQU t=Q, USTU '=S57
— Energy current Jg
UJU ' =Je, UQU *=Q = (Je,Q)#0 (D>0)

ballistic behavior
— Spin current

UJsUt=—-Js, UQUt=Q = (J5,Q)=0 (D=07)

no overlap of current with a charge

Ballistic transport of spin current
= non-zero overlapped charges with spin current?



Non-equilibrium physics and integrable systems
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Solvability of non-equilibrium 1D systems

m Solvability of non-equilibrium systems
= Exactly derived steady states

d
— () =0
~lw()

m Classical case: Asymmetric simple exclusion process (ASEP)
— Master equation

d
£|\p(t)! = Masep|V(t)!, Masgp" Hxxz

— Steady state = Eigenstate of Masgp with zero-eigenvalue
— Masgp is diagonalizable by Bethe ansatz or matrix product ansatz.



Solvability of non-equilibrium 1D systems

m Solvability of non-equilibrium systems
= Exactly derived steady states

d
— () =0
~lw()

B Quantum case: Quantum XXZ chain with Lindblad-type

d|$5|pat|on integrable Hamiltonian

d . A
—p(t) = —i[H, p()] + > _ Dr, (p(t))

H dissipators
— Bulk integrability

— Steady state is given by a non-Hermitian transfer operator (matrix
product state).

Q, Q1 1
e Q= = JOLYLY .. LT)0),
tr (Q2,Q0) sin” (¢ + sn)

Poo =

What’s the mechanism of exact solvability?



The aim of this talk

m Integrable systems exhibit specific non-equilibrium behavior
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Spin-1/2 XXZ chain with boundary magnetic fields

m Hamiltonian

n—1
H=>) lyer! h! Lpusor +hpr! lpu-s + lyuar ! hpr
r=1

h=20"! 074207 ! ot +0*! 0%cosn
1

- o, sin _ _., sinn
hpL = —o”sinncot &, + ot ket - T 4o kpe it S
2 sin &1 SnéL
: 0. SIn _ _ .o sinm
hB,R = S cot gR + 0‘+/§;R619R - n + 0o KRE 10R i
2 sin R sin &R

1 1
502 sin 7 cot &, §az sinn cot &g

§ 8 orderd

. , sinn
sinn  o%kr, cos 6Oy,

. . sinn  o%kgrcosbr
- sin &, oYkR sin O
sin &,

sinn

O'yK,L sin 0L

" sin
sin &R &R

— Integrable system (many conserved charges)

— Most general boundary conditions (6 parameters &r,L; R L KR,L)



Spin-1/2 XXZ chain with boundary magnetic fields

m R- and K-matrices

. 1 1 1 —
R(p) = SH;O W]lsinn + %02 ® o sinn

K (¢;€,K,0) = 1siné cos p + 07 cos Esing + o kel sin(2p) + 0~ ke ? sin(2¢)

(h+ 1cosn) —

B Lax operator

_ (sin(p+mnsZ)  sinns, _ o o
L(y,s) = < sinns; sin(p —ns?)) {;o }La (p,8) @0,
ac y U, 2

Lo(p,s) =sinpcos(ns;), Li(p,s) = cospsin(nsy), Ly (p,s) = (sinn)s]

m RLL and reflection relations
Ry 2(p1 — p2) L1 (1) La(p2) = L1(p2)La(p1) R 2(p1 — ¢2)
Ro1(p1 — 2)Ka(o1) R 2(01 + 92) Ka(p2)
= Ka(p2)Ra1(p1 + p2) Ko (1) R 2(01 — 02)



Transfer matrix and conserved charges

m Transfer matrix

— Double-row transfer matrix

— The boundary K-matrices act on
the auxiliary space.

T(A) = tro(Kr(A) Ly (N) ... L1(N) L a oy [.-.] on
X KL(A)L?(A _ 77) o LE(}\ . 77)) physical space

auxiliary space

m Series of conserved charges are
— given by Taylor expansion around the shift point

! j .
T(p)= > QY
=0 7’

— infinitely many in the thermodynamic limit n — oo



Drude weight for spin current

m Drude weight D= lim E(J(t),J(O))!

n"  2n

— The lower bound of the dynamical correlation?

— Suppose the dynamical function B(t¢) containing conserved charges
(analog of Lagrangian multiplier method).

B(t):= J(t) — >, @mQm, - Lagrangian multiplier

— Positivity theorem for dynamical function B(t)
1 T
fim - [ (B2, BO) = 0
0

T— 00 T

= lim l/O (J(t), J(0))5 > —a(Q, Q) + 2a(T, Q)5

T—oo T .
The relation holds for any .

— The maximum lower bound is obtained through optimization.

o = (Q’ Q): 1(‘]_’ Q)'

thermal average (A,B ), =

tr(A Be' 'H)

tr(e 1)



Drude weight for spin current

m Lower bound of the Drude weight

D! Z %(\LQk)(K _1)k,lﬁ(Ql1J>’ (K )k = %(Qk,Ql)

k.l
— (Qg, Q;) must be O(n) in order to survive in n — oo .

m Spin current _ . o -
JZ@Zj(Sj Sj+1 _Sj Sj+1)

— Parity odd under spin-flip UJU' ' =1 J
_ We need UQ,, U~ = —0Q,, for non-zero (J, Qm).

m We want the charges which satisfy

— parity oddness o
- quasilocality  Qm =YY In! ¢(©)! Jpw e, (g,q)" ve' '
r=2 k=0

Wo%ﬂ—av—fl—w

T




Quasilocal charges

m Complex spin representation [Prosen 2011]

S spin-s . N

g s;= > (s—k)k)(k|, seC

(%) k=0

> S ! .

5 st= Y I va) st v,
g . —0 sinn

© . =sSin@s — k) -

spin-1/2  1/2 1/2 1/2 1/2 Sa =D gy WL Us, Ut s

k=0
physical space

— Infinite-dimensional highest weight representation of Uq(sl2)
[s?, s¥] ==£s*, [sT,s7]=[25"]q nolowest weight state
— RLL-LLR relation
R12(01 — @2) L1 (01, 8)La(p2, s) = Li(p2, ) La(e1, 8) R 2(01 — 92)
Rio(') €End(V, @ V), V,eC?
L(!',s) €cEnd(Va®Vp), Vp€C? Vet



Quasilocal charges

m Non-Hermitian transfer operator (NHTO) [prosen 2014]

spin-s

| 01-9—9—9—9—9—10 | Walv5) = (0[L(s,5)>"[0)
s ?—?—?—?—?7 projection by the highest weight state
instead of taking trace

spin-1/2  1/2 1/2 1/2 1/2

— Commutativity

1o #
Wn(907 S)Wn(ea t) = <0|a<0|bRa,b(90 —0,s, t) La,x(907 S)Lb,aﬁ(ea t) |O>a|0>b
r=1
I " #
= <0|a<0|b La,ﬂ:(@a S)Lb,m(ea t) Ra,b(@ — 0, s, t)|0>a|0>b

x=1

RLLrelation =W, (0,t)W, (¢, s)



Quasilocal charges

m Parity oddness

— Non-Hermitian transfer operator spin-s W
Walp,s) = (0|L (s, )% |0) [ 0 W@]

)
— Spin-flip transformation

UW,(!,s)U" ' = (O|(UL(! ,s)U' 1) ™|0)

spin-1/2  1/2 1/2 1/2 1/2

L(p, ) = sin pcosss) ® a° +cospsin(ns;) ® o +(sin n)s, @ ot +(sin n)sg @ o~
Y — o~ — 0 — 0
spin flip spin flip spin flip spin flip
= Us*U'lzs

= UW, (@, s)U ™" # Wy(p,s)

Non-Hermitian transfer operator contains the odd parity part!



Quasilocal charges

m Quasilocality
— Differentiation w.r.t. the representation parameter s

1 I sin! cos!
Zn(l) = #Wh (! ! ! M?
n(!) 2(sin! )N=2" sin" n 7S)s::o 2sin " -—g_l
nmn n—k — Z ]]-237 ® O_Z ® ]12n—1—a:
— ]12k " qr (I ) " ]12n! r! k x=0
r=2k=0
Gg()=(sin 1) "2 1L'z(,00aaB' (01! # g aaA T et
1"
— Hilbert-Schmidt inner product of ¢ (!)
1, et 1
(4r(9):4r(9)) = 7 AUT(@,0) (1) < 9e™¢7, £(p) = S logm(p) > 0
mi 1 4 the largest eigenvalue of T
T(,1)=  (cosT®)2+cot Icot! (sin Z&)? |k) (k|

k=1
m! 2 <iq K qin 7lH(k+1)
N | sin 7 sin == |
2sinTsin!
k=1

(k) {k +1]+ [k+1)(K)) for n= =

m



Ballistic transport of spin current

m Z>-invariant case

Periodic boundaries, Open boundaries

Boundary magnetic fields with {Lr = g bor=m, n! Z
Spin-flip invariant charges UQ,,U~! = Q,,

no overlap with the spin current J

Drude lower bound is deformed due to continuous parameter of
quasilocal charges.

1 1 sin® 1L m 2!
[ 2 - N m Q1 -
D! Re[p;|Re¢! e o ()= (7, Z()) | (1 ol Sm(m))

. =
n—oo 4 gin? L
m

2m

— il 4 independent of boundary parameters

n—oo

n

“ 1 AU P
/ o' —(Z(¢), Z(¢ ) f(¢) = =(J, Z(p)) :complex Fredholm eq.
¢’;|Rep’! F|<75 n

= flp) = —

of the 15t kind

. - 2 7l
21 S1n ™

7 |sin |



Dissipationless transport of spin current

m Not Z,-invariant case
— Boundary magnetic fields with one of 'Lr 7 5 LR Z"n, neZ
— Spin-flip non-invariant charges UQ,, U ' # Q..

non-zero overlap with the spin current J

— Drude lower bound consists of charges and quasilocal charges.

1 “1
D=Re | o F(9)~ (1. 2(9)) +Re > a,— (1, Q,)
;| Rep— 5 | <5 n _

contribution from charges
boundary-parameter dependence

1
> Re/ d*l f(0)=(J,Z(1)) :better evaluation than
¢ilReg! 7]<7 n that using only quasilocal charges



Reconsideration of quasilocal charges

m Non-zero Drude weight of spin current is guaranteed by
— quasilocality & dim V Edim V, (+ further restriction)
— non-Hermiteness <3 non-Hermitian rep. of auxiliary space

m |tis natural to use ordinary transfer matrices instead of non-
Hermitian transfer operator.
— non-Hermitian transfer operator

Wa(p,s) = (OIL(p,s) *"|0)
L(p,8) €CENdVa @V, Va= C="

I
O
N

— non-Hermitian transfer matrix

Tn(p,8) =tr a(L(p,9) ")
L(p,s)! EndVa" V,, V= C®" v, =C?
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Boundary dissipator of Lindblad-type

m XXZ chain attached to two different reservoirs
n—1

H = Z Ioe1 @M @ Agn—2-1+ W, @ Ugn-1 + Agn-1 @ hpr

r=1

h=20"®0c +20” ®0" + 0° ® 0” cOSN

1 . . siny _ __.o Sinny
hgr = =o”sinncotéy, + ot kel —L + S p——
BL 20 g S sin&y, o FL sin&y,
1 : .0 SNy _ __.,Sinny
hgr = —o?sinncotég + ot krel" —L + S "
BR™ 59 7COteR + o7 kR Sinér o hR Sinér
— Reserviors (dissipators) |i
lee”!ir +m 9 L, =11 :Ieftboundary’; &g ‘(
Ly=¢€ "1l +"1°% L,=12% :right boundary ¢

— Never thermalized due to dissipators



Exact steady state

m Lindblad—type master equation
%p(t) = —i[H, p(t)] + Zu ZA)LM (p(t)) := ﬁp(t), £ : Liouvillian operator

Dr(p) = 2LpLt —{L'L, p}

— Dissipators

Li=e%of 4+ a0, Ly=0?, Li3=c¢ %o, +ad'02, Ly=o07

— Steady state
Poo = hrgoe 'p(0) = —i[H, poo] + > ZA?LM (Poo) = 0 : fixed point condition
& dpoo/dt =0
m Matrix product ansatz
Q, Q0 1
Do = —n Q, = JO|LTLY .. L1|0),

tr(Q,QL)" 1 sin”"(p+sn)

non-Hermitian transfer operator!



Exact steady state

m Fixed point condition
[H, poo) = €D1, (pos) + €D, (poc) + DLy (poc) + "Dy (poc)

— ) up 0 —1 — /1 0 _
=1, =2 +"1Y =47 —e Yo +a/0d =12

— L.H.S.: time-evolution part
2sinn
| =
T
B 2sinn
sin"(¢ + sn) ¢

(a‘fa (0| cosyp cos(s?) — o7 4(0|sing sin(nsz)) L,...L,|0)q

OL,...L,, (COSgp cos()s?)|0),00 — sincpsin(ns§)|0>aa,;j>

Non-commutative parts are pushed

+ boundary terms
to the boundaries.

— R.H.S.: dissipation part

5. a b _ 2d+ ! (€ b+ €%¢) I b! 1 é#(al d)
Sttt ocd T telte®al d) t2d! 1(e¥b+ €¥o)
5. ‘a b _ l2al I(¢*b+ € ¥c) 1 b+!1€#(al d
¢ ' e © ¢c d = tc+lé¥al d 2a+!(e¥b+ € o
5, . a b _ 0 !4b local action at boundaries
. cd l4c O = Set the free parameters ! and ¢

to kill L.H.S.



Boundary dissipators and boundary conditions

m The fixed point condition has a solution in the following case:

— Spectral parameter ¢ = 7/ 2

— Dissipation rates

. | . | .
e =1 2isinntan(sn), & =! 7 Sinncoter, g =1 7 Sinn Cotér
left-! ¥, right-!"* left-! 2 right-!
— Tuning parameters
a= it 13NN i oyt 2 SN i
eft10 SINGL SincL | =g
a =1i¢ 1—Ssilnn§n A 1—;?; kpe 'RV
right-! 0 R R -
system
anisotropy diag. non-diag.
g dissipation rate (ai) related
)
.g dissipation rate (! “) related
(%)
-_"é’ tuning parameter (! ©) related




Boundary dissipators and boundary conditions

m Steady state of XXZ model attached to Lindblad-type
dissipators was derived under general boundary magnetic
fields.

— Non-Hermitian transfer operator is the steady state.

m The relation was obtained between boundary dissipators and
boundary magnetic fields.

— Tuning parameter provides transformation which keeps the Liouvillian
operator invariant.

Li=0' — of +ad!
1 1 1 XXY7 XX7 i 4+ 1 ok — AL . I\ kn —
Ly=0, — 0, +ao,

non-diag. boundary magnetic fields

— Diagonal boundary magnetic fields does not keep the Liouvillian
operator invariant.

m Any other exactly derived steady states?



Summary

m On the spin-1/2 XXZ chain with boundary magnetic fields, we
derived
— non-zero Drude weight of spin current
— exact steady state under the presence of Lindblad-type dissipators

m Both above are discussed through the non-Hermitian transfer
operator, which is
— the new object of integrability
— different in spin-flip parity from conventional conserved charges

m As future works, we are interested in
— construction of non-Hermitian transfer matrix
— application to generalized Gibbs ensemble

Thank youl!



