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the solution is not complete.

In this presentation, completeness for the rational, spin-1/2
s/(2) Richardson-Gaudin system will be analysed.

Prospects for generalisation to other systems will also be
discussed.



The system is described in terms of a collection of s/(2) spins
labelled by j = 1, ..., L satisfying the canonical commutation
relations

[S7, SiF] = +04 ST, [S;", Sk 1= 20uSF.

Each spin is assigned a representation with highest weight s;. For
arbitrary, distinct, real parameters {z; : j =1,...,L} and o € R the
operators

= = ij — 25j5k/
=25+ o
P

where 0 = SJ.JFS; + SJTSZr + 25J-25,f, are mutually commuting

[Tj, Tel =0, Vi, k.



The spectrum of these operators is given in terms of a Bethe
Ansatz solution. The eigenvalues are expressed as

m=1
where
L M
2s; 2
2 — = R =1,... M.
Oéﬂ_.z:Vm_zj va_vn’ & -
j=1 n#m

The derivation of this solution assumes that the Bethe roots v,
are mutually distinct. It also assumes that they are distinct from

the z;. But this not always the case!
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Numerical solution - spin-1/2 case

Figure:



The eigenstate associated with each such solution is one with
z-component of spin

Sj—M.

M-

Jj=1

Explicit expressions for the eigenstates associated with each
solution of the Bethe Ansatz equations, which will be referred to as
Bethe states, have the form

M L

o) =TI (X =5 |1 1)

k=1 \ j=1

where |0) = |h.w.)®L is known as the pseudo-vacuum state. To
show that the solution is complete it is also necessary to show that
all eigenstates are of the form (1), up to regularisation.



In the case where all representations are spin-1/2 it can be shown
that the conserved operators satisfy the quadratic identities

L
T.—T
TP=a?-Y L% j=1,.,L
f Zj — z)
k#j

It follows that the eigenvalues observe analogous relations

L
A — A
2 _ 2 Z J k °
AJ—CY — ﬁ’ j—l,,L
k#j

and that these are necessarily complete. Define Q(u) to be a
polynomial of order N < L satisfying

Qz)+(N-a)Qz)=0, j=1,..L

This linear system admits a non-trivial solution.



Rearranging allows us to write, provided Q(z;) # 0,

N
Q'(z) Ma
A= o — L =a-—
\J Q(ZJ) nz_;zj—vn
It follows from
L
- A
R D i S S N
¢ zj — 2z
k#j

Zj — Vp P(vn) Q(ZJ) ° Q(ZJ) ’

N L

Q) = [Tw=va)™,  Pu)=TJ(u-2)

n=1 J=1

Z mp P/(Vn) _ QH(ZJ) 2 Q/(Zj) j=1,..L



Set

N 'y
R(u) = Q"(u) — 2aQ'(u) — Z ma Q(u) P(vi) (3)

= u—vy P(vn)

which is a polynomial of order less than L, since Q(u) is at most of
order L. It then follows from (2) that R(u) =0, so

m, P'(vs)

u— vy, (,,)

Mz

QII( 2OZQ

n=1

Eq. (4) shows that m, =1 for all n =1, ..., N. Moreover,
evaluating (4) at u = vy, with M = N gives the Bethe Ansatz
equations

L
1 2
2 - —1,.., M.
a+jzzlvm_zf va—v,,’ T




Here it will prove advantageous to work with a generalised version
of the commuting operators. Let v € C and set

U=1—-~S*
U=UU,,.. UL,
T=uTu
2 20 — |
_a(0j+270 2sz—zk

The Bethe Ansatz equations, and the eigenvalue expressions, still
hold for the set {7;:j =1,...,L}, but the Bethe state expressions
need to be modified. Rather than simply expressing the
transformed Bethe states through conjugation by U/, it is more
useful to generalise the algebraic Bethe Ansatz procedure.



Define

2 = u— 2z
Lo
ty(u) = Z U_Z.SJ+
j=1 !
L
t2(u) = 20yl + Z —5;
j=1
1en 1
t3(u) = —al + 5 > ——(I-25))
j=t !

which can be shown to satisfy the commutation relations
k i

i), )] = 22 (t) — () + 2L (e(0) ).




It follows from the commutation relations (5) that the transfer
matrix

T(u) = ti (u)t; (u) + 3 ()t (u) + £ ()3 () + 85 ()85 (u)
forms a commuting family:
[T(u), T(v)]=0 Vu,v € C.

Indeed it can be shown that




It is seen that the pseudo-vacuum state is an eigenstate of the
transfer matrix with eigenvalue

L

p(u) = 202 —|—2az

L
1
+ +y —.
W= 7 leu—zj J,_Zl(u—zj)2
Set

M
Htl(v,, |0),
i

= H t2(vn)[0).

n#m
In the algebraic Bethe Ansatz approach the following action is
considered

M
= > (W) [T(u), G(vm)] -8 (va)[0) + p(u)|W).

m=1



It is found that

M
T(u)|V) = Auw)|V) + 2t1
where
M
A@) = plo) —2 3 2

It needs to be emphasised that, in arriving at (7,8), it has been
assumed that the parameters {vp, : m =1, ..., M} are pairwise

distinct.

(8)



For v # 0 observe also that |W) is a non-null vector, since the
projection of |W) onto |0) is non-null:

M
= 1 £wa)l0),
n=1

Moreover |W) is an eigenvector of T(u) whenever the Bethe
Ansatz equations hold, since I',(v,n) = 0. In such a case

L M
Mu) = —222 iz
j=1 n= J

1

— Vn)‘



It can then be checked from (9) that the eigenvalue expressions of
{7 :j=1,...,L} are the same as those for {T;:j =1,...,L}.
Note that

M
Aw) = plo) —2 3 2 (10)
. mll " .
rm(u):2a+zu_2_—zv — (11)
j=1 I gm0

are independent of v, and therefore also hold as v — 0.



Lemma : For any solution of the Bethe Ansatz equations, if the
state |®) is null it is nonetheless regularisable.

The result follows since

|6) = lim [W)
v—0

and because |V) is non-null for all v # 0,

)= ey v

must converge to a non-null vector. Thus |®) is a regularisation of
|®).



Definition: The parameters & € R and pairwise-distinct real
parameters {z; : j =1,...,L} are said to be in general position if

all eigenspaces W, are one-dimensional;

for all eigenspaces W, the associated function Q(u) has the
property Q(z;) #0 forall j=1,..., L.

Proposition: For a spin-1/2 system with parameters in general
position, the Bethe Ansatz solution provides a complete set of
eigenstates, up to regularisation. There are no spurious solutions of
the Bethe Ansatz equations.



It is important to establish that the definition for general position
above describes a generic setting. This can be seen to be so by
considering the limit of large |a|. Define parameters n;, j =1,..L
which may take values 0 or 1. Then the 2L ordered L-tuples
(n1,...,n.) are in one-to-one correspondence with the
one-dimensional eigenspaces

W, = span ﬁ <Jj_>nj 0) +O0(a™Y) |,

=1

where
L
/\J' = (1—2/7]')064-0(1)7 M = an.
Jj=1

In the large |a| limit it can be checked that for each eigenspace
L

Qu) = [J(u—z - 2)™ + O(a™2))",

=i



In this instance the operators satisfy cubic identities for j =1, ..., L

P =40°T; - Z p—— (T;— Ti) — TZZJ_Zk T — Tk)

k#f
L8 S
N R S SR 1Y) o
ki A2k 74

It is necessary to introduce, for j =1, ..., L, operators U; through

2U; =401 — T7 — 42 (T — Ti).

ZJ—Zk

From the cubic operator |dent|t|es it is found that for j =1, ..., L,

U—2Z —(Zj—Zk)UJ'—Tk).

— z¢)?
k#J



This construction provides 2L quadratic identities in 2L operators.
Letting the eigenvalues of U; be denoted &, then

L
1
2 =4a” — X7 — 4> (N — M),
k)

" Zj — Zk
Aj=2 N —(z — i — k) -
RijiAj Z ~Z )2 & — 2l k)
Similar to the previous case, define Q(u) to be a polynomial of
order N < 2L satisfying

2Q(z) + (A —20)Q(z) =

j=1,..L,
2Q"(z) + (N — 20)Q'(z) + #;Q(z) = -

0,
0,

This linear system admits a non-trivial solution.



Provided Q(zj) # 0, rearranging allows us to write
Q'(z)

Q(z)’
2/€j = ()\j — 2@)2 —14

Aj=2a—2
Q"(z) i=1,..
Q(ZJ‘) ) ) )

It follows from the 2L coupled quadratic equations that for
j=1,..,N

(Q"(vj) —2aQ"(v))P(v;) — Q'(v;)P'(vj) = 0.

where now

L

P(u) = [[(v - 2)*

j=1
Eqgs. (12) are equivalent to the Bethe Ansatz equations for a
spin-1 system.

(12)

It is apparent that this approach extends to deal with a system of

arbitrarily mixed spin-1/2 and spin-1 representations.



For the case s; =1/2, Vj =1, ..., L, the generalised operators

Tj = 2aS57 + 2vz;Sf

2
2 22,2
+Z< 5 (4575 — )+ 5 ! - 5(SF S + S 5+)>

k#j J K

are again mutually commuting. These operators satisfy the
quadratic identities

L
1
TP=a+9°2 =228 ) ———(T; = Ti)
loA



Letting \; denote the eigenvalues of T; define Q(u) to be a
polynomial of order up to L satisfying

2ZJ'2Q/(ZJ2) + (N - O‘)Q(ij) =0, = By

This linear system admits a non-trivial solution. It follows from

A —
2 2 2_2 2 J
N=ot+972 228y
j k

that, for j =1,..., L,
(vQ"(vj) = (= 1)Q'(v}))P(v}) —

which provides the Bethe Ansatz solution.



It was argued that the Bethe Ansatz solution of Richardson-Gaudin
systems can be obtained through the use of operator identities for
the following cases:

rational spin-1/2 system;

rational spin-1 system;

generalised, trigonometric spin-1/2 system with broken u(1)

symmetry.

For the rational spin-1/2 system, this leads to a proof that the
solution is complete whenever the system parameters are in general
position.

More work is needed to extend this result for the other two cases,
but the signs are encouraging.
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