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On global unconstrained minimization of the difference of pc

Polyhedral functions

A function

f(x) = max{(ai,x) + bi}, a €R", bieR, iel=1...m,
IS

is called a polyhedral function.

The subdifferential of a polyhedral function is a convex polyhedron,
namely,

where

R(x)={i €l |fi(x)=f(x)}, f(x)={apx)+bi, i€l



On global unconstrained minimization of the difference of pc

For the function f at each point x € R" for any € > 0 there exists
the e-subdifferential, and the e-subdifferential mapping

d-f © R" x (0, +00) — 28

is already continuous in the Hausdorff metric.
For the polyhedral function, the formula of the e-subdifferential at
each point x € R" is

m

> Ai(f(x) = (ai, x) — bi) <,

i=1

S A =1, A>0 icl
i=1

On global unconstrained minimization

0-f(x) = v—Z)\a,GR”
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Thus, the e-subdifferential of a polyhedral function f at each point
x € R™ is a convex polyhedron.

Remark. It is necessary to note that the points a;, i € I, belong to
the set 0.f(x) for all ¢ > f(x) — (aj, x) — bj.
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Using the conjugate function, it is possible to give another
definition of the e-subdifferential of a convex closed function f at a
point x € domf:

d-f(x) ={veR"| f(x)+ f*(v) — (x,v) <&}

The effective domain of the conjugate function f* is the convex
hull of the vectors a;, i € /, i.e.,

domf* = co {U a,-} .

iel
Thus, the conjugate function is finite only at points of this
polyhedron. Outside of it the function f* takes the value +oc.
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The relation between the hypodifferential and e-subdifferenti

Hypodifferentiable functions

V.F. Demyanov introduced the notions of hypodifferentiable
functions and hypodifferentials

A function f is called a hypodifferentable function at a point

x € R" if there exists a convex compact set df(x) C R™? such

that
fix+A) = f(X)+[ max )[a+<v7A>]+0(x, A), a€R, veR,
a,v)|e X
where
o(x,al)

5 —0 if a—0 VAeR"
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The relation between the hypodifferential and e-subdifferenti

The hypodifferential of a functions f at a point x € R" is not
uniquely defined.

A function f is called continuously hypodifferentiable at a point

x € R, if it is hypodifferentiable at x and in some neighborhood of
this point there exists a continuous (in the Hausdorff metric)
hypodifferentiable mapping df (x). A polyhedral function is
continuously hypodifferentiable in R”.

For example, the set

df(x) = co {LJI (<ai,x) + l;; - f(X)> } cRUE D)

e

can be used as a hypodifferential of the polyhedral function f.



The relation between the hypodifferential and e-subdifferenti

The given hypodifferentiable mapping
df 1 R" — 28"
is continuous in the Hausdorff metric.

The set df(x) C R™1 is also a convex polyhedron contained in the
half-space

H= {Z = (Z]_...,Zn,Z,H_]_)T S R"x R ’ Zn41 < 0}

where T denotes transposition.
For a polyhedral function f at a point x € R"” we shall define the
number £*(x) > 0 by the formula

£ (x) = max{ F(x) — i(x)}. )
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The relation between the hypodifferential and e-subdifferenti

Fix any €, satisfying the condition 0 < ¢ < ¢*. Put
d-f(x) = {z eR™ z e df(x),z = (‘;) ,wveER™ teR, —e<t<0

The set d.f(x) is closed and convex for any ¢ : 0 <e <¢e*. Itis
not difficult to see, that

de, f(x) C d-,f(x), 0<e1 <ep<e™.
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The relation between the hypodifferential and e-subdifferenti

Lemma.

For any 0 < e < £*(x) the equality

0. (x) = {v eR" | <:> € d.f(x) } (4)

is valid.
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The relation between the hypodifferential and e-subdifferenti

Thus, the projection the set d.f(x) onto R” x 0 is the set
0-f(x) x 0.

Corollary.

For each ¢ > €*(x) the equality

O-F (x) = Or () (X) = co {U a,} = domf*.

i€l

holds.

Corollary .

& d-f(x) for every

If v & 0:-f(x), then the point z; =
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The relation between the hypodifferential and e-subdifferenti

Example 4

Let
f(x)=|x| =max{ x,—x }, x e R.

Then
dom f* =co {-1,1} C R.

Calculate a hypodifferential of f at x € R

a9 =eof (, 1) (L) f o2
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The relation between the hypodifferential and e-subdifferenti

Example 4

If x =0 then

wo-a{()-(3)) =

In this case we have from (2) £*(0) = 0. Hence,

0-(0) = D..(0)F(0) = DF(0) Ve > 0.
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The relation between the hypodifferential and e-subdifferenti

Example 4

If x =1, then

and £*(1) = 2. Thus,
O:f(1)=co{l —¢,1} CR, 0<e<e*(1),

0.F(1) = Doy F(1) = DF(0) = dom £ Ve > *(1).
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The relation between the hypodifferential and e-subdifferenti

Example 4.

If x = —1, then

and ¢*(—1) = 2. Thus,
9-f(-1) =co{-1,-1+e} CR, 0<e<e*(-1),

0-F(—1) = Do (_1yF(—1) = DF(0) = dom F* Ve > &*(—1).

On global unconstrained minimization



The relation between the hypodifferential and e-subdifferenti

Example 5.

Let

f(x) = max{x + 1,2x}, x € R.
For the given function dom f* = co{1,2} C R. We have

#9={(es1tr0 ) (20 )]

If x =1, then

O-f(1) = 0. nf(1) =Of = co{l1.2 Ve >()
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The relation between the hypodifferential and e-subdifferenti

Example 5.

If x =2, then

and £*(2) = 1. Thus,
0:f(2) =co{2 —¢,2} CR, 0<e<e*(2),

0-£(2) = Dr ) F(2) = DF(1) = dom £* Ve > £*(2).
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The relation between the hypodifferential and e-subdifferenti

Example 5.

If x =0 then

wo-{(()-(3)) =

Then we have €*(0) = 1. Therefore
0-f(0) =co{l,14+ec} CR, 0<e<e*(0),

0:f(0) = O.+(0)f(0) = Of(1) = dom f* Ve > £%(0).
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A geometrical interpretation of the e-subdifferential of polyh¢

A geometrical interpretation

Let's denote
T(f,x)=df(x)+ K, T.(f,x)= T(f,x)N H(e),
where

K ={g e R™! ‘ g=MXe, e=(0..0,—-1)T, A >0},

n

H(@) = {Z = (Z]_...,Zn7Zn+]_)T S R’H_l ‘ Zn+1l = —5}.
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A geometrical interpretation of the e-subdifferential of polyh¢

~

T(x1.2)

global unconstrained minimizati



A geometrical interpretation of the e-subdifferential of polyh¢

Lemma

For any fixed ¢ > 0 at each point x € R" the equality

O-F(x) = {v ER" | (:) € TE(f,x)} (5)

holds.
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A geometrical interpretation of the e-subdifferential of polyh¢

Let’s consider the optimization problem: find

Xlenlé" f(X)
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Necessary and sufficient conditions for the global minimum a

Necessary and sufficient conditions

Let f; and £ be the polyhedral functions defined on R”", i.e.
fA(x) = nax fi(x), fi ={(ai,x) + bi}, I ={1,....m},
) = max (). () = {(G )+ G}, J = (L. p),

Where a;, ¢; € R, b;, djeR, iel, jeJ.
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Necessary and sufficient conditions for the global minimum a

Consider the function f(x) = fi(x) — fo(x). Then

Flx) = max{{ar,x) + bi} — max{(cj. ) + o).
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Necessary and sufficient conditions for the global minimum a

Consider some optimization properties of the function f.
Reduce conditions of the unboundedness of the function f on R”.

Theorem.

For the function f to be unbounded from below in R", it is
necessary and sufficient that there exist j* € J and a vector ¢j«,
such that the condition

¢+ ¢ cod | Jai (6)

i€l

holds.
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Necessary and sufficient conditions for the global minimum a

Corollary

For the function f to be unbounded from below in R", it is
necessary and sufficient that the condition

dom f5* ¢ dom f*

hold.
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Necessary and sufficient conditions for the global minimum a

Let the function f be bounded from below in R”".

Theorem

For the point x* € R" be a global minimizer of the function f on
R", it is necessary and sufficient, that the condition

)N (g gen) - (5) 1 70 Wes @

hold.
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Necessary and sufficient conditions for the global minimum a

The condition (7) is equivalent to the following condition

ores & [d507) =0 { (o " )+ (5 )}] e

The condition (7) is equivalent to the condition

ooy ) ()]

jed
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Necessary and sufficient conditions for the global minimum a

Corollary

(The sufficient condition for a global minimum of the function f on
R"™.) If at a point x* € R" the inclusion

df(x*) C dfi(x*)

holds then the point x* is a global minimizer of the function f on
R".
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Necessary and sufficient conditions for the global minimum a

Example 6.

Consider the function

f(x) = fi(x) — fa(x),

where
fi(x) = max {|6x + 23|, |2x + 25|}, fo(x) = max {|4x + 9|, |2x + 9|}
We have

—14 —2x, if —oco < x < —6,
34 —6x, if —6<x<-3,
f(X): 16, if —3 < x <0,

16 —2x, if 0<X§1,
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Necessary and sufficient conditions for the global minimum a

On fig. 1 the function f is represented.
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Necessary and sufficient conditions for the global minimum a

It is easy to see, that
domf" = co{—6,6}, domfy = co{—4,4}.

Thus, this function is bounded from below (domf;* C domf;*) and
unbounded from above. The point x* = —6 is a global minimizer of
the function f on R. At this point f(—6) = —2 and

co-aran.aico-al( £).(3).(2)-())
o=« wo-al(3).(3)-()-())
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Necessary and sufficient conditions for the global minimum a

It is obvious, that the condition (??) holds. See fig.2.

-5 4 -2 6

-30
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Necessary and sufficient conditions for the global minimum a

Any point from the interval (—3,0) is a stationary point of the
function f. The functions f; and £ are differentiable on this interval
and f{(x) =2, fj(x) =2 for any x € (—3,0).

Consider the point x; = —2. We have

dhi(~2) = co { (jc)) : (:422> : (—_362> ’ @ } ’
dfy(—2) = co { (_44> ! (é) ’ Cg) ’ (—_120> } '

The condition (??) holds, but the condition (7) does not. See fig 3.
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Necessary and sufficient conditions for the global minimum a

df1(-2)

O
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Necessary and sufficient conditions for the global minimum a

1
Take the point x, = 5 This is a strict local minimizer of the

function f. Then f <;> =15 and

() - aco-a((§).(2).(2)- ()
() o wo-a{(()-(2)-(3)

Observe, that 0f (;) C int 0f <;> i.e., the sufficient condition

for a strict local minimum is satisfied. The condition (7) does not
hold.



Necessary and sufficient conditions for the global minimum a

df1(1/2)

1o 4
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Hypodifferentiable functions Examples of continuously hypodifferential functions

Hypodifferentiable functions

Class of hypodifferentiable functions has been allocated by V.F.
Demyanov among the nonsmooth functions.

Let X C R" be an open set, x € X and a function f be defined on
X. We say that f is hypodifferentiable at the point x if there exist
a convex compact set df(x) C R™1 such that
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Hypodifferentiable functions Examples of continuously hypodifferential functions

fx+ A) = f(x) + Q) + L A),
(+8) =09+ max [(v.8)+ 3] +o(x,A)

where

o5 2B) Lo al0 VAR

aeR, veR" co{x,x+A}e€X,

max a=20
(v,a)Tedf(x)

The set df(x) is called a hypodifferential at x.
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Hypodifferentiable functions Examples of continuously hypodifferential functions

A function f is called continuously hypodifferentiable at a point x if
it is hypodifferentiable in some neighbourhood of the point x and
there exists a hypodifferential mapping

df : R" — 2K,

which is Hausdorff continuous at x. A hypodifferential is not
uniquely defined. Using continuous hypodifferentials allows to
construct numerical optimization methods with continuous descent
directions, similar to gradient methods in the smooth case.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

1) Let f be continuously differentiable function on R". Then f is
continuously hypodifferentiable. As a continuous hypo differential
can be chosen the set

df(x) = (f(x),0)" € R" x R, where f'(x) is the gradient of f at
X.

On global unconstrained minimization



Hypodifferentiable functions Examples of continuously hypodifferential functions.

2) Let f be convex on R". Then f is continuously
hypodifferentiable. As a continuous hypodifferential can be chosen
the set

df (x) = co U (v(z),a)T %,
v(z) € 0f(z), z € R",
= f(z) = f(x) + {v(2), x—z>,

where 0f(z) is the subdifferential of the convex function f at
zeR"
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

3) Let
f(x) = male,-(x), I=1,...,m,
ic
where functions fi(x), i € I, are continuously differentiable at x on
R". Then f is continuously hypodifferentiable. As a continuous
hypodifferential can be chosen the set

df (x) = co {U(f,-’(x), fi(x) — f(x))T} C R" x R.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

Example 1.

Consider function

f(x) = max fi(x), 1=1,2,3, x € R,
IS

where
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Hypodifferentiable functions Examples of continuously hypodifferential functions.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

v T 0 T ]
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Examples of continuously hypodifferential functions

Hypodifferentiable functions

Consider points

At these points the function f is not differentiable. We have

5 9 5 5

fl(Xl) = Z’ f—2(X1) = Z - \/gv @(Xl) = Z’ f(Xl) = Z)
1 1 15 1

filx) = 7 h(x) = —, f(x) = 2 f(x) = T
9 25 25 25

fi(x3) = 7 h(x3) = —, f3(x3) = T f(x3) = z
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

The sets

df(x1) = co {—V5;2 -5} C R,
Of(x2) =co {—1;1} C R, 0Of(x3) =co {5;15} C R

are the subdifferentials of f at each points.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

The set

o) =co {( 0 3% 0 (oot ho )+ Caet o )}

is a hypodifferential of f at x.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.

We have
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Hypodifferentiable functions Examples of continuously hypodifferential functions.
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Hypodifferentiable functions Examples of continuously hypodifferential functions.
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Necessary condition for a minimum of hypodifferential functi

Necessary condition for a minimum of hypodifferential
functions

Let a function f be continuously hypodifferential on R” and df (x)
be a continuously hypodifferential of f at a point x € R". As the
class of hypodifferential functions coincides with the class of
subdifferential functions then at every point x € R” then

Of(x) = {v eR" |(v,0)7 € df(x) C R" x R} , (8)
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Necessary condition for a minimum of hypodifferential functi

where Of (x) C R" is the subdifferential and df(x) C R™1 is a
hypodifferential of f at x € R" and the directional derivative

f'(x,g) of f at x € R" along a given vector g € R" can be
represented in the form

fl(x,g) = , Vg € R".
(x,8) VQ%)W g) Vg
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Necessary condition for a minimum of hypodifferential functi

For the point x* € R" to be a minimum point of f on R" it is
necessary that
Opt1 € df(x¥). (9)
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Necessary condition for a minimum of hypodifferential functi

A point x* € R" is called a stationary point of f on R”, if (9) holds.
If condition (9) does not hold at x then we project the point 0541
onto df(x), i.e. solve the optimization problem

Lozl =izGal, 200 = (w(x), t(x))" €R" x R.

Note that if 0,41 & df(x), then w(x) # 0,.
A direction —w(x) is called a direction of hypodifferentiable descent
of the function £ on R" at the point x. It is continuous and unique.
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Necessary condition for a minimum of hypodifferential functi

Lemma 1.

If a point x € R" is not a stationary point for f on R" then the
following inequality

F'(x, —w(x)) < =l z(x)| (10)

holds.
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Necessary condition for a minimum of hypodifferential functi

Let —w(x) be a direction of hypodifferential descent of f at

x € R" (w(x) # 0,) and g(x) = — IIxEXH

Fi(x,8(x)) < —|lz()|| < —[[w(x)]]. (11)

, then
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

Continuous methods

Let a function f be defined, locally Lipschitz and continuously
hypodifferentiable on R".

Assume that a point x € R" is not a stationary point of f on R”,
i.e. condition (9) does not hold.

Since df(x) is continuous then there exists a direction —w/(x)
which is also a continuous descent direction of f at x as follows
from (10).
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

Most iterative methods generate a minimizing sequence {xx}
according to the rule

Xk41 = Xk + g (Xk),

where g(xy) is a descent direction (if g(xx) # 05) at xx and

g, ay > 0, is a step size along this direction.

As in smooth cases we consider two variants of choosing of a step
size on each iteration.
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

1. One dimensional minimization.

A step size oy is chosen from the condition

ay = arg m>ir8 f(xk — aw(xk)). (12)

2. The Armijo rule

Fix any parameter 6 € (0,0.5] and find the first value of
ix =0,1,... for which will be performed the following inequality

Fxk — (0.5)*w(xk)) < fxic) = (0.5)*Ollw(x)lI>  (13)

and put o = (0.5).
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

Choose an arbitrary point xo € R". If 0,41 € df(xp), then xp is a
stationary point of f on R".

Let xx € R" have already been found. If 0,41 € df(xk), then x is
a stationary point of f on R”".

Otherwise, put

Xk+1 = Xk — pw(Xk) = Xk — Qi Wi,

where —w(xx) = —wy is a hypodifferentiable descent direction at
Xk, and step size ay is chosen by using the one dimensional
minimization or the Armijo rule (13). If the sequence {x} is finite,
then the last obtained point will be a stationary point.
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

Consider the case when the sequence {xx} is infinite. Then the

sequence {f(xx)} is monotonically decreasing, therefore, this
method will be relaxation.

Let the level set

L=L(x)={xeR"|f(x) <f(x)} (14)
be bounded.
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

Every limit point of the sequence {xx} is a stationary point of the
function f on R".
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Minimizing of hypodifferentiable functions

Continuous methods of hypodifferentiable descent

If the function f is continuously differentiable then the described
methods coincide with respective gradient methods. Consequently,
these hypodifferentiable descent methods also as gradient methods

badly converge near a stationary point.
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Finding of hypodifferentiable descent directions

Finding of hypodifferentiable descent directions

The problem of finding of a hypodifferentiable descent direction of
a continuous hypodifferentiable function f at the point x reduces to
the solution of the following quadratic programming problem

. B 2 _ 2
zerzlf?x)<z’z> = En;;? 12]]° = [|z(x)I%

where

z=(w,t)T € R" xR, z(x) = (w(x), t(x)) € R" x R.
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Finding of hypodifferentiable descent directions

Consider a variant of this algorithm in which continuous
hypodifferential df(x) at the point x is a polyhedron in R"*1,
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Finding of hypodifferentiable descent directions

Let
f(x) =maxfi(x), I =1,...,m,
iel
where f;, i € |, are continuously differentiable functions on R".
Then the set

df (x) = co {U <f:(X§/(— )f( )>} CR"xR

iel

is a continuous hypodifferential of f at x € R", because the
mapping df : R” — 2R" is continuous in the Hausdorff metric.
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The method for finding the distance between two ellipsoids

Let

N[ —

X = {XGR" ‘ —(A1x,x) + (b1,x) + a <0},

[y

Y:{yERn‘ 2<A2y7)’>+<b2a)’>+c2§0},

where matrices Ay, As of size n x n are positive definite,

bl, by € Rn, c, €R.

Suppose that X and Y are two nonempty sets. It is necessary to
solve the optimization problem

[Ix —y|| > min,xe X,y €Y,

where || * || is the Euclidean norm.
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The method for finding the distance between two ellipsoids

Consider this problem in R?".
It is necessary to solve

1
§||x—y||2—>min, xeX,yeVY. (15)
Denote by
1 1 n n
f(Z):§<E12,Z>:§<X—y,x—y>,Z:(X,y)€R x R".
where
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The method for finding the distance between two ellipsoids

Ei = < Enxn Onxn ) is the matrix of size 2n x 2n, E,x,, is the

0n><n _En><n
identity matrix of size n x n, 0,x, is the zero matrix of size n x n,

¢1(2) = 5 (Aix, x) + (b1, x) + c1,

©2(2) = 5 (Aay,y) + (b2, y) + 2,

NI—= N~

p(2) = max{0, ¢1(2), ¥2(2)},
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The method for finding the distance between two ellipsoids

Z={z=(x,y) € R"x R" | p(z) = 0}.
f(z) » min,z € Z.
F(z,c) =f(z) + cp(z), ¢ > 0.

In our case the function F(z, c) is an exact penalty function.
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The method for finding the distance between two ellipsoids

F(2) = 5 0~ y.x —y) + emax{0,pa(2), pa(2)} =

1 1 1
= max { L (xy oy G yxy)ve 3 (Ao + (b a

%(x—y,x—y} +c E (A2y,y) + (b2, y) + Cz} }
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The method for finding the distance between two ellipsoids

For minimizing F(z, c) it is possible to apply the method of
hypodifferential descent.
Using the formula of hypodifferential calculus, we have

dF(z,c) = co {to(z, ¢), t1i(z, ), t2(z, €)},

X—=Yy
to(z,c) = —(x—y) ,
f(z) — F(z,c)
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The method for finding the distance between two ellipsoids

x—y+c(Aix+ by)
t]_(Z, C) = y—X )
cp1(z) — F(z,¢)
X—Yy
t(z,c)=| y—x+c(hAy+b) |,
cp2(z) — F(z,¢)
to(z,¢c), t1(z,c), ta(z,c) € R" x R" x R.
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Thus, in our problem a continuous hypodifferential is a triangle in
space R" x R" x R. Therefore, to find the direction of a steepest
descent it is necessary to project the zero point onto the triangle.
Consider this procedure.

Let X C R" is a triangle with vertices a1, as, a3 € R”, that is

X =co {a1,a,a3} CR".
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Consider a optimization problem
min ||x||? (16)
xeX

This problem can be reduced to a quadratic programming problem.
In fact, as any point x € X can be represented as:

X=A1a1+ Xax+ Aza3, A1+ X+ A3 =1, A1, A, A3 > 0.
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Then problem (16) is equivalent to the following optimization
problem

in ||\ A A3as|[? = min(A\, A 17
QRHla**za**3%H QR< JA)s (17)
where
AN={A=(A1,22,23) ER® | A+ X+ A3=1, A\, A2, A3 > 0},
(a1,a1) (a1,a2) (a1,as)

A= <31, 32> <32, 82> <32, a3>
(a1,a3) (az,a3) (a3, a3)
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

But the solution of problem (16) can also be found in the following
way. If the points {a1, a2, a3} are not on the line then the vectors
e = ap — a1, e = az — ay are linearly independent. The set

I\/l:al+)\1e1+)\2e2CR", AL, ER

is a linear manifold and X C M.
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Project the zero point onto the set of M. Introduce the function

F(A) = (a1 + Mer + Aoex, a1 + Aer + Aoen), A= (A1, \2) € R

We have
8;)(\?) =2((a1,e1) + \i{e1, e1) + Aa(e1, e2)),
8(;:)(\)\) =2((a1, &) + Ai{e1, &) + \a(en, &)).
2
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Denote by

A (e1,e1) (er,e) r <31,€1>
A= < (e1,€2) (e, €2) ) , b= ( (a1, e2) >
Calculate the vector

M= —Ab, X =(\,\)eR2
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Then the projection of the zero point onto the linear manifold M is
calculated by the formula

x* =a; + )\”{el + )\’2‘e2.
If x* € X, then we receive a solution of problem (16).
Otherwise, project the zero point onto three segments. Define

* . 2 * . 2 * . 2
X =arg min [[x[|%, x5 =arg min ||x||%, x5 = arg min ||x||,
where
X; =co{ai,ax}, Xo=co{a,a3}, Xz=co{ay,as}.

Obviously, the point with the smallest norm is the solution of
problem (16).
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Describe the procedure of projecting the zero point onto a segment.
The problem is to find the vector of least length

co {a,b}, a,b € R", a+# b. Any vector of this segment can be
represented in the form

x=pa+ (1—p)b, pelol].
Introduce a function
t(n) = (pat+(1—p)b)* = (u(a—b)+b)* = (u(a—b)+b, (a—b)+b).
Then it is necessary to solve an optimization problem
t(p) — min, p € [0,1].
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Projecting of the zero point onto a segment.

Direction of hypodifferential descent

Calculate
t'(1n) = 2u{a — b,a— b) +2(a— b, b).
Obviously that /(1) = 0 under
* <a — bv b>
o= (a—b,a—b)
If u* > 1, then put p* = 1. If p* <0, then put p* = 0.
Thus, the vector

x* :u*(a—b)—l—b:—(‘a(i_b’[;’[_)>b>(a—b)+b:
<a<j _b’l;’_b>b> (b—a)+ b.

is our solution.
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