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Abstract We describe quantum weighted lens spaces as total spaces of quantum
principal circle bundles, using a Cuntz-Pimsner model. The corresponding Pimsner
exact sequence is interpreted as a noncommutative analogue of the Gysin exact se-
quence. We use the sequence to compute the K-theory and K-homology groups of
quantum weighted lens spaces, extending previous results and computations due to
the author and collaborators.

1 Introduction

Quantum lens spaces, both weighted and unweighted, have been the subject of in-
creasing interest in the last years. They are Cuntz-Krieger algebras of a directed
graph [16] and have played an important role in the classification program of
C∗-algebras [12]. Using graph algebra techniques their K-theory groups have been
computed recently in [8] under very general assumptions on the weight. From a
more geometric point of view, they have a natural structure of noncommutative prin-
cipal circle bundles over quantum weighted projective spaces [1, 3, 6, 7, 22] and can
thus be interpreted as a deformation of their classical counterparts. In this paper we
focus on the noncommutative topology of quantum weighted lens spaces, realising
them as Cuntz-Pimsner algebras of self-Morita equivalence bimodules. This allows
us to compute their K-theory and K-homology groups, using different techniques
than those in [8].
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2 Francesca Arici

Being graph algebras, quantum weighted lens spaces admit a Cuntz-Pimsner
model where the coefficient algebra is the algebra of functions on the vertex space.
This picture is very well suited to encode the dynamical information contained in
the graph, but has the disadvantage that the fixed point algebra for the natural gauge
action does not agree with the coefficient algebra. In the Cuntz-Pimsner model we
employ here, which comes from the geometric analogy described above, the coef-
ficient algebra is the algebra of functions on a quantum weighted projective space
and the resulting Cuntz-Pimsner algebra can be thought of as the total space of a
noncommutative circle bundle.

The associated six term exact sequences can then be interpreted as the operator
theoretic counterpart of the classical Gysin exact sequence for circle bundles (cf.
[17, IV.1.13]). Under some mild assumptions on the weight, we will describe the
K-theory and K-homology of quantum weighted lens spaces of any dimension, thus
extending the results of [1] and [3].
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2 Quantum weighted projective and lens spaces

In this section we describe the coordinate algebras of weighted projective and lens
spaces, as described in [7, 9, 2] and their C∗-completions, which were extensively
studied in [8].

Classically, weighted projective and lens spaces are quotients of odd-dimensional
spheres by actions of the circle and of a finite cyclic group, respectively. The same
is true upon replacing the sphere by a quantum sphere.

Let q ∈ (0,1). We recall from [24] that the coordinate algebra of the quantum
odd-dimensional sphere O(S2n+1

q ) is the universal ∗-algebra with generators the n+
1 elements {zi}i=0,...,n and relations:

ziz j = q−1z jzi 0 ≤ i < j ≤ n ,

z∗i z j = qz jz∗i i ̸= j ,

[z∗n,zn] = 0, [z∗i ,zi] = (1−q2)
n

∑
j=i+1

z jz∗j i = 0, . . . ,n−1 ,

and a sphere relation:
z0z∗0 + z1z∗1 + . . .+ znz∗n = 1 .
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The notation of [24] is obtained by setting q = eh/2.
A weight vector m= (m0, . . . ,mn) is a finite sequence of positive integers, called

weights. A weight vector is said to be coprime if g.c.d.(m0, . . . ,mn) = 1; and it is
pairwise coprime if g.c.d.(mi,m j) = 1, for all i ̸= j.

For any weight vector m = (m0, . . . ,mn), we define a weighted circle action
{σm

ξ }ξ∈T1 on the quantum sphere, given on generators by

σm
ξ (zi) = ξ mizi ξ ∈ T1, (1)

The Z-grading induced by this action is equivalent to that obtained by declaring
each zi to be of degree mi and z∗i of degree −mi.

The degree zero part or, equivalently, the fixed point algebra for the action, is the
coordinate algebra of the quantum n-dimensional weighted projective space associ-
ated with the weight vector m, and it is denoted by O(WPn

q(m)).
By [9, Lemma 3.2] a set of generators for the algebra O(WPn

q(m)) is given by
the elements

ziz∗i , and zk := zk0
0 · · ·zkn

n ,

for i = 0, . . . ,n and k ∈ Zn+1 with k ·m := k0m0 + · · ·+ knmn = 0. Note that such a
set of generators is in general not minimal.

For some particular classes, one gets a complete characterisation of generators
of the algebra O(WPn

q(m)). Indeed, we have two classes of weighted projective
spaces, in some sense orthogonal to each other, for which it is possible to describe
the generators and the representation theory.

The first class consists of those weighted projective spaces for which the weight
m is of the form m = p♯ for p pairwise coprime, where p♯ is defined as the weight
vector whose i-th component is equal to ∏ j ̸=i p j. Classically those are the weighted
projective spaces that are isomorphic, as projective varieties, to the unweighted pro-
jective space CPn. By [9, Theorem 3.8], having such a weight is a necessary and
sufficient condition for the algebra O(WPn

q(m)) to be generated by the elements

ai, j := (z∗i )
m j:iz

mi: j
j , mi: j = mi/g.c.d.(mi,m j) ∀i, j = 0, . . . ,n.

The second class of examples, that goes in another direction with respect to the
class we just described, is that of the multidimensional teardrops [7], that are ob-
tained for the weight vector m = (1, . . . ,1,m) having all but the last entry equal to
1. As described in [7, Lemma 6.1] the algebra O(WPn

q(1, . . . ,m)) is generated, as a
*-algebra, by the elements

bi, j := (z∗i )z j and cl := zl0
0 · · ·zln−1

n−1z∗n,

for 0 ≤ i ≤ j ≤ n−1 and l ∈ Nn such that ∑n−1
i=0 li = m.

As a particular case of both constructions, for m= (1, . . . ,1) one gets the coordi-
nate algebra O(CPn

q) of the quantum projective space CPn
q. This is the ∗-subalgebra

of O(S2n+1
q ) generated by the elements pi j := z∗i z j for i, j = 0,1, . . . ,n.
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Let now N ≥ 2 be fixed. By restriction O(S2n+1
q ) admits an action of the cyclic

group ZN given by
σ (1/N,m)

ζ zi = ζ mizi,

where ζ = e2πi/N ∈ T is the generator of ZN .
The coordinate algebra of the quantum lens space O(L2n+1

q (N;m)) is defined as
the fixed point algebra for this action:

O(L2n+1
q (N;m)) := O(S2n+1

q )ZN . (2)

2.1 Principal bundle structures

In noncommutative geometry the notion of a free action of a quantum group H
on A is translated into that of a principal coaction on A , which in algebraic terms
amounts to having a Hopf-Galois extension. In the case of a classical Abelian group,
principality is equivalent to the notion of a strong grading.

Given a group G, a G-graded algebra A is an algebra that decomposes as a direct
sum A =⊕g∈GAg, with AgAh ⊆Agh. Whenever AgAh =Agh for all g,h ∈ G, one
says that the grading is strong. Note that it is enough to check this condition on a set
of generators of the group.

As described in [19, Theorem 8.1.7], having a strongly graded algebra over a
group G is equivalent to having a Hopf-Galois extension over the group algebra
CG. In this work we will only focus on classical Abelian groups; as said, in that
case principality is equivalent to the induced grading over the Pontryagin dual being
strong.

By [7, Lemma 2.1] strong gradings are preserved under extensions of Abelian
groups, i.e. given an exact sequence

0 // K
φ // G π // H // 0 ,

a G-graded algebra A is strongly graded if the induced H-grading on A and the
induced K-grading on A K :=

⊕
k∈K Aφ(k) are strong.

In our case we will be dealing with the group Z = T̂ and the finite group cyclic
group ZN = ẐN , so we will be interested in the short exact sequence

0 // Z N· // Z π // ZN // 0.

As described in [7, Proposition 4.1], the ZN-action on O(S2n+1
q ) induces a ZN-

grading which is strong, and O(L2n+1
q (N;m)) is the degree-zero subalgebra with re-

spect to that grading. The lens space O(L2n+1
q (N;m)) is a Z-graded algebra with re-

spect to the grading induced by that of O(S2n+1
q ), by saying that x ∈O(L2n+1

q (N;m))

has degree n if and only if it has degree nN in O(S2n+1
q ). The degree-zero part is
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given by the coordinate algebra of the quantum projective space O(WPn
q(m)). The

induced grading is not always strong. However, by [7, Proposition 4.2], for Nm :=
∏n

i=1 mi, the algebra O(L2n+1
q (Nm;m)) is strongly Z-graded. As a consequence, the

coordinate algebra of the quantum weighted lens space O(L2n+1
q (Nm;m)) has the

structure of a quantum principal circle bundle over the n-dimensional weighted pro-
jective space O(WPn

q(m)).
Let d ≥ 1. By [3, Proposition 4.6] the coordinate algebra of the quantum weighted

lens space O(L2n+1
q (d ·Nm;m)) also has the structure of a quantum principal circle

bundle over the n-dimensional weighted projective space O(WPn
q(m)). This can be

seen as a consequence of the aforementioned Lemma 2.1 of [7].

2.2 C∗-completions

The C∗-algebra C(S2n+1
q ) of the odd-dimensional quantum sphere is the completion

of the *-algebra O(S2n+1
q ) in the universal C∗-norm. This C∗-algebra can be realised

as a graph C∗-algebra.
The C∗-algebra C(WPn(m)) of the quantum weighted projective space is defined

as the fixed point algebra for the circle action on C(S2n+1
q ) obtained by extending

σ . A complete characterisation of those C∗-algebras is not available at the moment;
partial results were obtained in [8] for a large class of weighted lens spaces, those
with weight vector m satisfying g.c.d.(m j,mn) = 1 for at least one j < n. By [8,
Proposition 3.2] there exists an exact sequence of C∗-algebras

0 // K ⊕mn // C(WPn(m)) // C(WPn−1
q (mn)) // 0, (3)

where mn denotes the weight vector (m0, . . . ,mn−1).
The K-theory groups of the C∗-algebraic weighted projective spaces can be com-

puted by iterative use of the extension (3) under suitable assumptions on the weight
vector m.

Proposition 2.1 ([8, Corollary 3.3]) Let m be a weight vector with the property
that for each j ≥ 1 there exists i < j such that g.c.d.(mi,m j) = 1. Then the K-theory
groups of the quantum weighted projective spaces are given by

K0(C(WPn
q(m)) = Z1+∑n

i=1 mi , K1(C(WPn
q(m)) = 0.

The C∗-algebraic quantum lens space is defined as the fixed point algebra for the
action of ZN on C(S2n+1

q ). By constructing a conditional expectation for the ZN-
action, one can show that it agrees with the closure of the algebraic quantum lens
space O(L2n+1

q (N;m)) with respect to the universal C∗-norm on C(S2n+1
q ). It is iso-

morphic to the C∗-algebra of a directed graph.
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3 A Cuntz-Pimsner model for quantum lens spaces

Cuntz-Pimsner algebras [20] are universal C∗-algebras constructed out of a C∗-
correspondence E over a C∗-algebra B. They encompass a large class of examples,
like crossed product by the integers, Cuntz and Cuntz-Krieger algebras [11, 10],
graph algebras and C*-algebras associated to a partial automorphism [13]. We now
give a simple description of Pimsner’s construction for the case of interest for this
work.

Under the assumptions that B is unital and that E is a self-Morita equivalence bi-
module, i.e. we have left action implemented by an isomorphism ϕ : B → EndB(E),
the Cuntz-Pimsner algebra OE admits a description in terms of generators and com-
mutation relations. This construction, which can be found for instance in [18, Sec-
tion 2], works for any finitely generated projective module over a unital C∗-algebra
and relies on the existence of a finite frame for the module E, i.e. a finite set of
elements {ξi}n

i=1 of E satisfying

ξ =
n

∑
j=1

η j⟨η j,ξ ⟩B.

for any ξ ∈ E.
The algebra OE is realised as the universal C∗-algebra generated by B together

with n operators S1, . . . ,Sn, satisfying

S∗i S j = ⟨ηi,η j⟩B, ∑ j S jS∗j = 1, and bS j = ∑i Si⟨ηi,ϕ(b)η j⟩B, (4)

for b ∈ B, and j = 1, . . . ,n.

Example 3.1 The module Γ (E ) of sections of the tautological line bundle E over
the quantum projective line is a self-Morita equivalence bimodule over the alge-
bra C(CP1). The corresponding Cuntz-Pimsner algebra OΓ (E ) is isomorphic to the
algebra of continuous functions on the three sphere C(S3).

More generally, the Cuntz-Pimsner algebra OE of a self-Morita equivalence bi-
module can be thought of as the algebra of continuous functions on the total space
of a quantum principal circle bundle. While the commutative version of this analogy
was spelled out in [14], the more general case of quantum principal circle bundles
was described in [3]. We also refer to the review article [2] for more details and
recall the salient points here.

Given a C∗-algebra A together with a strongly continuous circle action σ :=
{σξ}ξ∈T1 , we define the n-th spectral subspace as

A(n) := {a ∈ A | σξ (a) = ξ na ∀ξ ∈ T1}.

Then the invariant subspace A(0) ⊆A is a C∗-subalgebra and each A(n) is a Hilbert
C∗-bimodule over A(0). If the module A(1) is a self-Morita equivalence bimodule,
which is equivalent to the Z-grading given by the spectral subspaces being strong,
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then the action σ is said to be saturated. Then by [3, Prop. 3.5] the Cuntz-Pimsner
algebra OA(1) of the first spectral subspace A(1) is isomorphic to the algebra A.

Let see what this means in our examples: if we denote by E the first spectral
subspace of C(S2n+1

q ) for the weighted action of T1, then we get that the C∗-algebra
C(L2n+1

q (Nm;m)) is isomorphic to the Pimsner algebra OE over C(WPn
q(m)) asso-

ciated to E.
More generally, by [3, Thm. 3.9]. for any d ≥ 1, the C∗-algebraic lens space

C(L2n+1
q (d ·Nm;m)) is isomorphic to the Pimsner algebra OE associated to the mod-

ule E⊗d over C(WPn
q(m)) .

As particular cases, C(S2n+1
q ) is a Pimsner algebra over C(CPn

q), and more gen-
erally the unweighted lens space C(L2n+1

q (d;1)), for the weight vector with entries
identically one, is a Pimsner algebra over C(CPn

q) for any d ≥ 1. Those algebras and
their K-theory group were the subject of [1].

3.1 Six-term exact sequences

For a Pismner algebra one has natural exact sequences in bivariant K-theory, relating
the KK-groups of the Pimsner algebra OE with those of the base space algebra B.
Those sequences were constructed by Pimsner, see [20, Theorem 4.8] and arise as
six-term exact sequences associated to a semisplit extension of C∗-algebras in which
the Pimsner algebra is the quotient, the ideal is Morita equivalent to the base and
the middle algebra is KK-equivalent to the base. Using those identifications, the
resulting exact sequences in bivariant K-theory read:

KK0(C,B)
⊗B(1−[E])// KK0(C,B)

i∗ // KK0(C,OE)

∂
��

KK1(C,OE)

∂

OO

KK1(C,B)
i∗

oo KK1(C,B)
⊗B(1−[E])
oo

and

KK0(B,C)

∂
��

KK0(B,C)
(1−[E])⊗Boo KK0(OE ,C)

i∗oo

KK1(OE ,C)
i∗

// KK1(B,C)
(1−[E])⊗B

// KK1(B,C)

∂

OO
.

A crucial role is played by the Kasparov product with the class of the identity
1 ∈ KK(B,B) minus the class [E] ∈ KK(B,B) of the bimodule E.

The connecting homomorphism ∂ is implemented by taking the Kasparov prod-
uct with the class of the defining extension. An unbounded representative for this
extension class was constructed in [21] and later generalised in [15]. A treatment of
the non-unital case is in [4].
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In the case of self-Morita equivalence bimodules these could be considered as a
generalization of the classical Gysin sequence in K-theory for the noncommutative
line bundle E over B, the Kasparov product with 1− [E] plays the role of the cup
product with the Euler class of the corresponding line bundle.

Examples of Gysin sequences in K-theory were given in [1] for line bundles
over quantum projective spaces leading to a class of quantum lens spaces. These
examples were generalized later in [3] for a class of quantum lens spaces as circle
bundles over quantum weighted projective spaces with arbitrary weights.

To ease our notation, we let C(Lq(d)) :=C(L2n+1
q (d ·Nm,m)). Also, E will denote

the Hilbert C∗-module given by the first spectral subspace for the weighted circle
action on C(S2n+1

q ).
Then, given any separable C∗-algebra C, we obtain the following two six term

exact sequences in KK-theory:

KK0(C,C(WPn
q(m)))

⊗(1−[E⊗d ])// KK0(C,C(WPn
q(m)))

i∗ // KK0
(
C,C(Lq(d))

)
∂
��

KK1(C,C(Lq(d)))

∂

OO

KK1(C,C(WPn
q(m)))

i∗
oo KK1(C,C(WPn

q(m))
⊗(1−[E⊗d ])

oo

(5)
and

KK0(C(WPn
q(m)),C)

∂
��

KK0(C(WPn
q(m)),C)

(1−[E⊗d ])⊗oo KK0
(
C(Lq(d)),C

)i∗oo

KK1
(
C(Lq(d)),C

)
i∗

// KK1(C(WPn
q(m)),C)

(1−[E⊗d ])⊗
// KK1(C(WPn

q(m)),C)

∂

OO

(6)
where i∗ and i∗ are the maps in KK-theory induced by the inclusion of the coefficient
algebra into the Pimsner algebra i : C(WPn

q) ↪→ OE⊗d ≃C(Lq(d)).
We will refer to these two sequences as the Gysin sequences (in KK-theory) for

the C∗-algebraic quantum lens space C(L2n+1
q (d ·Nm;m)).

3.2 Computing the K-theory and K-homology of quantum lens
spaces

We finish by describing how the exact sequences (6) and (5) can be used to obtain
information about the KK-theory groups of quantum weighted lens spaces.

Even though those sequences exist for every choice of weight m, we will now
restrict our attention to the case of weight vectors satisfying the assumptions of
Proposition 2.1. This will allow us to use the computations of the K-theory groups
of the weighted projective spaces in our computations.
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We will now state an easy corollary of the results contained in [8].

Proposition 3.1 Let m be a weight vector satisfying the assumptions of Proposition
2.1. Then the C∗-algebra C(WPn(m)) is KK-equivalent to C1+m1+···+mn .

Proof. As a first step we use the fact that the UCT class is closed under extensions
and contains the algebra of compact operators. Whenever the weight vector m sat-
isfies the assumptions of Proposition 2.1, by iterated use of the exact sequence (3)
and the fact that C(WP0(m)) = C we obtain that the C∗-algebraic weighted pro-
jective space is also in the UCT class. By Proposition 2.1 its K-theory groups are
isomoprhic to those of C1+m1+···+mn . The claim follows from the fact that in the
UCT class two C∗-algebras are KK-equivalent if and only if they have isomorphic
K-theory groups (cf. [5, Corollary 23.10.2]).

Note that for n = 1 the extension (3) admits a completely positive splitting, hence
KK-equivalence follows from the fact that the algebra C(WP1

q(m)) is isomorphic to
the unitalisation K m1 ⊕C. Explicit representatives for the two KK-equivalences
were constructed in [3].

For ease of notation we will denote by M := m1 + · · ·+ mn. We let [I] ∈
KK(CM+1,C(WPn

q(m))) and [Π ]∈KK(C(WPn
q(m)),CM+1) be the two classes that

implement the KK-equivalence between CM+1 and C(WPn
q(m)), i.e., satisfy

[I]⊗C(WPn
q(m)) [Π ] = 1KK(CM+1,CM+1), [Π ]⊗CM+1 [I] = 1KK(C(WPn

q(m)),C(WPn
q(m))).

(7)
These KK-equivalences can be used to simplify the exact sequences (5) and (6).
Indeed, one can use them to replace the KK-groups of C(WPn

q(m)) with those of
the vector space CM+1 and then use the natural isomorphisms

KKi(C,CM+1)≃
M+1⊕
k=1

Ki(C) and KKi(CM+1,C)≃
M+1⊕
k=1

Ki(C), i = 0,1.

Tensoring the class of the Hilbert C∗-module E with the KK-equivalences [I] and
[Π ] one gets a class

[I]⊗C(WPn
q(m)) [E]⊗C(WPn

q(m)) [Π ] ∈ KK(CM+1,CM+1). (8)

Since the ring KK(CM+1,CM+1) is isomorphic to (M + 1)× (M + 1) matrices
with entries in Z, we can look at the corresponding matrix implementing the map
(8), that we denote by A. The six term exact sequence in (5) becomes

⊕M+1
i=1 K0(C)

1−Ad
// ⊕M+1

i=1 K0(C) // KK0
(
C,C(Lq(d))

)
��

KK1(C,C(Lq(d)))

OO

⊕M+1
i=1 K1(C)oo ⊕M+1

i=1 K1(C)
1−Ad

oo

,
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while, denoting the transpose of A by At , the six term exact sequence in (6) becomes

⊕M+1
i=1 K0(C)

��

⊕M+1
r=1 K0(C)

1−(At )d
oo KK0

(
C(Lq(d)),C

)
oo

KK1
(
C(Lq(d)),C

)
// ⊕M+1

i=1 K1(C)
1−(At )d

// ⊕M+1
i=1 K1(C)

OO
.

For C = C, using the fact that K1(C) = K1(C) = 0, the corresponding Gysin
exact sequences in K-theory and K-homology become of the form

0 // K0
(
C(Lq(d)

)
// ZM+1 1−Ad

// ZM+1 / / K0
(
C(Lq(d)

)
// 0 ,

and

0 K0
(
C(Lq(d))

)
oo ZM+1oo ZM+1

1−(At )d
oo K0

(
C(Lq(d))

)
oo 0oo .

thus allowing for the computation of the K-theory and K-homology groups of the
quantum lens spaces as kernels and cokernels of a suitable integer matrix.

Theorem 3.2 Let m be a weight vector satisfying the assumptions of Proposition
2.1. Then for the matrix A constructed using (8) and any d ∈ N we have that

K0
(
C(Lq(d))

)
≃ Coker(1−Ad), K1

(
C(Lq(d))

)
≃ Ker(1−Ad)

and

K0(C(Lq(dlk;k, l))
)
≃ Ker(1− (At)d), K1(C(Lq(d))

)
≃ Coker(1− (At)d) .

It remains an open problem to describe the precise relationship of our matrix A with
the matrix used in [8] to compute the K-theory of quantum lens spaces.

4 Final remarks

An interesting class of lens spaces that lies in the intersection of those studied in [9]
and [8] is that for which the weight vector m satisfies m0 = 1 and mi = m for all
i = 1, . . . ,n. The associated coprime weight vector p for which m = p♯ is then p =
(m,1, . . . ,1). It is straightforward to check that the number of independent Fredholm
modules constructed in [9], given by the formula

1+
n

∑
k=1

p0 p1 . . . pk−1,

equals in that case 1+M, the dimension of the K-homology group K0(C(WPn
q(m))).
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We are also able to give, at least for this special class of examples, a positive
answer to the question left open at the end of [9, Section 9], where the authors
asked whether the Fredholm module they constructed actually built a complete set
of generators for the K-homology group K0(C(WPn

q(m))).
Moreover these Fredholm modules can be used to give an explicit expression

for the KK-equivalences [Π ] in (7), using a construction similar to the one of [3,
Section 7.4], thus allowing one to write the matrix A in the form of a matrix of
pairings.

Those computations go beyond the scope of the present paper and we postpone
them to a later, more detailed work, where we plan to also address the problem
of finding explicit representatives of K-theory and K-homology classes under less
restrictive conditions on the set of weights.
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