
A signed version of Putnam’s homology theory:
Lefschetz and zeta functions

Robin J Deeley

Abstract A signed version of Putnam homology for Smale spaces is introduced.
Its definition, basic properties and associated Lefschetz theorem are outlined. In
particular, zeta functions associated to an Axiom A diffeomorphism are compared.

1 Introduction

Let (M, f ) be an Axiom A diffeomorphism [10]. Then there are two natural zeta
functions associated to (M, f ), the dynamical zeta function and the homological
zeta function, see [10, Section I.4]. The former is defined as follows:

ζdym(s) := exp

(
∑
n≥1

Nn

n
tn

)

where Nn is the cardinality of the set of points with period n. The definition of latter
is

ζhom(s) := exp

(
∑
n≥1

Ñn

n
tn

)
where Ñn is obtained by counting the points of period n with “sign” (see Example 8
or [10, Section I.4] for further details).

Both these functions extend meromorphically to rational functions. For the for-
mer, this is an important theorem of Manning [7]. For the latter, it is a corollary of
the Lefschetz fixed point theorem. Based on Manning’s result, Bowen asked whether
there exists a homology theory for basic sets of an Axiom A diffeomorphism along
with an associated Lefschetz theorem that implies that the dynamical zeta func-
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tion is a rational function in the same way the classical Lefschetz theorem implies
that the homological zeta function is a rational function. Recently, Ian Putnam con-
structed such a homology theory and proved the relevant Lefschetz theorem [8] (in
particular see [8, Section 6]). For more on the relationship between zeta functions,
homology, and Lefschetz theorems see [10, Section I.4] or [8, Section 6.1] for brief
introductions or [5] and references therein for more details.

Putnam’s homology theory is defined using the framework of Smale spaces.
Smale spaces were introduced by Ruelle [9]. The reader who is unfamiliar with
them can assume that any Smale space in the present paper is either the nonwan-
dering set or a basic set of an Axiom A diffeomorphism. The precise definition of a
Smale space is given in Section 2.

It is important to note that the dynamical zeta function of an Axiom A diffeo-
morphism depends only on its restriction to the nonwandering set, but this is not the
case for the homological zeta function. In particular, the two zeta functions defined
above are not in general equal and as such the classical homology of M and Putnam’s
homology of the nonwandering set of M are (again in general) not isomorphic.

The modest goal of the present paper is to outline the construction of a homology
theory defined in the same spirit as Putnam’s homology, but whose associated Lef-
schetz theorem is more closely related to the classical Lefschetz theorem; it counts
periodic points with “sign”, see Theorem 5 for the precise statement. This goal is
achieved by considering signed Smale spaces. By definition, a signed Smale space
is a Smale space along with a continuous map to {−1,1}, which is called a sign
function. Then, by following Putnam’s constructions in [8] quite closely but with
this additional sign function, one obtains a new “signed version” of Putnam’s ho-
mology. In the case of an Axiom A diffeomorphism, the signed homology theory of
the nonwandering set with a particular sign function is more closely related (in par-
ticular through the associated Lefschetz theorem) to the standard homology of the
manifold, at least in particular situations, see Theorem 6 and Example 10. The no-
tion of signed Smale space is based on work of Bowen, see in particular [1, Theorem
2].

If the Smale space is connected the only possible sign functions are constant
and the signed homology is essentially the same as Putnam’s homology. However,
typically the nonwandering set of an Axiom A diffeomorphism is not connected and
this can also occur for basic sets (e.g., shifts of finite type).

I have assumed the reader is familiar with Putnam’s monograph [8] and Bowen’s
paper [1]. In particular, see [1] for more on filtrations and the no-cycle condition.
Also, the reader should be warned that there are many definitions and a number
proofs are omitted. Most notable among these are Theorems 4 and 5. Although,
proofs of these theorems are long, the reader familiar with the proofs in [8] will
likely see how they are proved. In particular, for Theorem 5, one follows almost
verbatim the construction (which is based on Manning’s proof in [7]) in [8, Section
6]. Detailed proofs of these theorems will appear elsewhere.
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2 Main results

Definition 1. A Smale space (X ,ϕ) consists of a compact metric space (X ,d) and a
homeomorphism ϕ : X → X such that there exist constants εX > 0,0 < λ < 1 and a
continuous partially defined map:

{(x,y) ∈ X×X | d(x,y)≤ εX} 7→ [x,y] ∈ X

satisfying the following axioms:

B1[x,x] = x,
B2[x, [y,z]] = [x,z],
B3[[x,y],z] = [x,z], and
B4ϕ[x,y] = [ϕ(x),ϕ(y)];

where in these axioms, x, y, and z are in X and in each axiom both sides are assumed
to be well-defined. In addition, (X ,ϕ) is required to satisfy

C1For x,y ∈ X such that [x,y] = y, we have d(ϕ(x),ϕ(y))≤ λd(x,y) and
C2For x,y ∈ X such that [x,y] = x, we have d(ϕ−1(x),ϕ−1(y))≤ λd(x,y).

The map [ · , · ] in the definition of a Smale space is called the bracket map; it is
unique (provided it exists).

Example 1. If (M, f ) is an Axiom A diffeomorphism, then the restriction of f to the
nonwandering set is a Smale space and likewise the restriction of f to a basic set is
also a Smale space. The bracket map in the definition of a Smale space is, in these
cases, given by the canonical coordinates.

An important class of Smale spaces are the shifts of finite type. They can be defined
as follows. Let G = (G0,G1, i, t) be a directed graph; that is, G0 and G1 are finite
sets called the set of vertices and the set of edges and each edge e ∈ G1 is given
by a directed edge from i(e) ∈ G0 to t(e) ∈ G0, see [8, Definition 2.2.1] for further
details.

From G a dynamical system is constructed by taking

ΣG := {(g j) j∈Z | g j ∈ G1 and t(g j) = i(g j+1) for each j ∈ Z}

with the homeomorphism, σ : ΣG → ΣG given by left sided shift. Then, see for
example [8], (ΣG,σ) is a Smale space and one can define a shift of finite type to be
any dynamical system that is conjugate to (ΣG,σ) for some graph G. Often we will
drop the G from the notation and denote a shift of finite type by (Σ ,σ).

From G and k ≥ 2, one can obtain a higher block presentation by constructing
another graph Gk whose edges are paths in G of length k and whose vertices are
paths in G of length k−1; for the precise details see [8, Definition 2.2.2].
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2.1 Signed Smale spaces

Definition 2. A signed Smale space is a Smale space (X ,ϕ) along with a continuous
map ∆X : X →{−1,1}. Furthermore, for n≥ 1, we define

∆
(n)
X (x) =

n−1

∏
i=0

∆X (ϕ
i(x)).

A signed Smale space is denoted by (X ,ϕ,∆X ) and ∆X is called the sign function; it
is often denoted simply by ∆ .

Example 2. Let (Ω , f |Ω ) be a basic set of an Axiom A diffeomorphism, (M, f ). We
assume that the bundle Eu|Ω can be oriented and then define ∆ : Ω → {−1,1} as
follows:

∆(x) =
{

1 : Dx( f ) : (Eu|Ω )|x→ (Eu|Ω )| f (x) preserves the orientation
−1 : Dx( f ) : (Eu|Ω )|x→ (Eu|Ω )| f (x) reverses the orientation.

The fact that Ω is hyperbolic implies that ∆ is continuous; hence (Ω , f |Ω ,∆) is a
signed Smale space.

A special case of Example 2 occurs in both the statement and proof of [1, Theorem
2]. Another class of examples are hyperbolic toral automorphisms:

Example 3. Let M = R2/Z2 and f = A where A ∈ M2(Z) with det(A) = ±1 and
eigenvalues λ1 and λ2 such that 0< |λ2|< 1< |λ1|. This diffeomorphism is globally
hyperbolic and the nonwandering set is the entire manifold; that is, Ω = M.

The bundle Eu is isomorphic to the trivial rank one bundle. Its fiber, for example
at the origin, is the eigenspace associated to λ1. One can then show that for any
x ∈M, ∆(x) = sign(λ1).

Definition 3. Let (Σ ,σ) be a shift of finite type and ∆Σ : Σ → {−1,1} be a contin-
uous function. Then (Σ ,σ ,∆Σ ) is called a signed shift of finite type.

2.2 The Signed Dimension Group

Proposition 1. Let (Σ ,σ ,∆Σ ) be a signed shift of finite type. Then, there exists a
graph G such that

1. there is conjugacy h : (ΣG,σ)→ (Σ ,σ);
2. for any (g j) j∈Z ∈ ΣG, (∆Σ ◦h)((g j) j∈Z) depends only on g0.

Proof. The first item is a possible definition of a shift of finite type. Using the fact
that ∆Σ is continuous, one can obtain the second item by taking a higher block
presentation.
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Definition 4. Let (Σ ,σ ,∆Σ ) be a signed shift of finite type and G is a graph which
satisfies the conclusions of the previous theorem. Then, G (and the conjugacy h :
(ΣG,σ)→ (Σ ,σ)) is called a signed presentation of (Σ ,σ ,∆Σ ). We denote ∆Σ ◦ h
by ∆ΣG .

By assumption, for (g j) j∈Z ∈ ΣG, ∆G((g j) j∈Z) depends only on g0. As such, the
function ∆G : G1 → {−1,1} defined via ∆G(g) := ∆ΣG((g j) j∈Z) (where g0 = g) is
well-defined. Moreover, for a path g0 · · ·gm in G and n≤ m, we define

∆G,n(g0 · · ·gm) =
m

∏
j=m−n

∆G(g j).

Finally, given ∆G as above, we define ∆Gk : Gk→{−1,1} via

∆Gk(g0g1 · · ·gk−1) = ∆G(gk−1)

where g0g1 · · ·gk−1 is an element in Gk (i.e., a path of length k in G). This choice is
based on [8, Theorem 3.2.3 Part 1]. We use (ΣG,σ ,∆G) to denote a signed shift of
finite type with a fixed signed presentation. It is important to note that ∆ΣG and ∆G
are related, but not the same; their domains are different.

Definition 5. Suppose (Σ ,σ ,∆G) is a signed shift of finite type with a fixed signed
presentation. Define γs

G,∆G
: ZG0→ ZG0 as follows: for each v ∈ G0, we let

v 7→ ∑
e∈G1,t(e)=v

i(e) ·∆G(e).

Furthermore, define Ds
∆G

(G) to be the inductive limit group: lim→(ZG0,γs
G,∆G

).

Example 4. Let G be the graph with one vertex and two edges labelled by 0 and 1.
Then the associated shift of finite type is the full two shift, (ΣG,σ). Furthermore, let
∆G : G→{−1,1} be the continuous map

∆G(g) =
{

1 g = 1
−1 g = 0.

Then, in this case, Ds
∆G

(ΣG)∼= {0}.

Theorem 1. (reformulation of [1, Theorem 2])
Suppose (M, f ) is an Axiom A diffeomorphism satisfying the no-cycle condition,
dim(Ωs) = 0, and q := rank(Eu|Ωs). Then there exists signed shift of finite type
(ΣG,σ ,∆G) such that

1. (ΣG,σ) is conjugate to (Ωs, f |Ωs);
2. the map γs

G,∆G
: ZG0 → ZG0 has the same nonzero eigenvalues as the map on

homology: f |Ms : Hq(Ms,Ms−1)→ Hq(Ms,Ms−1);
3. the map γs

G,∆G
: Ds

∆G
(G)→Ds

∆G
(G) has the same nonzero eigenvalues as the map

on homology: f |Ms : Hq(Ms,Ms−1)→ Hq(Ms,Ms−1);
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where (Ms)
m
s=1 is a fixed filtration associated to the basic sets, (Ωs)

m
s=1, of (M, f );

we assume it satisfies the assumptions in [1].

Proof. Theorem 2 of [1] implies the existence of the signed shift of finite type
satisfying items (1) and (2) in the statement. Basic properties of inductive limits
of abelian groups imply that for any signed shift of finite type γs

G,∆G
: Ds

∆G
(G)→

Ds
∆G

(G) and γs
G,∆G

: ZG0→ ZG0 have the same nonzero eigenvalues; item (3) fol-
lows from this observation.

2.3 Signed Homology

Definition 6. (see [8, Definition 2.5.5])
Suppose (X ,ϕ) and (Y,ψ) are Smale spaces and π : (X ,ϕ)→ (Y,ψ) is a factor map.
Then π is s-bijective (resp. u-bijective) if, for each x ∈ X , π|Xs(x) (resp. π|Xu(x)) is a
bijection to X s(π(x)) (resp. Xu(π(x))).

Definition 7. (compare with [8, Definition 2.6.2])
Suppose (X ,ϕ,∆X ) is a signed Smale space. Then a signed s/u-bijective pair is the
following data:

1. signed Smale spaces (Y,ψ,∆Y ) and (Z,ζ ,∆Z) such that Y s(y) and Zu(z) are to-
tally disconnected for each y ∈ Y and z ∈ Z;

2. s-bijective map πs : (Y,ψ)→ (X ,ϕ);
3. u-bijective map πu : (Z,ζ )→ (X ,ϕ);

such that ∆Y = ∆X ◦πs and ∆Z = ∆X ◦πu.

Proposition 2. (compare with [8, Theorem 2.6.3])
If (X ,ϕ,∆X ) is a nonwandering signed Smale space, then it has a signed s/u-
bijective.

Proof. By [8, Theorem 2.6.3], (X ,ϕ) has an s/u-bijective pair: (Y,ψ,πs,Z,ζ ,πu).
Taking

∆Y := ∆X ◦πs and ∆Z := ∆X ◦πu

leads to a signed s/u-bijective pair.

For L ≥ 0, M ≥ 0, consider the Smale space (obtained via an iterated fiber product
construction):

ΣL,M(π) := {(y0, . . . ,yL,z0, . . . ,zM)|πs(yi) = πu(z j) for each i, j}

with σ defined to be ψ×·· ·×ψ×ζ×·· ·×ζ . As the notation suggests (ΣL,M(π),σ)
is a shift of finte type.

Moreover, again for each L ≥ 0, M ≥ 0, ∆ΣL,M(π) : ΣL,M(π)→ {−1,1} defined
via

∆ΣL,M(π)(y0, . . . ,yL,z0, . . . ,zM) = ∆Y (y0)
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is a continuous map. We note that ∆ΣL,M(π)(y0, . . . ,yL,z0, . . . ,zM) is to equal ∆Y (yi)

for any 0 ≤ i ≤ L and is also equal to ∆Z(z j) for any 0 ≤ j ≤ M. In particular,
∆ΣL,M(π) is constant on orbits of the natural action of SL+1×SM+1. For more details
on the action (which is the natural one) see [8, Section 5.1].

Definition 8. Suppose that π = (Y,ψ,πs,Z,ζ ,πu) a signed s/u-bijective pair for a
signed Smale space, (X ,ϕ,∆). Then a graph G is a signed presentation of π if G is
a presentation of π , in the sense of Definition 2.6.8 of [8], and G is also a signed
presentation, in the sense of Definition 4, of (Σ0,0,σ ,∆0,0).

Proposition 3. (compare with [8, Theorem 2.6.9])
If (X ,ϕ,∆) is a signed Smale space and π = (Y,ψ,πs,Z,ζ ,πu) is a signed s/u-
bijective pair for (X ,ϕ), then there exists a presentation of π . Moreover, if G is a
signed presentation of π , then, for each L≥ 0 and M ≥ 0, GL,M is a signed presen-
tation of (ΣL,M(π),σ).

Proof. Work of Putnam (see [8, Theorem 2.6.9]) implies that π has a presentation
in the sense of [8, Definition 2.6.8]. That is, there is a graph G and conjugacy e :
Σ0,0(π)→ ΣG satisfying the conditions in [8, Definition 2.6.8]. Moreover, since
∆Σ0,0(π) is continuous, by possibly taking a higher block presentation of G we can
ensure that this presentation leads to a signed presentation of (Σ0,0(π),σ ,∆0,0). The
second statement in the proposition follows as in the proof of [8, Theorem 2.6.9]
and is omitted.

Definition 9. (compare with Definition 5.2.1 of [8])
Suppose (X ,ϕ,∆) is a signed Smale space, π = (Y,ψ,πs,Z,ζ ,πu) a signed s/u-
bijective pair for (X ,ϕ), and G is a presentation of π . Fix k ≥ 0, L ≥ 0, and M ≥ 0
and let

1. B(Gk
L,M,SL× 1) be the subgroup of ZGk

L,M which is generated by elements of
the following forms:

a. p ∈Gk
L,M with the property that p · ((α,1) = p for some non-trivial transposi-

tion, α ∈ SL+1;
b. p′ = q · (α,1)− sign(α)q for some q ∈ Gk

L,M and α ∈ SL+1;

2. Q(Gk
L,M,SL×1) be the quotient of ZGk

L,M by B(Gk
L,M); we denote the quotient

map by Q;
3. A (Gk

L,M,1×SM+1) be {a ∈ ZGk
L,M | a · (1,β ) = sign(β ) ·a for all β ∈ SM+1}; it

is a subgroup of ZGk
L,M .

Proposition 4. (see the remark between Definitions 5.2.1 and 5.2.2 in [8])
Suppose π = (Y,ψ,πs,Z,ζ ,πu) a signed s/u-bijective pair for a signed Smale space,
(X ,ϕ,∆) and G is a signed presentation of π . Then, for each k ≥ 0, L ≥ 0, and
M ≥ 0,

γ
s
Gk

L,M ,∆
Gk

L,M

(B(Gk
L,M,SL×1)) ⊆ B(Gk

L,M,SL×1)

γ
s
Gk

L,M ,∆
Gk

L,M

(A (Gk
L,M,SL×1)) ⊆ A (Gk

L,M,SL×1)
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where γs
Gk

L,M ,∆
Gk

L,M

is defined in Definition 5.

Definition 10. (compare with [8, Definition 5.2.2])
Suppose π = (Y,ψ,πs,Z,ζ ,πu) a signed s/u-bijective pair for a signed Smale space,
(X ,ϕ,∆) and G is a signed presentation of π . Using the previous proposition, we
define

Ds
Q,A,Gk,∆Gk

(Gk
L,M) = lim

→

(
Q(A(Gk

L,M,1×SM+1)),γ
s
Gk

L,M ,∆
Gk

L,M

)

For each 0≤ i≤ L, there is a map defined at the level of graphs, δ s
i, : Gk

L,M→Gk
L−1,M

obtained by removing the ith entry. Likewise, for 0 ≤ j ≤ M, one has a map δ s
, j :

Gk
L,M → Gk

L,M−1 that is defined by removing the L+ j-entry. As in [8], these induce
maps at the level of the abelian groups introduced in the previous definition:

Proposition 5. (compare with [8, Lemma 5.2.4])
Suppose π = (Y,ψ,πs,Z,ζ ,πu) a signed s/u-bijective pair for a signed Smale space,
(X ,ϕ,∆) and G is a signed presentation of π . Then, there exists k ∈ N such that δi,
and δ, j induced group homomorphisms:

δ
s
i, : Ds

Q,A,Gk,∆Gk
(Gk

L,M)→ Ds
Q,A,Gk,∆Gk

(Gk
L−1,M)

and
δ

s∗
, j : Ds

Q,A,Gk,∆Gk
(Gk

L,M)→ Ds
Q,A,Gk,∆Gk

(Gk
L,M+1)

respectively.

Definition 11. (compare with [8, Definition 5.1.7] and [8, Sections 5.2 and 5.3])
Suppose π = (Y,ψ,πs,Z,ζ ,πu) is a s/u-bijective pair for a signed Smale space,
(X ,ϕ,∆), G is a signed presentation of π , and k is as in the statement of previous
proposition. Then, we let

ds
Q,A,Gk,∆Gk

(π)L,M : Ds
Q,A,∆Gk

(Gk
L,M)→ Ds

Q,A,∆Gk
(Gk

L−1,M)⊕Ds
Q,A,∆Gk

(Gk
L,M+1)

be the map
L

∑
i=0

(−1)i
δ

s
i,+(−1)L

M

∑
j=0

(−1) j
δ

s∗
, j .

Finally, for each N ∈ Z, we let ds
Q,A,Gk,∆Gk

(π)N =
⊕

L−M=N ds
Q,A,Gk,∆Gk

(π)L,M .

Theorem 2. (see [8, Sections 5.1 and 5.2])
Assuming the setup of the previous definition,( ⊕

L−M=N

Ds
Q,A,∆

Gk
L,M

(GL,M),
⊕

L−M=N

ds
Q,A,Gk,∆Gk

(π)L,M

)
N∈Z
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is a complex.

Definition 12. (compare with [8, Definition 5.1.11])
Suppose π = (Y,ψ,πs,Z,ζ ,πu) is a s/u-bijective pair for a signed Smale space,
(X ,ϕ,∆) and G is a signed presentation of π . We define Hs

∗(X ,ϕ,∆ ,π,Gk) to be
the homology of the complex( ⊕

L−M=N

Ds
Q,A,∆

Gk
L,M

(GL,M),
⊕

L−M=N

ds
Q,A,Gk,∆Gk

(π)L,M

)
N∈Z

from the previous theorem. We call this the signed homology and denote it by
Hs
∗(X ,ϕ,∆ ,π,Gk); it is a Z-graded abelian group.

Theorem 3. (compare with [8, Theorem 5.1.12])
The signed homology groups have finite rank and vanish for all but finitely many
N ∈ Z.

Proof. Basic properties of inductive limits imply that the signed dimension groups
have finite rank. Hence the homology is finite rank (see for example page 131 of
[8] for further details). That the homology vanishes for all but finitely many N also
follows as in [8] pages 131-132.

Theorem 4. (compare with [8, Theorem 5.5.1])
The signed homology is independent of the choice of signed presentation, and the
choice of s/u-bijective pair.

Definition 13. Suppose (X ,ϕ,∆) is a signed Smale space. Based on the previous
theorem, for any choice of signed s/u-bijective pair, π , signed presentation G, and k
large enough, we can define Hs

N(X ,ϕ,∆) := Hs
N(X ,ϕ,∆ ,π,Gk).

Proposition 6. (compare with a special case of [8, Theorem 5.4.1])
Suppose (X ,ϕ,∆) is a signed Smale space. The homeomorphism ϕ and its inverse
induces graded group homomorphism at the level of the signed homology groups.
We denote the induced maps by ϕs and (ϕ−1)s respectively.

Remark 1. General functorial properties Putnam’s homology theory are nontrivial,
see [3, 4, 8]. The functorial properties of the signed version are further complicated
by the requirement that the map at the level of Smale space must respect the signed
structure. The full details of these properties are not discussed here as they are not
needed for the signed Lefschetz theorem.

Example 5. Suppose (X ,ϕ) is a Smale space and we take ∆X to be the constant func-
tion one. Then, it follows from the defintions involved that Hs(X ,ϕ,∆) is Putnam’s
stable homology theory.

Example 6. Suppose (ΣG,σ ,∆G) is a signed shift of finite type. The signed homol-
ogy, Hs

N(ΣG,σ ,∆G) is the signed dimension group when N = 0 and is the trivial
group when N 6= 0.
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2.4 Lefschetz and zeta functions

Definition 14. Suppose (X ,ϕ) is a Smale space. Then, for each n ∈ N,

Per(X ,ϕ,n) := {x ∈ X | ϕn(x) = x}.

Definition 15. Suppose (X ,ϕ,∆) is a signed Smale space. Then, the signed dynam-
ical zeta function is

ζ(X ,∆)(z) = exp

(
∞

∑
n=1

Nn(X ,ϕ,∆)

n
zn

)

where Nn(X ,ϕ,∆) = ∑x∈Per(X ,ϕ,n) ∆ (n)(x).

Example 7. If (X ,ϕ,∆) is a signed Smale space with ∆ ≡ 1, then the signed dynam-
cial zeta function is the dynamical zeta function (see the Introduction):

ζdyn(z) = exp

(
∞

∑
n=1

|Per(X ,ϕ,n)|
n

zn

)
.

For more details on this case, see [10, Section I.4] (and also [8, Chapter 6] and
references therein).

Example 8. Suppose (M, f ) is an Axiom A diffeomorphism, (Ω , f |Ω ) be the restric-
tion of f to the nonwandering set, and for each m ∈ Per(Ω , f |Ω ,1),

L(m) := sign(det(I−D f (m) : Tm(M)→ Tm(M))).

The Lefschetz fixed point formula implies that

∑
m∈Per(Ω , f |Ω ,1)

L(m) =
dim(M)

∑
i=0

(−1)iTr( f∗ : Hi(M;R)→ Hi(M;R)).

Moreover, by for example [5, Proposition 5.7] or [10, Section I.4], L(m)= (−1)q∆(m)
where q is the rank of Eu at the point m and ∆ is as in Example 2. From this one
obtains the homological zeta function discussed in the Introduction.

Theorem 5. (compare with [8, Theorem 6.1.1])
For each k ∈ N,

∑
N∈Z

(−1)NTr
(
((ϕ−1)s

N⊗ idQ)n)= ∑
x∈Per(X ,ϕ,n)

∆
(n)(x)

where (ϕ−1)s
N⊗ idQ : Hs

N(X ,ϕ,∆)⊗Q→ Hs
N(X ,ϕ,∆)⊗Q is the map on rational-

ized homology induced from ϕ−1.

Definition 16. Suppose (M, f ) is an Axiom A diffeomorphism satisfying the no-
cycle condition, (Ωs)

m
s=1 are the basic sets of (M, f ), and (Ms)

m
s=1 is a filtration
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associated to the basic sets that satisfies the assumptions in [1]. Then we let feven
and fodd denotes the map induced by f on⊕

n even
Hn(Ms,Ms−1) and

⊕
n odd

Hn(Ms,Ms−1)

respectively.
Likewise if (X ,ϕ) is a Smale space, we let ϕ−1

even and ϕ
−1
odd denote the map induced

by ϕ−1 on ⊕
n even

Hs
n(X ,ϕ,∆)⊗Q and

⊕
n odd

Hs
n(X ,ϕ,∆)⊗Q

respectively.

Theorem 6. Suppose (M, f ) is an Axiom A diffeomorphism satisfying the no-cycle
condition, and Eu|Ωs is orientable. Then (using the notation introduced in the para-
graph preceding this theorem) there exists a signed Smale space, (X ,ϕ,∆), such
that

(1) (X ,ϕ) is conjugate to (Ωs, f |Ωs);
(2) (even case) if q is even, the maps ϕ−1

even⊕ fodd and ϕ
−1
odd ⊕ feven have the same

nonzero eigenvalues or
(2) (odd case) if q is odd, the maps ϕ−1

even ⊕ feven and ϕ
−1
odd ⊕ fodd have the same

nonzero eigenvalues.

Corollary 1. Suppose (M, f ) is an Axiom A diffeomorphism, (Ω , f |Ω ) is the non-
wandering set of (M, f ), Eu|Ω is orientable, and ∆ : Ω → {−1,1} is defined as in
Example 2. Let q : Ω → {0,1} be the function defined by q(x) = rank(Eu

x ) mod 2.
Then

1. if q≡ 0, then ζhom(z) = ζ(Ω ,∆)(z);
2. if q≡ 1, then ζhom(z) = 1/ζ(Ω ,∆)(z).

Proof. By definition, the signed zeta function is given by

ζϕ(z) = exp

(
∞

∑
n=1

Nn(X ,ϕ,∆)

n
zn

)

where Nn(X ,ϕ,∆) = ∑x∈Per(X ,ϕ,n) ∆ (n)(x). If q≡ 0, then

∑
x∈Per(Ω , f |Ω ,n)

L(x) = ∑
x∈Per(Ω , f |Ω ,n)

∆
(n)(x)

while if q≡ 1, then

∑
x∈Per(Ω , f |Ω ,n)

L(x) = (−1) ∑
x∈Per(Ω , f |Ω ,n)

∆
(n)(x).

The result then follows.
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3 Examples

To conclude the paper, two examples are discussed. These examples point to the
possibility of a stronger relationship between the signed version of Putnam’s ho-
mology and the standard homology of the manifold associated with the Axiom A
diffeomorphism. However, such a relationship is (at this point) highly speculative.

Example 9. Shifts of finite type
In [2], Bowen and Franks prove the following results:

Theorem 7. (reformulation of [2, Theorem 3.2]) Suppose (M, f ) is an Axiom A dif-
feomorphism satisfying the no-cycle condition, dim(Ωs) = 0, and q := rank(Eu|Ωs).
Then there exists signed shift of finite type (ΣG,σ ,∆G) such that

1. (ΣG,σ) is conjugate to (Ωs, f |Ωs);
2. the maps γs

G,∆G
: ZG0→ ZG0 and f |Ms : Hq(Ms,Ms−1)→Hq(Ms,Ms−1) are shift

equivalent;
3. the maps γs

G,∆G
: Ds

∆G
(G)→ Ds

∆G
(G) and f |Ms : Hq(Ms,Ms−1)→ Hq(Ms,Ms−1)

are shift equivalent

where (Ms)
m
s=1 is a fixed filtration associated to the basic sets, (Ωs)

m
s=1, of (M, f ).

The reader might notice that Bowen’s and Franks’ result implies [1, Theorem 2]
(stated as Theorem 1 above). However, the proof in [2] uses [1, Theorem 2].

Example 10. Two dimensional hyperbolic toral automorphisms
We give an example in which one can compute the standard homology, Putnam’s
homology and the relevant actions explicitly. Let

ϕ = A =

(
1 1
1 0

)
and consider the induced action on the two-torus, R2/Z2. In this example, Ω is the
entire manifold and ∆ is the constant function one and q = 1.

In regards to the standard homology, we have the following

HN(R2/Z2;R)∼=


R : N = 0,2
R2 : N = 1
0 : otherwise

and the action is given by the identity on H0(R2/Z2;R), A on H1(R2/Z2;R), and
minus the identity on H2(R2/Z2;R).

In regards to Putnam’s homology (based on [8, Example 7.4]) we have the fol-
lowing

Hs
N(R2/Z2,A)⊗R∼=


R : N =−1,1
R2 : N = 0
0 : otherwise
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and the action of ((ϕ−1)s)⊗ IdR is given by the identity on Hs
−1(R2/Z2,A)⊗R, A

on H0(R2/Z2,A)⊗R, and minus the identity on Hs
1((R2/Z2,A)⊗R .

Thus, in this very special case, there is an even stronger than predicted by The-
orem 6 relationship between the homology of torus and Putnam’s homology of the
Smale space (R2/Z2,A). Namely, they are the same with dimension shift of one
(this is exactly the rank of bundle Eu in this case). Moreover, the actions induced by
f and ϕ−1 are also the same (again with dimension shift).
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