Filtered K-theory for graph algebras

Seren Eilers, Gunnar Restorff, Efren Ruiz, and Adam P. W. Sgrensen

Abstract We introduce filtered algebraic K-theory of a ring R relative to a sublattice
of ideals. This is done in such a way that filtered algebraic K-theory of a Leavitt
path algebra relative to the graded ideals is parallel to the gauge invariant filtered K-
theory for graph algebras. We apply this to verify the Abrams-Tomforde conjecture
for a large class of finite graphs.

1 Introduction

Since the inception of Leavitt path algebras in [1, 4] it has been known that there
is a strong connection between Leavitt path algebras and graph C*-algebras. In par-
ticular many results for both graph C*-algebras and Leavitt path algebras have the
same hypotheses when framed in terms of the underlying graph and the conclusions
about the structure of the algebras are analogous. For instance, by [13, Theorem 4.1]
and [5, Theorem 4.5] the following are equivalent for a graph E.

1. E satisfies Condition (K) (no vertex is the base point of exactly one return path).
2. C*(E) has real rank 0.
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3. L¢(E) is an exchange ring.

That real rank O is the analytic analogue of the algebraic property of being an ex-
change ring is justified in [3, Theorem 7.2].

One of the most direct connections we could possibly have between Leavitt path
algebras and graph C*-algebras would be: If E, F are graphs then

Le(E) 2 Lo(F) <= C*(E) = C*(F).

This is called the isomorphism question and it is unknown if it is true. As currently
stated the question is very imprecise, while it is clear what is meant by isomorphism
of C*-algebras, we could consider isomorphisms of Leavitt path algebras both as
rings, algebras, and *-algebras. In the last case the forward implication of the iso-
morphism question holds. In [2] Abrams and Tomforde take a systematic look at
the isomorphism question and many related questions, for instance whether or not
the above holds with Morita equivalence in place of isomorphism. They provide ev-
idence in favor of a positive answer to the Morita equivalence question and elevate
one direction to a conjecture.

Conjecture 1 (The Abrams-Tomforde Conjecture). Let E and F be graphs. If L¢ (E)
is Morita equivalent to L (F), then C*(E) is (strongly) Morita equivalent to C*(F).

In [17] the third named author and Tomforde use ideal related algebraic K-theory
to verify the Abrams-Tomforde conjecture of large classes of graphs. They introduce
ideal related algebraic K-theory as a Leavitt path algebra analogue for filtered K-
theory for graph C*-algebras. This then allows them to prove the Abrams-Tomforde
conjecture for all classes of graphs where the associated C*-algebras are classified
by filtered K-theory.

The authors have shown in [10] that when classifying graph C*-algebras that
do not have real rank 0, it can be useful to replace the full filtered K-theory with
a version that only looks at gauge invariant ideals. Motivated by this, we develop
a version of ideal related algebraic K-theory relative to a sublattice of ideals. Our
goal is to get an ideal related K-theory for Leavitt path algebras that only consid-
ers graded ideals, but we try to state our result in greater generality. We look at
a sublattice . of ideals in some ring R and consider the spectrum of these ide-
als, that is the set of .’-prime ideals. This set is equipped with the Jacobson (or
hull-kernel) topology. In nice cases there exists a lattice isomorphism from the open
sets in the spectrum to the ideals in .. Specializing to the case of a Leavitt path
algebra Ly (E), we show that the spectrum associated to the graded ideals is home-
omorphic to the spectrum of gauge invariant ideals in C*(E). Using this we define
filtered algebraic K-theory of Ly (E) relative to the graded ideals in complete anal-
ogy to the C*-algebra definition. We then follow the work of [17] and establish the
Abrams-Tomforde conjecture for all graphs where the C*-algebras are classified by
filtered K-theory of gauge invariant ideals. By [10] this includes a large class of
finite graphs.
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2 Preliminaries

In this section we set up the notation we will use throughout the paper and we recall
the needed definitions. We begin with the definitions of graphs, graph C*-algebras
and Leavitt path algebras.

Definition 1. A graph E is a quadruple E = (E°,E',r,s) where E° is the set of
vertices, E! is the set of edges, and r and s are maps from E! to E? giving the range
and source of an edge.

Standing Assumption. Unless explicitly stated otherwise, all graphs are as-
sumed to be countable, i.e., the set of vertices and the set of edges are count-
able sets.

We follow the notation and definition for graph C*-algebras in [11] and warn the
reader that this is not the convention used in the monograph by Raeburn ([15]).

Definition 2. Let E = (E°,E!,r,s) be a graph. The graph C*-algebra C*(E) is the
universal C*-algebra generated by mutually orthogonal projections { Dy i VE EO}
and partial isometries {s. : e € E'} satisfying the relations

s;‘sfzoifafeEl and e # f,

SiSe = Pr(e) foralle € E',

Sesy < Ps(e) forall e € E', and,

Py = Lecg () SeS, forall v e E0 with 0 < |s~1(v)] < .

We get our definition of Leavitt path algebras from [1, 4].

Definition 3. Let k be a field and let E be a graph. The Leavitt path algebra Ly (E) is
the universal k-algebra generated by pairwise orthogonal idempotents {v | v € EO}
and elements {e,e* | e € E'} satisfying

e f=0,ife# f,

e*e=r(e),

s(e)e=e=cer(e),

e*s(e) = e* =r(e)e*, and,

V=Yoes1() €€ if s~!(v) is finite and nonempty.

Recall that graph C*-algebras come with a natural gauge action and that Leavitt
path algebras come with a natural grading. We now turn to the ideal structure of
Leavitt path algebras and graph C*-algebras, where we are particularly interested in
graded ideals and gauge invariant ideals.

Standing Assumption. Unless explicitly stated otherwise, all ideals in rings
are two-sided ideals and all ideals in a C*-algebra are closed two-sided ideals.
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Definition 4. For any ring R we denote by I(R) the lattice of ideals in R.

As per usual we write v > w if there is a path from the vertex v to the vertex w.
We call a subset H C E° hereditary if v € H and v > w imply that w € H, and we
say that H is saturated if for every v € E® with 0 < |s~!(v)| < coand r(s~!(v)) C H
we have v € H. If H is saturated and hereditary we define

By={veE'\H : |s '(v)|=ccand 0 < |s ' (v)Nr ' (E°\ H)| < }.

In other words, By consists of infinite emitters that are not in H and emit a non-zero
finite number of edges to vertices not in H. We say that those vertices are breaking
for H.

Definition 5 ([19, Definition 5.4]). An admissible pair (H,S) consists of a saturated
hereditary subset H and a subset S of By. We put an order on the set of admissible
pairs by letting (H,S) < (H',S") if and only if H C H' and S C H' US'. This is in
fact a lattice order.

Theorem 1 ([6, Theorem 3.6] and [19, Theorem 5.7]). Let E be a graph and let k

be a field.

o There is a canonical lattice isomorphism from the set of admissible pairs to the
set of gauge invariant ideals of C*(E). We write IE?JP,S) for the image of an admis-
sible pair.

o There is a canonical lattice isomorphism from the set of admissible pairs to the
set of graded ideals of Ly (E). We write I(a;,g,s) for the image of an admissible pair.

One of the main reasons the sublattice of graded ideals can be used to study
the Morita equivalence classes of Leavitt path algebras is that the graded ideals are
preserved by (not necessarily graded) ring isomorphisms.

Lemma 1. Let E be a graph and let k be a field. Suppose I is an ideal in Ly(E).
Then I is graded if and only if I is generated by idempotents.

Proof. Suppose [ is graded. Then I = 1< for some admissible pair (H,S). By

lg
H.,S)
definition (see for instance [19, Definition 5.5]) I(a 575) is generated by {v:v € H}
and
{fv= ) e :vesy)

s(e)=v
r(e)¢H
Hence I is generated by idempotents.

Suppose instead I is generated by idempotents. Let e € I be an idempotent in
the generating set S of idempotents for /. By [12, Theorem 3.4], e is equivalent in
M..(Lx(G)) to a finite sum of the idempotents of the form v € E? and w — Y7, ¢;e}
where s(e) =w € E°, |s~!(w)| = o, and each ¢; is an element of s~!(w). Then S,
where e is replaced by these new idempotents in the generating set S will generate
the ideal 1. Thus, I is generated by idempotents in the vertex set and idempotents of
the form v —Y" | e;e;, where s(e) =v € E?, |s~! (v)| = o, and each ¢; is an element
of s~!(v). Therefore, I is a graded ideal.
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Finally we briefly recall from [10, Section 3] the definition of Prime,(C*(E))
and FK'P (Prime, (C*(E)); C*(E)).

Definition 6. Let E = (E,E', 1, s) be a graph. Let Prime,(C*(E)) denote the set of
all proper ideals that are prime within the set of proper gauge invariant ideals.

We give Prime,(C*(E)) the Jacobson topology and can then show that C*(E)
has a canonical structure as a Prime,(C*(E))-algebra. So when E has finitely many
vertices — or, more generally, Prime,(C*(E)) is finite — we can consider the re-
duced filtered ordered K-theory of C*(E): FK"P* (Prime, (C*(E)); C*(E)). Loosely
speaking this is the collection of the K-groups associated to certain subquotients 7 /.J
of gauge invariant ideals 7,J in C*(E) together with certain maps of the associated
six-term exact sequences.

3 .-Prime spectrum for a ring
We will now introduce the Prime-spectrum of a ring relative to a sublattice of ideals.
Our primary motivation is to look at prime graded ideals in Leavitt path algebras.

Definition 7. Let R be a ring and let . be a sublattice of I(R) containing the trivial
ideals {0} and R. An ideal P € . is called .-prime if P # R and for any ideals
1,JeY,

IJCP = ICP or JCP

We denote by Spec o (R) the set of all .’-prime ideals of R.

We note that if P is .-prime and /,J are in . then IJ C 1N J so we have
INJCP =— ICP or JCP

We will equip Spec .~ (R) with the Jacobson (or hull-kernel) topology. For each sub-
set T C Spec o (R) we define the kernel of T as

ker(T)= (1 p
peT
and the closure of T as
T ={peSpec,(R) : pDker(T)}. (1)

Note that if R is a commutative ring and .’ = I(R), then Spec . (R) is the spectrum
of R with the Zariski topology.

Lemma 2. Let R be a ring and let . be a sublattice of I(R) closed under arbitrary
intersections and containing the trivial ideals {0} and R. The closure operation
defined in (1) satisfies the Kuratowski closure axioms, that is
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= @’

CT, forall T C Spec ~(R),

T =T, forall T C Spec ~(R), and,

4. TTUT, =Ty UT,, forall Ty, T, C Spec o (R).

| N s

1.
2.
3.

Proof. Once we recall that by definition ker(@) = R it is clear that 1. holds and since
we have p D ker(T) for all p € T, 2. also holds. For 3. we observe that ker(T) =
ker(T), and then clearly T =T.

Finally suppose that 71,7> C Spec »(R). Since ker(7} UTz) = ker(T;) Nker(73)
we have that

TiUT, = {p € Spec »(R) : p Dker(T1 UT»)}
= {p € Spec »~(R) : p D ker(T;) Nker(72)}
= {p € Spec ~(R) : p D ker(T1) or p Dker(Tr)}
=T uD.

So 4. holds.

We now describe the open sets in the Jacobson topology. To this end we define
for each I € .7 the set

W(I)={peSpec,(R) : p21}.

Lemma 3. Let R be a ring and let . be a sublattice of I(R) closed under ar-
bitrary intersections and containing the trivial ideals {0} and R. Then for all
U C Spec »(R), U is open if and only if

U =W(ker(U°)).
Furthermore, if I € .7 is such that
I =ker({p € Spec ~(R) : p 2 I}),
then W (I) is open.

Proof. Let U be a subset of Spec (R). Then U is open if and only if U¢ = U¢ if
and only if
U° = {p eSpecy(R) : p Dker(U°)}

if and only if
U= {peSpecy,(R):pDker(U)} =W (ker(U)).
Let now I € . be such that
I =ker({p € Spec »(R) : p D I}).

To ease notation we let H = {p € Spec »(R) : p D I}, so that I = ker(H). Then
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W(I)°={peSpec,(R):pP I}C ={peSpec,(R) : p 2 ker(H)}C
={peSpec,(R):pOker(H)} =H.

Hence W (I) is open.

We now define a lattice isomorphism between the open sets of Spec »(R) and the
elements of ..

Theorem 2. Let R be a ring and let 7 be a sublattice of 1(R) closed under arbitrary
intersections and containing the trivial ideals {0} and R. Suppose that for each
I € .¥ we have that

I =ker({p € Spec»(R) : p D I}).
Define ¢ : O(Spec »(R)) — .7 by
o (U) =ker(U°).

Then ¢ is a lattice isomorphism.

Proof. To show that ¢ is bijective we define y: . — O(Spec »(R)) by y(I) =W (I)
and check that it is an inverse. Note that by Lemma 3 the set W(I) is in fact open.
For each I € . we have

9(v(1) = 9(W(I)) = ker(W(I)°) = ker({p € Spec »(R) : p 21}) =1,

by the assumption on I. On the other hand, if U C Spec o (R) is open we can use
Lemma 3 to get

Y(¢(U)) = y(ker(U)) = W (ker(U)) = U.

Hence ¢ is bijective. To show that ¢ is a lattice isomorphism it only remains to
verify that both ¢ and y preserves order. Let U,V be open subsets of Spec o (R) with
U CV.Then V¢ C U so

¢(U) =ker(U°) C ker(V) = 9(V),
and hence ¢ is order preserving. Let now I,J € .% be such that I C J. Then
W) ={peSpecy(R): pDI} D{peSpec,(R):p2J}=W({)",
which implies that y(I) = W (I) CW(J) = y(J), i.e., ¥ is order preserving.
In keeping with the notation from C*-algebras we define
RlU]=¢(U)

for every U € O(Spec ~(R)). Whenever we have open sets V C U we can form
the quotient R[U]/R[V]. The next lemma shows that the quotient R[U]/R[V] only
depends on the set difference U \ V up to canonical isomorphism.
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Lemma 4. Let R be a ring and let ¥ be a sublattice of I(R) closed under arbitrary
intersections and containing the trivial ideals {0} and R. Suppose that for each
I € . we have that

I =ker({p € Spec ~»(R) : p D I}).
Then for all U,V € O(Spec »~(R)) we have
RUUV]|=R[U]+R[V] and R[UNV]=R[U|NR[V].

Consequently, if Vi,V2,U1,Us € O(Spec »(R)) are such that Vi C Uy, Vo C Uy, and
Ui\ Vi = Uy \ Va, then there exits an isomorphism from R[U1|/R[V1] to R[U>]/R[V2]
and this isomorphism is natural, i.e., if also V3,Us € O(Spec »»(R)) with V3 C Us
and U3\ V3 = Uy \ V), then the composition of the isomorphisms from R[U,|/R[Vi]
to R[U,]/R[Va] and from R[Us]/R[V2] to R[U3]/R[V3] is equal to the isomorphism
from R[U]]/R[V]] to R[U3]/R[V3}.

Proof. The first part of the theorem follows from the fact that ¢ is a lattice isomor-
phism (Theorem 2) and that . is a sublattice.

Suppose now V;,V,,U;, U, € O(X) are as in the statement of the Lemma. Then
ViuU, = Uy UU, = Uy UV, and therefore

R[Uz] +R[V1] = R[V] UUz] = R[U] UVZ] ZR[Ul] —|—R[V2].
Since U, N (Vi UVa) =V, we get

(R[U2] +RV1])/(RVA] + R[Va]) = R[U2]/ (R[U2] N R[V1 U V1))

Similarly
(RIUI] +R[V2])/ (RVA] + R[V2]) = RIUI] /R[V1].
Hence

R[U\|/RV1] = (RIUI] +R[V2])/(RVi] +R[V2])
= (R[U2] +RV1])/(R[V1] + R[V2])
~ R[U3]/R[VA).

Suppose that we also have V3,U; € O(Spec »(R)) with V3 C Uz and Uz \ V3 =
U1 \Vl. Then

Viul, =U1UU, =U; UV,,
VaUU; =U, U3 = U, U Vs,
ViuUs; =U,UU; =U; UV3,
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Vi =U, ﬁ(V] UVQ) =U, ﬂ(Vl UV3) =U ﬁ(V] UV2UV3),
\%) :Uzm(VIUVQ) ZUzﬂ(VQUV3) ZUzﬁ(VlUVQUV3), and
Vi =U30(V1UV3) ZUgﬁ(VzU\@) :U3Q(V1UV2UV3).

Now, by considering the isomorphism constructed above, one then gets that the
isomorphism is natural from Noether’s isomorphism theorem.

Definition 8. Let X be a topological space and let Y be a subset of X. We call Y
locally closed if Y = U\ 'V where U,V € O(X) with V C U. We let LC(X) be the
set of locally closed subsets of X.

Definition 9. Let R be aring and let . be a sublattice of I(R) closed under arbitrary
intersections and containing the trivial ideals {0} and R. Suppose that for each I € .
we have that

I =%ker({p € Spec »(R) : p D I}).
ForY =U\V € LC(Spec ~(R)), define
R[Y]:=R[U]/R[V].

By Lemma 4, R[Y] does not depend on U and V up to a canonical choice of isomor-
phism.

4 Spec,(Lk(E)) and Prime,(C*(E))

Having set up our notion of prime ideal spectrum relative to a sublattice, we will
now apply it to the graded ideals of Leavitt path algebras.

Definition 10. Let E be a graph and let k be a field. We denote by I,(Lx(E)) the
sublattice of I(Lx(E)) consisting of all graded ideals of Ly (E) and for brevity we let
Spec, (L«(E)) = Specy, (g, (r)) (Lk (E)).

Similarly we let I,(C*(E)) be the sublattice of I(C*(E)) consisting of all gauge
invariant ideals of C*(E).

Recall from [10, Section 3] that Prime,(C*(E)) denotes the collection of prime
gauge invariant ideals of C*(E). We first prove that the lattice of graded ideals and
the lattice of gauge invariant ideals are isomorphic in a canonical way.

Lemma 5. Let E be a graph. The map B : 1, (L(E)) — 1,(C*(E)) that is given
by ﬁ([?,l_lg’s)) = IZ?ES) is a lattice isomorphism. Furthermore 3 maps Spec,(Ly(E))
bijectively onto Primey(C*(E)).

Proof. By Theorem 1 there is a lattice isomorphism f,;, from the set of admissible

pairs to I, (L (E)) given by B, ((H,S)) = I(all_i 5) and a lattice isomorphism fBiop from
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the set of admissible pairs to I,(C*(E)) given by Bop((H,S)) = It?f

(H.5)" Consequently,

B = Biopo ng is a lattice isomorphism.

Let 7 = I,(Lk(E)). It follows from [14, Proposition II.1.4] that a graded ideal
I of Ly(E) is .-prime if and only if 7 is a prime ideal of Ly(E). Thus, by [16,
Theorem 3.12], every .-prime ideal I of Ly (E) is of the form

o [= I(a}fs), where E° \ H is a maximal tail and S = By, or

o /= I?}fs) where EO\ H = M(u) and S = By \ {u} for some breaking vertex,

and that these ideals are distinct. In [10, Section 3] it is shown that every ideal J in
Primey(C*(E)) is of the form

e J= IE;’}’_S), where EY\ H is a maximal tail and S = By, or

o J= I(tOHp_S) where EO\ H = M(u) and S = By \ {u} for some breaking vertex,

and that these ideals are distinct. Hence IE‘I’;’S) is in Prime,(C*(E)) if and only if
I?}is) is in Specy(Lk(E)). In other words 8 maps Spec,(L«(E)) bijectively onto
Primey(C*(E)).

We can now prove that the collection of graded ideals satisfies the kernel assump-
tion we used in Section 3.

Proposition 1. Let E be a graph. If I is a proper graded ideal of Ly (E), then

I =ker ({p € Spec, (Lk(E)) : p 2 I}) .

Proof. Let B be the lattice isomorphism from Lemma 5 and let 7 € I,(Ly(E)) be a
proper ideal.
By [10, Lemma 3.5] we have that

B(I) = N«

q€Prime,(C*(E))
a=2B(7)

Since [ is a graded ideal I = 1?115.5) for some admissible pair (H,S). As the intersec-
tion of graded ideals is again graded we also have

1
N e=r

peSpecy (L (E))
poI

for some admissible pair (H’,S'). We will now show that I'P . = I'P

(H,5) (H',8")"
Since I?}f, ¢ is an intersection of ideals that all contain e ple o opale

(H.S)” "(H,S) = "(H'S)
which implies that IEOHP_S) - I(t?ﬁ 5) @3 B is order preserving. If q € Prime,(C*(E))
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is such that IEOP 5) € d then I‘jllg  C B '(q). Therefore B~!(q) is one of the ideals

whose intersection define I( SO

Hl Sl)

Ioh o) =B o)) S BB~ (@) =a.

We now have the following inclusions

1o o 1o
Iy Slws) S [N a=pD =1l
q€Primey (C*(E))
9217,
Therefore, IE?; 5= I(H, s)- Hence (H,S) = (H'.S') so
I:I?;;g’S):I?}{%’S,) = ﬂ p:ker({pGSpecy(Lk(E)) : pgl}).
peSpecy(Ly (E))

poI

Corollary 1. The map

U— N p
peSpec, (Lk (E)\U

is a lattice isomorphism from O(Spec,(Lk(E))) to Ly(Lk(E)).

Proof. This follows from Theorem 2 which is applicable by Proposition 1 and the
fact that the intersection of graded ideals is again a graded ideal.

As the final result in this section we prove that  restricts to a homeomorphism
between the graded prime ideals and the gauge prime ideals.

Theorem 3. Let E be a graph. Then ¢ = | Spec, (L (E)) is @ homeomorphism from
Spec, (Lk(E)) to Primey(C*(E)), where B is the lattice isomorphism from Lemma 5.

Proof. We first observe that Lemma 3 and Proposition 1 combine to show that the
open sets of Spec,(Lk(E)) are precisely the sets of the form W (/) for some proper
ideal I € I, (Ly(E)).

Let a proper ideal / € I,(Ly(E)) be given. Then

BV (1) =B ({ & Spec,(Lu(E)) : p 21})
= {B(b) : p € Specy(Le(E)) and p B 1}
—{B(v) : p € Spec, (Lk<E>> and B(») 2 B(1)}
= {0 Prime,(C*(E)) : a 2 B(1)}.

By [10, Lemma 3.6] the last set is open, and hence ¢~ is continuous.
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The above computation used that 8 was a lattice isomorphism and that we had
complete, and similar looking, descriptions of the open sets in Spec, (Lk(E)) and
Primey(C*(E)). Hence a completely parallel computation will show that ¢ is also
continuous. Therefore ¢ is a homeomorphism.

5 Filtered algebraic K-theory

In this section we define filtered algebraic K-theory for rings and show that if two
Leavitt path algebras over C have isomorphic filtered algebraic K-theory then the
associated graph C*-algebras have isomorphic filtered K-theory. We then use this
result to answer the Abrams-Tomforde conjecture for a large class of finite graphs.
Let R be a unital ring and let BGL(R)* be Quillen’s +-construction (see [20,
Chapter IV, Definition 1.1]). Consider Ko (R) as a topological space with the discrete
topology. Let K(R) = Ko(R) x BGL(R)™ with the product topology. Define K (R)
to be
ke () — {nn(K(R)) ifn>0
Ko(Y™"R) ifn<0,
where )" A denotes the suspension of a ring A. For a non-unital ring R, define Kslg (R)
to be

dg, oy ) Ta(fiber(K(RY) — K(Z))) ifn>0
»(R)= ker(K,(R™) — K,(Z)) ifn<0

where RT is the ring obtained from R by adjoining a unit. Therefore, Kglg (R) agrees

with the usual definition of Ky(R) using idempotents and Kflg(R) agrees with the
usual definition of K (R) using invertible matrices.

Suppose R is a ring and .7 is a sublattice of ideals. Moreover, assume that every
I € .% has a countable approximate unit consisting of idempotents, i.e., for every
I € .7, there exists a sequence {e, },_; in I such that

e ¢, is an idempotent for all n € N,
e ¢,e,11 =e¢,foralln €N, and
e for all r € I, there exists n € N such that re, = e,r =r.

Then for any locally closed subset Y = U \ V of Spec »(R), we have a collection of
abelian groups {Kf,'lg (R[Y]) }nez. Moreover, for all U;,U,,Us € O(Spec o~ (R)) with
U; C U, C Us, by [17, Lemma 3.10], we have a long exact sequence in algebraic
K-theory
al * al i al O« al
Ky®(RIU2 \U1]) — > Ki'* (R[Us \ U]) — K3 (R[Uy \ Ua]) —> K%, (R[U2 \ U1 ).

n—1

Definition 11. Let R be a ring and let .’ be a sublattice of I(R) closed under arbi-
trary intersections and containing the trivial ideals {0} and R. Suppose that for each
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I € . we have that
I =%ker({p € Spec »(R) : p D I}).

Moreover, assume that every I € . has a countable approximate unit consisting of
idempotents.

1. For k,m € ZU {#oo} with k < m, we define FK:{i(Specy(R);R) to be the col-

lection
{K3(RIY]) }kcnem yeLc(specy (R)»
equipped with the natural transformations {1, ., d }.

2. For k,m € ZU {#o} with k < 0 < m, we define FK}' %" (Spec ,(R),R) to be the
collection FK;%rgn(Spec #(R);R) together with the positive cone of Kglg (R[Y]) for
allY € LC(Spec »(R)).

Set

FK¥2(Spec . (R); R) = FK"%, _.(Spec ~(R);R) and
FKalg’+(Spec_¢(R);R) = FKT%;;(Spec_y(R);R).

Definition 12. Let R, R’ be rings, let . be a sublattice of I(R) closed under arbitrary
intersections and containing the trivial ideals {0} and R, and let .’ be a sublattice
of I(R’) closed under arbitrary intersections and containing the trivial ideals {0} and
R’. Suppose that for each I € . we have that

I=%ker({p € Spec(R) : p D I}),
and that for each I’ € .’ we have that
I'=ker({p € Spec i (R') : p 2 I'}).

Moreover, assume that every I € . and every I’ € .’ have a countable approximate
unit consisting of idempotents.

For all k,m € Z U {=£eo} with k < m, an isomorphism from FKz{i(Specy (R);R)
to FKZ%%H(SpeC o (R');R") consists of a homeomorphism ¢ : Spec o, (R) — Spec o/ (R')
and an isomorphism oy, from K, (R[Y]) to K,(R'[¢(Y)]) for each n withk <n <m
and for each Y € LC(Spec o (R)) such the diagrams involving the natural transfor-
mations commute.

Letk,m € ZU{=oo} with k <0 < m. If the isomorphism from FKZ{%(Specy (R);R)
to FK;{fn(Specy/ (R');R') restricts to an order isomorphism on Ko(R[Y]) for all
Y € LC(Spec »~(R)), we write

FK,iljrgf(Specy (R);R) = FKZ{if(SpeCyI (R');R).
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Lemma 6. Let E be a graph and let k be a field. Then every graded-ideal of Ly(E)
has a countable approximate unit consisting of idempotents. Consequently, for all

k,m € ZU {oo} with k < 0 < m, FKi'%™ (Spec, (Li(E)): L (E)) is defined.

Proof. Let F be a graph and set F = {vy,vs,... }. Then {Y}_, vx}>_, is a countable
approximate unit consisting of idempotents for Ly (F'). Thus, every Leavitt path al-
gebra has a countable approximate unit consisting of idempotents. The lemma now
follows since by [18, Corollary 6.2] every graded-ideal of Ly (E) is isomorphic to a
Leavitt path algebra.

Lemma 7. Let E be a directed graph and let ¢ : Spec,(Lc(E)) — Primey (C* (E)) be
the homeomorphism given in Theorem 3. Then for all U € O(Specy(Lc(E))), there
[0

exists an admissible pair (H,S) such that Lc(E)[U] = I?;Igs) and C*(E)[¢(U)] =
IE(;;S)’ where Lo (E)[U] is the graded ideal corresponding to the open set U under

the lattice isomorphism from O(Spec, (Lc(E))) to Ly(Lc(E)) given in Theorem 2.

Proof. This follows from the construction of ¢ in Theorem 3 as the restriction of

the lattice isomorphism f3 that sends I( 5 to I(mp 5"

Let 2l be a C*-algebra and let A be a x-algebra. Suppose 1y is a x*-homomorphism
from A to 2. Denote the composition

Kn(12)
_—

K% (A) KB () — KiP(2A)

by Y21, where K, P (21) is the (usual) topological K-theory of the C*-algebra 2.
Theorem 4. Let E be a directed graph and let
¢ : Spec,(Lc(E)) — Primey(C*(E))

be the homeomorphism given in Theorem 3. For all Uy,U>,Us € O(Spec,(Lc(E)))
with Uy C U, C Us, the diagrams
K (L (E) U2\ U1]) — K{® (Lo (E)[Us \ U1]) —— K{8(Le(E) (U \ Us]) —— Ko (Le(E)[U2 \ U1])
71.(7*(&)[v2‘\v|]l/ 71.(*(5)[»@\‘/1]\1 N.CH(E)V3\Vs i 70.(7‘(1:)[V2‘\L’|]l
KP(CHE) V2 \Vi]) — K{P(CH(E)[V3 \ V1]) — K[ (C*(E)[V3 \ Va]) — Ky P (C*(E)[V2\ V1])
and
K3 (Le(E) U\ U1]) — K (Le(E)[Us \ U1]) — K3 ®(Le(E) U3 \ Ua))
.04 (E) v, \Vy i 70.(*(1:)%\v”l Vn.c*(m[v;\vzjl
KyP(CH(E) V2 \V1]) —— KgP(CH(E)[V3 \ Vi]) —— Ky P(C*(E) [V \ Va))

are commutative, where V; = ¢ (U;).

Proof. This follows Lemma 7 and from [7, Theorems 2.4.1 and 3.1.9] .
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Lemma 8. Let E be a graph. Then for all (Hy,S1),(Ha,S2) admissible pairs with
(H1,81) < (H»,82), we have that

. alg alg alg top top top
7’01(“1’1"282/1(“1’1"81 : (1 stz/l )%K ( H52/1H15|)

is an order isomorphism and

. pralgpalg alg top /~ ~
e IR R ) K (I(HZ,SZ)/I(HI,SI)) = K" (O ty,50) /Iy 1))
is surjective with kernel a divisible group.
Suppose F is a graph and suppose there exists an order isomorphism

g jal I g pal I
ao: Ko * (I, 51 /Tt s)) — Ko * (1 dlf, ) /Id}f, s

and there exists an isomorphism

g/ yal I g/ yal 1
o Ki&(1 aﬁisz /Iah;"’1 ) )—>Kag( o 1) /Ial_;g/ S’l))’

where (H;,S;) is an admissible pair of E for i = 1,2 and (H!,S!}) is an admissible
pair of F for i = 1,2 with (H,,S1) < (H,,S2) and (H{,S}) < (H},S5). Then o and
o1 induce isomorphisms
topt ¢ KoP (]t t

Go: Ko™ (U 50/ oty ) = Ko™ Uy )/ i 1))
and

~ top top top top top top

a: K (HZSZ/IHlSl)_)K (H’S’ /IH'S’)

such that & is an order isomorphism and

'yl Jlop /Itop ooy = (x, o }/ Jiop / Jiop
" (H),85)" (HY S (H2 Sy)/(HY,81)

Proof. Letig: Lc(E) — C*(E) be the x-homomorphism sending v to p, and e to s,.

Note that for all admissible pairs (H,S), 1z( E‘]g )< IEOP 1)- Therefore, for all admis-

sible pairs (H;,S1), (H27Sz) with (Hl,Sl) (H2,S2), 1g induces a *-homomorphism

from Ialg / M8 o I

(.5 Ly s0) (Hy.5) /I (Hy.8))" We denote this map by 1, jip i

ity 50) My 1)
Thus, the composition of this induced map in K-theory with the homomorphism

alg top top top top
from K, © (I (HoS)) /IH., ) to Ky ( (Hy.52) /IH1 51 )1s}/ WIS IR

We will show that it is enough to prove the first part of the lemma for the case
(Hy,S>) = (0,0) and (H;,S;) = (E°,0). Let (H,S) be an admissible pair. Let E(ys)
be the graph given in [18, Definition 4.1]. By the proofs of [18, Theorems 5.1
and 6.1], there exist *-isomorphisms

ﬁ(H S) L([:(E(H S)) — I< s) and A(H,S): C*(F( )) — I(top s)
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given by
v ifveH
v ifveS
V)=
Bis) (V) =19 Lo ifv—ac F(H.S)
ar(0)fa*  ifv=ac F(H,S)
e ifecE!
Ba.s)e) =1 a ife=acF(H,S)
ar(a)!  ife=aeF,(H,S)
e ifecE!
Ba,s)(e) == q a ife=acF(H,S)
r)for  ife=aeF,(H,S)
and
Pv ifveH
H .
Py ifves
A V) =
#,5)(@v) St ifv— o F(H.5)
sapllyse ifv=ach(H,S)
Se ifecE!
M s)(te) 7= § Sa ife=0cF(H,S)
saplly ife=0 € Fa(H,S).
Note that the diagram
£
— (H.9) _
Le(Egys) ——C(Ews))
Bis) i l Ar.s)
Ialg Itop
(H,S) lE,IEnH[iS)/O (H,S)

commutes. Therefore, for admissible pairs (H;,S1), (Hz,S») with (H;,S1) < (Hz,S»),
the diagram

77
E(ty.59) _

— _ 1 . = t
L(C(E(HZ,SQ))/B(HL,SZ)(I(a]-}gl,sl)) >C (E(Hz,Sz))/)L(le,Sz)(I(?-z,sl))

B(Hz,sz) i ll(ﬂz«sz)

alg
I<H2 i52)

/ alg Itop / top
(H1,81) lE top /Itnp (Hz,82)/ “(Hy,S1)
"(Hy,82)" (Hy,S1)
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where B<H2752> and I(szsz) are the induced *-isomorphisms on the quotient, com-
mutes. Therefore, it is enough to prove the lemma for the graph F( H,,s,)- Hence, we
may assume that (H,S») = (E°,0).

Set (H;,S1) = (H,S) to simplify the notation. Let E \ (H,S) be the graph de-
fined in [19, Theorem 5.7(2)]. Then by the proof of [19, Theorem 5.7(2)] and the
discussion before [6, Corollary 5.7], there are *-isomorphisms

Om,s): Lc(E\ (H,S)) = Lc(E)/Ins)

and
Nus): C(E\(H,S)) = C(E)/Tn,s)
such that the diagram

S(n.5)
Lc(E\ (H,S)) Le(E) /ins)
L\ (H,5) l llE‘C* (E)/I(,5)
C*(E\ (H,S)) T as C*(E)/3(u,s)

commutes. Hence, it is enough to prove the lemma for the graph E \ (H,S). Hence,
we may assume that (H,S) = (0,0). Thus, proving the claim.

The fact that ¥ c+(g)/0 is an isomorphism follows from [12, Corollary 3.5]. To
prove that ¥ c+(g) o 18 surjective and its kernel is a divisible group we reduce to the
case that E is row-finite. Let F' be a Drinen-Tomforde desingularization of E defined
in [8]. Then there are embeddings @: L¢(E) — Le(F) and p: C*(E) — C*(F) such
that the diagram

commutes, @(Lc(E)) is a full corner of Lg(F), and p(C*(E)) is a full corner of
C*(F). Hence, @ and p induce isomorphisms in K-theory. Therefore, it is enough
to prove ¥ c«(),0 1s surjective with kernel a divisible group for the case that E' is
row-finite. The row-finite case follows from [17, Lemma 4.7]. The first part of the
lemma now follows.

For the last part of the lemma, since Ko (1 E. IEOHPZ 5/ IEole 5 ) is an order isomorphism,

it is clear that ¢ induces an order isomorphism ¢ such that

')/0 1op

top ooy = ao O, stop top
’ (Hé,S’z)/I(H{ S Odiry 5) /1

Hy,Sp)/"(HY.Sy)
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The fact that @; induces an isomorphism ¢; such that Y, fop wop  OO04 = 0j0

(H) ,s'2>/ I (H.S))

Vg per is the result of the kernel of ¥, ;u0p /1 being a divisible group
" (HyS2) ! (H).Sy) Y (Hp.8) " (Hy.S1)

top top . . .
and K; (I(H£7S,2)/I(H{ ,S’l)) being torsion free, thus [17, Lemma 4.8] applies.
Theorem 5. Let E and F be graphs.

1. Suppose FK{$™ (Spec, (Lc (E)): Lo (E)) 2 FKG S ™ (Specy (Lo (F)): Lo (F)). Then
FK'P* (Prime,(C*(E)): C*(E)) = FK'P" (Prime, (C*(F)); C*(F)).
2. Suppose |E°|,|F°| < oo, If

0: FKYS™ (Spec, (L (E)): Lo (E)) — FKES ™ (Spec, (Le(F) ) L (F))

is an isomorphism such that 8y sends [1;.(g)lo € Kglg(LC(E)) to [1.m)lo €
Kglg (Lc(F)), then there exists an isomorphism

©: FK"P™ (Prime, (C*(E));C*(E)) — FK™P™ (Prime, (C*(F));C*(F))
such that ®y sends [1c+(g)]o € KyP(C*(E)) to [Les(m)lo € Ky (C*(F)).
Proof. The theorem follows from Lemmas 7 and 8, and Theorem 4.
Corollary 2. Let E and F be graphs.
1. If Lc(E) and L (F) are isomorphic as rings, then
FK™P* (Primey(C*(E));C*(E)) = FK"P* (Primey (C*(F)); C*(F)).
If, in addition, |E°|,|F°| < oo, then there exists an isomorphism
©: FK*P™ (Primey (C*(E));C*(E)) — FK"P™ (Prime, (C*(F));C*(F))

such that @ sends [1¢+g)lo € KyP(C*(E)) to [Lesrmylo € Ky P(C*(F)).
2. If Lc(E) and L¢ (F) are Morita equivalent, then

FK'P (Prime,(C*(E)); C* (E)) = FK'P (Prime,(C* (F)); C* (F)).

Proof. 1. follows from Lemma 1 and Theorem 5.

Suppose L¢(E) and L¢(F) are Morita equivalent. Then by [2, Corollary 9.11],
Mu(Lc(E)) = Mo(Lc(F)) as rings. By [2, Proposition 9.8(2)], Mw(Lc(E)) =
Lc(SE) and Mu (Lo (F)) = Lo (SF) as C-algebras, where SE and SF are the sta-
bilized graphs of E and F respectively (see [2, Definition 9.4]). Note that every
graded ideal L (SE) is of the from M. (I) for a unique graded ideal of I of L¢ (E)
and every graded ideal of L¢(SF) is of the from M. (J) for a unique graded ideal J
of Lc(F). We also have that
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FKoS5 ™ (Specy (L (E))sLe (E)) = FKYS ™ (Spec, (Le(SE))s Le (SE))
= FKy " (Specy (Le (SF)):Le(SF))
= FK{S ™ (Spec, (Le (F)): Le(F),

Therefore, by Theorem 5,
FKtOP’J“(Primey(C* (E));C*(E)) = FK“’P"J“(Primey(C* (F));C*(F)).

Corollary 3. The Abrams-Tomforde conjecture holds for the class of finite graphs
that satisfy Condition (H) of [10, Definition 4.19]. In particular the Abrams-
Tomforde conjecture holds for the class of finite graphs that satisfy Condition (K).

Proof. The first part is just a combination of Corollary 2 and [10, Theorem 6.1].
Finally, all graphs that satisfy Condition (K) satisfy Condition (H).

Remark 1. Corollary 2 will be used in [9] to show that the Abrams-Tomforde con-
jecture holds for the class of graphs with finitely many vertices.
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