Endomorphisms of Lie groups over local fields

Helge Glockner

Abstract Lie groups over totally disconnected local fields furnish prime examples of
totally disconnected, locally compact groups. We discuss the scale, tidy subgroups
and further subgroups (like contraction subgroups) for analytic endomorphisms of
such groups.

1 Introduction

The scale s(a) € N of an automorphism (or endomorphism) ¢ of a totally discon-
nected locally compact group G was introduced in the works of George Willis (see
[58], [59], [61]), and ample information on the concept can be found in his lecture
notes in this proceedings volume [62]. Following [59] and [61], the scale s(c) can
be defined as the minimum of the indices’

[a(U): a(U)NU],

for U ranging through the set COS(G) of all compact open subgroups of G.
Compact open subgroups for which the minimum is attained are called minimizing;
as shown in [59] and [61], they can be characterized by certain ‘tidiness’ proper-
ties, and therefore coincide with the so-called tidy subgroups for o (the definition
of which is recalled in Section 2).

Besides the tidy subgroups, further subgroups of G have been associated to «
which proved to be useful for the study of «, and for the structure theory in general
(see [1] and [61]). We mention the contraction group
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cal(oc) = {x €G: lima"(x) = e}

n—yo0

and the parabolic subgroup ﬁ (o) of all x € G whose a-orbit (a"(x))en, is
bounded in the sense that {a"(x): n € Ny} is relatively compact in G. It is also
interesting to consider group elements x € G admitting an «-regressive trajectory
(X_n)nen, of group elements x_, such that xo = x and a(x_,_1) = x_, for all n.
Setting x, := " (x) for n € N, we then obtain a so-called rmwo-sided ot-orbit (x,)nez,
for x. The anti-contraction group con (a) is defined as the group of all x € G admit-
ting an or-regressive trajectory (x_p)nen, such that

limx_, =e¢;
n—soo

the anti-parabolic subgroup p?r (@) is the group of all x € G admitting a bounded
o-regressive trajectory. The intersection

lev(c) := par (a) N par (o)

is called the Levi subgroup of a; it is the group of all x € G admitting a bounded
two-sided «-orbit (see [1] and [61] for these concepts, which were inspired by
terminology in the theory of linear algebraic groups).

In this work, we consider Lie groups over totally disconnected local fields, like
the field of p-adic numbers or fields of formal Laurent series over a finite field (see
Sections 2 and 4 for these concepts). The topological group underlying such a Lie
group G is a totally disconnected locally compact group, and the analytic endomor-
phisms a: G — G we consider are, in particular, continuous endomorphisms of G.

Our goal is twofold: On the one hand, we strive to complement the lecture
notes [62] by adding a detailed discussion of one class of examples, the Lie groups
over totally disconnected local fields, which illustrates the general theory. On the
other hand, most of the text can be considered as a research article, as it contains
results which are new (or new in the current generality), and which are proved here
in full. We also recall necessary concepts concerning Lie groups over totally discon-
nected local fields, as far as required for the purpose. Compare [22] for a broader
(but more sketchy) introduction with a similar thrust, confined to the study of au-
tomorphisms. For further information on Lie groups over totally disconnected local
fields, see [50] and the references therein, also [49] and [7].2 Every p-adic Lie group
has a compact open subgroup which is an analytic pro-p-group; see [12], [13], and
[49] for the theory of such groups, and Lazard’s seminal work [39]. For related
studies in positive characteristic, cf. [36] and subsequent studies.

Every group of K-rational points of a linear algebraic group defined over a totally
disconnected local field K can be considered as a Lie group over K (see [40, Chap-
ter I, Proposition 2.5.2]). We refer to [4], [31], [40], and [53] for further information

2 Contrary to our conventions, the Lie groups in [7] are modelled on Banach spaces which need
not be of finite dimension.
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on such groups, which can be studied with tools from algebraic geometry, and via
actions on buildings (see [8] and later work).

The Lie groups we consider need not be algebraic groups, they are merely K-
analytic manifolds. Yet, compared to general totally disconnected groups, we have
additional structure at our disposal: Every Lie group G over a totally disconnected
local field K has a Lie algebra L(G) (its tangent space T,(G) at the neutral element
e € G), which is a finite-dimensional K-vector space. If &: G — G is a K-analytic
endomorphism, then its tangent map L(a) := T, (o) at e is a linear endomorphism

L(a): L(G) — L(G)

of the K-vector space L(G). It is now natural to ask how the scale and tidy sub-
groups for o are related to those of L(a). Guided by this question, we describe tidy
subgroups and calculate the scale for linear endomorphisms of finite-dimensional
K-vector spaces (which also provides a first illustration of the abstract concepts),
see Theorem 3.6. For &: G — G an analytic endomorphism of a Lie group G over
a totally disconnected local field K, we shall prove that

s(a) = s(L(@)) (1

if and only if the contraction group con (a) is closed in G (see Theorem 8.13, the
main result), which is always the case if char(K) = 0 (by Corollary 6.7). If con (a)

is closed, then
sia) =[] il )
je{l,...m}
st Alg>1
in terms of the eigenvalues A1, ..., 4, of L(&) ®k idg in an algebraic closure KofK,
where |.|k is the unique extension of the ‘natural’ absolute value on K specified
in (9) to an absolute value on K (see Theorem 3.6).

The text is organized as follows.

After a preparatory Section 2 on background concerning totally disconnected
locally compact groups and totally disconnected local fields, we study linear endo-
morphisms of finite-dimensional K-vector spaces (Section 3).

In Section 4, we recall elementary definitions and facts concerning K-analytic
functions, manifolds, and Lie groups. We then construct well-behaved compact open
subgroups in Lie groups over totally disconnected local fields (see Section 5).

In Section 6, we calculate the scale (and determine tidy subgroups) for « an
endomorphism of a p-adic Lie group G. This is simplified by the fact that every
p-adic Lie group has an exponential function, which provides a local conjugacy
between the dynamical systems (L(G),L(c)) and (G, o) around the fixed points O
(resp., e).

By contrast, analytic endomorphisms ¢&: G — G cannot be linearized in general
if G is a Lie group over a local field of positive characteristic (see [22, 7.3] for a
counterexample). As a replacement for a linearization, we use (locally) invariant
manifolds (viz. local stable, local unstable, and centre manifolds) around the fixed
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point e of the time-discrete, analytic dynamical system (G, ). As shown in [19]
and [20], the latter can be constructed as in the classical real case (cf. [33] and [57]).
The necessary definitions and facts are compiled in Section 7.

The following section contains the main results, notably a calculation of the scale
for analytic endomorphisms & : G — G of a Lie group G over a totally disconnected
local field, if con (@) is closed (see Theorem 8.13). We also show that if con (a) is
closed, then con (a), lev(at), and con () are Lie subgroups of G and the map

con (e) x lev(or) x ¢on (o) — con (a)lev() con () =:

taking (a,b,c) to abc has open image Q and is an analytic diffeomorphism (see
Theorem 8.15).

The final three sections are devoted to automorphisms with specific properties.
An automorphism & : G — G of a totally disconnected, locally compact group G is

called contractive if G = con (), i.e.,

lim a"(x) =e forall xe G
n—yoo

(see [51] and [27]). If
a"(V)={e}
nez

for some identity neighbourhood V C G, then « is called expansive (see [24]), or
also of finite depth in the case of compact G (see [60]). If

eZ{a"(x):neZ}

for each x € G\ {e}, then « is called a distal automorphism (cf. [43], [44]). Every
contractive automorphism is expansive (see, e.g., [24]).

If G is a Lie group over a totally disconnected local field K with algebraic
closure K and : G — G an analytic automorphism, then con (a) is open in G
(resp., & is expansive, resp., ¢ is distal) if and only if

Ak <1

(resp., |A|g # 1, resp., |A|x = 1) for each eigenvalue A of the K-linear automor-
phism L(a) ®k idg of L(G) ®x K obtained by extension of scalars from K to K
(see Proposition 7.10 for details).

Recall that every continuous homomorphism between p-adic Lie groups is ana-
Iytic, whence the Lie group structure on a p-adic Lie group is uniquely determined
by the underlying topological group (see, e.g., [7]). Lazard [39] characterized p-
adic Lie groups within the class of all totally disconnected, locally compact compact
groups, and later many further characterizations were found (see [12]).

Recent research showed that p-adic Lie groups are among basic building blocks
for general totally disconnected groups in various situations, e.g. in the study of
ergodic Z"-actions on locally compact groups by automorphisms (see [11]) and
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also in the theory of contraction groups (see [27]). In both cases, Lazard’s theory of
analytic pro-p-groups was invoked to show that the groups in contention are p-adic
Lie groups. Section 9 surveys results concerning contractive automorphisms. We
give an alternative, new argument for the appearance of p-adic Lie groups, using the
structure theory of locally compact abelian groups (i.e., Pontryagin duality) instead
of the theory of analytic pro-p-groups.

Section 10 briefly surveys results concerning expansive automorphisms.

The final section is devoted to distal automorphisms and Lie groups of type R;
we prove a criterion for pro-discreteness (Theorem 11.2) which had been announced
in [22, Proposition 11.3].

Further papers have been written on the foundation of [61]: Analogues of re-
sults from [1], [37], and [59] for endomorphisms of totally disconnected, locally
compact groups were developed in [9]; the topological entropy /p () of an endo-
morphism ¢ of a totally disconnected, locally compact group G was studied in [14].
It was shown there that

hiop(et) = In s(ax) 3)

if and only if the so-called nub subgroup nub(¢) of ¢ (as in [61]) is trival (see [14,
Corollary 4.11]); the latter holds if and only if con (a) is closed (as shown in [9,
Theorem D]). In the current paper, we can do with the results from [61] and give
Lie-theoretic proofs for results which can be generalized further (see [9]), by more
involved arguments.® The results were obtained before those of [9], and presented
in the author’s minicourse June 27-July 1, 2016 at the MATRIX workshop and in a
talk at the AMSI workshop July 25, 2016.* For complementary studies of endomor-
phisms of pro-finite groups, see [46].

Acknowledgements The author is grateful for the support provided by the University of Mel-
bourne (Matrix Center, Creswick) and the University of Newcastle (NSW), notably George A.
Willis, which enabled participation in the ‘Winter of Disconnectedness.” A former unpublished
manuscript concerning the scale of automorphisms dating back to 2006 was supported by DFG
grant 447 AUS-113/22/0-1 and ARC grant LX 0349209.

Conventions. We write N:={1,2,...} Ny := NU{0}, and Z := Np U (—N). Endo-
morphisms of topological groups are assumed continuous; automorphisms of topo-
logical groups are assumed continuous, with continuous inverse. If we say that a
mapping f is an analytic diffeomorphism (or an analytic automorphism), then also
f~!is assumed analytic. If E is a vector space over a field K, we write Endy (E) for
the K-algebra of all K-linear endomorphisms of E, and GL(E) := Endg (E)* for its
group of invertible elements. If LL is a field extension of K, we let Ef, := E @ L be
the [L-vector space obtained by extension of scalars. We identify E with E® 1 C Ef,
as usual. Given a € Endg (E), we let og, := o ® id, be the endomorphism of Ef,

3 Notably, we have the Inverse Function Theorem at our disposal.

4 Except for results concerning the scale on subgroups and quotients (Proposition 8.27) and the
endomorphism case of Lemma 8.20, which were added in 2017. In the talks, I also confined myself
to a proof of the equivalence of (a) and (b) in Theorem 8.13 when ¢ is an automorphism, which is
easier (while the theorem was stated in full).
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obtained by extension of scalars. If K is an algebraic closure of K, we shall refer
to the eigenvalues A € K of o simply as the eigenvalues of o in K. Given n € N,
we write M,(K) for the K-algebra of n x n-matrices. If f: X — X is a self-map of
aset X, we say that a subset Y C X is a-stableif a(Y) =Y. If a(Y) C Y, thenY is
called a-invariant. If X isaset, Y C X asubset, f: ¥ — X amap and x € Y, we say
that a sequence (x_,),en, of elements x, € Y is an f-regressive trajectory for x if
f(x_p—1) =x_, for all n € Ny and xo = x. In this situation, we also say that x admits
the f-regressive trajectory (x,)cn,- If, instead, f is defined on a larger subset of X
which contains ¥ but all x, are elements of Y, we call (x_,)nen, an f-regressive
trajectory in Y.

2 Some basics of totally disconnected groups

In this section, we recall basic definitions and facts concerning totally disconnected
locally compact groups and totally disconnected local fields.

The module of an automorphism. Let G be a locally compact group and B(G) be
the o-algebra of Borel subsets of G. Let Ag: B(G) — [0, ] be a Haar measure on G,
i.e., a non-zero Radon measure which is left invariant in the sense that Ag(gA) =
Ag(A) for all g € G and A € B(G). It is well-known that a Haar measure exists,
and that it is unique up to multiplication with a positive real number (cf. [29]). If
o: G — G is an automorphism, then also

B(G) - [va]v A )vG(O‘(A))

is a left invariant non-zero Radon measure on G and hence a multiple of Haar mea-
sure: There exists A (o) > 0 such that Ag(0t(A)) = A()Ag(A) for all A € B(G). If
U C G is arelatively compact, open, non-empty subset, then

_ As(a(U))
Ac(U)

(cf. [29, (15.26)], where however the conventions differ). We also write Ag(a) in-
stead of A (o), if we wish to emphasize the underlying group G.

A(a) “)

Remark 2.1. Let U be a compact open subgroup of G. If U C o(U), with index
[@(U) : U] =: n, we can pick representatives g1, ...,g, € &t(U) for the left cosets of
U in a(U). Exploiting the left invariance of Haar measure, (4) turns into

Ala) = ’IG Z Ao gf = [a(U): U]. (5)

If (U) C U, applying (5) to ! instead of o and o(U) instead of U, we obtain

Ale™)) = [U: a(U)]. 6)
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Tidy subgroups and the scale. If G is a totally disconnected, locally compact
group, &: G — G an endomorphism and U a compact open subgroup of G, follow-
ing [61] we write

U_:= (] a"(U)={xeU: (VneNy) a"(x) € U},

neNy

where a~"(U) means the preimage (o")~!(U). Let U, be the set of all x € U
admitting an a-regressive trajectory (x_,),en, in U. Then

Uy = () U, with

neNy
Up:=U and U,y :=UnNa(U,) forn € Ny, @)

moreover, U, and U_ are compact subgroups of G such that
OC(U,) CU- and OC(U+)QU+
(see [61]). The sets

U__ = U o "(U-) and Uy, := U o (Uy)

neNy neNy
are unions of ascending sequences of subgoups, whence they are subgroups of G.

2.2, If we wish to emphasize which endomorphism ¢ is considered, we write U, ¢,
Ui o, and U_ 4 instead of Uy, U4, and U_, respectively.

The following definition was given in [61].

Definition 2.3. If U = U, U_, then U is called tidy above for o. If U, is closed
in G and the indices
o (U ) : a(U)] €N

are independent of n € Ny, then U is called tidy below for . If U is both tidy above
and tidy below for o, then U is called tidy for c.

The following fact (see [61, Proposition 9]) is useful for our ends:

2.4. U is tidy for a if and only if U is tidy above and U__ is closed in G.

2.5. As shown in [61], a compact open subgroup U of G is minimizing for a (as
defined in the Introduction) if and only if it is tidy for ¢, in which case

s(a) =[a(U): a(U)NU] = [a(Uy) : Uyl
2.6. If o is an automorphism of G, then simply (as in [59])

Uy = () «"(U).

neNy
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Let us consider some easy special cases (which will be useful later).

Lemma 2.7. Let o be an endomorphism of a totally disconnected, locally compact
group G.

(@) IfV C G is a compact open subgroup such that (V) CV, then V is tidy,
V_=Vands(a)=1.

(b) IfV C G is a compact open subgroup withV C a(V), then V is tidy above
Sor a. If, moreover, V is tidy, then V. =V and s(a) = A(@).

(¢c) If ais nilpotent (say a" = e) and U C G a compact open subgroup, then

=

V::lL,:[W(r*UU::?ﬁa’WU) (8)
k=0 k=0

is a compact open subgroup of G with a(V) CV.

Proof. (a) Since V C a~!(V), we have V C a~k(V) for all k € Ny and thus

Hence V =V, V_ is tidy above. As the subgroup

o

w_zga*w4=Ua*w)
k=0

contains V, it is open and hence closed. Thus V is tidy for ¢, by 2.4. Finally (V) C
V entails that s(a) = [a(V) : a(V)NV] = 1.
——
=a(V)

(b) Since V C a(V), every x € V has an o-regressve trajectory within V, whence
x €V,y.Hence V=V,,and thus V = V. V_ is tidy above. If V is tidy, then s(a) =
[a(V):a(V)NV]=[a(V): V] =A(a), using (5).

(c) For integers k > n, we have o (x) = e € U for all x € G, whence x € a~*(U)
and thus a ¥ (U) = G. This entails the second equality in (8), and so V is compact
and open. As a(U_) C U_, the final inclusion holds. m|

2.8. If G is a totally disconnected, locally compact group and g € G, let
I,: G— G, x»—>gxg71

be the corresponding inner automorphism of G. Given g € G, abbreviate s(g) :=
5(I,). Following [58], the mapping s: G — N so obtained is called the scale function
on G.

Local fields. Basic information on totally disconnected local fields can be found in
many books, e.g. [56] and [35].
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By a totally disconnected local field, we mean a totally disconnected, locally
compact, non-discrete topological field K.

Each totally disconnected local field K admits an ultrametric absolute value |.|
defining its topology, i.e.,

(a) |t| > 0foreachrs € K, with equality if and only if 7 = 0;
(b) |st| =|s|-|t| for all s,¢ € K;
(c)  The ultrametric inequality holds, i.e.,

s+1| < max{|s|,|t|} for all s, € K.

An example of an absolute value defining the topology of K is what we call the
natural absolute value on K, given by |0k := 0 and

|x|g = Ag(my) for x € K\ {0} )

(cf. [56, Chapter 11, §2]), where m,: K — K, y — xy is scalar multiplication by x
and Ag (m,) its module.’

It is known that every totally disconnected local field K either is a field of formal
Laurent series over some finite field (if char(K) > 0), or a finite extension of the
field of p-adic numbers for some prime p (if char(K) = 0). Let us fix our notation
concerning these basic examples.

Example 2.9. Given a prime number p, the field Q, of p-adic numbers is the com-
pletion of Q with respect to the p-adic absolute value,

n
‘pk— = p ¥ forkeZandn,me 7\ pZ.

mip
We use the same notation, |.| p» for the extension of the p-adic absolute value to Q,.
Then the topology coming from |.|, makes Q, a totally disconnected local field,
and |.|, is the natural absolute value on Q. Every non-zero element x in Q,, can be
written uniquely in the form

x = Z ai pk
k=n

withn € Z, gy € {0,1,...,p—1} and a, # 0. Then |x|, = p~". The elements of the
form Y5> axp* form the subring Z, = {x € Q,: |x|, < 1} of Q,, which is open
and also compact, as it is homeomorphic to {0,1,...,p — 1} via ¥ aip* —
(ak)kEN()'

Example 2.10. Given a finite field F (with ¢ elements), we let F((X)) C FZ be the
field of formal Laurent series Y5, axX* with a; € F and n € Z. Here addition is

pointwise, and multiplication is given by the Cauchy product. We endow F((X))
with the topology arising from the ultrametric absolute value

=g " if a, £0. (10)

i aka
k=n

5 Note that if K is an extension of Qp of degree d, then |p|x = p~¢ depends on the extension.
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Then the set F[[X]] of formal power series Y, ;X" is a compact and open subring
of F((X)), and thus F((X)) is a totally disconnected local field. Its natural absolute
value is given by (10).

Beyond local fields, we also consider some ultrametric fields (K,|.|). Thus K is a
field and |.| an ultrametric absolute value on K which defines a non-discrete topol-
ogy on K. For example, we shall repeatedly use an algebraic closure K of a totally
disconnected local field K and exploit that an ultrametric absolute value |.| on K ex-
tends uniquely to an ultrametric absolute value on K (see, e. g., [48, Theorem 16.1]).
The same notation, |.|, will be used for the extended absolute value. An ultrametric
field (K,|.|) is called complete if K is a complete metric space with respect to the
metric given by d(x,y) := |x—y|.

Ultrametric norms and balls. Let (K, |.|) be an ultrametric field and (E, ||.||) be
a normed K-vector space whose norm is ultrametric in the sense that ||x + y|| <
max{ x| Iv]|} for all x,y € E. Since x| = [xx-+y—y|| < max{ o+l []}. it
follows that ||x+y|| > ||x|| if ||y|| < ||x|| and hence

lx+y]| = ||x|| forallx,y € E such that ||y|| < ||x]|. (11)
We shall use the notations
(x):={y€E: |y—x| <r} and
(x) ={y€eE: [[y—x|<r}

for balls in E (with x € E, r € ]0,0[). The ultrametric inequality entails that B (0)

and EE(O) are subgroups of (E,+) with non-empty interior (and hence both open
and closed). Specializing to E = K, we see that

E
Br
+E
Br

0 := {zeK: |7 <1} (12)

is an open subring of K, its so-called valuation ring. If K is a totally disconnected
local field, then O is a compact subring of K (which is maximal and hence indepen-
dent of the choice of absolute value). In this case, also the unit group

0" ={z€0: 7] =1}

of all invertible elements is compact, as it is closed in Q.

An ultrametric Banach space over a complete ultrameric field is a normed space
(E,||-I) over K, with ultrametric norm ||.||, such that every Cauchy sequence in E
is convergent. We shall always endow a finite-dimensional vector space E over a
complete ultrametric field (K,|.|) with the unique Hausdorff topology making it
a topological K-vector space (see Theorem 2 in [6, Chapter I, §2, no.3]). Then
E = K™ (carrying the product topology) as a topological K-vector space, with
m := dimg (E), entailing that there exists a norm ||.|| on E (corresponding to the
maximum norm on K”) which defines its topology and makes it an ultrametric Ba-
nach space. If (E.||.||g) and (F,||.||r) are finite-dimensional normed spaces over
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a complete ultrametric field, then every linear map a: E — F is continuous (see
Corollary 2 in [6, Chapter I, §2, no. 3]); as usual, we write

()l
||a|op:—sup{:er\{0} € [0,
Ixll2
for its operator norm. Then ||a(x)||r < ||&|lop||lx||£ and, if ¢ is invertible and E #
{0}, then

1
lo(x)||F > W x|z forallx € E.
op

Module of a linear automorphism. We recall a formula for the module of a linear
automorphism.

Lemma 2.11. Let E be a finite-dimensional vector space over a totally
disconnected local field K and o, € GL(E). Then

n

Ap(a) = |deta|x = ]l (13)
i=1

where Ay, ..., A, are the eigenvalues of ¢ in an algebraic closure K of K.

Proof. See [7, Proposition 55 in Chapter 111, §3, no. 16] for the first equality in (13).
The second equality in (13) is clear if all eigenvalues lie in K. For the general case,
pick a finite extension L of K containing the eigenvalues, and let d := [L : K] be
the degree of the field extension. Then Ag, (o) = (Ag(a))?. Since the extended
absolute value is given by

x|k = {/AL(m,) for x €L\ {0}

(see [35, Chapter 9, Theorem 9.8] or [48, Exercise 15.E]), the desired equality fol-
lows from the special case already treated (applied now to IL). a

3 Endomorphisms of K-vector spaces

Linear endomorphisms of vector spaces over totally disconnected local fields
provide first examples of endomorphisms of totally disconnected locally compact
groups, and their understanding is essential also for our discussion of endomor-
phisms of Lie groups.

Throughout this section, K is a totally disconnected local field, E a finite-
dimensional K-vector space and o: E — E a K-linear endomorphism. We shall
calculate the scale, determine the parabolic, Levi and contraction subgroups for o,
and find tidy subgroups.

Our starting point are ideas from [40, Chapter II, §1] concerning iteration of
linear endomorphisms. Following [40], we shall decompose E into certain charac-
teristic subspaces, which help us to understand the dynamics of o.
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3.1. If the characteristic polynomial p, of & € Endg (E) splits into linear factors in
the polynomial ring K[X], then E is the direct sum of the generalized eigenspaces
for a. For p € [0,00], let

Ep
be the sum of all generalized eigenspaces for eigenvalues A € K with [A|x = p; we
call E, the characteristic subspace for p. By construction,

E=PE,. (14)

p>0

3.2. If o € Endg (E) is arbitrary, we choose a finite extension field IL of K such that
Do splits into linear factors in L[X]. By 3.1, we have a decomposition

EL =P (EL)p

p>0
into characteristic subspaces for ¢g,. We call
Ey:=(EL)pNE

the characteristic subspace of E for p. If E, # {0}, then p is called a characteristic
value of o. Using the Galois Criterion, it can be shown that each (Ef) p 1is defined
over K, i.e.,

(EL)p = (Ep)L
(see [40, Chapter II, (1.0)]). As a consequence, again (14) holds.°

Remark 3.3. (a) By construction, &(E,) C E, for each p > 0.

() Eo = Uyeny, ker(a”) is the generalized eigenspace for the eigenvalue O (also
known as the “Fitting 0-component”), and thus |, is a nilpotent endomorphism.

(c) For each p > 0, the restriction a|Ep : E; — Ep is an injective endomorphism
of a finite-dimensional vector space and hence an automorphism.

(d) The restriction of « to the “Fitting 1-component” E~¢ := D, Ep is an
automorphism, and

E=Ey®E-.

Thus

s(a) = s(algy)s(alg.,)- (15)
Since s(a|g,) = 1 by Lemma 2.7 (c) and (a), we deduce from (15) that s(a) =
s(ale,)-

Proposition 3.4. The scale s(a) of a € Endg (E) coincides with the scale s(x|g. )
of the automorphism of the Fitting 1-component induced by «. a

6 As Ep # {0} for only finitely many p > 0, we can identify the direct sum E = @, Ep with the
direct product [],>0 Ep whenever this is convenient.
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For endomorphisms of p-adic vector spaces, this was already observed in [45].

We now recall from [20, Proposition 2.4] the existence of norms which are well-
adapted to an endomorphism (see already [22, Proposition 4.3] for automorphisms;
cf. [40, Chapter II, Lemma 1.1] for a similar, weaker result, also valid for R and C).

Lemma 3.5. There exists an ultrametric norm ||.|| on E which is adapted to « in the
following sense:

(@  ||.|| is @ maximum norm with respect to the decomposition (14) of E into the
characteristic subspaces for o;

® ey fop < 1 and

(c) Forallp>O0andv e Ep, we have ||a(v)| = p|v].

If € €]0,1] is given, then ||.|| can be chosen such that || &t|g, ||op < €. O

As before, in the following theorem we write E, for the characteristic subspace for
p > 0 with respect to «.

Theorem 3.6. Let o € End (E) be an endomorphism of a finite-dimensional vector
space E 2 K™ over a local field K. Let ||.|| be a norm on E which is adapted to Q.
Then the following holds:

(a)  The ball BE(0) is a compact open subgroup of (E,~+) which is tidy for o, for
each r €]0,c9].

(b)  We have
ﬁl(a):E<1 ::®Ep, éal(a):E>] ::@Ep,
p<1 p>1
I:E)I‘((X):E‘Sl ::®Epa ﬁ(a):EZI ::@E[N
p<l p>1
andlev(a) = E;.
(c)  The scale of o is given by
sa)= [T Wik (16)
je{l,...,m}
st |Ajlk=1
where Ay, ..., Ay are the eigenvalues of O in an algebraic closure K of K,

with repetitions according to algebraic multiplicities.
) s(a) =s(a|e,) = s(ale.,) =s(ale,,) = A(ale,,) = Aale.,).

Proof. We endow vector subspaces of E with the induced norm.
(a) Since E admits the Fitting decompositon E = Ey & E~ ¢ into Ey and E~( which
are a-invariant vector subspaces and

BE(0) = BE(0) x BE0(0),

we need only check that BE(0) is tidy for o E, and BE>0(0) is tidy for a E-o- The
first property holds by Lemma 2.7, since ot(B=°(0)) C BE°(0) by Lemma 3.5 (b). To
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check the second property, after replacing o with a|g_, we may assume that o is
an automorphism. Thus, let us consider oo € GL(E) and verify that

U :=BE(0) =[] B~ (0)
p>0

is tidy for o. For each k € Z, have

o(BF(0)) = [T B, (0),

p>0

using Lemma 3.5 (c). Hence

oo

Us= () o*(U) =[] B"(0) and U_= ﬁ atU)= [ B"(0) a7
k=0

k=0 p=1 0<p<1

(where we used 2.6), entailing that U = U, 4 U_ is tidy above for «. Since

U = D a kU.) = ( I1 Ep> x BE1(0) = E.; x BE1(0)

k=0 0<p<l1

is closed in E, we deduce with 2.4 that U is tidy.
(b) is obvious from Lemma 3.5 (a), (b), and (c).
>1

(¢) Since Uy =[]y pr (0)= Bt (0) is a compact open subgroup of (E>p,+)
such that U C a(U..), using 2.5 and (5) we obtain

s(a) = [a(Uy) : Us] = Alale., ).

As the A; with |A;|g > 1 are exactly the eigenvalues of a|g., in K, Lemma 2.11
yields the desired formula. B

(d) Eigenvalues A; with |A;|x = 1 are irrelevant for the product in (c). Using
Lemma 2.11, we deduce that also s(o) = A(e|g., ). The first equality in (d) holds

by Proposition 3.4. Note that B! (0) and BE>'(0) are tidy for a E., and a|g_,,
respectively, and are inflated by the latter. The third and fourth scales in the formula
therefore coincide with the corresponding modules, by Lemma 2.7 (b). a

Corollary 3.7. Let a be a linear endomorphsm of a finite-dimensional vector space E
over a totally disconnected local field K. Let F be an ¢-invariant vector subspace
of E and

o:E/F —-E/F, x+F—alx)+F

be the induced linear endomorphism of the quotient space E /F. Then
SE(a) :SF((X|F)SE/F(E). (18)

Proof. The eigenvalues of ¢ in an algebraic closure K of K are exactly the eigenval-
ues of a|r, together with those of @. Hence (18) follows from Theorem 3.6 (c). O
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For basic concepts concerning Lie algebras (which we always assume of finite
dimension),7 see [7], [31], and [50].

Lemma 3.8. If g is a Lie algebra over a totally disconnected local field K and
. . — — — —

o: g — g a Lie algebra endomorphism, then con (&), con (&), par (a), par (@),

andlev(a) = con (a)n don (a) are Lie subalgebras of g.

Proof. If x and y are elements of con (a) (resp., of ﬁ(a)), then o (x) and a(y)
tend to 0 as n — oo (resp., the elements form bounded sequences), entailing that also

o ([x,y]) = [&"(x), " ()]

tends to O (resp., is bounded). Hence [x,y] € con (a) (resp., [x,y] € 17ar(a)).
If x and y are elements of con (o) (resp., of p?r (@), then we find an a-regressive
trajectory (x_,)sen, for x and an a-regressive trajectory (y_,)nen, for y such that
x_p—0andy_, —0asn— oo (resp., (x_,)nen, and (y_p)sen, are bounded se-
quences). Then ([x_,,y_,])nen, is an ot-regressive trajectory for [x,y], since

o([x—p—1,y—n-1]) = [@(x—n—1),t(y_n—1)] = [x—n,y—n] forall n € Ny.

Moreover, [x_,,y—_,] — 0 as n — oo (resp., the sequence ([x_,,y_s])nen, is bounded),
. — —
showing that [x,y] € con () (resp., [x,y] € par (). O

The following lemma will be used in Section 11.

Lemma 3.9. Let E be a finite-dimensonal vector space over a totally disconnected
local field K and oo € GL(E) be an automorphism such that |A|g = 1 for all eigen-
values of o in an algebraic closure K of K. Then the subgroup (&) generated by o
is relatively compact in GL(E).

Proof. If K has characteristic p > 0, then it suffices to show that o”" generates a
relatively compact subgroup for some n € Ny, since (&) is contained in the finite

union
pn —1

U a’oK

Jj=0

of cosets of the compact group K := W. We may therefore assume that the char-
acteristic polynomial py € K[X] of & is separable over K. Let I C K be a finite field
extension of K which is Galois and such that p splits into linear factors in L[X].
Then o has a unique multiplicative Jordan decomposition

O = 0 00 = 04 © 0y

such that (o)1, € GL(EL) is diagonalizable and (o, )1, € GL(EL) is unipotent (see
[4, Theorem 1.4.4]). Let O be the valuation ring of I and Q* be its compact group

7 Except for the Lie algebras of analytic vector fields mentioned in Section 4.
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of invertible elements. Since |A|x = 1 for all eigenvalues A € L. C K of a, (which
coincide with those of o), we have A € O* and deduce that (oy, )L, generates a rel-
atively compact subgroup L of GL(EYL ). Identify GL(E) with the closed subgroup
{B € GL(EL): B(E) CE} of GL(EL). Then {0y,) is contained in the compact sub-
group LN GL(E) and hence relatively compact in GL(E). Now (o, ), generates a
relatively compact subgroup of GL(EL ), by [15, Lemma 4.1]. Hence a, generates a
relatively compact subgroup of GL(E), by the preceding argument. Since

<OC> - <OC]1> S <(XLl>a

we see that () is relatively compact. O

4 Analytic functions, manifolds and Lie groups

The section compiles definitions and elementary facts concerning analytic functions,
manifolds, and Lie groups over totally disconnected local fields, which we shall
use without further explanation. The section ends with two versions of the Inverse
Function Theorem, which will be essential in the following.

Analytic manifolds and Lie groups. Given a totally disconnected local field
(K,|.]) and n € N, we endow K" with an ultrametric norm ||.|| (the choice of norm
does not really matter because all norms are equivalent; see [48, Theorem 13.3]). If
o € Nj is a multi-index, we write |a| := & + - - - + &,. Confusion with the absolute
value |.| is unlikely; the intended meaning of |.| will always be clear from the con-
text. If « € Nj and y = (y1,...,y,) € K", we abbreviate y* := y‘lx1 <o y%as usual.
Compare [50] for the following concepts.

Definition 4.1. Given an open subset U C K", amap f: U — K" is called analytic8
(or K-analytic, if we wish to emphasize the ground field) if it is given locally by a
convergent power series around each pointx € U, i.e.,

Fflx+y) = Z agy® forall y e BX'(0),
aeNG

with ag € K™ and some r > 0 such that BX(x) C U and
Y llagl| A% < .
aeNj

Compositions of analytic functions are analytic [50, Theorem, p. 70]. We can there-
fore define an n-dimensional analytic manifold M over a totally disconnected local
field K in the usual way, as a Hausdorff topological space M, equipped with a max-

8 In other parts of the literature related to rigid analytic geometry, such functions are called locally
analytic to distinguish them from functions which are globally given by a power series.
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imal set &/ of homeomorphisms ¢ : Uy — V;y from open subsets Uy C M onto open
subsets Vy C K" such that the transition map y o ¢~ is analytic, for all ¢,y € 7.

In the preceding situation, the homeomorphsms ¢ € o7 are called charts for M,
and o7 is called an atlas.

A map f: M — N between analytic manifolds is called analytic if it is continuous
and ¢ o f o w~! (which is a map between open subsets of K” and K") is analytic,
for all charts ¢: Uy — Vy C K" of N and charts y: Uy, — Vy C K" of M.

If (M, 2%y) and (N, #y) are analytic manifolds of dimension m and n, respec-
tively, then M x N with the product topology is an (m + n)-dimensional analytic
manifold, with the atlas containing {¢ X ¥: ¢ € Ay, ¥ € 2y }.

Every open subset U of a fnite-dimensional K-vector space E can be considered
as an analytic manifold, endowed with the maximal atlas containing the global chart
idy : U — U. Notably, we can speak about analytic functions

f:U—=V

if U and V are open subsets of finite-dimensional normed K-vector spaces E and F,
respectively. Any such function is totally differentiable at each x € U, and we write

f(x): E—F (19)

for its total differential. Deviating from (19), we write f'(x) = 4| oS (x+1) if
E =K, as usual (which is f’(x)(1) in the notation of (19)).

A Lie group over a totally disconnected local field K is a group G, equipped with
an analytic manifold structure which turns the group multiplication

Uc: GXxG—=G, (x,y)—xy

and the group inversion 1 : G — G, x — x~ ! into analytic mappings.

Lie groups over QQ, are also called p-adic Lie groups. Besides the additive groups
of finite-dimensional K-vector spaces, the most obvious examples of K-analytic Lie
groups are general linear groups.

Example 4.2. GL,,(K) = det™! (K*) is an open subset of the space M, (K) = K"
of n x n-matrices and hence is an n”-dimensional K-analytic manifold. The group
operations are rational maps and hence analytic.

More generally, one can show (cf. [40, Chapter I, Proposition 2.5.2]):

Example 4.3. Every (group of K-rational points of a) linear algebraic group defined
over K is a K-analytic Lie group, viz. every subgroup G < GL,(K) which is the set
of joint zeros of a set of polynomial functions M, (K) — K. For instance, SL,(K) =
{A € GL,(K): det(A) = 1} is a K-analytic Lie group.

Remark 4.4. See Example 8.26 (first mentioned in [22, Remark 9.7]) for a Lie
group G over K =IF,((X)) which is not a linear Lie group, i.e., which does not
admit a faithful, continuous linear representation G — GL,(K) for any n. We shall

also encounter a p-adic Lie group which is not isomorphic to a closed subgroup of
GL,(Q,) for any n € N (Example 10.3).



18 Helge Glockner

Remark 4.5. The analytic manifolds and Lie groups we consider need not be
second countable topological spaces. Notably, arbitrary discrete groups (countable
or not) can be considered as (0-dimensional) p-adic Lie groups, which is natural
from the point of view of topological groups.

All the Lie groups and manifolds considered in these notes are analytic and
finite-dimensional. For smooth Lie groups modelled on (not necessarily finite-
dimensional) topological vector spaces over a topological field, see [2], [21] and
the references therein.

Tangent vectors, tangent spaces, and tangent maps. Tangent vectors can be de-
fined in many ways. We choose a description which corresponds to the so-called
“geometric” tangent vectors in the real case.” If M is an m-dimensonal analytic
manifold over a totally disconnected local field K and p € M, let us say that two
analytic mappings

y: BE(0) =M and 7:B§(0) =M
with 7(0) = 11(0) = p are equivalent (and write y ~, 1) if

(¢07)'(0) = (¢0m)'(0) (20)

for some chart ¢: U — V of M around p (i.e., with p € U); here €,6 > 0. Then
(20) holds for all charts around p (by the Chain Rule), and we easily deduce that ~,
is an equivalence relation. The equialence classes [y] with respect to ~, are called
tangent vectors for M at p. The set T,(M) of all tangent vectors at p is called the
tangent space of M at p. We endow it with the unique vector space structure making
the bijection

T,(M) > K", 1] (907)(0)

a vector space isomorphism for some (and hence every) chart ¢ of M around p. The
union

TM):= | T,(M)
pPEM

is disjoint and is called the fangent bundle of M. If f: M — N is an analytic map
between analytic manifolds, we obtain a linear map

Tp(f): T,(M) = Ty (N),  [¥] = [for]

called the tangent map of f at p. The map T(f): T(M) — T(N) taking v € T,(M)
to 7,(f)(v) is called the tangent map of f.If also K is an analytic manifold over K
and g: K — M an analytic mapping, then

T(fog)=T(f)oT(g) (21)

as both mappings take a tangent vector [y] € T(K) to [fogoy]. If U is an open
subset of a finite-dimensional vector space E, we identify T (U) with U X E using

9 Compare [7], [50], also [2] for the following facts (although in different formulations).
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the bijection
T(U)—=UXE, [7]— ((0),7(0)). 22)

If U is as before, M an analytic manifold and f: M — U an analytic map, we write
df for the second component of the map

T(f):T(M)—T({U)=UXE,
using the identification from (22). Thus

df([1]) = (for)'(0).

If U and V are open subsets of finite-dimensional K-vector spaces E and F, respec-
tively, and f: U — V is an analytic map, then T'(f): T(U) — T(V) is the mapping

UXE—=VXF, (xy)~ (f(x),df(x,y))

with df (x,y) = f'(x) ().

Submanifolds and Lie subgroups Let M be an m-dimensional analytic manifold
over a totally disconnected local field K and n € {0,1,...,m}. A subset N C M is
called an n-dimensional submanifold of M if, for each p € N, there exists a chart
¢: U —V CK"™of M around p such that

d(UNN)=Vn(K"x{0}).
Identifying K" x {0} C K™ with K" via (x,0) — x, we get a homeomorphism
oy = ¢|UQNZ UNN — Vﬁ(K” X {0}) C K"

Then N is an n-dimensional analytic manifold in a natural way, using the topol-
ogy induced by M and the maximal atlas containing all of the maps ¢y. Using this
manifold structure, the inclusion j: N — M is analytic. For each p € N, the tangent
map T,(j): T,(N) — T,(M) is injective, and will be used to identify 7,(N) with
the image of 7),(j) in T,(M). Moreover, for each analytic manifold K, a mapping
f: K — N is analytic if and only if jo f: K — M is analytic. We say that a sub-
group H of a Lie group G over K is a Lie subgroup if it is a submanifold. By the
preceding fact, the submanifold structure then turns the group operations on H into
analytic mappings and thus makes H a Lie group.

Lemma 4.6. Let G be a Lie group over a totally disconnected local field K, of di-
mension m. A subgroup H C G is a Lie subgroup of dimension n if and only if there
exists a chart §: U =V CK™ of G around e such that (UNH) =V N (K" x {0}).

Proof. The necessity is clear. Sufficiency: For each h € H, the mapping
Op: hU =V, x+— ¢(h~'x) is a chart for G such that ¢,(hU NH) = ¢(UNH) =
VN (K" x{0}). O

The Lie algebra functor. An analytic vector field on an m-dimensional K-analytic
manifold M is a mapping X : M — T (M) with X(p) € T,(M) for all p € M, which
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is analytic in the sense that its local representative
Xp:=dpoXop 'V K"

is an analytic function for each chart ¢: U — V C K™ of M. The set ¥ ®(M) of all
analytic vector fields on M is a K-vector space, with pointwise addition and scalar
multiplication. Given X,Y € ¥'“ (M), there is a unique vector field [X,Y] € ¥ (M)
such that

[X,Y]¢ = dY¢ o (idv,X¢) —dX¢ o (idV7Y¢)

for all charts ¢: U — V of M, and [.,.] makes ¥ ®(M) a Lie algebra.

If G is a K-analytic Lie group, then its tangent space L(G) := T,(G) at the iden-
tity element can be made a Lie algebra via the identification of v € L(G) with the
corresponding left invariant vector field v, on G given by v/(g) :=TA,(x) forg € G
with left translation A,: G — G, x — gx (noting that the left invariant vector fields
form a Lie subalgebra of ¥'“(G)). Thus

[v,w] := [ve,wy](e) for v,w € L(G).

If a: G — H is an analytic group homomorphism between K-analytic Lie
groups, then the tangent map L(e) := T,(a): L(G) — L(H) is a linear map and
actually a Lie algebra homomorphism (cf. [7, Chapter I1I, §3, no. 8] and Lemma 5.1
on p. 129 in [50, Part II, Chapter V.1]). An analytic automorphism of a Lie group
G is an invertible group homomorphism a: G — G such that both o and o~ are
analytic. For example, each inner automorphism I, of G is analytic. As usual, we
abbreviate Ad, := L(I,).

Since Iy oIy = I, for g, h € G, we have Adg, = Adg o Ady, by (21). In Section 11,
we shall use the continuity of the adjoint representation of G on its Lie algebra
g := L(G). Even more is true (see Definition 8 in [7, Chapter III, §3, no. 12] and the
lines preceding it):

4.7. The map Ad: G — Aut(g) C GL(g), g — Ad, is analytic.

Ultrametric inverse function theorems. Since small perturbations do not change
the size of a given non-zero vector in the ultrametric case (see (11)), the ultrametric
inverse function theorem has a nicer form than its classical real counterpart. Around
a point p with invertible differential, an analytic map f behaves like an affine-linear
map (its linearization). If the differential at p is an isometry, then also f is isometric
on a p-neighbourhood.

In the following two lemmas, we let K be a totally disconnected local field and
|.| be an absolute value on K defining its topology. We fix an ultrametric norm ||
on a finite-dimensional K-vector space E and write

Iso(E, ||.[}) := {a € GL(E): (vx € E) [[a(x)]| = [|x[|}

for the group of linear isometries. It is well-known that Iso(E, ||.||) is open in GL(E)
(see, e.g., [17, Lemma 7.2]), but we shall not use this fact. Given x € E and r > 0,
we abbreviate B,(x) := BE (x). The total differential of f at x is denoted by f'(x).
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The ultrametric inverse function theorem (for analytic functions) subsumes the fol-
lowing: !0

Lemma 4.8. Let f: U — E be an analytic map on an open subset U C E and x € U
such that f'(x) € GL(E). Then there exists r > 0 such that B,(x) C U,

F(Bi(y)) = f()+f(x)B,(0) forally€B(x)andt €]0,r], (23)

and f|g,(x): Br(x) = f(Br(x)) is an analytic diffeomorphism. If f'(x) € Iso(E, |.|),
then r can be chosen such that B,(x) C U,

f(B(y)) = B/(f(y)) forally€ B.(x)andt €]0,r], 24)

and f|g, (v : Br(x) — B:(f(x)) is an isometric, analytic diffeomorphism. O
It is useful that r can be chosen uniformly in the presence of parameters. As a
special case of [17, Theorem 7.4 (b)'], an ‘ultrametric inverse function theorem with
parameters’ is available:!!

Lemma 4.9. Let F be a finite-dimensional K-vector space, PCF and U CE be
open, f: PxU — E be a K-analytic map, p € P and x € U such that f,(x) €

Iso(E, ||.||), where f,, :== f(p,s): U — E. Then there exists an open neighbourhood
Q C Pofpandr >0 such that B.(x) CU,

Ja(Bi(y)) = f4(y) +B:(0) (25)
and fq|p,(y) is an isometry, for all g € Q, y € B,(x) and t € ]0,7]. O

5 Construction of small open subgroups

It is essential for our following discussions that Lie groups over totally disconnected
local fields have a basis of identity neighbourhoods consisting of compact open
subgroups which correspond to balls in the Lie algebra. In this section, we explain
how these compact open subgroups can be constructed.

Let G be a Lie group over a totally disconnected local field K and |.| be an
absolute value on K defining its topology. Fix an ultrametric norm ||.|| on g := L(G)
and abbreviate B; (x) := Bf (x) forx € g and t > 0. Let

o:U—YV

by an analytic diffeomorphism from an open identity neighbourhood U C G onto an
open 0-neighbourhood V C g, such that ¢ (e) = 0 and

10°A proof is obtained, e.g., by combining [17, Proposition 7.1 (a)’ and (b)’'] with the inverse
function theorem for analytic maps from [50, p. 73], recalling that analytic maps are strictly dif-
ferentable at each point (in the sense of [5, 1.2.2], by [5, 4.2.3 and 3.2.4].

1 To achieve that fql,(x) 1s an isometry for all ¢ € Q, note that [17, Lemma 6.1 (b)] applies to all
of these functions by [17, p. 239, lines 7-8].
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dglg =idg. (26)

5.1. After shrinking U (and V), we may assume that U is a compact open subgroup
of G. Then

Ly : VXV =V, (x,y) =xxy:=¢(¢ ' (x)o'(y))

is a group multiplication on V with neutral element 0 which turns V into an analytic
Lie group and ¢ into an isomorphism of Lie groups. It is easy to see that the first
order Taylor expansions of multiplication and inversion in (V,x*) at (0,0) and O,
respectively, are given by

Xky = Xty @7

and
= x4 (28)

(compare [50, p. 113]). Applying the Ultrametric Inverse Function Theorem with
Parameters (Lemma 4.9) to the maps (x,y) — x*y and (x,y) — y*x around (0,0),
we find R > 0 with Bg(0) C V such that

x*B;(0) = x+B;(0) = B,(0) *x (29)

for all x € Bg(0) and ¢ € |0, R] (exploiting that both relevant partial differentials are
idg and hence an isometry, by (27)). Notably, (29) entails that

B (0)*B;(0) = B;(0) foreacht €]0,R],

whence y~! € B,(0) for each # € J0,R] and y € B,(0).
Summing up (with B; := B;(0)):

Lemma 5.2. (B, *) is a group for each t € |0,R)] and hence B! := ¢~(B,) is a
compact open subgroup of G, for each t € |0, R]. Moreover, B, is a normal subgroup
of (Bg,*), whence B? is normal in Bg. O

Thus small balls in g correspond to compact open subgroups in G.

Remark 5.3. (29) entails that the indices of B, in (Bg,+) and (Bg,*) coincide (as
the cosets coincide), for all r € |0, R].

5.4. Now consider an analytic endomorphsm o : G — G, or, more generally, an
analytic homomorphism
a:Go— G

defined on an open subgroup Gy C G. For the domain U of ¢, assume that U C Gy.
After shrinking R (if necessary) we may assume that

a(BY) C U, (30)

whence an analytic homomorphism



Endomorphisms of Lie groups over local fields 23
-1
ﬁ:z(])oa|Bgo¢ |Br: BR =V 31)

can be defined such that
Bodle=0oal. (32)
R R

As a consequence of (26), we have
B'(0) =L(a). (33)

For o.: G — G an analytic automorphism and ||.|| adapted to L(a), we shall see in
Section 8 that the groups BY := ¢~ (B,) are tidy for a and ¢ € |0,R] close to 0,
as long as con (a) is closed (and also the case of a: Gy — G will be used). This
mftivates us to calculate the displacement indices for the compact open subgroups
B/ CG.

Lemma 5.5. Let G be a Lie group over a totally disconnected local field, Gy be
an open subgroup of G and a.: Gy — G an analytic homomorphism which is an
analytic diffeomorphism onto an open subgroup o.(Gy) of G. Let ¢ be as before, ||.||
be adapted to L), and R be as in 5.4. Then there exists ty € |0,R] such that

[o(B?) : a(BY)NBY] = s(L(ax)) forall t €]0,1).

Proof. Let B be as in (31). By (33) and the Ultrametric Inverse Function Theorem
(Lemma 4.8), there is 79 € |0, R] with L(ct)(By,) € Bg such that

(¢an¢_l)(Bz) =L(a)(B)
for all ¢ € ]0,#9] and hence
a(Bf) = ¢~ (L(a)(B))). (34)

Given t € ]0, 1], there exists 6 € ]0,¢] such that By C L(a)(B;). Then

using Remark 5.3 for the third equality; to obtain the final equality, (34) was used
and the fact that ¢ : Bﬁ — (Bg,*) is an isomorphism. ad
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The following lemma shows that different choices of ¢ do not affect the Bf’ for
small 7 (as long as the norm is unchanged).

Lemma 5.6. Let M be an analytic manifold over a totally disconnected local field K,
E be a finite-dimensional K-vector space, and ||.|| be an ultrametric norm on E. Let
pEMand §;: Ui = V;, for j € {1,2}, be an analytic diffeomorphism from an
open neighbourhood U; of p in M onto an open 0-neighbourhood V; C E such that
¢;(p) = 0. If dd1|r, (i) = d92l7,(m), then there exists € > 0 with BE(0) CVinW,
such that

¢, ' (BF (0) = ¢, ' (BF (0)) forall 1 €]0,¢].

Proof. The map h:= ¢ o ¢1_1 91 (UiNU,) — ¢(Uy NU,) is an analytic diffeo-
morphism between open 0-neighbourhoods in E. Since Ty(h) = idz,(g), we have
1 (0) = idg, which is an isometry. Thus, the Ultrametric Inverse Function Theo-
rem provide & > 0 with BE(0) C ¢;(U; NU>) such that A(BE(0)) = BE(0) for all
1 €]0,€]. Notably, Bf (0) C ¢1 (U1 NUx) and ¢, (B (0)) = 9, ' (92(¢; ' (B (0)))) =
¢, ' (B (0)). O

6 Endomorphisms of p-adic Lie groups

In this section, we first recall general facts concerning p-adic Lie groups which go
beyond the properties of Lie groups over general local fields already described. In
particular, we recall that every p-adic Lie group has an exponential function, and
show that contraction groups of endomorphisms of p-adic Lie groups are always
closed. We then calculate the scale and describe tidy subgroups for endomorphisms
of p-adic Lie groups.

Basic facts concerning p-adic Lie groups. For each n € N, the exponential se-
ries Y ;g %Ak converges for matrices A in some 0-neighbourhood V in the algebra
M,(Qp) of n x n-matrices and defines an analytic mapping exp: V — GL,(Q),).
More generally, every analytic Lie group G over Q, has an exponential function
(see Definition 1 and the following lines in [7, Chapter III, §4, no. 3]):

6.1. An analytic map exps: V — G on an open Z,-submodule V C g := L(G) is
called an exponential function if exp;(0) = e, To(expg) = idy (identifying Tp(g) =
{0} x g with g via (0,v) — v) and

expg((s+1)x) = expg(sx) expg(1x)
forallx € U and 5,1 € Z).

6.2. Since Tp(expg) = idg, after shrinking V one can assume that expg(V) is open
in G and expg is a diffeomorphism onto its image (by the Inverse Function The-
orem). After shrinking V further if necessary, we may assume that exps(V) is a
subgroup of G (cf. Lemma 5.2). Hence also V can be considered as a Lie group.
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The Taylor expansion of multiplication with respect to the logarithmic chart expz;l
is given by the Baker-Campbell-Hausdorff (BCH-) series

1
Xy = x+y+ o[yl +e (35
(all terms of which are nested Lie brackets with rational coefficients), and hence xx*y
is given by this series for small V' (see Proposition 5 in [7, Chapter I1I, §4, no. 3] and
proof of Proposition 3 in [7, Chapter III, §7, no. 2], also [50]). If * is given on all of
V x V by the BCH-series, we call exp;(V) a BCH-subgroup of G.

Next, let us consider homomorphisms between p-adic Lie groups.

6.3.If oo: G — H is an analytic homomorphism between p-adic Lie groups, we
can choose exponential functions expg: Vg — G and expy: Vg — H such that
L(OC).VG C Vy and

expyoL(a)ly, = ooexpg (36)

(see Proposition 8 in [7, Chapter II1, §4, no. 4], also [50]).

The following classical fact (see Theorem 1 in [7, Chapter III, §8, no. 1], also [50])
is important:

6.4. Every continuous homomorphism between p-adic Lie groups is analytic.

As a consequence, there is at most one p-adic Lie group structure on a given topo-
logical group. As usual, we say that a topological group is a p-adic Lie group if it
admits a p-adic Lie group structure. Closed subgroups of p-adic Lie groups are Lie
subgroups (see Theorem 2 in [7, Chapter III, §8, no. 2] or [50]), finite direct prod-
ucts and Hausdorff quotient groups of p-adic Lie groups are p-adic Lie groups (see
Proposition 11 in [7, Chapter III, §1, no. 6], also [50]).

Closedness of ascending unions and contraction groups. Another fact is vital:

Lemma 6.5. Every p-adic Lie group G has an open subgroup which satisfies the as-
cending chain condition on closed subgroups. As a consequence, | J,cy Hy is closed
for each ascending sequence Hy C Hy C --- of closed subgroups of G.

Proof. See, e.g. [22, Propositions 2.3 and 2.5]; cf. also step 1 of the proof of [55,
Theorem 3.5]. d

Two important applications are now described.

Corollary 6.6. Let o be an endomorphism of a p-adic Lie group G and V be a
compact open subgroup of G. If'V is tidy above for ., then'V is tidy.

Proof. The subgroup V__ = U,cn, @ "(V-) is an ascending union of closed sub-
groups of G and hence closed, by Lemma 6.5. Thus V is tidy, by 2.4. a

The second application of Lemma 6.5 concerns contraction groups. For automor-
phisms, see already [55, Theorem 3.5 (ii)].
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Corollary 6.7. Let G be a p-adic Lie group. Then the contraction group con (a) is
closed in G, for each endomorphism o.: G — G.

Proof. Let Vi DV, D --- be a sequence of compact open subgroups of G which
form a basis of identity neighbourhoods (cf. Lemma 5.2). Then an element x € G

belongs to con (o) if and only if
(Vn € N)(3m € N) (Vk >m) a*(x) € V,.

Since o (x) € V, if and only if x € a*(V,,), we deduce that

con(a) = () UJ & V).

neNmeNk>m

Note that W, := UpenMNi>m a~k(V,) is an ascending union of closed subgroups

of G and hence closed, by Proposition 6.5. Consequently, con () = Nyen Wa is
closed. a

Remark 6.8. We shall see later that also con (a) is always closed in the situation
of Corollary 6.7 (see Theorem 8.15). Alternatively, this follows from the general
structure theory (see [9, Proposition 9.4]).

Scale and tidy subgroups. The following lemma prepares the construction of tidy
subgroups in p-adic Lie groups, and can also be re-used later when we turn to Lie
groups over general local fields. As two endomorphisms are discussed simultane-
ously in the lemma, we use notation as in 2.2.

Lemma 6.9. Let G and H be totally disconnected, locally compact topological
groups, a: G — G and B: H — H be endomorphisms, U C G and V C H be open
identity neighbourhoods and y: V — U be a bijection. Assume that there exists a
compact open subgroup B C H such that B CV, B(B) C V, the image W := y(B)
is a compact open subgroup of G, and

aoylp=yofs. (37)

Write By :==B, g, B_:=B_ g, W, =W, g and W_ :=W_ o. Then

V(By) =Wy, y(B-)=W_ and y(B(By))=a(W,).

Proof. We define B,, := B, s and W, := W, o for n € Ny as in 2.2. Then B,, C B for
each n € Ny, by construction. We show that

v(B,) =W, (38)
for all n € Ny, by induction. The case n = 0 is clear: we have y(By) = w(B) =W =
Wo. Now assume that (38) holds for some n. Since B, C B, we have B(B,) C V.
Using that y is injective, (37), and the inductive hypothesis, we see that

n
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Y(Bur1) = W(B(Ba) NB) = w(B(B,)) NW(B) = a(y(B,)) NW
= (W) W =W, 1.

Thus (38) holds for all n € Ny. Since v is injective, we deduce that

W<B+):W< ﬂ Bn) = ﬂ W(Bn): m W, =W,.

neNy neNy neNy

As B, C B, using (37) also (B (B4+)) = a(y(B+)) = a(W,) follows. Finally, for
n € Ny let B_, be the set of all x € B such that B*(x) € B for all k € {0,1,...,n},
and W_,, be the set of all w € W such that a*(w) € W for all k € {0, 1,...,n}. We
claim that

y(B_,)=W_, forall neNy. (39)

Since B— = (,en, B-n With B, C B C 'V for all n € Ny, using the injectivity of y
we then get

W(B—)=W< N B_n> = (N wB-) =) W =W-.

}’LGNO nGNO }’LGNO

It only remains to prove the claim. It suffices to show that
w(B_,) CW., (40)

for all n € Ny, as the arguments can also be applied to G, o, H, 3, l//", W, and B in
place of H, 3, G, «, W, B, and W, respectively. In fact, (37) implies that (W) C U,
enabling us to compose the functions in (37) with y~! on the left. Composing also
with (y|%)~! on the right, we find that

v oalw =Boyw. 1)

We now prove (40) by induction, starting with the observation that y(By) = y(B) =
W = Wy. If (39) holds for some n € Ny, let x € B_(,, ). Then y(x) € y(B) =W
and B/(B(x)) = B/*!(x) € B for j € {0,1,...,n} shows that B(x) € B_,, whence
o(y(x)) = y(B(x)) € W, by induction. Hence y(x) € {w e W: a(w) e W_,,} =
W_(ns1)- 0

We are now ready to calculate the scale and find tidy subgroups for endomorphisms
of p-adic Lie groups. It is illuminating to look at this easier case first, before we turn
to endomorphisms of Lie groups over general local fields. Of course, the p-adic case
is subsumed by the later discussion, but the latter is more technical as techniques
from dynamical systems (local invariant manifolds) will be used as a replacement
for the exponential function, which provides a local conjugacy between the linear
dynamical system (L(G),L()) and (G, @) in the case of an endomorphism ¢ of a
p-adic Lie group G, and thus enables a more elementary reasoning.
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Preparations. If G is a p-adic Lie group and a: G — G an endomorphism, then
there exists an open subgroup V of (L(G),+) which is a BCH-Lie group with BCH-
multiplication *, and an exponential function exps;: V — U which is an isomor-
phism from the Lie group (V,*) onto a compact open subgroup U of G, as recalled
above. Fix a norm ||.|| on g := L(G) which is adapted to L(); after shrinking V, we
may assume that

V =B%(0) (42)

for some R > 0. Abbreviate B, := BY := B?(0) for ¢ > 0. Applying 6.3 and the
Ultrametric Inverse Function Theorem (Lemma 4.8) to ¢ := (expg) ': U — V, we

find r € ]0, R] such that B =9 (Br) = expg(Br) is a compact open subgroup of G
for all 7 € |0, r] and, moreover,

L(a)(By) CV and expgoL(a)|p, = aoexpg|s,, (43)

whence a(B‘f) C U in particular. Let g<; := @pcjo,1/8p be the indicated sum of
characteristic subspaces with respect to L(at), and g> := @1 9p- Since

g<1 =con(L(e)) and g = par(L(at))

are Lie subalgebras of g (see Theorem 3.6 (b) and Lemma 3.8) and * is given by the
BCH-series, we see that

B%<1:=B,Ng.; and Bf*':=B,Ng>|

are Lie subgroups of (B,,*) with Lie algebras g; and g>i, respectively. After
shrinking r if necessary, we may assume that

x*B{?' =x+B{*' forallxe B> andr €]0,7], (44)

see Remark 5.3 (which applies with g>1 in place of g and id: BY*' — B{*! in place
of ¢). Now the mapping

B3<' x B! B, (x,y) > xxy

has the derivative
g<1 Xg>1 — 9, (x,y)+—>x+y (45)

at (0,0), which is an isometry if we endow g.; and g>; with the norm induced
by ||.|| and use the maximum norm thereof on the left-hand side of (45). Hence,
by the Ultrametric Inverse Function Theorem (Lemma 4.8), after shrinking r (if
necessary) we may assume that

B¥'«B?*' =B, forallr €]0,r]. (46)
With notation as before, we have:

Theorem 6.10. If « is an endomorphism of a p-adic Lie group G, then
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s6(a) = sy (L())
holds and B? is tidy for o, for all t € 10, 7].

Proof. Let t € ]0,7]. Applying the isomorphism expg: (V,*) — U to both sides
of (46), we see that
expg(Bf ') expg(B~') = BY. (@7)

In view of (43), we can apply Lemma 6.9 to G, a, H := (g,+), B := L(a), ¢,
B:=B? and W := B?. Hence

(B )+ := (B ) .0 = exp((BY) 4 ) and (BY)_ := (BY)- .o = exps((BY)_p).

Now
(BY),p=8B"" and (B})_g=B'n @ g, 2B,
pel0,1]

using (17), whence

(Bf )+ =expg(Bf=") and (Bf)- 2 expg(BI).
Combining this with (47), we find that

B 2 (B))+(B))- 2 expg(B" ) expg(B)~') = B

and thus BY = (B?)+(Bf’)_, i.e., BY is tidy above for a and thus tidy for @, by
Corollary 6.6. Note that L(t)|s : (B, %) — (V,*) is a group homomorphism, as * is
given by the BCH-series. Hence B((B?) ) = L(a)(B/=") is a subgroup of the group
(VN gs1,%), which contains (B®), = By~" as a subgroup. Since exps: (V,*) — U
is an isomorphism of groups and cosets of balls coincide in the groups (V Ng>y,+)
and (VNg>1,*) (see (44)), we obtain

= [o((BY)+): (BY)+] = s(e),
which completes the proof. a

Remark 6.11. For automorphisms of p-adic Lie groups, the calculation of the scale
was performed in [62].
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7 Invariant manifolds around fixed points

As in the classical real case, (locally) invariant manifolds can be constructed around
fixed points of time-discrete analytic dynamical systems over a totally disconnected
local field (see [19] and [20]). We shall use these as a tool in our discussion of
analytic endomorphisms of Lie groups over such fields. In the current section, we
compile the required background.

Definition 7.1. Let E be a finite-dimensional vector space over a totally discon-
nected local field K, which we endow with its natural absolute value |.|x. Given
a €]0,00], we call

E.,:= @ Ep, and E.,:= @ E,
pe0.a] pEJaseo]

the a-stable and a-unstable vector subspaces of E with respect to ¢, using the char-
acteristic subspaces E, with respect to « (as in 3.2). We call £ (i.e., Ep, with p = 1)
the centre subspace of E with respect to o. A linear endomorphism « of E is called
a-hyperbolic if a # | 4|k for all eigenvalues A of ¢ in an algebraic closure K, i.e., if
E, ={0} and thus

E=E,®E>,.

Now consider an analytic manifold M over a local field K, an analytic mapping
f: M — M, a fixed point p € M of f and a submanifold N C M such that p € N.
Given a > 0, decompose

T,(M) =T,(M)<a ®T,(M)y ®Tp(M)~4

with respect to the endomorphism 7,,(f) of 7,(M), as in Definition 7.1. For our
purposes, special cases of concepts in [19] and [20] are sufficient:

Definition 7.2. (a) If a € ]0,1] and T,,(f) is a-hyperbolic, we say that the sub-
manifold N is a local a-stable manifold for o around p if T,(N) = T,(M) <4
and f(N) CN.

(b)  We say that N is a centre manifold for o around p if T,(N) = T,,(M); and
f(N)=N.

() Ifb>1andTy,(f) is b-hyperbolic, we say that N is a local b-unstable mani-
fold for o around p if T,,(N) = T,,(M)~, and there exists an open neighbour-
hood P of p in N such that o(P) C N.

We need a fact concerning the existence of local invariant manifolds.

Proposition 7.3. Let M be an analytic manifold over a totally disconnected local
field K. Let f: M — M be an analytic mapping and p € M be a fixed point of f.
Moreover, let a € 10,1] and b € [1,00] be such that a # |A|x and b # |A|k for all
eigenvalues A of o in an algebraic closure K of K. Finally, let ||.| be a norm on
E :=T,(M) which is adapted to the endomorphism T,(f). Endow vector subspaces
F C E with the norm induced by ||.|| and abreviate B := BF (0) fort > 0. Then the
following holds:
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(@)  There exists a local a-stable manifold W; for o around p and an analytic
diffeomorphism
By WS — B

for some R > 0 such that ¢;(p) = 0 holds, W:(t) := ¢; ' (BE<*) is a local
a-stable manifold for o around p for all t € |0,R)], and d¢S|Tp(N) =idg_,.
(b)  There exists a centre manifold W€ for o around p and an analytic diffeomor-
phism
¢c: WE — B

for some R > 0 such that ¢.(p) = 0 holds, W(t) := ¢ '(BE') is a centre
manifold for o around p for all t € |0,R], and d¢c|z, ) = idE,.
(¢)  There exists a local b-unstable manifold W} for o around p and an analytic
diffeomorphism
s WY — B

for some R > 0 such that ¢,(p) =0, Wi(t):= ¢, ! (BtE>b) is a local b-unstable
manifold for a. around p for all t € |0,R|, and d¢u|T,,(N) =idg_,.

Proof. (a) and (c) are covered by the Local Invariant Manifold Theorem (see [20,
p-76]) and its proof. To get (b), let ¢ : U — V be an analytic diffeomorphism from
on open neighbourhood U of p in M onto an open 0-neighbourhood V C E such that
¢(p) =0 and d¢|r = idg. We can then construct centre manifolds for the analytic
map
gofog”lto(UNST(U) —V

around its fixed point O with [19, Proposition 4.2] and apply ¢ ! to create the de-
sired centre manifolds for f. We mention that the cited proposition only considers
mappings whose derivative at the fixed point is an automorphism, but its proof never
uses this hypothesis, which therefore can be omitted. a

Remark 7.4. Of course, we can use the same R > 0 in parts (a), (b), and (c) of
Proposition 7.3 (simply take the minimum of the three numbers).

Remark 7.5. Note that, since f(W;) C WS, we have a descending sequence
Wy 2 f(W) 2 fA(W) 2
in Proposition 7.3 (a).

Lemma 7.6. After shrinking R in Proposition 7.3 (a) if necessary, we can assume
that

ﬂ W) ={p} and r}glgof"(x) =p forall xe W}. (48)

neNy

Proof. Abbreviate F := E_,. The map

h:=¢s0 flwso 9" : By — By
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is analytic, 2(0) = 0, and /' (0) = T,,(f)|r has operator norm ||’ (0)||op < a. Choose
€ > 0 so small that
0 := ||H'(0)]|op+€ < 1.

Since # is totally dfferentiable at 0, we find r € |0, R] such that
|h(x) — K (0)(x)|| < €l|x|| forallxe BE.

Then ||A(x)|| = [ (0)(x) + (~(x) = K" (0) (X)) ]| < ([|A"(0)llop + &)[Ix]| = O]|x]| for all
x € BE, whence h(BE') C B and

H'(By) C B,

As a consequence, (e, /" (BF) = {0}. Then Q := W;(r) = ¢, '(BY) is an open
neighbourhood of p in W, such that ey, @"(Q) = {p}. After replacing R with r,
we have (48). O

Lemma 7.7. After shrinking R in Proposition 7.3 (b), we may assume that the map
Flwey: We(t) — WE(t) is an analytic diffeomorphism for each t € |0, R].

Proof. Abbreviate F :=T,(M); = E;. The mapping
h:= ¢cof‘W"O¢;l N BII; —>B£

is analytic with £(0) = 0, and 4'(0) = T,(f)|F is an isometry. By the Ultrametric
Inverse Function Theorem, after shrinking R if necessary, we can achieve that A
is an analytic diffeomorphism from B% onto BL and an isometry. Since W¢(z) is a
centre manifold for all # € |0, R], we have f(W¢(¢)) = W¢(¢), which completes the
proof. a

Lemma 7.8. We can always choose the open neighbourhood P around p in a local
b-unstable manifold N C M (as in Definition 7.2 (c)) in such a way that, for each
x € P\ {p}, there exists n € N such that x, f(x), ..., f"~'(x) € P but f"(x) € N\ P.

Proof. To see this, excluding a trivial case,!”> we may assume that the h-unstable

subspace F := E-, := T,(M)~;, with respect to T,,(f) is non-trivial. Let ¢ : U — V
be an analytic diffeomorphism from an open neighbourhood U of p in N onto an
open O-neighbourhood V C 7),(N) = F, such that ¢ (p) = 0 and d@ |, (v) = idr. Then

hi=¢ofod ': ¢(f (U)NU) =V

is an analytic mapping defined on an open 0-neighbourhood, such that #’'(0) =
T,(f)|F is invertible and
1
[12(0)~ lop

Since 4 is totally differentiable at 0, there exists » > 0 with Bf (0) in the domain D
of & such that

> b.

12 Otherwise N is discrete and we can choose P = {p}.
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[1A(x) =K' (0)(x

)
for all x € BE(0) \ {0}, and f(P) C U with P:=
we deduce that

1A = [[7'(0)(x) + (h(x) = ' (0) (x)) | = |A(0) ()| > bl|x],

as |[|A (0)(x)]| > ||'(0)~ 1||0p l|x|| > b||x||. So, for all x € BE (0)\ {0}, there isn € N
such that x, i(x), . .., h"(x) are defined and in Bf (0), but 2! (x) € D\ B (0). Now P
is a neighbourhood of p with the desired property. a

| <bllx|| (49)
¢~ '(BF(0)). Using (49) and (11),

Lemma 7.9. Let U be an open neighbourhood of p in M and ¢: U — V be an
analytic diffeomorphism onto an open 0-neighbourhood V- C T,(M) =: E such that
¢(0) =0and d¢|g = idg. After decreasing R in Proposition 7.3 (¢) if necessary, we
can always assume that BE (0) C V and the following additional property holds for
allt €10,R]:

W/ (t) is the set of all x € ¢~ (BE(0)) =: BY for which there exists an f-regressive
trajectory (X_,)nen, in B,¢ with xo = x, such that

lim ¢(x_,) =0. (50)

Then lim x_,, = p in particular, and x_, € W}!(t) for all n € No.
n—yoco

Proof. As before, abbreviate BE := BE(0) and B> := BF>*(0) for t > 0. There is
r > 0 such that B C'V and f(¢~!(BE)) C U, whence an analytic map

=¢ofod '|p: B - E

can be defined with 4(0) = 0 and /’(0) = T, (f). For t € |0, r], let I; be the set of all
z € BE for which there exists an h-regressive trajectory (z_,)en, in B with zo =z
such that

lim b"||z,|| = 0.

n—soo

By [19, Theorem B.2] and the proof of Theorem 8.3 in [19], after shrinking r we
may assume that I; is a submanifold of BX and

o~ (I7)

a local b-unstable submanifold of G for each ¢ € ]0,r]; and, moreover, there is an
analytic map
. E>b E<b
u: B,”" = By

(called ¢ there) with p(0) = 0 and
w'(©0)=0 (5D

such that
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L={(1().y): ye B} forallr €]0.r],
identifying £ = E_;, ® E~), with E.;, X E~p. Hence

viBt = TN ), vy 07 (1))

is an analytic diffeomorphism, and thus also v~ v(Bf>” ) — Bf>” is an analytic

diffeomorphism. As a consequence of (51), we have
d(v e, =ide_,.

Since, like W = ¢, ! (BI%”), also ¢ ~1(I}) = v(BE>*) is a local b-unstable manifold
for f, [19, Theorem 8.3] shows that there exists a subset 0 C W' N v(Bf>”) which
is an open neighbourhood of p in both W and v(Bf>b). Hence, there exists 7 > 0
with T < min{R, r} such that W}(7) C Q and v(Bf>b) C Q. Since Q is a submanifold
of M, the manifold structures induced on Q as an open subset of W' and v(B§>”)
coincide. By Lemma 5.6, after shrinking 7 if necessary we may assume that

Wi(t) =, (B") = (v ) N(B") =97 (IY)

forallr €]0,7]. Letz €]0,7] and x € B

If x € ¢~ !(I7), then there exists an h-regressive trajectory (z_,)en, in BX with
z0 = ¢(x) and b"||z_,|| — 0. Now, for m € Ny, the sequence (z—y—m)ncn, is an h-
regressive trajectory for z_,, in BE such that

D'z pm| = b7 |zl = O

as n — oo and thus z,, € I;. As a consequence, ((}5’1(z_,,)),,61\10 is an f-regressive
trajectory in W/(t) = ¢~!(I7) such that ¢ ~'(z0) = x and b"||¢(¢ "' (z_n))|| =
b"||z—n|| = 0 as n — co.

Conversely, assume there exists an f-regressive trajectory (X_,),en, in B? with
xp = x and (50). Then (¢ (x_,))nen, is an h-regressive trajectory in BX such that (50)
holds, whence ¢ (x) = ¢ (xo) € I7 and thus x € ¢ ! (I7).

Summing up, the conclusion of the lemma holds if we replace R with 7. a

Let us consider a first application of invariant manifolds.

Proposition 7.10. Let o be an analytic automorphism of a Lie group G over a to-

tally disconnected local field K. Let K be an algebraic closure of K. Then we have:

(a) con (a) is open in G if and only if |A|g < 1 for each eigenvalue A of L(at)
inK.

(b) is expansive if and only if |A|x # 1 for each eigenvalue A of L(c) in K.

()« is a distal automorphism if and only if |A|g = 1 for each eigenvalue A of
L(a) in K.

Proof. (¢) If |A|g < 1 for some A, choose a € ]0, 1] such that a > |A|x and L(o) is
a-hyperbolic. Then G has a local a-stable manifold W # {e}, which can be chosen
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such that W C con (a) (see Lemma 7.6). Since a”(x) — e for all x € W\ {e}, we
see that o is not distal.

If |A|g > 1 for some A, then again we see that o is not distal, replacing o with
a~! and its iterates in the preceding argument.

If |A|g = 1 for each A, then g := L(G) coincides with its centre subspace, whence
every centre manfold for o around e is open in G. If x € G\ {e}, then Proposi-
tion 7.3 (b) provides a centre manifold W for o around e such that x ¢ W. Since
o' (W) =W for all n € Z and o" is a bijection, we must have a"(x) ¢ W for all
n € Z. As a consequence, the set {a”(x): n € Z} (and hence also its closure) is
contained in the closed set G\ W. Thus e & {a"(x): n € Z} and thus ¢ is distal.

The proofs for (b) and the implication “=-"in (a) are similar and again involve lo-
cal invariant manifolds, see [24, Proposition 7.1] and [20, Corollary 6.1 and Propo-
sition 3.5], respectively.

(a) To complete the proof of (a), assume that |4 |g < 1 for all . Choose a € ]0, 1]
such that a > |A|k for all A. Then g = g, with respect to L(c). Let W, and the
analytic diffeomorphism ¢;: W; — Bg(O) be as in Proposition 7.3 (a). Then W} is
open in G. By Lemma 7.6, after shrinking R (if necessary) we can achieve that
WS C con (a). Thus con (a) is an open identity neighbourhood in G and hence
—d

con (&) is open, being a subgroup. O

8 Endomorphisms of Lie groups over K

In this section, we formulate and prove our main results concerning analytic endo-
morphisms of Lie groups over totally disconnected local fields.

Some preparations.

Definition 8.1. Let & be an endomorphism of a totally disconnected, locally com-
pact group G. We say that G has small tidy subgroups for « if each identity neigh-
bourhood of G contains a compact open subgroup of G which is tidy for .

For o an automorphism, the existence of small tidy subgroups is equivalent to

closedness of c?ﬁ(a) (see [1, Theorem 3.32] for the case of metrizable groups;
the general case can be deduced with arguments from [37]). The following result
concerning endomorphisms is sufficient for our Lie theoretic applications.

Lemma 8.2. Let a be an endomorphsm of a totally disconnected, locally compact
group G.

(@)  If G has small subgroups tidy for o, then con (a) is closed.
b If con (a) is closed and a compact open subgroup U of G satisfies

U_ = (con(a)NU_) (U, NU_), (52)
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then U is tidy below for o. Hence, if con (a) is closed and each identity
neighbourhood of G contains a compact open subgroup U which satisfies (52)
an is tidy above for o, then G has small tidy subgroups.

Proof. (a) Let 7 (o) be the set of all tidy subgroups for o. If .7 (a) is a basis of
identity neighbourhoods, then

con(a) = {x € G: lim o (x) = e}
={xeG: (YWeT(a)@Bm)(Vn>m) a"(x) €U}

— ﬂ U__, xelU__
Ue7(a)

which is closed. .
(b) Assuming that U_ = (con () NU_)(Uy+ NU-), let us show that

U__ = con(a)(Us NU_). (53)

If (53) holds, then U__ is closed (as con (a) is assumed closed and Uy NU_ is
compact). Hence U will be tidy for a (by 2.4), and also the final assertion is then
immediate.

The inclusion “2” in (53) is clear. To see that the converse inclusion holds, let
x € U__. Then a"(x) € U_ for some n. As U_ = (cﬁoﬁ (a)NU_)({U+NU-) by
hypothesis, we have

o (x) =yz for some y € con (&) and some z € Uy NU_.

Since a(Ux NU_) =ULNU_, find w € U NU_ such that z = o"(w). Then

n( =1 on -1 =éom -1 on
o (xw™') =y €con (@), whence xw™" €con (¢) and thus x = (xw™ " )w €con
()(Us+NU-). Thus U__ C (Hl(a)(lh, NU_); the proof is complete. O

Remark 8.3. With much more effort, it can be shown that closedness of con (a)
is always equivalent to the existence of small tidy subgroups, for every endomor-
phism o of a totally disconnected, locally compact group G (see [9, Theorem D]).
Lemma 8.2, which is sufficient for our ends, was presented at the AMSI workshop
July 25, 2016 (before the cited theorem was known).

We need a result from the structure theory of totally disconnected groups.

Lemma 8.4. Let o« be an endomorphism of a totally disconnected, locally compact
group G and V C G be a compact open subgroup which is tidy above for a. Then
s(a) divides [a(V) : (V)N V]. O

Proof. As in [61, Definition 5], let .%3 be the subgroup of all x € G for which there
exist y € V4 and n,m € Ny such that o”(y) = x and a"(y) € V_. Let Ly be the
closure of %y in G,
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Vi={xeV:xLy CLyV}

(asin [61, (7)]) and W := VLy. Then V is a compact open subgroup of G which is
tidy above for ¢ and

(V) :a(V)nV] = [aV): a(V)nV] (54)

(see [61, Lemma 16]). Moreover, W is a compact open subgroup of G which is
tidy for a, by the third step of the ‘tidying procedure’ (see [61, Step 3 following
Definition 10]). Let W_; := WNa (W) and V_; := VN~ (V). Then the left
action

VioxY =Y, (nwWynW_1))—vw(W,NW_;)

of V{ onY := W, /(W, NW_,) is transitive (as the map ¢ defined in the proof of
[61, Proposition 6 (4)] is surjective). The point W, N"W_; € Y has stabilizer V. N
W.NW_1 =V,.NW_;. Hence

s(a) =[a(W): a(W)NW] =W, : W, NW_]=|Y|= [V, : V. NW_], (55)

using tidiness of W for the first equality, [61, Lemma 3 (1) and (4)] for the second
and the orbit formula for the V. -action for the last. Since V.. N"W_; contains V., NV_;
as a subgroup, using [61, Lemma 3] again we deduce that

[a(V):a(V)NV]=[V, :V, NV_]
=[Vy:VyNW[VeNW_ VNV (56)

Substituting (54) and (55) into (56), we obtain
[a(V):a(V)NV]=s(a)[V,NW_,:V,NV_4], (57)
which completes the proof. a

Scale and tidy subgroups. If a: G — G is an analytic endomorphism of a Lie
group G over a local field K, we fix a norm ||.|| on its Lie algebra g := L(G) := T, (G)
which is adapted to the associated linear endomorphism L(a) := T, () of g. Let K
be an algebraic closure of K. In the proof of our main result, Theorem 8.13, we want
to use Lemma 5.5 to create compact open subgroups B;D of G. To get more control
over these subgroups, we now make a particular choice of ¢.

8.5. Pick a € ]0, 1] such that L(e) is a-hyperbolic and a > |A|k for each eigenvalue
A of L(e) in K such that |A|x < 1. Pick b € [1,00[ such that L(¢) is b-hyperbolic
and b < |4 |k for each eigenvalue A of L(¢t) in K such that |4|k > 1. With respect
to the endomorphism L(o), we then have

g<1 =9<a and g>1=9g>p,

entailing that
§=0<aDg1 Dg>p- (58)
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We find it useful to identify g with the direct product g, X g1 X g~p; an element
(x,,z) of the latter is identified with x+y+z € g.

Let W, W¢, and Wy be a local a-stable manifold, centre-manfold, and local b-
unstable manifold for o around P := e in M := G, respectively, R > 0 and

Os: WS — BR=(0), ¢.: W — BR'(0),

as well as ¢,: W) — Blg{” (0) be analytic diffeomorphisms as described in Proposi-
tion 7.3. We abbreviate Bf := BF (0) whenever F is a vector subspace of g. Using
the inverse maps

Y = ¢;1’ Ve = ¢c717 and vy, := ‘P,;l)
we define the analytic map
Wi By =Br x By x By = G, (x,%,2) = Ws(x)Ye () Yu(2)-

Then Toy = idg by (27) and the properties of d¢s, d¢., and d¢, described in Propo-
sition 7.3 (a), (b), and (c), respectively, if we identify To(g) = {0} x g with g as
usual, forgetting the first component. By the Inverse Functon Theorem, after shrink-
ing R if necessary, we may assume that the image W;W°W;! of y is an open identity
neighbourhood in G, and that

v: B = W WW) (59)
is an analytic diffeomorphism. We define
o=y, (60)

with domain U := W;W°W,' and image V := Bj. After shrinking R further if nec-
essary, we may assume that ¢ and R have all the properties described in 5.1 and
Lemma 5.2.

8.6. In the following result and its proof, ¢ and R are as in 8.5. We let B, := B} C g

and the compact open subgroups

BY := ¢~ (B?) = y(B?) = v, (BE<) w.(BY )y (BP*") = W (1)WE (1) W} (¢)

of G for t € ]0,R] be as in Lemma 5.2 (using notation as in Proposition 7.3). The
multiplication *: Bg X Bg — Bg is asin 5.1.

We shrink R further (if necessary) to achieve the following:

Lemma 8.7. After shrinking R, we can achieve that W)'(t) = ¢, ' (B{*") is a sub-
group of G for all t € 0,R) and W¢(t) = ¢ 1 (B") normalizes W}(t).

Proof. Let ¢, R and further notation be as in 8.5 and 8.6; notably, V = B,%. Us-
ing Lemma 7.9 with M := G, f := o and p := e, we see that, after shrinking R if
necessary, we may assume the following condition (x) for all r € 0, R]:
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Wy (t) is the set of all x € B! = Wi (t)We(t)W)(t) for which there exists an o-

regressive trajectory (X_p)nen, in B;P with xo = x such that

lim b"(|¢ (x—p)[| = O

n—oo

(and then x_, € ¢ ~!(I7) = W}(¢) for all n € Ny). As the analytic map

g VxV—=VCyg (xy)—xsxy !
is totally differentiable at (0,0) with g(0,0) =0 and g'(0,0)(x,y) = x —y, after
shrinking R if necessary we may assume that

1

ek y™" = yl| < max{{|x]], [ly[[}

for all x,y € Bg =V and thus

-1 1
ey |l = —x+y)|

Pxbyl} < max{|xll v}, 6D

[lx—y 4 (xxy™
< max{[lx —yl|, [lx*y~

using the ultrametric inequality. It is clear that e € W) (¢). Hence W}/ (r) will be a
subgroup of G for all 7 € ]0,R] if we can show that xy~! € W/(¢) for all x,y € W) (¢).
Let (x_n)nen, and (y_n)nen, be a-regressive trajectories in B? such that xo = x,
yo =y and

B9 (), 6" 19 (y-n)[| = O asn— co.

Then (x_,,y:,l,),,eN0 is an a-regressive trajectory in the group B;P with xoyy T = xy~!

and

B[ (xayy )l = 0119 () %@ () ™" | < max{6" |9 (xa)[1,6" |9 () |} = 0,

using that ¢: U — (Bg,*) is a homomorphism of groups, and using the esti-
mate (61). Thus xy~! € W', by (%).

We now show that, after shrinking R if necessary, W;/(¢) is normalized by W¢(R)
for all € |0, R]. To this end, consider the analytic map

h: VXV =V, (xy)—xxysx L.
For x € V, abbreviate h, := h(x,.). Since hy = idy, we see that /i,(0) = idg which
is an isometry. By the Ultrametric Inverse Function Theorem with Parameters, after
shrinking R we can achieve that h,: Bf — Bg is an isometry for all x € BR. Hence,
using that 4,(0) =0,

[xxyxx | = |he(y)]| = |ly|| forallx,y € BS. (62)

If x € WE(R), t € ]0,R] and y € W(1), let (y—n)nen, be an a-regressive trajectory
in B? such that yo = y and b"|¢(y-n)|| = 0 as n — oo. Since a(W°(R)) = W°(R),
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we can find an a-regressive trajectory (x_,)en, in W¢(R) such that xo = x. Recall
from Lemma 5.2 that B,d) is a normal subgroup of Bg. Hence (x_,,y_nx:,ll),,eNo is an

1

o-regressive trajectory in B,¢ such that xoyox, U= xyx~! and

D" [|¢ (xny-n )| = B" (1@ (x-) % @ () ¥ 9 (x-) ' || = 6" S ()| = O

as n — oo, using that ¢ is a homomorphism of groups and (62). Thus xyx~! € Wi (1),
by (x). a

8.8. By Lemma 7.6, after shrinking R if necessary, we may assume that

() «"(W;)={e} and lim o (x) = e forall x € W;. (63)
n—oo
neNy

8.9. By Lemma 7.7, after shrinking R if necessary, we may assume that the map
Awe(ry: W(t) — W€(t) is an analytic diffeomorphism for each ¢ € ]0,R].

8.10. By Lemma 7.9, after shrinking R if necessary, we may assume that, for each
t € J0,R], for each x € W/(t) there exists an «a-regressive trajectory (X_,)uen,
in W (t) such that xo = x and

limx_, =e.
n—yoo

In particular, W/ (1) C a(Wy(t)) for all € |0, R].

8.11. By Lemma 7.8, there exists an open neighbourhood P of p in W} with ot(P) C
Wy such that, for each x € W' \ P, there exists n € Ny such that " (x) € P. After
shrinking P, we may assume that P = W/(r) for some r € |0,R].

The next lemma will be applied later to A := W¢(z), B := W/(t) and C := «(B).

Lemma 8.12. Let G be a group, B C C C G be subgroups and A C G be a subset
such that AB and AC are subgroups of G and CNAB = B. Then

[AC:AB] =C:B).

Proof. The group C acts on X := AC/AB on the left via ¢’.acAB := c'acAB for
¢,c’ €C, a € A. To see that the action is transitive, let a € A and ¢ € C. Since AC
is a group, we have (ac)~! = a'c’ for certain @’ € A and ¢’ € C, entailing that ac =
()71 (d")~" and thus acAB = (¢/)"'AB = (¢/)~!.AB. The stabilizer of the point
AB € X is CNAB = B. Now the Orbit Formula shows that the map

C/B— X =AC/AB, c¢B+~ cAB

is a well-defined bijection. The assertion follows. a

Using notation as before (notably ¢ as in (60)), we have:

Theorem 8.13. Let o be an analytic endomorphism of a Lie group G over a totally
disconnected local field K. Then the scale s(o) divides the scale s(L(a)) of the as-
sociated Lie algebra endomorphism L(a). The following conditions are equivalent:
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@  sela)=syq)(L(@));

(b)  There is ty € )0,r] such that the compact open subgroups B;P > (By,*) of G
are tidy for a, for all t €0,1);

(¢) G has small tidy subgroups for o;

(d)  The contraction group con (a) is closed.

Proof. The implication (b)=-(c) holds as the compact open subgroups B? fort €
10, 0] form a basis of identity neighbourhoods in G. The implication (¢)=-(d) is a
general fact, see Lemma 8.2.

(a)<(b): We claim that there exists #y € ]0,r] such that the compact open sub-
groups Bf’ have displacement index

[o(B?): a(BY)NBY] = s(L(a)) forall £ €]0,1). (64)
If this is true, then the equivalence of (a) and (b) is clear. If ¢ is an automorphism,
then the claim holds by Lemma 5.5. For & an endomorphism, the argument is more
involved. We first note that the product map

T WX WE X W — WEWEW,! = BY
is an analytic diffeomorphism as so is Y (from (59)). Let ¢ € |0, r|. Since
a(WE(OWE(1)) € WE(OWE(1),
we have o (WS (t)W<(r)) CWS(t)W(r) C Bf’ for all n € Ny and thus
WS (OWe(r) C (BY)-. (65)

Since o((W€(t)) = W€(t) and each x € W}!(¢) has an o-regressive trajectory within
Wy (1) (see 8.10), we have

WE(OW () S (Bf)+ (66)

Thus BY = WS (t)W ()W (t) C (B ) (B‘p) C BY, whence B! = (B¢) (ij)Jr and
soBY = (B¢) = (B?),(B?)_ is tidy above for a.
)

Since BY = Wi (t)We(t)Wi(t) is a group and (B; )+ a subgroup, (66) implies that
(BY)+ = FW (W (1)

with J; 1= (B,q))+ NWS(t). Since 7 is a bijection, a(J;) C a(WS(¢)) C W(¢) and
a(Wj(t)) C Wi (see 8.11)), the inclusion

JWEOWi(t) = Bf C a((BY)4) = a( )W (1) a(Wi(1))

entails that J, C o/(J;), whence
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LS () o"() S ) a" (W) ={e},

neNy neNy
using (63). Thus J; = {e} and hence
WEOWE (1) = (B )+ (67)
which is a subgroup. Also
a((BY)+) = We()ee(Wy (1))

is a subgroup, and
(W' (1)) NWE ()W, (1) = W' (1)

since 7 is a bijection. Hence, by [61, Lemma 5] and Lemma 8.12,

[(BY) : a(Bf )N BY] = [a((Bf)+) : (B )]

) Wy (). (68)

Applying now Lemma 5.5 to O‘|W,§‘(r) : Wi(r) — W/ instead of oc: Gy — G and ¢,
instead of ¢, we see that there is # € ]0, ] such that

[a(Wy'(2)) : W' (1)] = s(L(@)lg.,) = s(L(@)]g.,) = s(L(e)) (69)

for all r €10, ], using Theorem 3.6 (d) for the penultimate equality. Combining (68)
and (69), we get (64).

(d) = (b): Recall that B;p is tidy above for all 7 € 0, r]; from (65) and (66), we
deduce that

(B ) N (BY)- 2We(r). (70)
By (63) and (65), we have
W, (1) C con (at) N (Bf)-. (71)

Since B! = Wi (t)We(t)Wy(t) and (B?), is a subgroup of BY which contains
Wi (t)W<(r), we have
(BY)- = W)Wy (1)l

with I, := (B?)_ AW (t). Then I; = {e} as the existence of an element x € [, \ {e}

gives rise to a contradiction as follows: Since I, C (B;D )—, we must have " (x) € B!
for all n € No. However, by 8.11, there exists n € N such that o (x) € W' \ Wy(r)

and thus o (x) ¢ B? ., which is absurd. Hence

(Bf)- =W (W*(r), (72)
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and thus (Bf)), = (cal(a) O(B;P),)((Bf'pﬂ (Bf)),) Using Lemma 8.2, we deduce
that BY is tidy for o, for all 7 € ]0, 7).

Finally, as B‘f is tidy above for o, we deduce from Lemma 8.4 and (64) that s(ot)
divides [ot(BY) : a(BY) N BY] = s(L(w)). O

Remark 8.14. The proof of the implication (d)= (b) showed that the compact open

subgroups B? are tidy for «, for all ¢ € ]0,r]. This information enables a better
understanding of W (¢) and W¢(z). By (67) and (72),

W) = W (W (1) "W () Wy (1) = (B )- 1 (B )+
is a compact subgroup of B? . foreach € 10, r]. If we can show that
con (@) 1B} =con (a) N (B)- =Wy (1) (73)

then WS (¢) is a compact subgroup of G, for all t € |0, r]. Now, the first equality in
(73) holds by [61, Proposition 11 (b)]. As for the second equality, the inclusion “2”
holds by (71). Since con(ct) N (B?)_ is a subgroup of (BY)_ = W (r)W¢(¢) which
contains W (z), it is of the form

—

con(a)N(BY)_ =W (1)K,

a

with K; := con (&) N (BY)_ NW<(t). But K; = {e} since con (o) "W (¢) = {e};
to see the latter, let e # x € W(z). There is 7 € ]0,7] such that x ¢ W¢(t). Since
ey : WE(r) — WE(r) is a bijection and a(W¢(1)) = W¢(7) (see 8.9), we have
o(x) € We(r) \W¢(r) for all n € Ny and thus o (x) & W¢(1), showing that o" (x)
does not converge to e in W¢(¢) as n — oo (and hence neither in G).

Foliations of the ‘big cell’

Theorem 8.15. Let o be an analytic endomorphism of a Lie group G over a totally
disconnected local field K. If con (a) is closed in G, then also don (a) is closed and
the following holds:

(@ con (a), lev(er), and don (&) are Lie subgroups of G with Lie algebras con
(L(a)), lev(L(ex)), andcﬁl(L((x)), respectively;

(b) Q:=con (a)lev(a) con (@) is an a-invariant open identity neighbourhood
in G. The product map

2 con(a) x lev(ar)x con (&) — con (a)lev(ar) con (@), (x,y,2) > xyz

is an analytic diffeomorphism.
(©  Aliey() and a|é§1(a) are analytic automorphisms.

Proof. Openness of ©: Note first that Q := con (a)lev(c) ¢on () contains the
open identity neighbourhood Bf = W3 (r)W¢(r)Wy(r) encountered in the proof of
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Theorem 8.13, since WS (r) C c?ﬁ(a) by (63), Wy'(r) C cﬁl(a) by 8.10 and W€ (r) C
lev(er) since W€(r) is compact and o-stable. Since lev(o) normalizes con (a) and
con (a), both Py ::cal(a)lev(a) and P, :=lev(a) cEl(oc) are subgroups of G.
For each g € Py, the left translation A, : G — G, x — gx is a homeomorphism which
takes the identity-neighbourhood 2 onto the g-neighbourhood

8Q = gPy con () = Py don () = Q.

If h € Q, then h = gk with g € Py and k € don (a). Now the right translation
pr: G — G, x — xk is a homeomorphism which takes the g-neighbourhood 2 onto
the neighbourhood

Qk = Py con (Q)k = Py con(a) = Q
of x = gk. Hence Q is a neighbourhood of each x € 2 and thus £ is open.
Lie subgroups. The open subset BY = Wi (r) x We(r) x Wi'(r) of G has W, (r) as

a submanifold. Since con (a) OB? = W;(r) (see (73)) is a submanifold, we deduce

that con (o) is a Lie subgroup of G (cf. Lemma 4.6) which has WS (r) as an open
submanifold; thus

—

L(con (@) = T,(W;(r)) = g4 = con (L(c)).

Recall from Remark 8.14 that Bf is tidy for «. Using the proof of [61, Proposi-
tion 19] for the first equality, we have

lev(a) NBf = (BY). N (BY)- = W(r),

which is a submanifold of B . Hence lev(a) is a Lie subgroup of G which has W¢(r)
as an open submanifold, and thus

L(lev(a)) = g1 =lev(L(@)). (74)
Next, recall from [61, Proposition 11 (a)] that

con (&) NBY C (B)1 = We(r)\Wi(r).

Since W/(r) C con (), this entails that

con () NBY = L,W(r)

with N, := con (a) NWe(r). Let bik(e) be the bounded iterated kernel of o and
nub(a) be the nub subgroup (see [61] and [9]). Then bik(ct) C nub(a) and since
o has small tidy subgroups by Theorem 8.13, we have nub(a) = {e} (see [61]). If
x € N,, then there exists an o-regressive trajectory (x_,)nen, such that x = xo and
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limx_, =e.
n—yoo

On the other hand, since x € W¢(r) which is a-stable, there exists an o-regressive
trajectory (y_n)nen, in W¢(r) with yo = x. Then (x,,,y:,ll)ngNo is an q-regressive
. 1 . . —1 e
trajectory such that {x_,y_, : n € Ny} is relatively compact. Thus x_,y_, € par ()
for each n € Np and o (x_,y~}) = e, whence x_,y~} € bik(at) C nub(ax) = {e}.
Hence (X—n)neNy = (V-n)nen, iS an a|ye(,)-regressive trajectory which tends to e
as n — oo. As Q|ye(y is a distal automorphism of W*(r) (cf. Proposition 7.10), the

latter is only possible if x = e. Thus N, = {e} and hence

con (&) NBY =W (r),

which is a submanfold of £. Hence con (o) is a Lie subgroup with Lie algebra
—
0. = Con (L(a1)). - _
T is injective. Let a,d’ € con (o), b,b’ € lev(et), and ¢,¢’ € con (o) such that
abc=d'b'c’. Then

x:=(d) la=bcc b € con(a) N par(a) C lev(a).

There exists n € Ny such that a"(x) € BY. Since x € lev(ar), also o (x) € lev(a)
and thus

o (x) € (BY)+ NBY)- =We(r).
Let y € W¢(r) such that a”(y) = a”(x). Since W¢(r) C lev(a), we then have
(a)~'ay~! € bik(a) C nub(a) = {e}, whence (a') " la=y € lev(a)n éo?n(a). Let
(z—n)nen, be an o-regressive trajectory with zo = (a')~'a, such that z_, — e as
n — oo. For each t €]0,r], we have z_, € Bf) for some n € Ny, entailing that

z-n € B Nlev(a) = (BY). N (BY)_ = We(r)

and thus (d')~'a = a*(z_,) € W(t). Therefore

(@) lay e () B ={e},

t€]0,r]
whence (a’)~'a = e and hence a = a’. Now bc = b'c’ entails that
) 'b=cc" elev(a) con(a).

Also this group element has an ¢-regressive trajectory which converges to e and
hence enters BY for each € 10, 7], whence (b')~'b € (B,d))+ N (B?), = W¢(z) for all
t €10,r] and thus b = b'. Hence also ¢ = ¢

7 is a diffeomorphism. Since Y is an analytic diffeomorphsm, also

H = n|W,§><W"><W};’: W; X W€ x Wél —)Bg
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is an analytic diffeomorphism. For (a,b,c) € con (@) x lev(at)x ¢on (o) =: Y, let
us show that 7 is a local diffeomorphism at (a, b, ¢). It suffices to prove that the map

h:Y—Q, (d,b,) w(ad ,bb',c)

is a local diffeomorphism at (e, e,e). Since lev(a) normalizes con (a) and con (a)
is a submanifold of G, the map

B: c_ofl(a) — CTM)l(OC), dw—bldb

is an analytic diffeomorphism. Let Q C con (o) be an open identity neighbourhood
such that §(Q) C W. Then the formula

hd,b¢') = abu(Ba), )

shows that 7 is a local diffeomorphism at (e, e, e).

To prove (c), note that ¥ := Ot|jey(¢) and & := a|51(a) are local diffeomorphsms
at e (by the Inverse Function Theorem), since L(y) = L()|q, and L(0) = L(t) |4,
are automorphisms of the tangent spaces L(lev(a)) = g; and L(éO_Il (@) = g>1,
respectively, at e. Since ¥ and § are, moreover, bijective analytic endomorphisms,
they are analytic automorphisms. a

Remark 8.16. (a) Note that also the groups P, and P, encountered in the preceding
proof are Lie subgroups since 7 is an analytic diffeomorphism.

(b) We mention that Py, = pgr(a) and P, = &r(a) (see [9, Lemma 12.1 (d) and
®D.

(c) Since 7 is an analytic diffeomorphism, we see that the “big cell” €2 can be
foliated into right translates of con () parametrized by par (o), or alternatively into
right translates of par (), parametrized by con (). Likewise, we can foliate £ into

— . o . —
left translates of con (@) parametrized by par (@), or into left translates of par ()
—
parametrized by con (o).

8.17. Consider an analytic map f: M — N between analytic manifolds over a totally
disconnected local field K. Recall from [50, Part I, Chapter III] that f is called an
immersion if f locally looks like a linear injection around each point, in suitable
charts (or equivalently, if 7,,(f) is injective for all p € M). If G is a Lie group over
a totally disconnected local field and H a subgroup of G, endowed with an analytic
manifold structure turning it into a Lie group and making the inclusion map H — G
an immerson, then H is called an immersed Lie subgroup of G.

Remark 8.18. (a) If « is an analytic automorphism of a Lie group G over a totally
disconnected local field K and con (a) is not closed, then it is still possble to turn
ﬁl(a ) and don (@) into immersed Lie subgroups of G modelled on con (L(e)) and

)
automorphisms of these Lie groups (see [20, Proposition 6.3 (b)]).

con (L(a)), respectively, such that a|c?1(a and o~! |ion) Ar€ contractive analytic
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(b) After this research was completed, it was shown in [23] that the ‘big cell’
— —
Q :=con(a)lev(et) con(a)

is open in G for each endomorphism ¢ of a totally disconnected locally compact
group G. If G is a Lie group over a totally disconnected local field and a.: G — G
an analytic endomorphism, then con (&), lev(a) and con () can be turned into im-
mersed Lie subgroups con* (a), lev* (a) and ¢on* (@) of G modelled on con (L(cx)),

lev(L(a)) and con (L()), respectively, such that o induces analytic endomor-
phisms of the immersed Lie subgroups and the product map

con* (o) x lev*(at) x con*(at) = Q, (a,b,c) — abc
is surjective and étale (i.e., a local diffeomorphism at each point), see [23].

Closedness of contraction groups. We now mention a characterization and de-
scribe a criterion for closedness of contraction groups of endomorphisms. The next
lemma is covered by [9, Theorem D and FJ; for the case of automorphisms, see
already [1, Theorem 3.32] (if G is metrizable).

Lemma 8.19. Let @ be an endomorphism of a totally disconnected locally compact

group G. Then the contraction group con (a) is closed in G if and only if con (a)N
lev(et) = {e}. O

Lemma 8.20. Let ¢ : G — H be an injective, continuous homomorphism between
totally disconnected, locally compact groups and o.: G — G as well as B: H — H

be endomorphisms such that o = do. Ifcon (B) is closed, then also con (a) is
closed.

Proof. Using Lemma 8.19, we get
¢(con () Nlev(er)) C con(B)Nlev() = {e}.
— — .
Thus con () Nlev(a) = {e}, whence con () is closed (by Lemma 8.19). O

Proposition 8.21. For every totally disconnected local field K, every inner auto-
morphism of a closed subgroup G C GL,(K) has a closed contraction group.

Proof. Tt suffices to show that each inner automorphism of GL,(K) has a closed
contraction group. Let e € GL,(K) be the identity matrix. Given g € GL,(K), con-
sider the inner automorphism

I GL,(K) = GL,(K), h+s ghg™
and the linear endomorphism

a: My(K) = M,(K), A gAg".



48 Helge Glockner

We know from Section 3 that cal(a) is closed. Then V := GL,,(K) — e is an ¢-stable
0-neighbourhood in M, (K) and

¢:V > GLy(K), A—A+e

is a homeomorphism. Now I, 0 ¢ = ¢ o ct|y as

L(9(A) =g(A+e)g ' =gAg " +e=0(a(A)),

i.e., ¢ is a topological conjugacy between the dynamical systems (V,ct|y) and
(GL,(K),I,). Hence

—

con (Ig) = ¢(con () NV),
which is closed in GL, (K).] O
Combining Lemma 8.20 and Proposition 8.21, we get:

Corollary 8.22. If a totally disconnected, locally compact group G admits a faithful
continuous representation w: G — GL,(K) over some totally disconnected local
field K, then every inner automorphism of G has a closed contraction group. a

Remark 8.23. In particular, every group G of K-rational points of a linear alge-
braic group over a totally disconnected local field K is a closed subgroup of some

GL,(K), whence con (a) is closed in G by Example 8.21 and so

s6(8) =s10)(Adg) = TT [l (75)
Ajlk=1
in terms of the eigenvalues Ay,..., 4, of Ad, in an algebraic closure K, repeated

according to their algebraic multiplicities (by Theorem 8.13 and Theorem 3.6).
For Zariski-connected reductive K-groups, this was already shown in [1, Propo-
sition 3.23]. See also [22, Remark 9.7].

The following result was announced in [26] (for automorphisms).

Proposition 8.24. Let o be an analytic endomorphism of a 1-dimensional Lie
group G over a local field K, with Lie algebra g := L(G). If

con (L(at)) = g,

assume that U, cn, ker(o") is discrete; '3 if cEl(L(Ot)) # g, we do not impose further
hypotheses. Then c&(a) is closed in G and thus s(a) = s(L(a)).

Proof. Since g is a 1-dimensional K-vector space and

g = con (L(a)) & lev(L(a))& con (L(cx)),

13 Which is, of course, automatic if @ is an automorphism.
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we see that g coincides with one of the three summands. Let a, b, R, W), W¢, and
W,/ be as in 8.5.

If con (L(e)) = g, then W, is a submanifold of G of full dimension 1 and hence
open in G. By 8.8, we may assume that W; C con (@), after shrinking R if necessary,
whence the subgroup con (o) is open and hence closed in G.

If lev(L(ct)) = g, then W€ is open in G and we may assume that W(z) is a
compact open subgroup of G for all t € |0, R}, after shrinking R if necessary. The bi-
jective analytic endomorphism ot |y<: W€ — W€ is a local analytic diffeomorphism
at e (by the Inverse Function Theorem) and hence an analytic automorphism of the
Lie group W¢. By Proposition 7.10 (c), the automorphism ¢|w« is distal and hence

con (o) NW¢ = con (et|ye) = {e}.

Thus con (@) is discrete.

If ¢on (L(ev)) = g, then W} open and we choose an open neighbourhood P
of e in W' as in Lemma 7.8 (with M := G, f := a, and p := e). Then cal
(@) = Upen, ker(a"), which is discrete (and thus closed) by hypothesis. In fact,
if x € con (a), then there exists ng € Ny such that a”*(x) € P for all n > ng. Then
0" (x) = e, as we chose P in such a way that the at-orbit of each y € P\ {e} leaves P.

In each case, the final assertion follows from Theorem 8.13. O

Remark 8.25. If F is a field of prime order, then G := (F[[X]],+) is a 1-dimensional
Lie group over K = F((X)) and the left shift

i aan — i a,H_an
n=0 n=0

is an analytic endomorphism of G, as it coincides with the linear (and hence ana-
lytic) map
B:K—K, z—X 'z

on the open subgroup XF[[X]] of G. It is easy to see that don (a) =G and

con(a) = | J ker(a")

neNy

is the proper dense subgroup of all finitely supported sequences (see [9, Re-
mark 9.5]). Since G is compact, s(a) = 1 holds. As L(a) = B with scale p (by
Theorem 3.6 (¢)), we have s(L(at)) = p # s(@).

A non-closed contraction group. We now describe an analytic automorphism «

of a Lie group over a local field of positive characteristic such that con (a) is not
closed. The example is taken from [22].

Example 8.26. Let [ be a finite field, with p elements. Consider the set G := FZ of
all functions f: Z — F. Then G is a compact topological group under addition, with
the product topology. The right shift
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o0:G—=G, a(f)(n):=f(n—1)

is an automorphism of G. It is easy to check that con (a) is the set of all functions
f € FZ with support bounded below (i.e., there exists ng € Z such that f(n) = 0 for
all n < ng). Thus con (@) is a dense, proper subgroup of G.

Now G can be considered as a 2-dimensional Lie group over K := F((X)), using
the bijection G — F[[X]] x F[[X]],

fro (if(n)X"‘l, ioﬂnw)

as a global chart. The automorphism of F[[X]]? corresponding to o coincides on the
open 0-neighbourhood XF[[X]] x F[[X]] with the linear map

B: K> =K, Bvmw)=(X v,Xw).

Hence o is an analytic automorphism. Since con () is not closed, G cannot admit a
faithful continuous representation G — GL, (K) for any n € N, see Corollary 8.22.

The scale on closed subgroups and quotients. For ¢ an automorphism of a totally
disconnected locally compact group G, the scale of the restriction a|y to a closed a-
stable subgroup H C G and the scale pf the induced automorphism on the quotient
group G/H (for normal H) were studied in [59]; some generalizations for endomor-
phisms were obtained in [9] (compare also [14], if & has small tidy subgroups). The
following proposition generalizes a corresponding result for inner automorphisms
of p-adic Lie groups established in [15, Corollary 3.8].

Proposition 8.27. Let G be a Lie group over a local field, o be an analytic endo-
morphism of G and H C G be an a.-invariant Lie subgroup of G. Then the following
holds:

(a) If(;I)l(OC) is closed, then sy (ot|p) divides sg(Q).
(b) If H is a normal subgroup, con (o) is closed and also the induced ana-

Iytic endomorphism o of G/H has a closed contraction group con (@), then
sc(&) = su(at|u)sG/m (@)

Proof. This is immediate from Theorem 8.13 and Corollary 3.7. a

When homomorphisms are subimmersions. Let f: M — N be an analytic map-
ping between analytic manifolds over a totally disconnected local field K. Recall
from [50, Part I, Chapter III] that f is called a submersion if f locally looks like a
linear projection around each point, in suitable charts. If f locally looks like jog
where g is a submersion and j an immersion (as in 8.17), then f is called a subim-
mersion. If char(K) = 0, then an analytic map is a subimmersion if and only if 7,(f)
has constant rank for x in some neighbourhood of each point p € M (see [50, Part II,
Chapter 11, §10, Theorem in 4)]). As a consequence, every analytic homomorphism
between Lie groups over a totally disconnected local field of characteristic O is a
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subimmersion. Analytic homomorphisms between Lie groups over local fields of
positive characteristic need not be subimmersions, as the following example shows.

Example 8.28. Let I be a finite field with p elements and K := F((X)). Since
char(K) = p, the Frobenius homomorphism

a: K—K,z— 7

is an injective endomorphism of the field K and an injective endomorphism of the
additive topological group (K, +). If a was a subimmersion then &, being injective,
would be an immersion which it is not as a'(z) = 0 for all z € K. Thus « is not
a subimmersion. Note that con (&) coincides with the subgroup X F[[X]], which is
open; hence also a|c§1(a is not a subimmersion.

)

It is not a coincidence that the endomorphism « in the preceding example is patho-

logical also on con (a): If an endomorphism fails to be a subimmersion, then the
trouble must be caused by its restriction to the contraction group:

Corollary 8.29. Let o be an analytic endomorphism of a Lie group G over a local
field K of positive characteristic, with closed contraction group con (o). If B :=
a|ﬁ(a) is a subimmersion, then ¢ is a subimmersion.

Proof. If B is a subimmersion, then the restricton of o to the open set  from
Theorem 8.15 corresponds to the self-map
—1 _
T odgom=f x (x|lev(a)xal(a>

of con (o) xlev(er) x con (o) whose second factor is an analytic diffeomorphism,
and thus o is a subimmerson. O

9 Contractive automorphisms

As shown in [27], p-adic Lie groups appear naturally in the classification of the
simple totally disconnected contraction groups, and are among the building blocks
for general contraction groups. We recall some of the results and give a new proof
for the occurrence of p-adic Lie groups in the classification.

Definition 9.1. An automorphism o of a Hausdorff topological group G is called
contractive if con () = G. We then call (G, @) a contraction group. If, moreover,
G is totally disconnected and locally compact, we say that (G, &) is a rotally dis-
connected contraction group. An isomorphism between totally disconnected con-
traction groups (G, @) and (H, ) is a continuous group homomorphism ¢ : G — H
such that fo¢ = ¢ o ox. A totally disconnected contraction group (G, &) is called
simple if G # {e} and G does not have closed o-stable normal subgroups other
than {e} and G.
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Remark 9.2. Contraction groups con (o) of automorphisms arise in many contexts:
In representation theory in connection with the Mautner phenomenon (see [40,
Chapter II, Lemma 3.2] and (for the p-adic case) [55]); in probability theory on
groups (see [28], [S1], [52] and (for the p-adic case) [10]); and in the structure the-
ory of totally disconnected, locally compact groups (see [1], [37], and [9]).

If alocally compact group G admits a contractive automorphism ¢, then there exists
an ¢-stable, totally disconnected, closed normal subgroup N C G such that

G=NxG,

internally as a topological group, where G, is the identity component of G (see
[51]). Thus (G, ) is the direct product of the totally disconnected contraction
group (N, a|y) and the connected contraction group (G, ¢|¢,) (which is a simply
connected, nilpotent real Lie group, as shown by Siebert).

9.3. If F is a finite group and X a set, we write F' X) for the group of all functions
f: X — F whose support {x € X: f(x) # e} is finite. We endow F*X) with the
discrete topology.

See [27, Theorem A] for the following result.

Theorem 9.4. If (G, @) is a simple totally disconneced contraction group, then G is
either a torsion group or torsion free. We have the following classification:

(@) If G is a torsion group, then (G,a) is isomorphic to FI™N) x FNo with the
right shift, for some finite simple group F.

(b)  If G is torsion free, then (G,a) is isomorphic to (Q,)? with a Qp-linear
contractive automorphism for which there are no invariant vector subspaces,
for some prime number p and some d € N.

Conversely, all of these are simple contraction groups.
To explain part (b) of the theorem, let us recall some concepts and facts.

9.5. If x is an element of a pro-p-group G (i.e., a projective limit of finite p-groups),
then Z — G, n+— x" is a continuous homomorphism with respect to the topology
induced by Z, on Z, and hence extends to a continuous homomorphism

¢0: Z, — G.

As usual, we write x° := ¢(z) for z € Z,. If G is abelian and the group operation is
written additively, we write zx := @(z).

9.6. Let T := R/Z with the quotient topology. If G is a locally compact abelian
group, we let G* := Homgs (G, T) be its dual group, endowed with the compact-
open topology; thus, the elements of G* are continuous homomorphisms & : G — T
(see [29], [30], [54]). We shall use the well-known fact that the dual group Z(p~)*
of the Priifer p-group is isomorphic to Z, (compare, e.g., [54, Exercise 23.2 and
Theorem 22.6]).
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Some ideas of the proof of Theorem 9.4. As the closure C of the commutator group
G’ is a-stable, closed and normal in G, we must have C = {e} (in which case G is
abelian) or C = G, in which case G is topologically perfect. If G is abelian, then
either G is torsion free, or G is a torsion group of prime exponent p: In fact, if G
has a torsion element g # e, then a suitable power g" is an element of order p for
some prime number p, entailing that the p-socle N := {x € G: x” = ¢} is a non-
trivial, o-stable closed (normal) subgroup of G and thus N = G. As shown in [27],
p-adic Lie groups occur in the case that G is abelian and torsion free, which we
assume now. Like every totally disconnected contraction group, G has a compact
open subgroup W such that a(W) C W (see [51, 3.1]). Then W can be chosen as a
pro-p-group for some p. In fact, there exists a p-Sylow subgroup P # {e} of W for
some prime number p, which is unique as W is abelian (see [63, Proposition 2.2.2 (a)
and (d)]). Since every pro-p subgroup of a pro-finite group is contained in a p-Sylow
subgroup (see [63, Proposition 2.2.2 (¢)]), we deduce that a:(P) C P. However, non-
trivial ar-invariant closed normal subgroups of the simple contraction group G must
be open (see [27, Lemma 5.1]). Thus P is open. Now replace W with P if necessary.]

For 0 # x € W, can define zx for z € Z, by continuity (see 9.5). Let W (x) be the
image of the continuous homomorphism

o ZEIO =W, (2n)nen, — Z o (zpx).
n=0

Then W (x) is a compact, non-trivial a-invariant subgroup of G and hence open by
[27, Lemma 5.1] just mentioned. Being a torsion free abelian pro-p-group, W (x) is
isomorphic to Z{, for some set J. This can be shown using Pontryagin duality: Since
W (x) is torsion free and a projective limit of finite p-groups F, its dual group W (x)*
is a divisible discrete group and a direct limit of the dual groups F* = F, hence a
p-group (see [54, Corollary 23.10] as well as [30, Proposition 7.5 (i) and (1)<(2) in
Corollary 8.5]). By the classification of the divisible abelian groups, W (x)* is iso-
morphic to a direct sum B ;c; Z(p~) of Priifer p-groups (see [29, Theorem (A.15)],
cf. also [30, Theorem A1.42]). As a consequence, W (x) = W (x)** is isomorphic to

the direct product
[1z(r™) =z,
jes
as asserted (by [30, Theorem 7.63] and [54, Lemma 21.2 and Theorem 23.9]).
Since pW (x) = W (px) is a non-trival o-invariant closed (normal) subgroup of G
and hence open, (pZ,)’ must be open in Z. whence J is finite and W (x) = Z7 a
p-adic Lie group.
Now a linearization argument!# shows that (G, &) = (L(G),L(a)). O
The classification implies a structure theorem for general totally disconnected con-
traction groups (G, @) (see [27, Theorem B]):

14 Let B := L(). Using the underlying additive topological group of L(G), the pair (L(G), ) is a
p-adic contraction group such that L(f) = L(@). Hence (G, &) = (L(G), ) by the last statement
of [18, Proposition 5.1].
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Theorem 9.7. The set tor(G) of torsion elements and the set div(G) of divisible
elements are fully invariant closed subgroups of G and

G = tor(G) x div(G).
Moreover, tor(G) has finite exponent and
div(G) = Gp, X == X Gp,
is a direct product of o-stable p-adic Lie groups G, for certain primes p. a

Remark 9.8. By [55, Theorem 3.5 (iii)], each G, is nilpotent, and it is in fact the
group of (Q,-rational points of a unipotent linear algebraic group defined over Q,,.
See [23] for algebraic properties of con (a) if a is an analytic endomorphism of a
Lie group G over a totally disconnected local field; if & is an analytic automorphism,
then c_oﬁ(a) is nilpotent (cf. Remark 8.18 and [18]).

9.9. If (G, &) is a totally disconnected contraction group with G # {e}, then G has a
compact open subgroup U such that a¢(U) is a proper subgroup of U (cf. [51, 3.1]),
whence U is a proper subgroup of a~!(U) and thus

Al ) =[a'(U): U] € {neN: n>2}
(see [51, Lemma 3.2 (i)] and [27, Proposition 1.1 (e)]). If
{e} =Gp<G1<--<1G, =G (76)

is a properly ascending series of «-stable closed subgroups of G and «; the contrac-
tive automorphism of G;/G;_ induced by a for j € {1,...,n}, then
Al = Ay ) Ao ),

showing that n is bounded by the number of prime factors of A(a~!), counted
with multiplicities (see [27, Lemma 3.5]). As a consequence, we can choose a
properly ascending series (76) of maximum length. Then all of the subquotients
(Gj/Gj-1,0;) are simple contraction groups. To deduce Theorem 9.7 from The-
orem 9.4, one shows that the series can always be chosen in such a way that the
torsion factors appear at the bottom, whence tor(a) = Gy, for some k. A major step
then is to see that Gy is complemented in G, and that G/G; is a product of p-adic
Lie groups (see [27]).

10 Expansive automorphisms

If a is an expansive automorphism of a totally disconnected locally compact
group G, then the subset
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con (c) ¢on (o)

of G is an open identity neighbourhood (see [24, Lemma 1.1 (d)]). In some cases,
this enables the finiteness properties of totally disconnected contraction groups
(as described in 9.9) to be used with profit also for the study of expansive auto-
morphsms. The proof of expansiveness of @ in part (b) of the following result from
[24] is an example for this strategy.

Proposition 10.1. Let @ be an automorphism of a totally disconnected, locally com-
pact group G.

(a) If a is expansive, then |y is expansive for each o-stable closed subgroup
HCG.

(b) Let N C G be an o-stable closed normal subgroup and o be the induced
automorphism of G /N which takes gN to a(g)N. Then o is expansive if and
only if oy and & are expansive. a

If a p-adic Lie group G admits an expansive automorphism ¢, then L(a) is a Lie
algebra automorphism of L(G) such that |[A| # 1 for all eigenvalues A of L(c) in
an algebraic closure K (as recalled in Proposition 7.10), entailing that none of the A
is a root of unity. Hence L(G) is nilpotent (see Exercise 21 (b) among the exercises
for Part I of [7], §4, or [34, Theorem 2]). If, moreover, G is linear in the sense that
it admits a faithful continuous representation G — GL,(Q,) for some n € N, then
G has an «o-stable, nilpotent open subgroup [24, Theorem D]. For closed subgroup
of GL,,(Q)), such an open subgroup can be made explicit (see [24, Proposition 7.8]):

Proposition 10.2. Let o be an expansive automorphism of a p-adic Lie group G. If
G is isomorphic to a closed subgroup of GL,(Q,,) for some n € N, then con (o) con
(@) is a nilpotent, open subgroup of G. a

The following example is taken from [24, Remark 7.7].
Example 10.3. Let H = Qf, be the 3-dimensional p-adic Heisenberg group with
group multiplication given by

(x1,1,21)(x2,¥2,22) 1= (%1 + X2, 91 +y2,21 +22 +x1)2)

for all (x1,y1,21), (x2,¥2,22) € H. Then N = {(0,0,z) € H: |z] < 1} is a compact
central subgroup of H. Identify G = H/N with Q, x Q, x (Q,/Z,) as a set. Define
a: G— Gby

a(x’y7Z+ZP) = (px’pil)gz"i_zp)

forall (x,y,z+Z,) € G. Then ¢ is an analytic automorphism of the p-adic Lie group
G with lev(at) = {(0,0,z+7Z,): z€ Q,},

con (@) = {(x,0,0): x€ Q,}, and con(a)={(0,y0): y€Q,}.
Since lev(a) is discrete, & is expansive (see [24, Propostion 1.3 (a)]). As

[con (et), Con ()] = {(0,0,z+7Z,): z€ Q,}
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and con (@) con (&) = {(x, 3%y + Zp): x,y € Q,}, we see that the set
con (a) don (@) is a not a subgroup of G. Accordingly, G is not isomorphic to a
closed subgroup of GL,(Q),) for any n € N (see Proposition 10.2).

11 Distality and Lie groups of type R

Following Palmer [41], a totally disconnected, locally compact group G is called
uniscalar if sg(x) = 1 for each x € G. This holds if and only if each group element
x € G normalizes some compact, open subgroup V; of G (which may depend on x). It
is natural to ask whether this condition implies that V, can be chosen independently
of x, i.e., whether G has a compact, open, normal subgroup. The answer is negative
for a suitable p-adic Lie group which is not compactly generated (see [25, §6]). But
also for some totally disconnected, locally compact groups which are compactly
generated, the answer is negative (see [3] together with [38], or also [22, Proposition
11.4], where moreover all contraction groups for inner automorphisms are trivial
and hence closed); the counterexamples are of the form

(FN x FNoy o H

with F a finite simple group and a suitable action of a specific finitely generated
group H on Z. Thus, to have a chance for a positive answer, one has to restrict at-
tention to particular classes of groups (like compactly generated p-adic Lie groups).
If G has the (even stronger) property that every identity neighbourhood contains an
open, compact, normal subgroup of G, then G is called pro-discrete.'> Finally, a Lie
group G over a local field K is of type R if all eigenvalues A of L(@) in an algebraic
closure K have absolute value |A|x = 1, for each inner automorphism o (cf. [43]
for K = Q),), i.e., if each inner automorphism is distal (see Proposition 7.10).

Using the Inverse Function Theorem with Parameters and locally invariant
manifolds as a tool, we can generalize results for p-adic Lie groups from [43], [25],
and [42] to Lie groups over local fields of arbitrary characteristic. The following
result was announced in [22, Proposition 11.2].

Proposition 11.1. Let « be an analytic automorphism of a Lie group G over a
totally disconnected local field K. Then the following properties are equivalent:

(@ con (@) is closed and s(a) = s(a ) =1,
(b)  All eigenvalues of L(a) in K have absolute value 1;
(c)  Each e-neighbourhood in G contains an o-stable compact open subgroup.

15 Another interesting group is the semidirect product G := FT x T, where F is a finite simple
group and T is a Tarski monster (a certain finitely generated, infinite, simple torsion group) acting
on FT via (x.f)(y) := f(x~'y) for x,y € T. Then, for each x € G, there is a basis of identity
neighbourhoods consisting of compact open subgroups of G which are normalized by x. Moreover,
G has FT as a compact open normal subgroup, but this is the only such and thus G is not pro-
discrete (see [26]).
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In particular, G is of type R if and only if G is uniscalar and con () is closed for
each inner automorphism o of G (in which case con(at) = {e}).

Proof. The implication “(a)=(b)” follows from Theorem 8.13 and Theorem 3.6 (c).

If (b) holds, then g = g; coincides with the centre subspace g; = lev(L()) with
respect to L(at), whence ¢.: W, — By (0) C g = g (as in 8.9) is a diffeomorphism
with ¢.(e) = 0 and d¢.|q = idg. After shrinking R if necessary, we may assume
that the sets W¢(t) = ¢, ' (B#(0)), which are a-stable by 8.9, are compact open
subgroups of G for all ¢ € 0, R] (see Lemma 5.2). Thus (b) implies (c).

If (c) holds, then every identity neighbourhood of G contains a compact open
subgroup V which is a-stable and hence tidy for o with

s(a)=[a(V):a(V)NV]=[V:V]=1

and, likewise, s(a~!) = 1. Moreover, con (o) is closed (by Lemma 8.2 (a)), and
thus (a) follows. O

As shown in [42] and [25], every compactly generated, uniscalar p-adic Lie group
is pro-discrete. For Lie groups over totally disconnected local fields, we have the
following analogue (announced in [22, Proposition 11.3]):

Theorem 11.2. Every compactly generated Lie group of type R over a totally dis-
connected local field is pro-discrete.

Proof. Let G be a Lie group over a totally disconnected local field K, with Lie alge-
bra g := L(G), such that G is generated by a compact subset K. Then Ad(G) C
GL(g) is generated by the compact set Ad(K), since the adjoint representation
Ad: G — GL(g) is a continuous homomorphism (as recalled in 4.7). Moreover,
the subgroup generated by Ad, is relatively compact in GL(g) for each x € G, by
Lemma 3.9. Thus Ad(G) is relatively compact in GL(g), by [42, Théoréme 1]. Let O
be the valuation ring of K. As a consequence of Theorem 1 in Appendix 1 of [50,
Chapter IV], there is a compact open O-submodule M C g with Ad, (M) = M for all
x € G. Let

[|.Il: g — [0,00[, x> inf{|z|: z € K such that x € zM}

be the Minkowski functional of M. Then ||.|| is a norm on g such that Ad(G) C
Iso(g, ||.||)- Using this norm, we abbreviate Bf := B (0) forall# > 0.Let¢: U —V
be an analytic diffeomorphism from a compact open subgroup U of G onto an open
0-neighbourhood V' C g such that ¢(e¢) = 0 and d¢|; = idg. Let R > 0 and the
compact open subgroups Bf’ = ¢! (B?) fort €]0,R] be asin5.1. Since K is compact
and the mapping G x G — G, (x,y) — xyx~! is continuous with xex™! = e, we find
an open identity neighbourhood W C U such that xWx~! C U for all x € K. Now
consider the analytic mapping

frGx W)=V, fxy):=¢@xd '(x")
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and define f, := f(x,.): (W) =V for x € G. Then f,(0) = 0 and (f;)'(0) = Ad,
is an isometry for all x € G. As a consequence of Lemma 4.9, for each x € K there
exists an open neighbourhood P of x in G and r, > 0 with B?X C ¢(W) such that

f-(Bf) =B} forallz€ P andr€]0,r].

We may assume that . < R for all x € K. There is finite subset & C K such that
K CUycq Py Set
r:=min{r,: x € ®}.

Then f,(Bf) = B} forall z € K and ¢ € ]0, 7], entailing that

Bz =070z (BY)z")) = 9 (£(BF)) = ¢ (BY) = BY.

Since K generates G, we deduce that the compact open subgroup Bf’ is normal in G,
for each ¢ € ]0,r]. O

Related problems were also studied in [47].
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