Fields of definition of finite hypergeometric
functions

Frits Beukers

Abstract Finite hypergeometric functions are functions of a finite field F, to C.
They arise as Fourier expansions of certain twisted exponential sums and were
introduced independently by John Greene and Nick Katz in the 1980’s. They have
many properties in common with their analytic counterparts, the hypergeometric
functions. One restriction in the definition of finite hypergeometric functions is that
the hypergeometric parameters must be rational numbers whose denominators divide
g — 1. In this note we use the symmetry in the hypergeometric parameters and an
extension of the exponential sums to circumvent this problem as much as possible.

1 Introduction

In the 1980’s John Greene [5] and Nick Katz [6] independently introduced functions
from finite fields to the complex numbers which can be interpreted as finite sum ana-
logues of the classical one variable hypergeometric functions. These functions, also
known as Clausen—Thomae functions, are determined by two multisets of d entries
in Q each. We denote them by @ = (@y,...,@4) and B = (By,..., Ba). Throughout
we assume that these sets have empty intersection when considered modulo Z. The
Clausen—Thomae functions satisfy a linear differential equation of order d with
rational function coefficients. See [2].

Let F, be the finite field with g elements. Let £, be a primitive p-th root of unity
and define the additive character , (x) = ;‘r(x) where Tr is the trace from F,, to F),.
For any multiplicative character y : F; — C* we define the Gauss sum

g = > X (x) .

X
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University of Utrecht, e-mail: f.beukers @uu.nl



2 Frits Beukers

Let w be a generator of the character group on Ffi. We use the notation g(m) = g(w™)
for any m € Z. Note that g(m) is periodic in m with period g — 1. Note that the
dependence of g(m) on ¢, and w is not made explicit. Very often we shall need
characters on IF; of a given order. For that we use the notation q = ¢ — 1 so that a
character of order d can be given by w™¢ for example, provided that d divides ¢ of
course.

Now we define finite hypergeometric sums. Let again @ and £ be multisets of
d rational numbers each, and disjoint modulo Z. We need the following crucial
assumption.

Assumption 1.1 Suppose that
(g-Dai(g-1)B;€Z

foralliand j.

Definition 1.2 (Finite hypergeometric sum) Keep the above notation and Assump-
tion 1.1. We define for any t € F,

w((=D)4H™ .

d
H, (e B = l—[(g(m+aiq)g(—m—ﬁiq)

l—gq = | glaiq)g(-Bia)

It is an exercise to show that the values of H,(a,B[t) are independent of the
choice of .
The hypergeometric sums above were considered without the normalizing factor

(| |g(@ia)g(=giag)™

d
i=1

by Katz in [6, p. 258]. Greene, in [5], has a definition involving Jacobi sums which,
after some elaboration, amounts to

4 glei)g(—Bia)
w(=DPlag [ [ === Hy (e flr).
L—l[ glajq-Big) 7
where |B| = B1 + -+ B4. The normalization we adopt in this paper coincides with
that of Dermot McCarthy, [7, Def 3.2].
Let

d d
A =] Jae-e), By =] [r-e).
J=1 j=1

An important special case is when A(x),B(x) € Z[x]. In that case we say that
the hypergeometric sum is defined over Q. Another way of describing this case
is that k@ = a(mod Z) and kB = B(mod Z) for all integers k relatively prime to
the common denominator of the ;, B;. In other words, multiplication by k of the
«;(mod Z) simply permutes these elements. Similarly for the 8;. From work of Levelt
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[2, Thm 3.5] it follows that in such a case the monodromy group of the classical
hypergeometric equation can be defined over Z. It also turns out that hypergeometric
sums defined over Q occur in point counts in F, of certain algebraic varieties, see [1,
Thm 1.5] and the references therein. It is an easy exercise to show that H, (a, Blt) is
independent of the choice of w (it is already independent of the choice of ¥).

One of the obstacles in the definition of finite hypergeometric sums over Q is
Assumption 1.1 which has to be made on g, whereas one has the impression that
such sums can be defined for any g relatively prime with the common denominator
of the «;, B;. This is resolved in [1, Thm 1.3] by an extension of the definition
of hypergeometric sum. The idea is to apply the theorem of Hasse—Davenport to
the products of Gauss sums which occur in the coefficients of the hypergeometric
sum. Another way of dealing with this problem is given by McCarthy, who uses
the Gross—Koblitz theorem which expresses Gauss sums as values of the p-adic
I'-function.

Theorem 1.3 (Gross—Koblitz) Let w be the inverse of the Teichmiiller character.
Let a’~' = —p and {p such that £, = 1+ w(mod n?). Let I, be the p-adic Morita
T-function. Let ¢ = p' and 8q4(m) denote the Gauss-sum over F, with multiplicative
character w™. Then, for any integer m we have

1 o-n{zz) ((pim
gglmy == [0 Fp({q_l})-
i=0
Here {x} = x — | x] is the fractional part of x. In particular, when q = p we get

gp(m) = —n®P DI, ({i})

p—1

See Henri Cohen’s book [4] for a proof. When p does not divide the common
denominator of the a;, §; one easily writes down a p-adic version of our hypergeo-
metric sum for the case g = p.

Definition 1.4 We define G, (a, B|t) by the sum

RS d\m A(m) < Fp({aiJrz%l}) rf”( _ﬁ"_z%l})
ﬁn;)‘“((_” e 1_1[ LGah LD

where J
m m
A(m) = ;{aﬁﬁ}—{ai}+{—ﬁ,~—ﬁ}—{—ﬂ,~}.
Note that

d

A(m)=z—{ai+p4l

i=1
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In particular A(m) € Z. Definition 1.4 almost coincides with McCarthy’s function
4G4 from [7, Def 1.1] in the sense that our function coincides with ;G4(1/t). We
prefer to adhere to the definition given above. The advantage of Definition 1.4 is that
Assumption 1.1 is not required, it is well-defined for all parameters a;, §; as long as
they are p-adic integers. Define

d
0=0(a.B) = Jmax, ;Lx +tai| = lail +-x=Bil = -Bil.

Then, using Definition 1.4 and the fact that —A(m) < 6 one easily deduces that
péGp(a',ﬂIt) is a p-adic integer. In [7, Prop 3.1] we find this in a slightly different
formulation. However, it is not clear from the definition whether this value is algebraic
or not over Q. It is the purpose of the present note to be a bit more specific by proving
the following theorem.

Theorem 1.5 Let notations be as above and let K be the field extension of Q gen-
erated by the coefficients of A(x) and B(x). Suppose p splits in K, i.e. p factors
into [K : Q] distinct prime ideals in the integers of K. Let A = maxy 6 (ka, k) over
all integers k relatively prime with the common denominator of the a;, B;. Then
pAGp (@, BIt) is an algebraic integer in K.

For the proof we construct in Section 2 a generalization of the hypergeometric
function H, (A, B|t) involving two semisimple finite algebras A and B over F,;. We
show that it belongs to K and then, in Section 3 identify its p-adic evaluation with

Gp(a.Bln).

2 Gauss sums on finite algebras

The main idea of the proof of Theorem 1.5 is to use Gauss sums on finite commutative
algebras over F, with 1. Let A be such an algebra. For any x € A we define the
trace Tr(x) and norm N(x) as the trace and norm of the F,-linear map given by
multiplication with x on A.

Choose an additive character ¢ on A which is primitive. That is, to any ideal
I c A1 # (0) there exists x € I such that (x) # 1. Any other non-degenerate
additive character is of the form ¥ (ax) with a € A*. A multiplicative character y is
called primitive if its kernel does not contain any subgroup of the form {1+ ala € I}
for some non-zero ideal [ in A.

For any multiplicative character y on A* we can define a Gauss sum

gaW )= D ) x ().

xX€AX

When A is not semisimple, the Gauss sum can be 0, as illustrated by the following
example.
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Example 2.1. Let A =F,[x]/ (x%). Choose the additive character Yla+bx)=¢ [’f .
It is easy to see that this is a primitive character. Note that a + bx € A* < a €
F7. Let y be a nontrivial multiplicative character on Fy; and extend it to A* by
x(a+bx)= y(a). Then

gaW )= > x(a)=0.

ae]FIX,,beF,,

¢

So we restrict ourselves to semisimple algebras. These are precisely the finite
sums of finite field extensions of F,. In this case there is an obvious choice for the
additive character.

Lemma 2.2 Suppose A is a direct sum of finite field extensions of Fy. Then y(x) =

é,Tr(x)

p s a primitive additive character.

Proof : Let A = @_ F; with F; a finite field extension of F, for all i. Then ¢ (x) =
{gr‘(x‘)+"'+Tr"(X’), where Tr; stands for the trace function on F;. If  were not
primitive then there exists a € A,a # 0 such that y(ax) =1 for all x € A. Suppose
a = (ay,...,a,) and assume, without loss of generality, a; # 0. Then ¥ (x,0,...,0) =
{;,rr(“‘x) =1 for all x € F). By the properties of the trace of a field this is not possible.
]

From now on we use the trace character on a semisimple algebra A as additive
character and write g4(y) for the Gauss sum. So we dropped the dependence of
the Gauss sum on the aditive character. The only amount of freedom in the additive
character rests on the choice of £),.

Proposition 2.3 Let A be a direct sum of finite fields over Fgq and y (x) = {I"l;r(x) the
additive character. Let y a multiplicative character. Then there exists a non-negative
integer f such that

leal) > =¢’.

Proof : Again, write A = GszlFi. Then y can be written as y(xi,...,x,) =
x1(x1)- xr(x,), where y; is a multplicative character on FI.X. This implies that

galy, x) = 1_[8(/\/1'),
i=1

where g(y;) is the usual Gauss sum on the field F;. The additive character on F; is

{gr" ) with the same choice of {) for each i. Our assertion follows directly. O

Choose two finite semisimple algebras A, B over F,,. Choose the trace characters
on each of them with the same choice of {,, and call them ¥4,y p. Let x4, xB be
multiplicative characters on A%, B*. Denote the norms on A, B by Na, Np.

Definition 2.4 We define
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-1

— YA (=y) xalx) xB(y),
84X A)8B(XB)  ( ux e ppx

JINA(x)=Np(y)

H,(A,Blt) =

foranyt €F,.
The following theorem gives its Fourier expansion in ¢.

Theorem 2.5 Let w be a generator of the multiplicative characters on FZ When the
context is clear we denote both functions w(Na(x)) and w(Np(y)) by wn. We then
have,

1 ‘122 gAY awi)gs(XBOY")

H,(ABIt) = Na(=Dn)™.
a(4 510 l-g 4 galxa)gs(xs) W=D

Proof : We compute the Fourier expansion Zf’n;zo cnw(t)™ of Hy(A, Blt). The
coefficient ¢, can be computed using

1 _
=g Z Hy (A, BINw(t) ™.
teFy

When we substitute the definition for H, (A, B|t) in the summation over ¢, we get a
summation over ¢ € ]F;,x € A%,y € B* with the restriction tN4(x) = Ng(y). So we
might as well substitute t = Ng(y)/N4(x) and sum over x,y. We get,

1 1
m=T D YACUB(Y) X @) x5() ™ @(NAG))"w (N5 (7)) ™",
—-q XeAXyeBX 8A8B

The summation over x yields ga(xaw;). To sum over y we first replace y by —y
and then perform the summation. We get w(Np(—1))"gp(xpw}™). This proves our
theorem. O

Example 2.6. As in the previous section take two multisets of hypergeometric
parameters «, 8. Suppose that (¢ —1)a;, (q—1) B areinZ for alli, j. Take A= B = F4,
the direct sum of d copies of F; with componentwise addition and multiplication. The

norm on A, B is given by N(x1,...,x4) = x1---X4. In particular Ng(-1) = (-4,
For both A, B we take the additive character ¥ (x1,...,xq) = gr(x‘+"'+x"), where Tr

the trace function on F,. As multiplicative characters we take

d d
xa(xi,...,xq) = l—lw(xi)(q_])m, xXB(X1,...,Xq) = l_[w()’j)(q_])ﬁj-
i-1 j=1

An easy calculation shows that g4 (y awyy) = H;’zl g(m+(q—1)a;) and similarly
for gg. So we see that we recover the finite hypergeometric sum of the previous
section. o
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Lemma 2.7 Suppose dim}:q (A) = dil’an (B). Then Hy (A, B|t) does not depend on
the choice of {,, in the additive characters.

As a corollary, in this equi-dimensional case the values of H,(A, B|t) are con-
tained in the field generated by the charactervalues of x a, X B-

Proof : When we choose {},a € ]F; instead of (), in the definition of the addi-
tive character it is easy to check that g4(xa4) gets replaced by ya(@ galxa).
And similarly for B. As a corollary any term in the sum in the hypergeometric
sum in Theorem 2.4 is multiplied by w(Np(a)/Na(a))™. Since a € F,, is a scalar,
Na(a) = Ng(a) = a2, where d = dim]Fq (A) = dim]yq (B). Hence, in the case of equal
dimensions of A, B the multiplication factor is 1.

Let o € Gal(Q/Q) be such that it fixes the values of X as x B but sends ), to {77
According to the above calculation H, (A, B|t) is fixed under this substitution and
hence under o. O

Let us return momentarily to Example 2.6 and suppose that the parameters «
have the property that k& = @(mod Z), kS = B(mod Z) for all k relative prime with
the common denominator of the a;, 8;. Then, for any o € Gal(@/ Q) there exists a
permutation p of the summands of A = @fl:lIFp such that y4(p(x)) = ya(x)? for
all x € A*. A similar permutation exists for B. Notice also that Tr(p(x)) = Tr(x) and
N(p(x)) = N(x).

A similar situation arises in the case A =F,,~ as F,-algebra. Let x 4 be a character
of order d dividing p” — 1. Let p be the p-th power Frobenius on A, then y 4(p(x)) =
xa(x)P, a conjugate of y4(x) for all x € A*. Notice also that Tr(po(x)) = x and
N(p(x)) = N(x).

Definition 2.8 Let A be a finite dimensional F-algebra. A ring automorphism p :
A — A is called an F-automorphism if it is F,-linear and it fixes both norm and
trace of A.

Proposition 2.9 Let A, B be finite commutative semisimple F-algebras. Let x 4, x B

be multiplicative characters. Consider the subgroup G of Gal(Q/Q) of elements o for
which there exists an F,-automorphisms p of A and pp of B with the property that

xa(pa(x)) = xa(x)” and xp(pp(x)) = xp(x)7 forevery o € G. Then Hy (A, Bl1)
lies in the fixed field of G for every t € FCXI

Proof : Let o € G. We first compute the action of o on ga(x4). Suppose that
(r(gp) = §§~

gaxa)” = > LT ya(x)”

xX€AX

D78y ap(x)

xeAX

Tr(p™! -
Z é‘pr(p (X))/\/A(a lx)

xX€EAX

= xa(@)'galxa)
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A similar calculation holds for B. Now apply o to the terms in the sum in Defi-
nition 2.4. A similar calculation as above shows that the sum gets multiplied with
)(A(a)‘l,\/B(a)_l. This cancels the factor coming from g4(xa)gs(yp). Hence
H, (A, B|t) is fixed under all o € G. O

3 Proof of Theorem 1.5
We use the notations from the introduction. In particular

d
(x_eZIZ'iﬁj)
=1

d
A(x) = ]_[(x — ¥y, B(x) =
=1

J

J

and K is the field generated by the coefficients of A(x) and B(x). Let p be a prime
which splits completely in K. Then we can consider A(x) as element of Fj,[x]. Let
A(x) = A1(x) -+ Ar(x) be the irreducible factorization of A(x) in IF,[x]. For the F,-
algebra we take GBLIIFP [x]/(A;(x)). The construction of a multiplicative character

on A is as follows. First we choose a multiplicative character w on E such that its
restriction to F,,- has order p” —1 for all 7 > 1 and fix in the remainder of the proof.

Since p splits in K multiplication by p gives a permutation of the multiset @
modulo Z. Under this action @(mod Z) decomposes into a union of orbits, which
we call p-orbits. Let O be such a p-orbit. Then [],co (x — €2™?) is a polynomial
and p splits in the field generated by its coefficients. So we can consider it modulo
a prime ideal dividing p and hence as an element of F,[x]. It is one of the factors
A;(x) of the mod p factorization of A(x). The orbit O will now be denoted by
O;. There are r orbits and we renumber the indices of the «; such that a; € O; for
i=1,...,r. On F,[x]/(A;) we define the multiplicative character y; = w® @i~1,
where g; = pd°2(40)_If we would have chosen pa; instead of a;, the new character
would simply consist of the Frobenius transform followed by y;. For the character
xaonA=3r F,[x]/(A;) we choose

XAX1, . X)) = l_[w(xi)”i(ﬂh'_l).
i=1
Let o € Gal(Q/K). It acts as w(x) > w(x)¥ for some integer k. Hence
xa@nx)” = [ Jotko@D,
i=1

This permutes the factors by a permutation s € S, and we get

r

XA, x,)7 = l_[w (xs‘l(i)

i=1

s

)plm,-<q,-—1)
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where 0 < [; < deg(A;) for each i. We used g,(;) = g;. We finally get

1 plir

a;(gi—-1) »
) :XA(xx"(l)"”’xs’l(r))‘

.
i
xa(xi,...,x.)7 = l_lw(xf—l(i)
i=1

In other words, x 4(x)? = x a(p(x)) for a suitable F,,-automorphism p of A. Notice
that norm and trace of A are preserved by p. A similar construction can be performed
for B(x). According to Proposition 2.9 we get H),(A, B|t) € K for all 1 € F,.

In order to connect to the p-adic function G, we take the inverse of the
Teichmiiller character for w and compute the terms given in Definition 2.4 p-
adically. The Gauss sum ga(yawy;) is the product of ordinary Gauss sums of
the form g (w(@-Datm(+p+-+p""y over the field F, with ¢ = p'. The occurrence of
m(1+p+---+p~1)is due to w(Ne, /r, (1)) = w(x)" 1+ *+P"™) The Gross—Koblitz
theorem for Gauss sums over F, with g = p' gives us

-1 {pia} pia
o=l (25)
i=0

for every integer a. When applied to a = (g— 1)a+m(q—1)/(p— 1) this amounts to

fjeesinfes)

i=0

Note that this is a product over the p-orbit containing « and each factor is precisely
of the type that occur in the definition of the p-adic hypergeometric sum. A similar
story goes for B(x). As a result we get

8ACKAWR)es (O ni) ﬁ U ({or+ 322 }) T ({8 - 221))
saengsem) 0 L O, (e T, (B

where A(m) is as defined in the introduction. So we find that p-adically
Hp(A,Blt) = Gp(a,Blt).

Hence we conclude that the values of G, are in K. It remains to give an estimate
for the denominator. The conjugates of H, (A, B|t) are obtained by taking )(’2, X’;; as
multiplicative characters. The corresponding hypergeometric parameters are ka, k5.
From McCarthy’s work it follows that p*G p(ka,kpB|t) is a p adic integer for all k rel-
atively prime to the common denominator of a;, 8;. This implies that prH »(A,Blt)
is an algebraic integer in K.
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