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Abstract Mirror symmetry predicts surprising geometric correspondences between
distinct families of algebraic varieties. In some cases, these correspondences have
arithmetic consequences. Among the arithmetic correspondences predicted by mirror symmetry are correspondences between point counts over finite fields, and more
generally between factors of their Zeta functions. In particular, we will discuss our
results on a common factor for Zeta functions of alternate families of invertible polynomials. We will also explore closed formulas for the point counts for our alternate
mirror families of K3 surfaces and their relation to their Picard–Fuchs equations. Finally, we will discuss how all of this relates to hypergeometric motives. This report
summarizes work from two preprints in progress.
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1 Motivation
Calabi–Yau varieties—those smooth projective varieties with trivial canonical bundle—
provide a rich and interesting source of arithmetic and geometry. Calabi–Yau varieties of dimension 1 are elliptic curves, ubiquitous in mathematics and theoretical
physics. In dimensions two and above, we take our Calabi–Yau varieties to be simply connected. The two-dimensional Calabi–Yau varieties are better known as K3
surfaces, after the mathematicians Kummer, Kähler, and Kodaira and the mountain
K2. Like elliptic curves, K3 surfaces are all diffeomorphic to each other, but the
study of their complex and arithmetic structure remains deep. The study of higher
dimensional Calabi–Yau varieties promise the same rewards in many areas of mathematics.
It is particularly important to study Calabi–Yau varieties in families, and interesting families of Calabi–Yau varieties arise in several ways. Perhaps the simplest
method of obtaining Calabi–Yau varieties is to take smooth (n + 1)-folds in projective space Pn . A natural generalization of this construction is to take anticanonical
hypersurfaces or complete intersections in certain toric varieties. Often, however,
one wishes to consider subfamilies with further special properties. For example, a
general smooth quartic in P3C has Picard rank 1, but a general member of the pencil
of K3 surfaces given by
x04 + x14 + x24 + x34 − 4ψ x0 x1 x2 x3 = 0
has Picard rank 19 and the Fermat quartic
x04 + x14 + x24 + x34 = 0
where ψ = 0 has Picard rank 20. As often happens, these special geometric properties are correlated with enhanced symmetry: each member of the pencil admits an
action by the group (Z/4Z)2 , and the Fermat quartic admits an action by a group of
384 elements.
Calabi–Yau manifolds are also interesting from a physical perspective. Indeed,
string theory posits that our universe consists of four space-time dimensions together
with six extra, compact real dimensions which take the shape of a Calabi–Yau variety. Physicists have produced several consistent candidate theories, using properties
of the underlying varieties. These theories are linked by dualities which transform
physical observables described by one collection of geometric data into equivalent
observables described by different geometric data. Attempts to build a mathematically consistent description of the duality between Type IIA and Type IIB string
theories led to the thriving field of mirror symmetry, which is based on the philosophy that the complex moduli of a given family of Calabi–Yau varieties should
correspond to the complexified Kähler moduli of a mirror family.
There are several methods of constructing the mirror to a family of Calabi–Yau
varieties. The first mirror symmetry construction, due to Greene–Plesser [20], used
a (Z/5Z)3 action on the one-parameter family of quintic threefolds Xψ given by
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x05 + x15 + x25 + x35 + x45 − 5ψ x0 x1 x2 x3 x4 = 0
to construct the mirror family Yψ to all smooth quintic hypersurfaces in P4 . A directly analogous construction can be used to find the mirrors to families of Calabi–
Yau hypersurfaces in weighted projective spaces. Batyrev gave combinatorial methods for constructing mirror families to Calabi–Yau varieties realized as hypersurfaces or complete intersection in toric varieties [3]. Though powerful, Batyrev’s construction relates families rather than individual varieties. In the current work, we use
an alternative generalization of the Greene–Plesser construction due to Berglund–
Hübsch–Krawitz [4, 28], allowing for a direct comparison of varieties on either side
of the mirror correspondence.
When individual pairs of mirror varieties can be identified, mirror symmetry constructions have implications for their arithmetic and geometric structure. These implications were first explored by Candelas–de la Ossa–Rodriguez-Villegas [6] for
their zeta functions, the generating function for the number of F pr -valued points
)
(
∞
#X(F pr )T r
Z(X, T ) = exp ∑
r
r=1
for a variety X over F p ; we have Z(X, T ) ∈ Q(T ) by a theorem of Dwork [14].
These authors used the Greene–Plesser mirror construction and techniques from
toric varieties to compare the zeta function of fibers of the diagonal Fermat pencil
of threefolds Xψ and the mirror pencil of threefolds Yψ [6, 7, 5]. They found that
for general ψ , the zeta functions of Xψ and Yψ share a common factor R(T, ψ ).
This common factor is related to the period of the holomorphic form on Xψ , and
the number of points on Xψ over a finite field is given by a truncation of a generalized hypergeometric function which solves the Picard–Fuchs equation associated to
the holomorphic form. Furthermore, the other nontrivial factors of Z(Xψ , T ) were
closely related to the action of (Z/5Z)3 on homogeneous monomials.
The Greene–Plesser construction generalizes easily to smooth hypersurfaces of
degree n + 1 in Pn . Wan [34] has characterized the relationship between a member
Xψ of the diagonal Fermat pencil in Pn and its mirror Yψ in terms of point counts
via the congruence
#Xψ (Fq ) ≡ #Yψ (Fq ) (mod q)
for all q = pr such that Fq ⊇ F p (ψ ). Fu–Wan [16] generalized this result to other
pairs of mirror pencils. More recently, Kloosterman [26] showed that one can use
a group action to describe the distinct factors of the zeta function for any oneparameter monomial deformation of a diagonal hypersurface in weighted projective
space.
In our work, we take a slightly different approach. Rather than relating a pencil of Calabi–Yau varieties to its mirror, we instead consider those pencils whose
mirrors are related in some geometric way. In other words, we seek to understand
when common properties of mirrors translate into arithmetic, geometric, or physical
implications for the original pencils themselves.
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There is an intricate relationship between Picard–Fuchs equations and the zeta
function, mediated by the action of the Frobenius map. Given a set of symmetric
pencils in Pn which yield alternate mirrors to smooth n + 1-folds in Pn , we hypothesize that the zeta functions of the members of each pencil and their mirror should
share a common factor, corresponding to the Picard–Fuchs equation satisfied by
the holomorphic form. In the current work, we apply the formalism of Berglund–
Hübsch–Krawitz mirror symmetry to characterize appropriate symmetric pencils,
and we study the resulting zeta functions.
We have followed four approaches, exploiting algebraic, geometric, and arithmetic properties of highly symmetric pencils.

2 Common Factor Theorem
Our first result, described in more detail in [12], is that invertible pencils whose mirrors have common properties share arithmetic similarities as well. Revisiting work
of Gährs [18], we find that invertible pencils whose BHK mirrors are hypersurfaces
in quotients of the same weighted-projective space have the same Picard–Fuchs
equation associated to their holomorphic form. In turn, we show that the Picard–
Fuchs equations for the pencil dictate a factor of the zeta functions of the pencil.
An invertible polynomial is a polynomial
n

n

FA = ∑ ∏ x j i j ∈ Z[x0 , . . . , xn ],
a

i=0 j=0

where A = (ai j )i, j is an (n + 1) × (n + 1) is a matrix with nonnegative integer entries,
such that:
• det(A) ̸= 0,
• the polynomial FA is homogeneous of degree n + 1, and
• the function FA : Cn+1 → C has exactly one singular point at the origin.
We further impose that these hypersurfaces are Calabi–Yau varieties, so the degree of the polynomial FA is n + 1.
Inspired by Berglund-Hübsch-Krawitz (BHK) mirror symmetry, we look at the
weights of the transposed polynomial
n

n

FAT := ∑ ∏ x j ji ,
a

i=0 j=0

which will be a quasihomogeneous polynomial, i.e., there exist nonnegative integral
weights q0 , . . . , qn so that gcd(q0 , . . . , qn ) = 1 and FAT defines a hypersurface XAT in
the weighted-projective space W Pn (q0 , . . . , qn ). We call q0 , . . . , qn the dual weights
of FA . Let d T = ∑i qi be the sum of the weights.
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Using the dual weights, we define a one-parameter deformation of our invertible
pencil. Consider the polynomials
n

n

FA,ψ = ∑ ∏ x j i j − d T ψ x0 · · · xn ∈ Z[ψ ][x0 , . . . , xn ].
a

i=0 j=0

We then have a family of hypersurfaces XA,ψ := Z(FA,ψ ) ⊂ Pn in the parameter
ψ , which we call an invertible pencil.
The Picard–Fuchs equation for the family XA,ψ is determined completely by the
dual weights by work of Gährs [18, Theorem 3.6]. Indeed, Gährs computes the
order of the Picard–Fuchs equation in terms of the qi . There is an explicit formula
for the order D(q) of the Picard–Fuchs equation that depends solely on the (n + 1)tuple of dual weights q = (q0 , . . . , qn ). The Picard–Fuchs equation itself depends
solely on q as well. To be precise, we observe that the Picard–Fuchs equation is a
hypergeometric differential equation whose motive descends to Q.
For a smooth projective hypersurface X in Pn , the zeta function is of the form
n

Z(X, T ) =

PX (T )(−1)
,
(1 − T )(1 − qT ) · · · (1 − qn−1 T )

with PX (T ) ∈ Q[T ]. Our main result exhibits a (fiber-wise) common factor of the
zeta function in the general setting suggested above.
Theorem 1. Let XA,ψ and XB,ψ be invertible pencils of Calabi–Yau n − 1-folds in
Pn , determined by integer matrices A and B, respectively. Suppose A and B have the
same dual weights qi . Then for each ψ ∈ Fq such that the fibers XA,ψ and XB,ψ are
smooth and gcd(q, (n + 1)d T ) = 1, the polynomials PXA,ψ (T ) and PXB,ψ (T ) have a
common factor Rψ (T ) ∈ Q[T ] with deg Rψ (T ) ≥ D(q).

3 Explicit Computations and Hypergeometric Motives
We next focus our attention on invertible families of K3 surfaces, with dual weights
(1, 1, 1, 1), which are as follows:
Quartic Family

Symmetries

F4
x04 + x14 + x24 + x34 − 4ψ x0 x1 x2 x3 = 0
(Z/4Z)2
F1 L3 x04 + x13 x2 + x23 x3 + x33 x1 − 4ψ x0 x1 x2 x3 = 0
Z/7Z
F2 L2 x04 + x14 + x23 x3 + x33 x2 − 4ψ x0 x1 x2 x3 = 0
Z/8Z
L2 L2 x03 x1 + x13 x0 + x23 x3 + x33 x2 − 4ψ x0 x1 x2 x3 = 0 Z/4Z × Z/2Z ⊂ (Z/8Z)2
L4 x03 x1 + x13 x2 + x23 x3 + x33 x0 − 4ψ x0 x1 x2 x3 = 0
Z/5Z

In [13] we analyze the zeta functions of the families given in Table 3. Using a
classical viewpoint, we find that the hypergeometricity of the Picard–Fuchs equations associated to the five families predicts a motivic decomposition of the point
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counts over finite fields for our families. We see that the hypergeometric Picard–
Fuchs equations for the primitive middle cohomology of the five families correspond to nontrivial hypergeometric summands in the point counts over finite fields.
The core of this paper is the following theorem:
Theorem 2. Let ⋄ ∈ F = {F4 , F2 L2 , F1 L3 , L2 L2 , L4 } signify one of the five K3 families in Table 3. There is a canonical decomposition of the finite field point count
for NFq (X⋄,ψ ) whose summands are either trivial or hypergeometric. Moreover,
2 (X
there exists an element in Hprim
⋄,ψ ) that satisfies a hypergeometric Picard–Fuchs
differential equation with parameters α1 , . . . , αn ; β1 , . . . , βn−1 if and only if there
exists a nontrivial summand in the canonical finite field point count NFq (X⋄,ψ )
corresponding to the hypergeometric function defined over Fq with parameters
α1 , . . . , αn ; β1 , . . . , βn−1 .
This proof is done explicitly. First, we find the Picard–Fuchs equations via the
diagrammatic method introduced in [6, 7] and fully developed in [11]. After establishing the hypergeometric forms of the Picard–Fuchs equations, we confirm that
they do indeed correspond to those in the finite point counts using Gauss sums,
using a classical method due to Delsarte [10] and Furtado Gomida [17].
Additionally, we obtain finer information by factoring the polynomial Q⋄,ψ (T )
in Theorem 1 further, giving a complete hypergeometric decomposition. Our result
is as follows.
Corollary 1. The polynomials Q⋄,ψ ,q (T ) factor over Z[T ] according to the following table.
Family

Factorization

F4
(deg 1)12 (deg 2)3
F2 L2 (1 − qT )6 (deg 1)2 (deg 2)5
F1 L3
(deg 6)3
8
L2 L2 (1 − qT ) (deg 2)1 (deg 4)2
L4
(1 − qT )2 (deg 4)4

Hypothesis

r

q ≡ 1 mod 4
q ≡ 1 mod 8
q ≡ 1 mod 28
q ≡ 1 mod 4
q ≡ 1 mod 20

2
4
12
2
10

(1)

In Table 1, there may be further factorization depending on ψ and q, and some
of these factors may agree. The integer r in Table 1 is such that for q = pr , we have
Q⋄,ψ ,q (T ) = (1 − qT )18 under the hypotheses of Theorem A: in other words, if we
factor Q⋄,ψ ,q (T ) as a product of cyclotomic polynomials ϕmi , then lcm(mi ) | r.
The case of the Dwork pencil F4 is due to Dwork [15, §6j, p. 73], and in this
case we know that the degree 2 factor occurs with multiplicity 3 and the linear
factor occurs with multiplicity 12, as the notation indicates. The factorization in
Corollary 1 is motivated by similar work due to Candelas–de la Ossa–RodriguezVillegas [6, 7]. (Kloosterman [26] has shown that one can use a group action to
describe the distinct factors of the zeta function for any one-parameter monomial
deformation of a diagonal hypersurface in weighted projective space; only one of
our families, the Dwork pencil, fits within the scope of this work.)
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