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Introduction

> Main motivation: study of risk concentration, crucial question in risk
management, in order to measure the diversification benefit of a risk
portfolio but also in view of capital allocation to each risk of the portfolio.

It can be done with various risk measures and relies mainly on the
coherence property, in particular the subadditivity, of the chosen risk
measure.

Goal: to study the diversification benefit for a portfolio of dependent
risks

m when choosing copula models that are used in practice: we provide
analytical results for any threshold of the risk measure and compare
them with results obtained via Monte-Carlo method;

m when assuming a multivariate second order regular variation
condition on the risks: we provide asymptotic (high threshold) risk
concentration results; it allows one to consider examples and results
of the literature under a broad umbrella
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> Definition and notation:

m Popular risk measures:
variance; Value-at-Risk (VaR) = quantile g¢;
Expected Shortfall (ES) =Tail VaR (TVaR)
1 1
ESo(L) = — a (L)ds = E[L|L > qa(L)]

1— A F'r, cont

m Risk concentration measures - diversification indices :
Indices have been introduced to quantify and compare the

diversification of portfolios, such as the closely related notions of

diversification benefit defined by Biirgi et al. (2008) as

~i=d ,
1_ m, with p(-) :== p(-) — E(-),
i=1 ?

and the diversification index (or risk concentration) defined by

Tasche (2008) a

pZX /Zp

for n risks (X;,i=1,---,n), p denotmg a risk measure.

On Risk Concentration
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| - Aggregate dependent risks
(Analytical study with M. Dacorogna & L. Elbahtouri (SCOR))

m Aim: to provide explicit expressions for the cdf of aggregated
dependent risks, allowing to compute analytically risk
measures p, as VaR, or TVaR,, and consequently the
diversification benefit in order to bypass MC simulations of a
large number of dependent risks.

< this analytical approach: a way to measure the
performance of the MC method, and potentially to replace it
in some cases.

m Method based on mixing techniques developed by
Oakes-Marshall-Olkin (O.M.0O.) (88) to construct multivariate
Archimedean copulas.

m Examples developed with Archimedean survival copulas and
heavy tailed marginals, to test the numerical convergence
against the analytical result.
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m Main idea of the O.M.O. method: introduce a latent variable to
transform dependent variables into conditionally independent ones,
and express the dependence between the variables as an
Archimedean survival copula with parameter the latent variable, and
obtain the marginal distributions depending on this parameter.
Theorem by OAKES-MARSHALL-OLKIN
Let © be a positive random variable (rv) with cumulative
distribution function (cdf) Fg and Xy, k > 1, be random variables
(rv) such that

P(X1>z1,., Xy >z, | ©=0)= HH(xk)e
k=1

H being a positive function. This dependence model is a variant of
the structure dependence generated by an Archimedean survival
copula with generator ¢ = L(:)l, where Lo denotes the Laplace
transform of Fg:

PIXy > 1,0, X > 0] = Lo (D L5 (Fi(w))
=1

where themarginal distributions Fj of Xy, k=1,...,n, are
On Risk Concergtefbned by Fr(z) : =1 — Fi(2) = Lo ( — In H(z)). 5
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> Example: dependent model with Pareto marginals and Clayton
copula
m marginals F; (i =1,...,n): Pareto(a, §)-distributed
—Q
Fi(x) =1— F(z) = <1+;> , x>0, witha>1,5>0;

m dependence structure: Clayton copula with parameter 6§ > 0,
defined on [0,1]™ via its generator wy(t) =t~% —1 (¢ € [0;1])
by

n —-1/6
Co (uy, - ,un):<p9_1 (ngg(U,}) (Zu (n—1 )
=1

n
Computing directly the pdf f, of the aggregate risk S, = ZXi
i=1

may be a difficult task, hence the choice of using the mixing
technique to work with conditional independence.

On Risk Concentration 6
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m Choose H(z) =e* (z > 0), © ~ I'(a; 5), then
Lo(t) (1 + ;)

= Fi(z)=Le(—InH(x)) = (1 + %>_a i.e.survival cdf of Pareto(a, 5
we get back the marginal distributions of our model
and  ¢(t) = Le(t)' =B (17" 1),
i.e. the generator of a Clayton copula with 8 =1/«

m Apply O.M.O. theorem to obtain: (X; | © =6,i=1,---,n) i.id.
exponentially distributed with parameter 6
= S, | (©=0)~T(n,0)

o Use that £, (s) = / " fs.j0 () fo (0) d6

Hence the result: the pdf f,, of the aggregate risk S, associated with
the model Pareto(a, $)-marginals and Clayton(1/«) copula, is given by

Ba Sn—l
fn(s) = X aFne S> 0
On Risk Concentration B(Oé, TL) (B + S) * 7
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Result. The TVaR of S, at threshold & is given by

_ B dn 71‘

where B(x;a,b) denotes the incomplete Beta function defined by
x

B(z;a,b) = / w11 —u)*"t and ¢, = VaR.(S,).
0
In particular,

B ol +a)g +28(1+a)g + 25

el =01 (42 1 B)1e

On Risk Concentration 8
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Consequence. The diversification benefit D,, of the aggregate risk
Sy, at threshold k can be expressed, for our model and the risk
measure p, as:

(i) For p=VaR:

1 1
(gn —nE(X)) 1 789 — a1

n(g—EX)) (1-g) Ve a

a—1

D,=1-

with gr = 8(1 — k)Y — 1.
(ii) For p=TVaR:
a—1 " -1
a((1—k)"1e—1)

which simplifies, for n = 2, to:

D,=1-

g1 < a(l+a) q%+2,8(1+o¢) q2+262 1
2(1-k) (g2+B)TFe

a((1—k)~Ve—1)

Dy=1-

On Risk Concentration 9
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> Numerical application and discussion

Cases: (a=3,0=1/3) i.e. moderate tail and dependence
(¢ =2,0=1/2) heavier tail
(¢ =1,0~0.91) i.e. very heavy tail (e.g. earthquake distrit

and a relatively strong dependence (6)

We run 10 sets of simulations (changing the seed of the random
generator) for each case, varying the number of simulations per
run from 10’000 to 10 million.

We report here the average value over the 10 sets of simulations.
It is worth noticing that the standard deviation of those sets
decreases, as expected, with the number of simulations.

On Risk Concentration 10
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Convergence of the TVaR of S;, at 99.5% for a = 1.1, 2, 3 from left to right, for an

aggregation factor n = 2, 10,

the analytical value; the green

100 from up to down. The purple line corresponds to

plots are the average values obtained from the MC

simulations. The y-scale gives the normalized TVaR,, /n (the same for each column)
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> Comments

The normalized TVAR of S,,, TVaR,,/n, decreases as n
increases
The TVaR decreases as « increases
The rate of convergence of TV aR,,/n increases with n
The heavier the tail, the slower the convergence
In the case of very heavy tail and strong dependence (o = 1.1
and € = 0.91), we do not see any satisfactory convergence,
even with 10 million simulations, and for any n
When « = 2,3, the convergence is good from 1 million,
100’000 simulations onwards, respectively.
Via the analytical expression
m Beside the gain in precision, the analytical formula can be
numerically evaluated 40 times faster, resp. 580 times faster
(for « =2 and n = 10, resp. n = 100 for 1 million simulation)
than the estimation given by Monte Carlo simulations

m Hence, bypassing Monte Carlo simulation is a considerable
gain in time and precision for heavy tail

On Risk Concentration 12
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Convergence of the diversification benefit of S;, (associated with TVaR at 99.5%) for

a =1.1,2,3 (from left to right), for n = 2,10, 100 (from up to down). Dark lines for

the analytical values, light ones
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Similar pattern as for the TVaR.
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Plot of the diversification benefit D,, (y-axis) as a function of n (z-axis), for TVaR
with k = 99.5%. The curves from bottom to up correspond, respectively, to Pareto
(a = 2)-Clayton (0 = 1/2), Gauss-Gauss (Clayton; r = 0.42), Gauss-Gauss (Gumbel;
r = 0.39), Weibulll (7 = 1/2)-Gumbel (6 = 2), independent Pareto (o = 2)
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lI- Asymptotic (high threshold) risk concentration
Study with B. Das (SUTD)

1 - Various notions of Regular Variation
> Notation - definitions

Dimension 1
m Regular variation (Karamata)

A random variable X is RV_, < lim }i(m) _
t—00 F(t)

with pe(dz) = az=* ldz. PIX > 1] toeo
m Second order regular variation (see e.g. Resnick (2000))
X €2RV o,(b, A) if 3b(-) € RV1 /4, Alt) o 0 ultimately
of the same sign and |A(t)| € RV, with p < 0 such that
tFE(b(t)x) — x~ e
On Risk Concentration A(b(t)) t—o0 P 15

ol =1




Regular Variation Notation - definitions

Another equivalent definition of 2RV (De Haan & Ferreira (2006)):
F'is 2RV_, ,(A) if there exists an ultimately positive or negative

function A with A(t) — 0 as ¢t — oo such that
F(tl) _ e
F(t) G P —1

The function A coincides in both definitions, as well as « and p.

Dimension d > 1

m Multivariate regular variation (see e.g. Resnick)

A random vector X = (X,..., Xy4) in a cone [0,00)% is
multivariate regularly varying (X € MRV _, (b)) with limit
measure v if 3b(t) T co and a Radon measure v # 0 s.t. on

E = [0,00]"\ {0}
X v
tP|——¢€ - .
RN
We can check that b(-) € RV /4, and that v is homogeneous:
v(cA) =c “v(A), ¢ >0, for a > 0, relatively compact A, bounded
away from 0, A C E.

On Risk Concentration
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Another way: via polar coordinates (see e.g. R. Davis)
There exists a random vector ® € S%~1 (unit sphere in R?)
s.t. we have the following vague convergence on S% ! as
t — o0
P(|X]| > tx, X/|X| € o)
H
P(|X|>t) v
P[® € o] called the spectral measure ; a= index of X
m Second order multivariate regular variation (see e.g. Resnick)

PO € o.

X is second order regularly varying with parameters o > 0
and p <0, X € 2MRV_,, ,(b, A,v, H), if X € MRV_,(b)
and JA(t ) e 0, ultimately of constant sign with

|A| € RVp,p < 0, such that
tP (75 € [0,a]°) — v([0,2])
A(b(t))
locally uniformly in & € (0, )¢\ {oo}, and with

— H(x)

0 75 H(ZL') < 00 (no need to be a distribution, but can be related to a sign measure)
On Risk Concentration 17
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> Relating Univariate & Multivariate Second Order Regular
Variation

d
m Recall that X € MRV_,(b) = S;:=> X;eRV_,

=1

m Extension to the case where X € 2MRV_, ,:

Proposition.
X € 2MRV_a’p(b, A, v, H) = Sy € 2Rv_a7p(bd, Ay, Hd)

with ba(t) := (v(Ta))/b(t), Aa(t) := A((v(Tq))~ Y1),

Vi > 0,
Ha(x) = x(2(v(T4)/°Tq) = caz™" pl with
Cd =5, _a1><(2(1/(1“d))1/°‘1“d), x([0,z]°) = H(x), and

Fd:{ZERd121+ZQ+...—|—Zd>1}.

On Risk Concentration 18
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Remarks:

m X c2MRV_, ,(b,A,v,H) = x(kI'g) # 0 for some k > 0
= cq#0
Reverse not true: we can construct examples where ¢; = 0,
yet X € 2MRV_, ,(b, A,v, H) holds.

B X € MRV_, = at least one of the margins is RV _,,
But X € 2MRYV_, , # one of the components is 2RV .
Ex: if the components of X are iid Pareto(«)- type 1, then
X € 2MRYV,, although none of the margins are 2RV .

m The reverse implication of the Proposition, namely if any
convex combination of X is 2RV, then X € 2 MRV,
requires more conditions on the random variables to hold.
(See e.g. Basrak, Davis & Mikosch (2002) for the conditions that
allows this to happen for RV random vectors (not necessarily 2RV
or 2MRYV).

On Risk Concentration 19
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Example of different degeneracies under 2RV
Take X1, Xo,..., X, iid 2RV_, ,. Then z X; € 2RV _,,, (Mao

& Hu, 2013). But can we say X € 2MRV7

Not always true!

Ex: X1, X5 iid rv with distribution function F' (€ Hall-Welsh class
of heavy-tailed distributions) s.t.

1
1—F(z) = §$_Q(1+$p), r>1, a>0p<O.
For any a > 0 and p < 0, X1 € 2RV _, ,(b, A) where b(t) =t/
and A(t) = t*.

Take a set of the form [0, (x, z2)]¢ for 1 > 0,22 > 0 and observe
that as ¢t — oo,

tP f(a € [0, (w1, x2)]° L2 %4‘% = ([0, (21, 22)l).
(7 <o) =3 (54 55)

On Risk Concentration 20
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At the second level

tP (tl% € [0, (ml,xz)]c> —1 (é + é)

s — (o
and

%(:E;a+p+:z:;a+p) ifp+a>0
tliglo H*(x1,29,t) = %(:cfoﬁp + 2, 01P) — Ty ey ifp+a=0

—00 if p+a<0.

Hence X € 2MRV_,, iff a +p > 0. We can check that no other
choice of A(-) (up to equivalent tail behavior) would provide a
finite limit as ¢t — oc.

On Risk Concentration 21
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Main steps of the proof:
m Using a result by Resnick, X being 2MRV—a, p(b, A, v, H),

tP (b(t) € Ad) —v(Ag)
A(b(1))

— x(Aa)

for any relatively compact Ay C E, andx s.t. x([0,z]°) = H(x).
m Define by(t) = (v(Tq))*/*b(t). Then

Sa z)| = X (v 1/« o (ol 1/a R
P(%(t) - )7“P<b() €ola) Fd) = v (sw@a)/ry) =

m Let Ay(t) = A((v(Ty))~/t) for t > 0. Then,

(> a)—at (i € )/ T - raTa) VT
Aqg(ba(t)) Ab(D)
t 5o X(@@(Ta)'/ “Tq)

m Setting H,(x) := x(x(v(T'y))"/*Ty) and using De Haan & Fereira
(Th. 2.3.9), we can check that for z > 0
ez =1 p2°H1(2)

_ pa111(4) _ 1/a
, wherec = %1 H1(2) = X(Q(V(Fd)) Fd)

On Risk Co!enggigrducje that Sd S 2Rv—a,p(bda Ad)

22
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2 - Risk concentration for high threshold

Let p be a risk measure, e.g. p = VaR,,.

Note that asymptotic results on the diversification index using TVAR

may be deduced from those with VaR, using the property
TVaR.(Z) vy

if Zis RV, then /ll—>m1 VaR(Z) = g

For notational convenience: let, for 0 < 8 < 1,

Q1 5(X)=VaRs(X):=F (1-8)=inf{fz e R:P(X >z) < 1—8}.

> iid rv’s:
m Lemma. (Embrechts et al., 2009) Let X7,..., X, iid RV_,
(a>0),S,=>",X; Then
i VB8 (n) _ e Q) v
L—1 VaRg(X) v—0 Q"/(X'l)
m 2nd order: e.g. Degen et al. (IME 2010); Mao et al. (IME 2012);
Mao and Hu (Extremes 2013)

> Dependent rv's: with alternative approaches (not MRV); e.g.
Albrecher et al. (specific copulas) (Scand. Actuar. J. 2010), Kortschak
on Ris €gridernidemendence) (Extremes 2012)

23
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> Main result

Theorem. Assume X € 2MRYV_, ,(b, A, v, H), with o > 0 and
p < 0, and a Resnick technical condition.

d
Then, for any d > 2, Sy = Z X; € QRV_,%/,(Z)(Z./ Ad) (With by, Ag
i=1
defined in the Proposition), and satisfies

Q=

VaRs(S 1 /(T
lim ——— 8(5a) = lim Ds(X) = K, with Ky := - <”( d)> .
B11 Zi:l VaRﬁ(XZ) 811 d Z/(Fl)

Moreover, if for all d > 1, |x(2(v(I'q))"/°T'y)| < oo, and
X2 (Ta)/*Ta)l # Ix2(v(T1)/°T)l, vd>2,

then lim D1—ye(X) — Ky = C’ﬁ
6 T AG (/) ap
for a constant C' # 0 s.t., for d > 2,
. Cqd—C1 if Xl ~ 2RV
N { cq (#0) otherwise

On Risk Concentration 24
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Remarks:
m Note that if |x(2(v(I'y))"/*T'y)| = oo, the question about the
limiting rate of convergence above remains open.
m Even if ¢y # 0 and ¢; # 0, it is possible that C = ¢4 — ¢ = 0;
we have not found an example of this case.

In order to prove the theorem, we need the following result (direct
application of a lemma from Vervaat, 1971)

Lemma. For any positive rv X assumed to be 2RV _, ,(b, A), we
have

1 -1/
T Qa(X) — Y
lim b(1/y) 7 ( ) _ il’il/a(l‘ip/a - 1)7

70 A(b(1/7)) S

for a non-zero constant c.

On Risk Concentration
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Main steps of the proof:

m Apply our Proposition to write

P -z -l
t (Sn > bn(t)ﬂf,‘) r — Hl(m) = k1$7aa: .
An (bn (1)) tmeo P
Moreover
— F-
tP(X>b(t)x) x — H2(37):H(m7oo7"'7oo):k2miax -
A(b(t)) oo

2% Ho (2
where ko = pT_"’().

m Apply on each the following result by Vervaat:
Suppose y is a continuous function and {z:(x)}1>¢ is a family of non-increasing
functions. Also assume that the function g has a negative continuous derivative.
Let 6(t) — O with 6(t) > 0 eventually and
2@ =0
t—o0 6(1:)
locally uniformly on (0,00). Then, locally uniformly on (g(0), g(c0)),
7 (@) — g (z) /
lim 2272 7 — (%) (z Nz
Jim (67) (@) y(g™ (@)

On Risk Concentration 26
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Examples:

Pareto-Lomax marginal distribution with survival Clayton
copula (2RV margins)
X = (X1, X32) ~ F with identical («, 1)-Pareto-Lomax
marginal distributions with « > 1 given by
Fi(z) = Fy(x) =1— (1 +2)~* (V2 > 0). Notice that
F; € 2RV. Dependence structure of X: survival Clayton
copula defined on [0, 1]2, with 8 > 0, s.t.

_ _ -1/6

]P’[Xl > x1, X9 > xg] = |:(F1(x1))9 + (Fg(xg))e — 1:|

— [(1 +21)% + (1 + 29)0 — 1] e

Pareto-Type 1 marginal distribution with survival Clayton
copula (not 2RV margins)
Fl(l‘) = FQ(JJ) =1- .CL'_a, Ve >1

Mixture model with Hidden Regular Variation

On Risk Concentration 27
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> Example: Pareto-type 1 margins with survival Clayton copula

m Framework
Margins: («, 1)-Pareto distributed, with o > 1, i.e. with cdf I defined by
F(z):=1-F(x)=(1+=z)"% Vz > 0.

Dependence structure of the X: Clayton copula with parameter § > 0,
defined on [0, 1] by

O (u,0) = 5™ (o) +po(0)) = (u™ 4070 —1) "

with its generator ¢ given by pp(t) =t % — 1, ¢t € [0;1].

m We can check that X € 2MRV_, (b, A, v, H) where b(t) = t'/*,
A(t) = =t v (([0,21] X [0,22])%) = 27 + 25 — (21 +22) "7,
H(z1,22) := az1 + m2)7<°‘+1).

m We write x(([0,z1] % [0, z2])°) = H(x1,z2), which can be considered as
a signed measure with density given by

Bz, 22) = oo+ 1)+ 2)(z1 4+ 22) " 21 > 0,22 > 0.

Then we can compute x(kI'2) as
X(kr2) = // h($1,m2) dxidzs = a(a + 2)/4'7(a+1).

z1+xa>k

On Risk Concentration 28
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m Check Resnick assumption
m Applying our proposition gives

So=X1+ X2 € 2RV _4,-1(b2, A2)

where bg(t) = (V(Fg))l/o‘b(t) — (a + 1)1/at1/a and
Az(t) = A((V(FQ))il/a t)=—(a+ 1)1/°‘t’1. We also have

. tP[S2/ba(t) > z] —ax— ™
lim

—cz (1 —a 1) = Hy(z
P Ag(bg(f)) = C2 (l ) HZ( )7

aa+2)
(a + 1)1+1/a )
m Applying our theorem, we obtain, for any > 0,
Di_~z(X) — K. K
im =L vz (X) 2 :Czi(ml/a
7o Az (b2(1/7)) —a

where Ag, ba, c2 are as defined in the previous steps and

1/
Ko= 4 (5) " = s+
Therefore we can rewrite (using the definitions of As, b, ca2, K2), and noting

that Ag(ba(1/7)) = —y1/,

1 [VaRi_a(S2)
im ——
710 y1/e

where ¢ = 2Ty (2(v(T'2))Y/*Ty) =

_1)7

7(14»(1)1/0 :LH

vV vz \P2) ,,1/0/71 )
VaR1—s(X1) aril® )

On Risk Concentration 29



Conclusion

Marie Kratz, ESSEC CREAR

Conclusion

We apply mixing techniques to obtain analytical results for
diversification benefit of copula models for any threshold of the
associated risk measure to bypass MC simulations approach.

It is a precious tool for validating results of internal models, which
are based on MC simulations.

This study is a first step towards a general approach where we could
choose the tail index and the copula parameter independently.

We also consider a 2M RV structure to compute the tail
probabilities for sums of dependent heavy-tailed random variables,
and infer the local asymptotic behavior of risk concentration

It exhibits the strength of the assumption of 2MRV, which
encompasses a broad variety of dependence structures, for
understanding diversification benefits in a portfolio of risk factors.

A few questions still remain open; e.g. a characterization of 2MRV
in terms of linear combination of its marginals akin to a
Cramér-Wold Theorem, or finding the effects of the related concept
of hidden regular variation on diversification.

On Risk Concentration
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