
On p-adic unit-root formulas
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Abstract For a multivariate Laurent polynomial f (x) with coefficients in a ring R
we construct a sequence of matrices with entries in R whose reductions modulo p
give iterates of the Hasse–Witt operation for the hypersurface of zeroes of the reduc-
tion of f (x) modulo p. We show that our matrices satisfy a system of congruences
modulo powers of p. If the Hasse–Witt operation is invertible these congruences
yield p-adic limit formulas, which conjecturally describe the Gauss–Manin connec-
tion and the Frobenius operator on the the slope 0 part of a crystal attached to f (x).
We also apply our results on congruences to integrality of formal group laws of
Artin–Mazur kind.

1 Hasse–Witt matrix

Let X/Fq be a smooth projective variety of dimension n over a finite field with
q = pa elements. The congruence formula due to Katz (see [1]) states that modulo
p the zeta function of X is described as

Z(X/Fq;T ) ≡
n

∏
i=0

det(1−T ·F a |H i(X ,OX ))
(−1)i+1

mod p , (1)

where H i(X ,OX ) is the cohomology of X with coefficients in the structure sheaf OX
and F is the Frobenius map, the p-linear vector space map induced by h 7→ hp on
the structure sheaf (p-linear means F (bs+ ct) = bpF (s)+ cpF (t) for b,c ∈ Fq
and s, t ∈ H i(X ,OX )). When X is a complete intersection the only interesting term
in formula (1) is given by Hn(X ,OX ). The action of F on this space is classically
known as the Hasse–Witt operation.
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The following algorithm (see [2, §7.10], [1, Corollary 6.1.13] or [3, §II.1]) can
be used to compute the Hasse–Witt matrix of a hypersurface X ⊂ Pn+1 given by
a homogeneous equation f (x0, . . . ,xn+1) = 0 of degree d > n+ 2. One extends the
Frobenius to a transformation of the exact sequence of sheaves on Pn+1:

0→ OPn+1(−d)
f−→ OPn+1 → OX → 0

↓ f p−1F ↓F ↓F

0→ OPn+1(−d)
f−→ OPn+1 → OX → 0 .

The coboundary in the resulting long exact cohomology sequence allows to identify

Hn(X ,OX ) →̃ Hn+1(Pn+1,OPn+1(−d)) ,

so that the Frobenius F on Hn(X ,OX ) corresponds to the map on Hn+1(Pn+1,OPn+1(−d))
induced by

0→ OPn+1(−d) F−→ OPn+1(−pd)
f p−1
−→ OPn+1(−d)→ 0 .

Computing Čech cohomology we find that Laurent monomials x−u = x−u0
0 . . .x−un+1

n+1
where u runs through the set

U = {u = (u0, . . . ,un+1) : ui ∈ Z≥1 ,
n+1

∑
i=0

ui = d} (2)

form a basis in Hn+1(Pn+1,OPn+1(−d)) and the Hasse–Witt matrix is given in this
basis by

Fu,v∈U = the coefficient of xpv−u in f (x)p−1 . (3)

Suppose one starts from a polynomial f in characteristic 0, e.g. with coefficients
in Z. In my talk at the MATRIX institute in Creswick I presented a construction
which lifts (3) to a matrix with entries in Zp whose characteristic polynomial con-
jecturally gives the p-adic unit root part of the zeta function attached to the middle
cohomology of X . The proofs and a few evidences for the conjecture can be found
in the preprint [4].

2 Main results

We study a sequence of matrices which generalize (3). Let R be a commutative
characteristic 0 ring, that is the natural map R→ R⊗Q is an embedding. Let f ∈
R[x±1

1 , . . . ,x±1
N ] be a Laurent polynomial in N variables. If f (x) = ∑u au xu ,au ∈ R,

the Newton polytope ∆( f ) ⊂ RN is the convex hull of the finite set {u : au 6= 0}.
Consider the set of internal integral points J = ∆( f )o ∩ ZN , where ∆( f )o denotes
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the topological interior of the Newton polytope. Let g= #J be the number of internal
integral points in the Newton polytope, which we assume to be positive. Consider
the following sequence of g×g matrices with entries in R whose rows and columns
are indexed by the elements of J:

(βm)u,v∈J = the coefficient of x(m+1)v−u in f (x)m . (4)

By convention, β0 is the identity matrix. We shall consider arithmetic properties of
the sequence {βm;m≥ 0}.

Let us fix a prime number p. We restrict our attention to the sub-sequence {αs =
βps−1;s≥ 0}. The entries of these matrices are then given by

(αs)u,v∈J = the coefficient of xpsv−u in f (x)ps−1 .

Notice that when R/pR is a finite field and f is a homogeneous polynomial of de-
gree d such that its reduction modulo p defines a smooth hypersurface, then U in (2)
coincides with J (with N = n+2) and α1 = βp−1 modulo p is the Hasse–Witt matrix.

Theorem 1. Assume that the ring R is endowed with a pth power Frobenius endo-
morphism, that is a ring endomorphism σ : R→ R satisfying σ(a) ≡ ap mod p
for all a ∈ R. Then for every s

αs ≡ α1 ·σ(α1) · . . . ·σ s−1(α1) mod p . (5)

If α1 is invertible modulo p then for every s≥ 1 one has congruences

αs+1 ·σ(αs)
−1 ≡ αs ·σ(αs−1)

−1 mod ps (6)

and
D(αs) ·α−1

s ≡ D(αs−1) ·α−1
s−1 mod ps (7)

for any derivation D : R→ R.

Congruence (5) shows that αs mod p are iterates of the Hasse–Witt operation
whenever the latter is defined. It also implies that when α1 is invertible modulo p
then all αs are invertible modulo p and hence also modulo ps for all s. Therefore
statements (6) and (7) make sense. We remark that analogous congruences also hold
when one multiplies by the inverse matrices on the left, that is we can prove that
σ(αs)

−1 ·αs+1 ≡ σ(αs−1)
−1 ·αs and α−1

s ·D(αs) ≡ α
−1
s−1 ·D(αs−1) mod ps.

Our results are related to the topic of the workshop because when ∆( f ) is a
reflexive polytope (in this case g = 1), the toric hypersurface of zeroes of f can
be compactified to a Calabi–Yau variety. Congruence (6) then generalizes so called
Dwork’s congruences (see [5, 6]) and (7) seems to be new even in the Calabi–Yau
case.

Theorem 1 implies existence of the p-adic limits



4 Masha Vlasenko

F = lim
s→∞

αs+1 ·σ(αs)
−1 (8)

and
∇D = lim

s→∞
D(αs) ·α−1

s for every derivation D ∈ Der(R) . (9)

These are g×g matrices have entries in the p-adic closure R̂ = lim
←

R/psR. Note that
F ≡ α1 mod p. We are currently working on identifying the limiting matrices (8)
and (9) with the Frobenius and Gauss–Manin connection on the slope 0 part of a
crystal attached to the Laurent polynomial f . This fact was conjectured for homo-
geneous polynomials in [4] based on several examples and analogy with the congru-
ences for expansion coefficients of differential forms stated in [7]. The progress in
this project is due to our collaboration with Frits Beukers, which started at the MA-
TRIX institute. I am also grateful to Frits for the series of extremely helpful lectures
on Dwork cohomology which he gave during the first week of the program.

Matrices (4) showed up in [8] as coefficients of the logarithms of explicit co-
ordinalizations of the Artin–Mazur formal group laws of projective hypersurfaces
and complete intersections. Under certain conditions (e.g. R is the ring of integers
of the unramified extension of Qp of degree a and f is a homogeneous polyno-
mial whose reduction modulo p defines a non-singular hypersurface X/Fpa ) one can
combine (6) with the generalized Atkin and Swinnerton-Dyer congruences in [9],
which yields that the eigenvalues of Φ = F · σ(F) · . . . · σa−1(F) are p-adic unit
eigenvalues of the Frobenius operator on the middle crystalline cohomology of X
(see [4, Section 5]).

Our second result is the following integrality theorem for formal group laws at-
tached to a Laurent polynomial. Its proof is based on explicit congruences (similar
to those in Theorem 1) and Hazewinkel’s functional equation lemma (see [4, Section
4]).

Theorem 2. Let J be either the set ∆( f )∩ZN of all integral points in the Newton
polytope of f or the subset of internal integral points ∆( f )◦∩ZN . Assume that J is
non-empty and let g = #J. Consider the sequence of matrices βm ∈Matg×g(R), m≥
0 given by formula (4) and define a g-tuple of formal powers series l(τ) = (lu(τ))u∈J
in g variables τ = (τv)v∈J as

l(τ) =
∞

∑
m=1

1
m

βm−1 τ
m .

Consider the g-dimensional formal group law G f (τ,τ
′) = l−1(l(τ) + l(τ ′)) with

coefficients in R⊗Q.
Let p be a prime number. If R can be endowed with a pth power Frobenius endo-

morphism then G f is p-integral, that is G f ∈ R(p)[[τ,τ
′]] where R(p) = R⊗Z(p) is

the subring of R⊗Q formed by elements without p in the denominator.
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Note that if one can define a Frobenius endomorphism on R for every prime p
then Theorem 2 implies that G f ∈ R[[τ,τ ′]] because the subring ∩pR(p) ⊂ R⊗Q
coincides with R. For example, rings Z and Z[t] are of this type: one can take the
Frobenuis endomorphism to be the identity on Z and h(t) 7→ h(t p) on Z[t].
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