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Abstract We present a unitary transformation relating two apparently different su-
persymmetric lattice models in one dimension. The first [1] describes semionic par-
ticles on a 1D ladder, with supersymmetry moving particles between the two legs.
The second [2] is a fermionic model with particle-hole symmetry and with super-
symmetry creating or annihilating pairs of domain walls. The mapping we display
features non-trivial phase factors that generalise the sign factors occurring in the
Jordan-Wigner transformation.
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1 Introduction

The concept of supersymmetry was conceived in the realm of (high-energy) particle
physics, where it expresses a fundamental symmetry between bosonic and fermionic
(elementary) particles or excitations in a quantum field theory or string theory. It
would seem that in the context of (low-energy) condensed matter systems a similar
concept is out of place as superpartners to, say, the electron, if such exist at all,
are far out of sight. Nevertheless, we have learned that supersymmetry can be a
useful ingredient in relatively simple model systems describing a condensed phase
of matter. As soon as the relevant degrees of freedom are not all bosonic, the notion
of a fermionic symmetry becomes feasible.

A particularly simple supersymmetric lattice model, commonly refered to as the
M1 model, was proposed in [3]. It features itinerant spin-less fermions on a lattice
(or graph), with supersymmetry adding or taking out a single fermion. Denoting the
supercharges as Q† and Q, the Hamiltonian of what is called N = 2 supersymmetric
quantum mechanics [4] is defined as

H = {Q†,Q}. (1)

In the M1 model the non-trivial nature of H is induced by stipulating that fermions
are forbidden to occupy nearest neighbour sites on the lattice. These simple defi-
nitions lead to surprisingly rich and diverse phenomena. On a 1D lattice, the M1
model was found to be critical, and described by the simplest unitary minimal model
of N = 2 superconformal field theory [3]. On 2D lattices, there is the remarkable
phenomenon of superfrustration: an extensive (in the area, that is to say the number
of sites) entropy for zero-energy supersymmetric ground states [5, 6, 7].

Additional features of the M1 model in 1D are integrability by Bethe Ansatz and
the existence of a mapping to the XXZ model at anisotopy ∆ = −1/2 [8]. These
features were generalized to a class of models called Mk, where up to k fermions
are allowed on consecutive lattice sites [8]. At critical behaviour of these models is
captured by the k-th minimal model of N = 2 superconformal field theory, while
massive deformations give rise to integrable massive N = 2 QFT’s with superpo-
tentials taking the form of Chebyshev polynomials [9].

This paper is concerned with two other, and seemingly different, incarnations of
supersymmetry in one spatial dimension. The first is a model, proposed by Fendley
and Schoutens (FS) [9], where the supercharges Q and Q† move particles between
two legs of a zig-zag ladder. This would suggest that the particles on the two legs be
viewed as bosonic and fermionic, respectively, but the situation in the FS model is
different: the phases between the (fermionic) supercharges and the particles are such
that the particles on the two legs are naturally viewed as anyons with statistical angle
±π/2, that is, as semionic particles. Interestingly, pairs of semions on the two legs
can form zero-energy ‘Cooper pairs’ and the model allows multiple supersymmetric
groundstates that are entirely made up of such pairs. The FS model is integrable by
Bethe Ansatz and has a close-to-free-fermion spectrum: all energies agree with those
of free fermions on a single chain, but the degeneracies are different.
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The second model we discuss was introduced by Feher, de Gier, Nienhuis and
Ruzaczonek (FGNR) [2]. It can be viewed as a particle-hole symmetric version of
the M1 model, where the ‘exclusion’ constraint on the Hilbert space has been relaxed
and where the supercharges are now symmetric between particles and holes. In this
model fermion number conservation is violated as terms creating and annihilating
pairs of fermions are included in the Hamiltonian. The FGNR can be conveniently
described in terms of domain walls between particle and hole segments, as the num-
ber of such walls is conserved. Also this model allows a Bethe Ansatz solution and
the spectrum of the periodic chain has been shown to have characteristic degenera-
cies. Just as in the FS model, the degeneracies in the FGNR model can be explained
by the formation of zero-energy ‘Cooper pairs’.

The sole purpose of this contribution to the 2017 MATRIX Annals is to establish
a unitary transformation between the FS and FGNR models on an open chain. Based
on the similarity of the Bethe ansatz solutions and that of the physical properties the
existence of such a map is not too surprising. Nevertheless, the details are quite
intricate. This holds in particular for the phase factors involved in the mapping,
which achieve the task of transforming domain walls in the FGNR formulation to
particles which, in the FS formulation, are best interpreted as semions. The non-
local patterns of the phase factors can be compared to the ‘strings’ of minus signs
featuring in the Jordan-Wigner transformation from spins to (spin-less) fermions.

2 Models

In this section, we define the models [1, 2]. We refer to the model of [1] as FS model,
and the model of [2] as FGNR model. Both are spinless fermion models on a chain
of length L with some boundary conditions. The fermionic creation and annihilation
operators ci,c

†
i (i = 1, . . . ,L) satisfy the usual anticommutation relations

{c†
i ,c j}= δi j, {c†

i ,c
†
j}= {ci,c j}= 0. (2)

Based on the fermionic creation operators, the on site fermion-number and hole-
number operators are defined as

ni = c†
i ci pi = 1−ni. (3)

These operators act in a fermionic Fock space spanned by ket vectors of the form

|τ⟩=
L

∏
i=1

(
c†

i

)τi
|0⟩ , (4)

where the product is ordered such that c†
i with higher i act first. The label τ =

{τ1, . . . ,τL}, with τi = 1 if there is a fermion at site i and τi = 0 if there is a hole.
The vacuum state is defined as usual ci |0⟩ = 0 for i = 1, . . . ,L. Both models are
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supersymmetric chain models where the nilpotent supercharges Q, Q† are built as
sums of local operators.

Originally, the FS model was considered with open boundary conditions [1] and
the FGNR model with periodic boundary conditions [2]. In this section we give a
short overview of [1] and [2]. In Section 3 we restrict ourselves to the open boundary
conditions for both models with even L and discuss the mapping between them.

2.1 FS model definition

In this section we give a short overview of the FS model [1]. Consider the following
supersymmetry generator

QFS = c†
2c1 +

L/2−1

∑
k=1

(
ei π

2 α2k−2c†
2k−1 + ei π

2 α2k c†
2k+1

)
c2k, (5)

where

αk =
k

∑
j=1

(−1) jn j. (6)

This supersymmetry generator is nilpotent

Q2
FS =

(
Q†

FS

)2
= 0. (7)

The Hamiltonian is built up in the usual way

HFS = {QFS, Q†
FS}

=
L−1

∑
j=1

(c†
j+1 p jc j−1 + c†

j−1 p jc j+1 + ic†
j+1n jc j−1 − ic†

j−1n jc j−1)

−2
L−1

∑
j=1

n jn j+1 +2F1 +2F2 +Hbndry, (8)

where

F1 =
L/2

∑
j=1

n2 j−1, F2 =
L/2

∑
j=1

n2 j, Hbndry =−n1 −nL. (9)

This model describes an effective one-dimensional model where the fermions are
hopping on two chains. Conveniently, these chains are denoted with odd and even
site indices and they are coupled in a zig-zag fashion. The F1 and F2 operators
are counting the fermions on the two chains, and HFS is block diagonal in these
operators. The interaction between the chains is statistical: the hopping amplitude
picks up an extra i or −i factor, if the fermion ”hops over” another fermion on the
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other chain, see Fig. 1. There is a further attractive interaction between the two
chains.

The model is defined on an open chain, where the boundary interaction is en-
coded in Hbndry. The model can be shown to be solvable by nested coordinate Bethe
Ansatz [1]. The spectrum of the model is of the same form as for the free model
which is defined by

H f ree = 2F1 +2F2 +
L−1

∑
j=2

(
c†

j+1c j−1 + c†
j−1c j+1

)
+Hbndry. (10)

The eigenenergies of HFS and H f ree are

E = 2
f1+ f2

∑
a=1

(1+ cos(2pa)) , (11)

pa = ma
π

L+1
, ma ∈ {1,2, . . . ,L/2}, (12)

where pa are called momenta, f1 and f2 are the number of fermions on the respective
chains, i.e. the eigenvalues of F1 and F2.

−i 1 1 i

1 i 1 1 −i 1

Fig. 1 Statistical interaction between the two chains: Filled dots represent fermions, empty dots
empty sites. The hopping amplitudes depend on the occupation of the other chain.

The difference between the free and the interacting model is the degeneracy of
the energy levels. For the free model the Pauli principle is realized by fermions
on the same chain not sharing the same momentum. The same momentum can be
shared by two fermions on the two chains. Hence for an eigenenergy characterized
by the set {ma} f1+ f2

a=1 there are
(L/2

f1

)(L/2
f2

)
possible choices, giving the degeneracy for

the free model. For the interacting chain instead of thinking in terms of fermions it
worth to consider exclusons and Cooper pairs. Exclusons are fermionic excitations
satisfying quantization condition (12) with the further restriction that an excluson
prohibits any other particle to have the same momentum pa. A pair of fermions
located on different chains can form a Cooper pair. In this case, two of the momenta
(say p1 and p2) do not satisfy quantization condition (12) and instead they obey

cos2 p1 =−cos2 p2. (13)
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The net energy contribution of the Cooper pair to (11) is zero.
The spectrum of the FS model is built up as follows: there are f1 and f2 fermions

on the respective chains. Out of these fermions 2C form Cooper pairs and N1 =
f1 −C, N2 = f2 −C are exclusons on the respective chains. An energy level E is
characterized by the quantum numbers {ma}N1+N2

a=1 has the degeneracy

dE =

(
N1 +N2

N1

)(
L/2−N1 −N2

C

)
. (14)

The first term counts the possible distributions of the exclusons (with fixed {ma}N1+N2
a=1

quantum numbers) on the two chains. The second term counts the degeneracy of the
Cooper pairs. The interpretation of the second piece is that the Cooper pairs can
be thought of indistinguishable quasiparticles like the exclusons and there is one
possible Cooper pair for each allowed momentum. Moreover, the presence of an
excluson with a given momentum prohibits a Cooper pair from occupying the cor-
responding level. This gives the spectrum and the degeneracy of the FS model. For
further details we suggest the original publication [1].

2.2 FGNR model definition

In this section we define the FGNR model [2]. We consider a one-dimensional su-
persymmetric lattice model which is a fermion-hole symmetric extension of the M1
model of [3]. For this purpose define the operators d†

i and ei by

d†
i = pi−1c†

i pi+1, ei = ni−1cini+1. (15)

Hence d†
i creates a fermion at position i provided all three of positions i− 1, i and

i+ 1 are empty. Similarly, ei annihilates a fermion at position i provided i and its
neighbouring sites are occupied, i.e.

d†
i |τ1 . . .τi−2 000τi+2 . . .τL⟩= (−1)Ni−1 |τ1 . . .τi−2 010τi+2 . . .τL⟩ ,
ei |τ1 . . .τi−2 111τi+2 . . .τL⟩= (−1)Ni−1 |τ1 . . .τi−2 101τi+2 . . .τL⟩ , (16)

while these operators nullify all other states. Here Ni is the number operator. It
counts the number of fermions to the left of site i.

Ni =
i

∑
j=1

n j, NF = NL (17)

where NF is the total fermion number operator.
We now define the nilpotent supersymmetric generators for the FGNR model
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QFGNR =
L

∑
i=1

(d†
i + ei), Q2

FGNR = 0. (18)

The Hamiltonian is defined in the usual way

HFGNR = {Q†
FGNR,QFGNR}. (19)

The Hamiltonian splits up naturally as a sum of three terms. The first term con-
sists solely of d-type operators, the second solely of e-type operators and the third
contains mixed terms.

HFGNR = HI +HII +HIII , (20)

HI = ∑
i

(
d†

i di +did
†
i

)
+∑

i

(
d†

i di+1 +d†
i+1di

)
HII = ∑

i

(
eie

†
i + e†

i ei

)
+∑

i

(
eie

†
i+1 + ei+1e†

i

)
HIII = ∑

i

(
e†

i d†
i+1 +di+1ei + e†

i+1d†
i +diei+1

)
, (21)

where we use periodic boundary conditions

c†
i+L = c†

i . (22)

Because the di’s and ei’s are not simple fermion operators, they do not satisfy the
canonical anticommutation relations. As a result this bilinear Hamiltonian can not
be diagonalized by taking linear combinations of d, e, d† and e†.

The term HI alone is the Hamiltonian of the M1 model of [3]. The addition of
the operator ei introduces an obvious fermion-hole symmetry d†

i ↔ ei to the model.
It turns out that this symmetry results in a surprisingly large degeneracy across the
full spectrum of HFGNR.

Note that the Hamiltonians HI and HII each contain only number operators and
hopping terms and thus conserve the total number of fermions. The third Hamilto-
nian HIII breaks this conservation law. For example, the term e†

i d†
i+1 sends the state

|. . .1000 . . .⟩ to |. . .1110 . . .⟩, thus creating two fermions. Hence the fermion number
is not conserved and therefore is not a good quantum number. However, the number
of interfaces or domain walls between fermions and holes is conserved and we shall
therefore describe our states in terms of these.

2.2.1 Domain walls

We call an interface between a string of 0’s followed by a string of 1’s a 01-domain
wall and a string of 1’s followed by a string of 0’s, a 10-domain wall. For example,
assuming periodic boundary conditions the configuration
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000
∣∣∣11
∣∣∣000

∣∣∣1∣∣∣0000
∣∣∣111

∣∣∣,
contains six domain walls, three of each type and starting with a 01-domain wall.
Let us consider the effect of various terms appearing in (21). As already discussed
in an example above, the terms in HIII correspond to hopping of domain walls and
map between the following states∣∣∣. . .1∣∣∣000 . . .

⟩
↔
∣∣∣. . .111

∣∣∣0 . . .⟩ , ∣∣∣. . .0∣∣∣111 . . .
⟩
↔−

∣∣∣. . .000
∣∣∣1 . . .⟩ , (23)

where the minus sign in the second case arises because of the fermionic nature of
the model. Hopping of a domain wall always takes place in steps of two hence the
parity of the positions of the domain walls is conserved. Aside from their diagonal
terms, HI and HII correspond to hopping of single fermions or holes and therefore
to hopping of pairs of domain walls. They give rise to transitions between the states∣∣∣. . .0∣∣∣1∣∣∣00 . . .

⟩
↔
∣∣∣. . .00

∣∣∣1∣∣∣0 . . .⟩ , ∣∣∣. . .1∣∣∣0∣∣∣11 . . .
⟩
↔−

∣∣∣. . .11
∣∣∣0∣∣∣1 . . .⟩ . (24)

Note that in these processes the total parity of positions of interfaces is again con-
served, i.e. all processes in HFGNR conserve the number of domain walls at even and
odd positions separately.

Finally, the diagonal term ∑i(d
†
i di +did

†
i + e†

i ei + eie
†
i ) in HI and HII counts the

number of 010, 000, 111 and 101 configurations. In other words they count the
number of pairs of second neighbour sites that are both empty or both occupied

∑
i
(d†

i di +did
†
i + e†

i ei + eie
†
i ) = ∑

i
(pi−1 pi+1 +ni−1ni+1). (25)

This is equivalent to counting the total number of sites minus twice the number of
domain walls that do not separate a single fermion or hole, i.e. twice the number of
well separated domain walls.

Since the number of odd and even domain walls is conserved the Hilbert space
naturally breaks into sectors labeled by (m,k), where m is the total number of do-
main walls, and k the number of odd domain walls. Due to periodic boundary con-
ditions m is even.

2.2.2 Solution of the FGNR model by Bethe ansatz

The FGNR model with periodic boundary conditions is solved by coordinate Bethe
Ansatz [2]. There are two kinds of conserved particles (even and odd domain walls),
and hence the model is solved by a nested version of the Bethe Ansatz. A solution
in the (m,k) sector (with m−k even and k odd domain walls) is characterized by the
Bethe roots {z1, . . . ,zm;u1, . . . ,uk}. In other words, z-type Bethe roots are associated
with both kinds of domain walls, and u type of Bethe roots are associated with odd
domain walls. The complex numbers {z1, . . . ,zm;u1, . . . ,uk} satisfy the following
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Bethe equations,

zL
j =±i−L/2

k

∏
l=1

ul − (z j −1/z j)
2

ul +(z j −1/z j)2 , j = 1, . . . ,m (m ∈ 2N), (26)

1 =
m

∏
j=1

ul − (z j −1/z j)
2

ul +(z j −1/z j)2 , l = 1, . . . ,k, (27)

where the ± is the same for all j. Solutions corresponding to a nonzero Bethe vector
are such that

z2
i ̸= z2

j , ∀i, j ∈ {1, . . . ,m},
ui ≠ u j, ∀i, j ∈ {1, . . . ,k}. (28)

Two solutions {z1, . . . ,zm;u1, . . . ,uk}, {z′1, . . . ,z
′
m;u′1, . . . ,u

′
k} lead to the same Bethe

vector if there exist two permutations π ∈ Sm and σ ∈ Sk and a set of Z2 numbers
{εi}m

i=1 (i.e. ε j = ±1) such that z j = ε jz′π( j) and ul = u′σ(l). The eigenenergy corre-
sponding to the Bethe roots {z1, . . . ,zm;u1, . . . ,uk} is

Λ = L+
m

∑
i=1

(z2
i + z−2

i −2), (29)

which in fact depends only on the non-nested z Bethe roots. The Bethe equations
have free fermionic solutions in the following cases. When k = 0 there are no Bethe
equations at the nested level and the first set of equations simplifies to the free
fermionic case. When k = 1 the u = 0 solutions give the free fermionic part of
the spectrum. It is worth to note that the spectrum of the FGNR model with periodic
boundary conditions does have a non free fermionic part. This part will not transfer
to the open boundary case.

2.2.3 Cooper pairs

Consider a free fermionic solution

z j = i−1/2e2iπI j/L, j = 1, . . . ,m, (30)

where I j is a (half-)integer. This solves the Bethe equations for the k = 0 case, or
the k = 1 case with u = 0. This same solution can be used to find a solution in the
sector with two more odd domain walls (with k = 2 and 3 in the respective cases).
Consider the k = 2 case. Bethe equations (26) with k = 2 are solved by (30) if the
nested Bethe roots u1, u2 satisfy

u2 =−u1 (31)

as in this case the two new terms in the first Bethe equations cancel each other
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u1 − (z j −1/z j)
2

u1 +(z j −1/z j)2 ·
u2 − (z j −1/z j)

2

u2 +(z j −1/z j)2

=
u1 − (z j −1/z j)

2

u1 +(z j −1/z j)2 ·
u1 +(z j −1/z j)

2

u1 − (z j −1/z j)2 = 1. (32)

Hence the first Bethe equations (26) with solution (30) serve as a consistency con-
dition for u1, u2

1 =
m

∏
j=1

ul − (z j −1/z j)
2

ul +(z j −1/z j)2 , l = 1,2. (33)

For a free fermionic solution there are always (purely imaginary) u2 = −u1 type
nested roots. As this solution has the same z type roots a solution with the Cooper
pair has the same energy Λ as the original one. We can continue like this introducing
new Cooper pairs. The creation of Cooper pairs is limited by the number of domain
walls. For further details we suggest [2].

3 Mapping between the domain wall and particle representations

The definition of the open boundary version of the FGNR model is straightforward.
In the open boundary version with a system size L the operators di,d

†
i and e†

i ,ei are
defined for i = 1, . . . ,L−1. When i = 1 we need to introduce the extra 0-th site and
fix its state to be empty. With these definitions the open boundary supercharge

Q(OBC)
FGNR =

L−1

∑
i=1

(
d†

i + ei

)
(34)

is well defined and nilpotent. In this section we would like to lighten the notation
for the supercharges and work with their conjugated counterparts. We also need to
introduce an intermediate model given in terms of the operators

gi = pi+1cini−1, fi = ni+1ci pi−1.

Fix L to be even. We have the following supercharges

Q†
L = (Q(OBC)

FGNR)
† =

L−1

∑
i=1

(
di + e†

i

)
, (35)

Q̃†
L = Q†

FS = c†
1c2 +

L/2−1

∑
i=1

c†
2i+1

(
c2ieiα2i−1π/2 + c2i+2eiα2iπ/2

)
, (36)

We also define two additional supercharges Q†
e,L and Q†

o,L which represent hopping
of domain walls and are required as an intermediate step of the mapping,
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Q†
e,L =

L/2−1

∑
i=1

(
g2i + f †

2i

)
, (37)

Q†
o,L = g1 + f †

1 +
L/2−1

∑
i=1

(
g2i+1 + f †

2i+1

)
, (38)

Notice that the first terms in the summations in the charges Q†
L and Q†

o,L contain
n0. As mentioned above, we need to fix the 0-th site to be unoccupied. Hence the
eigenvalue of n0 is always 0.

We would like to find the map between Q†
L and Q̃†

L. Assume that it is given by a
transformation T ,

Q̃†
L = T Q†

LT †, T = PΓ M, (39)

which itself consists of three terms. The first operator M turns creation and annihi-
lation of domain walls into hopping of domain walls. The second operator Γ turns
domain walls into particles and the third operator P fixes the phase factors such that
they match (36).

Now we turn to the discussion of the transformations M, Γ and P.

3.1 Transformation M

The first term M translates to the dynamics of domain walls, i.e. it transforms linear
combinations of the operators d,d† and e,e† into linear combinations of f , f † and
g,g† (see [2] for more details). More precisely:

M =
⌊(L−1)/4⌋

∏
i=0

(c4i+1 − c†
4i+1)(c4i+2 − c†

4i+2), (40)

and for all even i we have

M(di + e†
i )M

† = fi +g†
i , M(di+1 + e†

i+1)M
† = f †

i+1 +gi+1. (41)

In other words M turns Q† into a combination of Qe and Q†
o

MQ†
LM† = Qe,L +Q†

o,L. (42)

Thus we get an intermediate model.
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3.2 Transformation Γ

The next transformation Γ turns domain walls into particles. In fact, there is a family
of such transformations. We select Γ to be of the following form

ΓL =
L−1

∏
i=1

(
pi +ni(c

†
i+1 + ci+1)

)
. (43)

This operator satisfies Γ Γ † = 1 and transforms the monomials in ci and c†
i of (42)

into those of Q̃† (36). More precisely, conjugation by Γ has the following effect

ΓL(Qe,L +Q†
o,L)Γ

†
L = Q̂†

L, (44)

where the new supercharge Q̂†
L differs from Q̃† only by phase factors. Let us take Γ

and act termwise on Qe +Q†
o, i.e. on the combination

fi +g†
i + f †

i+1 +gi+1,

for the labels i > 0 and separately on the first term f †
1 +g1. We find

ΓL

(
f †
1 +g1

)
Γ †

L =−c†
1c2 eiπ ∑L/2−1

j=1 n2 j+1 , (45)

and

ΓL

(
fi +g†

i + f †
i+1 +gi+1

)
Γ †

L

=
(

c†
2i+1c2i eiπ ∑2i−1

j=1 n j − c†
2i+1c2i+2

)
eiπ ∑L/2−1

j=i+1 n2 j+1 . (46)

Therefore Q̂†
L as defined in (44) becomes

Q̂†
L =−c†

1c2 eiπ ∑L/2−1
j=1 n2 j+1

+
L/2−1

∑
i=1

(
c†

2i+1c2ie
iπ ∑2i−1

j=1 n j − c†
2i+1c2i+2

)
eiπ ∑L/2−1

j=i+1 n2 j+1 . (47)

This agrees with (36) up to the phase factors.

3.3 Transformation P

Let p(ν1,ν2, . . . ,νL) be an unknown function of a binary string, νi = 0,1. Write a
generic phase factor transformation PL
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PL = ei π
2 p̂(n1,n2,...,nL), (48)

and the function p introduced above denotes the eigenvalue of p̂ on the state
|ν1, . . . ,νL⟩. The commutation relations

p̂(n1, . . . ,ni, . . . ,nL)ci = ci p̂(n1, . . . ,ni −1, . . . ,nL), (49)

p̂(n1, . . . ,ni, . . . ,nL)c
†
i = c†

i p̂(n1, . . . ,ni +1, . . . ,nL), (50)

hold on all states of the Hilbert space. Let us find P such that

Q̃†
L = PLQ̂†

LP−1
L . (51)

Commuting PL through each monomial of Q̂†
L and comparing it with the correspond-

ing monomial of Q̃†
L we find L− 1 conditions. Commuting PL with the first mono-

mial in (47) and acting on the state |ν1, . . . ,νL⟩ leads to the first condition

p(ν1 +1,ν2 −1, . . . ,νL)− p(ν1,ν2, . . . ,νL)+2
L/2−1

∑
j=1

ν2 j+1 +2 = 0. (52)

Commuting PL with the two bulk terms in (47) leads to

p(ν1, . . . ,ν2i −1,ν2i+1 +1, . . . ,νL)− p(ν1, . . . ,νL)

+2
2i−1

∑
j=1

ν j +2
L/2−1

∑
j=i+1

ν2 j+1 =
2i−1

∑
j=1

(−1) jν j, (53)

and

p(ν1, . . . ,ν2i+1 +1,ν2i+2 −1, . . . ,νL)− p(ν1, . . . ,νL)

+2
L/2−1

∑
j=i+1

ν2 j+1 +2 =
2i

∑
j=1

(−1) jν j. (54)

The second equation here with i = 0 reproduces (52). In the second equation we
can replace ν2i+1 with ν2i+1 −1 and ν2i+2 with ν2i+2 +1. As a result it becomes of
the same form as the first one. Hence (53) and (54) together define L equations for
k = 0, . . . ,L−1, where for even k one uses (54) and for odd k one uses (53). These
equations are valid modulo 4 and can be further simplified

p(ν1, . . . ,ν2i −1,ν2i+1 +1, . . . ,νL)− p(ν1, . . . ,νL)

=
2i−1

∑
j=1

(−1) j+1ν j +2
L/2−1

∑
j=i+1

ν2 j+1, (55)

and
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p(ν1, . . . ,ν2i+1 −1,ν2i+2 +1, . . . ,νL)− p(ν1, . . . ,νL)

=
2i

∑
j=1

(−1) j+1ν j +2
L/2−1

∑
j=i+1

ν2 j+1 +2. (56)

These two equations can be united into one equation using one index k which can
be odd or even

p(ν1, . . . ,νk,νk+1, . . . ,νL)− p(ν1, . . . ,νk +1,νk+1 −1, . . . ,νL)

= wk(ν1, . . . ,ν2N), (57)

where the right hand side is given by

wk(ν1, . . . ,νL) = (1− (−1)k)+
k−1

∑
j=1

(−1) j+1ν j +
L−1

∑
j=k+2

(1− (−1) j)ν j. (58)

Therefore we find a set of recurrence relations for the functions p. Note that for a
given configuration with the binary string (ν1, . . . ,νL) these equations are assumed
to hold for those values of k for which νk = 0 and νk+1 = 1. Hence the number of
such equations is equal to the number of domain walls of type 01.

3.4 Particle position coordinates

It is more natural to solve the equations (57) in a basis where the vectors are labelled
using particle positions xk. The Hilbert spaces in both models are given by vectors
labelled by strings of L numbers τi = 0,1

|τ1, . . . ,τL⟩n = |τ⟩=
L

∏
i=1

(
c†

i

)τi
|0⟩ . (59)

We attached the subscript n in the above notation in order to distinguish it from
another labelling of the vectors in the same Hilbert space. Let m be the number
of particles in the system. Let us introduce a basis labelled by the positions of the
particles and let ρ denote the mapping between the two labellings

ρ : |ν1, . . . ,νL⟩n 7→ |x1, . . . ,xm⟩x . (60)

The numbers xk are the eigenvalues of the operators x̂k which coincide with the
eigenvalues of the operators jn j with j = xk.

Fix m to be the total number of particles in the system and define two functions
p̃ and w̃ using the mapping ρ

ρ (p̂(n1, . . . ,nL) |ν1, . . . ,νL⟩n) = p̃(x1, . . . ,xm) |x1, . . . ,xm⟩x ,



A curious mapping between supersymmetric quantum chains 15

ρ (ŵk(n1, . . . ,nL) |ν1, . . . ,νL⟩n) = w̃k(x1, . . . ,xm) |x1, . . . ,xm⟩x ,

with ŵk being the diagonal operator with the eigenvalues (58). We can now rewrite
(57) and (58) in the particle position basis

p̃(x1, . . . ,x j, . . . ,xm)− p̃(x1, . . . ,x j −1, . . . ,xm) = w̃ j(x1, . . . ,xm), (61)

with

w̃k(x1, . . . ,xm) = (1+(−1)xk)−
k−1

∑
i=1

(−1)xi +
m

∑
i=k+1

(1− (−1)xi). (62)

Once again this equation is considered to hold for j such that x j − x j−1 > 1. The
generic solution of (61) is

p̃(x1, . . . ,xm) = p̃(1,2, . . . ,m)+
m

∑
k=1

xk

∑
i=k+1

w̃k(1,2, . . . ,k−1, i,xk+1, . . . ,xm), (63)

which can be checked by a direct calculation. Here p̃(1,2, . . . ,m) is the initial con-
dition and can be chosen to be 0. Inserting w̃k we get

p̃(x1, . . . ,xm) =
m

∑
k=1

xk

∑
i=k+1

(
1+(−1)i −

k

∑
j=1

(−1) j +
m

∑
j=k+1

(1− (−1)x j)

)
. (64)

The required phase transformation takes the form

PL = ei π
2 (p̃(x̂1,...,x̂m)◦ρ). (65)

3.5 Examples

To illustrate the mapping, we show some examples of corresponding states between
the FS model (zig-zag ladder) and FGNR model states (up to phase factors ±1, ±i),

empty ladder : |000000000000⟩FS ↔ 0|110011001100⟩FGNR

single FS semion : |000010000000⟩FS ↔ 0|110000110011⟩FGNR

single FS pair : |000011000000⟩FS ↔ 0|110001001100⟩FGNR

lower leg filled : |101010101010⟩FS ↔ 0|000000000000⟩FGNR

single FGNR particle : |101001101010⟩FS ↔ 0|000010000000⟩FGNR

upper leg filled : |010101010101⟩FS ↔ 0|101010101010⟩FGNR

upper leg plus semion : |110101010101⟩FS ↔ 0|010101010101⟩FGNR

filled ladder : |111111111111⟩FS ↔ 0|011001100110⟩FGNR
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For L = 4 the phase factors take the explicit values

p̃(1) = 0, p̃(2) = 2, p̃(3) = 0, p̃(4) = 0
p̃(1,2) = 0, p̃(1,3) = 1, p̃(1,4) = 0, p̃(2,3) = 1, p̃(2,4) = 2, p̃(3,4) = 2
p̃(1,2,3) = 0, p̃(1,2,4) = 2, p̃(1,3,4) = 3, p̃(2,3, ,4) = 3
p̃(1,2,3,4) = 0 (66)

Finally we provide an explicit example of all the steps in the mapping. Let us act
with both sides of (39) on the state |010101⟩

Q̃†
6 |010101⟩= PΓ MQ†

6M†Γ †P−1 |010101⟩ ,

The action of Q̃†
6 results in

Q̃†
6 |010101⟩= |001101⟩+ i |010011⟩− |010110⟩+ i |011001⟩+ |100101⟩ ,

and the right hand side is computed as follows

PΓ MQ†
6M†Γ †P−1 |010101⟩=−PΓ MQ†

6M†Γ † |010101⟩

= PΓ MQ†
6M† |011001⟩= PΓ MQ†

6 |101010⟩
= PΓ M

(
|001010⟩− |100010⟩+ |101000⟩+ |101110⟩− |111010⟩

)
= PΓ

(
|001001⟩− |010001⟩+ |011011⟩+ |011101⟩+ |111001⟩

)
= P

(
|001001⟩− |010001⟩+ |011011⟩+ |011101⟩+ |111001⟩

)
= |001101⟩+ i |010011⟩− |010110⟩+ i |011001⟩+ |100101⟩ .

4 Conclusion

We have established a unitary transformation between the FS and FGNR models
with open boundary conditions. We are confident that this map will be helpful for
unraveling the properties of these highly intriguing models. For example, in the FS
formulation it was not clear how to impose periodic boundary conditions without
losing the supersymmetry - this issue is now resolved.

It is a pleasure to dedicate this work to Bernard Nienhuis on the occasion of his
65th birthday. Bernard has always had a special eye for ingenious maps relating
apparently different models of statistical physics to one another. We can only hope
that dedicating this work to him finds some justification in our following a similar
strategy for one of the many integrable models that he has pioneered.
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