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Abstract This paper is a synthesis and extension of three earlier papers on PDy-
complexes X such that 7 = 7 (X) has one end and c.d.w = 2. The basic notion is
that of strongly minimal PD4-complex, one for which the equivariant intersection
pairing Ax on 7 (X) is null. The first main result is that two PD4-complexes with the
same strongly minimal model are homotopy equivalent if and only if their intersec-
tion pairings are isometric. If c.d.w < 2 every such complex has a strongly minimal
model, and the second half of the paper focuses largely on determining the minimal
models. In particular, if 7 is a surface group or is a semidirect product F(r) x Z
then the homotopy type of X is determined by 7, the Stiefel-Whitney classes and
Ax. Although we expect that the strategy in the surface group case should extend to
all 7 such that c.d.w = 2 and & has one end, we do not yet have a unified proof that
covers the known cases. We conclude with an application to 2-knots and a short list
of questions for further research.

1 Introduction

It remains an open problem to give a homotopy classification of closed 4-manifolds
or PD4-complexes, in terms of standard invariants such as the fundamental group,
characteristic classes and intersection pairings. Hambleton and Kreck showed that if
X is orientable and H>(X;Q) # 0 the homotopy type of X is determined by its Post-
nikov 2-stage P»(X) and the image of the fundamental class [X] in Hy(P2(X);Z),
and if 7y (X) is finite and of cohomological period dividing 4 this image is in turn
determined by the equivariant intersection pairing on 7,(X) [27]. Baues and Bleile
have extended the first part of this result to all PDs-complexes: two PD4-complexes
X and Y are homotopy equivalent if and only if there is a homotopy equivalence
h:Py(X)— P»(Y) such that A*w; (Y) = w; (X), and which carries the image of [X]

School of Mathematics and Statistics, University of Sydney, NSW 2006, Australia
e-mail: jonathan.hillman@sydney.edu.au



2 Jonathan A. Hillman

in Hy(P>(X);2*'®) to the image of £[¥] in Hy(P>(Y);Z"1(Y)). (Here w;(X) and
w1 (Y) are the orientation characters and Z*'(*) and Z"1X) the associated twisted
coefficient modules.) They also give a homotopy classification of PD4-complexes
(up to 2-torsion) in terms of homotopy classes of chain complexes with a homotopy
commutative diagonal and an additional quadratic structure [5]. However, there is
still the question of how to characterize the classes in Hy(Ps(X); Z"1 X)) which cor-
respond to PD4-complexes.

We shall extend the work of [27] to relate such classes to intersection pairings, for
certain cases with 7 = m; (X) infinite. The central idea is that of “strongly minimal
PDy-complex”, one for which the equivariant intersection pairing is identically O.
(We shall in fact use the equivalent cohomological pairing.) If there is a 2-connected
degree-1 map f : X — Z, with Z strongly minimal, and if the orientation character
w=w;(X): T — Z* does not split then the homotopy type of X is determined
by the homotopy type of Z and the equivariant intersection pairing. Every PDy-
complex X with fundamental group 7 has such a “strongly minimal model” Z if and
only if c.d.w < 2. (See Theorem 21 below.) This class of groups is both tractable and
of direct interest to low-dimensional geometric topology, as it includes all surface
groups, knot groups and the groups of many other bounded 3-manifolds. We expect
that if c.d.w < 2 the homotopy type of Z is determined by 7, w and the Wu class
v2(Z), and that if v»(X) is induced from 7 then the minimal model is unique. (In the
latter case, the homotopy type of X is determined by 7, w, v2(X) and the equivariant
intersection pairing.) However, this is only known for 7 a free group, a surface
group, a semidirect product F(r) x Z or a solvable Baumslag-Solitar group Zsxy,.

We shall now outline the paper in more detail. The first two sections are alge-
braic. In particular, Theorem 1 (in §2) establishes a connection between hermitian
pairings and the Whitehead quadratic functor Iy . Sections 3—8 consider the homo-
topy classification of PD4-complexes, and introduce several notions of minimality.
The first main result is Theorem 7 in §7, where it is shown that two PD4-complexes
with the same strongly minimal model and +isometric intersection pairings are ho-
motopy equivalent, provided w : # — Z* does not split. Sections 9 and 10 determine
the strongly minimal PD4-complexes with m, = 0 and for which 7 has finitely many
ends. Strongly minimal PD4-complexes with 7 a semidirect product v x Z (with v
finitely presentable) are shown to be mapping tori in §11. When v is a free group the
homotopy type of such a mapping torus is determined by 7 and the Stiefel-Whitney
classes, by Theorem 22. The next five sections lead to the second main result, The-
orem 27 (in §16), which extends the result of Theorem 22 to the case when 7 has
one end and c.d.7w = 2 provided that the image of the symmetric square I ® IT in
2" @71z Liv (IT) is 2-torsion free, where IT = my(X) = H?(m;Z[x]). This theorem
is modelled on the much simpler case analyzed in §14, in which 7 is a PD,-group.
Apart from the notion of minimality, the main technical points are the connection
between hermitian pairings and Iyy, the fact that a certain “cup product” defines an
isomorphism, and the 2-torsion condition. In [40], we showed that the cup-product
condition held for surface groups, torus knot groups and solvable Baumslag-Solitar
groups. Here we show that it holds for all finitely presentable groups 7 with one end
and c.d.w = 2 (Theorem 26). The 2-torsion condition is only known for 7w a PD,-
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group or 7 a solvable Baumslag-Solitar group (Theorem 30), and does not hold for
all the cases covered by Theorem 22. The penultimate section considers the clas-
sification up to TOP s-cobordism or homeomorphism of closed 4-manifolds with
groups as in Theorem 27. In particular, it is shown that a remarkable 2-knot discov-
ered by Fox is determined up to TOP isotopy and reflection by its knot group. In the
body of the text we raise a number of questions, some on points of detail, that we
have not been able to settle. The most significant of these have been collected in the
final section.

The interactions of cohomology of groups, Poincaré duality and the lower
stages of Postnikov towers are central to the arguments. We refer particularly to
[9, 51, 54, 62] for more on these topics. Some of the other techniques invoked, such
as L?>-homology (used in §5 to compare various notions of minimality) or Farrell co-
homology (used in §10 in connection with PD4-complexes whiose universal covers
have two ends) may seem more recondite, but these are mostly used in excursions
aside the main theme, and familiarity with such notions is not essential.

The theme of Hambleton, Kreck and Teichner [29] is close to ours, although their
methods are very different. They use Kreck’s modified surgery theory to classify up
to s-cobordism closed orientable 4-manifolds with fundamental groups of geometric
dimension 2 (subject to some K- and L-theoretic hypotheses), and they show also
that every automorphism of the algebraic 2-type is realized by an s-cobordism, in
many cases. (They do not require that 7 have one end, which is a restriction im-
posed by our arguments. However, when 7 is a free group there is a simpler, more
homological approach, which also uses the ideas of §2 below [37].)

This paper is a synthesis and extension of three papers [38, 39, 40] which ex-
plored the role of minimality in the classification of PD4-complexes, in particular,
those with fundamental group 7 such that c.d.w = 2 and & has one end. (Some as-
pects were considered much earlier [35, 36].) Apart from the benefits of revision,
the main novelties are in showing that strongly minimal finite PD4-complexes have
minimal Euler characteristic (Corollary 3), strong minimality is equivalent to or-
der minimality if and only if c¢.d.w < 2 (Theorem 21), verification that cup product
defines an isomorphism for all 2-dimensional duality groups (Theorem 26), clarifi-
cation of the role of the refined v,-type, and relaxation of some of the hypotheses.

I would like to thank the referee for his close reading of the original submission,
and for his suggestions for the improvement of the exposition.

2 Modules and group rings

Let 7 be a finitely presentable group and w : @ — Z* = {41} be a homomorphism.
(This shall represent the orientation character for a PD,-complex with fundamental
group 7.) We shall at times view w as a class in H ! (m;F,), since this cohomol-
ogy group may be identified with Hom(w,Z*). Define an involution on Z[x] by
g=w(g)g~', forall g € m. Let Z and Z" be the augmentation and w-twisted aug-
mentation rings, and € : Z[n] — Z and &, : Z[x] — Z" be the augmentation and
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the w-twisted augmentation, defined by €(g) = 1 and €,(g) = w(g), for all g € ,
respectively. Let 1,, = Ker(g,).

All modules considered here shall be left modules, unless otherwise noted.
However, if L is a left Z[r]-module the dual Homg, (L, Z[x]) and the higher ex-
tension groups Ext%[n] (L,Z[r)) are naturally right modules. If R is a right Z[n]-

module let R be the corresponding left Z[x]-module with the conjugate structure
given by g.r = r.g, for all g € Z[x] and r € R. Let L' = Homy (L, Z[x]) and

E'L = Ext%[ﬂ] (L,Z[r)), for i > 0 be the conjugate dual left modules. If L is free,

stably free or projective then so is E°L = LY. We shall consider Z and Z" to be
bimodules, with the same left and right 7-structures. (Note that Z=7")

The modules EYZ = H4(m; Z[x]) with ¢ < 3 shall recur throughout this paper. In
particular, E 07,22 7" if 7 is finite and is 0 otherwise, while E'Z reflects the number
of ends of 7. It is O if 7 is finite or has one end, infinite cyclic if 7 has two ends (i.e.,
is virtually infinite cyclic) and is free abelian of infinite rank otherwise.

Lemma 1. Let M be a Z[r|-module with a finite resolution of length n and such that
E'M =0 fori < n. Then Aut(M) = Aut(E"M).

Proof. Since E'M = 0 for i < n the dual of a resolution of length n for M is a
finite resolution for E”M. Taking duals again recovers the original resolution, and
so E"E"M = M. If f € Aut(M) it extends to an endomorphism of the resolution
inducing an automorphism E" f of E"M. Taking duals again gives E"E" f = f. Thus
f+— E"f determines an isomorphism Aut (M) = Aut (E"M).

A group 7 is an n-dimensional duality group over Z if the augmentation Z[x]-
module Z has a finite projection resolution of length n, H(7;Z[x]) = 0 for i < n
and the dualizing module 9 = H"(r; Z|r]) is torsion free as an abelian group. (See
[9, Theorem VIIL.10.1].) We then have Auf(E"Z) = Z*, by Lemma 1. Finitely gen-
erated free groups are duality groups of dimension 1. If 7 is finitely presentable and
c.d.w = 2 then H?(r; Z[r]) # 0, and it is torsion free, by [25, Proposition 13.7.1].
Hence 7 is a 2-dimensional duality group if and only if it has one end.

In general, HQ(E;Z[TE]) is 0, Z or not finitely generated ([21] — see [25, Propo-
sition 13.7.12]). In the latter case, H?(7; Z[x]) must have infinite rank, by the main
result of [8]. It remains open whether H?(7; Z[x]) must be free as an abelian group.

We shall use the “free differential calculus” of Fox and Lyndon to provide partial
resolutions of augmentation modules. (See [23] and [46].) Let F (n) be the free group

with basis {xi,...,x,}. The augmentation ideal of Z[F (n)] is freely generated by
{x1 —1,...,x,— 1} as aleft Z[F (n)]-module and so we may write
ar
—1=Zx i<n=5_\Xi — 1 )
r sisng - (6= 1)

forre F(n).Sincers—1=r—1+r(s—1),forall r,s € F(u), the Leibniz conditions

ars ﬁ+ ﬁ
ax,' o 8x,~ rax,-
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hold for all r,s € F(u) and 1 < i < n. In particular, g—; =0and 35;,1 =!I g—x’ for

1 <i < n. We may extend these functions linearly to “derivations” of Z[F (n)].
Now let 7 be a group with a finite presentation

P =(x1,... xg|r1,....mn)®,

where ¢ : F(g) — m is an epimorphism with kernel the normal closure of {ry,...,7;}.
Let def(Z?) = g — h be the deficiency and C(?) be the 2-complex corresponding
to this presentation. Then y(C(2?)) = 1 —def(Z?). A choice of lifts of the g-cells

—~—

of C(&?) to the universal cover C(&?) determines a basis for Cq(C/'(\%) as a free

left Z[r]-module. We view these as modules of column vectors. The differentials
(g—g)cgl). (We extend

¢ linearly to the group rings.) The module of 0-cycles Zy(C(4?)) is isomorphic to

are given by d; (c(li)) = (¢(x;) — 1)co and az(cgj)) =Zi<i<g®

I(x), and so I(m) has a g x h presentation matrix with (i, j)th entry (p(%) (We

shall refer to C.(C(2?)) as the Fox-Lyndon resolution of Z associated to Z.)

Lemma 2. Let 1 = G+ F (n), where G = " | G; is the free product of m > 1 finitely
generated, one-ended groups G; and n > 0. Then E'Z = Z[x]"+"~1,

Proof. If n = 0 the result follows from the Mayer-Vietoris sequence for the free
product, with coefficients Z[x].

In general, let C,.(G) be a resolution of the augmentation module by free Z[G]-
modules with Cy(G) = Z[G]. Then there is a corresponding resolution C,(7) with
Cy(m) = Z[r] @76 C4(G) if ¢ # 1 and C1 (%) = Z[x] ®7,6) C4(G) @ Z[x]". Hence
there is a short exact sequence of chain complexes

0 — Z[x] @76 C+(G) — Ci(m) — Z[z]" — 0,

where the third term is concentrated in degree 1. The exact sequence of cohomology
with coefficients Z[r] and conjugation give a short exact sequence

0 — Z[x]* — H'(m; Z[r]) — H'(Homyz)(Z[7] @76 C+(G), Z[x]) — 0.

We may identify the right-hand term with Z[r] @76 H'(G; Z[G]) = Z[m]" !, since
G is finitely generated. The middle term is E£'Z, and so the lemma follows easily.

The hypothesis of this lemma holds if 7 is torsion free but not free. On the other
hand, if 7 is a nontrivial free group then E'Z has projective dimension 1 as a Z|x]-
module, and so the conclusion fails.

If M is a Z[r]-module and v is a subgroup of & then M|, shall denote the Z[v]-
module obtained by restriction of scalars.



6 Jonathan A. Hillman

3 The Whitehead functor and hermitian pairings

Let A and B be abelian groups. A function f : A — B is quadratic if f(—a) = f(a)
for all a € A and if f(a+b)— f(a) — f(b) defines a bilinear function from A x
A to B. The Whitehead quadratic functor Iy assigns to each abelian group A an
abelian group Iy (A) and a quadratic function 4 : A — Iy (A) which is universal for
quadratic functions with domain A. The natural epimorphism from A onto A/2A =
Fy ® A is quadratic, and so induces a canonical epimorphism g4 from Iy (A) to
A2A Let AOA=A®A/(a®@b—b®a|Va,b € A) be the symmetric square of A.
Then the kernel of g4 is the image of A ©® A under the homomorphism s from A ©® A
to Iy (A) given by s(a ®b) = ya(a+b) — ya(a) — ya(b). Thus there is an exact
sequence
AGAS Ty(A) 2 )24 —0.

Moreover, 2y (a) = s(a ® a), for all a € A. (Topologically, if 1 : §3 — $? is the
Hopf map and x € m,(X) then 2xo 1 = [x,x], the Whitehead product in 73(X).) This
sequence is short exact if A is torsion free [4, §1.2].

If A and B are abelian groups the inclusions into A @ B induce a canonical split-
ting Iy (A® B) = Iy (A) ® Iy (B) ® (A ® B). Since I'(Z) = Z it follows by a finite
induction that if A 2 Z" then Ly (Z") is finitely generated and free, and that s is in-
jective. If A is any free abelian group, every finitely generated subgroup of such a
group lies in a finitely generated direct summand, and so I}y (A) is again free, and s
is injective.

A w-hermitian pairing on a finitely generated Z[r]-module M is a function b :

M x M — Z[r] which is linear in the first variable and such that b(n,m) = b(m,n),
for all m,n € M. The adjoint homomorphism b : M — M is given by b(n)(m) =
b(m,n), for all m,n € M. The pairing b is nonsingular if b is an isomorphism.
_ Let Her,,(M) be the group of w-hermitian pairings on M. Let evy(m)(n,n’) =
n(m)n'(m) for all m € M and n,n’ € M'. Then evy(m)(n,n’) is quadratic in m and
w-hermitian in n and n’ and evys(gm) = w(g)evy (m) for all g € w and m € M. Hence
evy determines a homomorphism

T

By 72" ®Z[n’] Fw(M) — HerW(M )

Let M ® M have the diagonal m-action, given by g(m®n) = gm©gn, forallge n
and m,n € M, and let M Oz M = 7" @z (M ©M).

Theorem 1. Let © be a group, w : ® — Z* a homomorphism and M a finitely gen-
erated projective Z[m|-module. If Ker(w) has no element of order 2 then By is sur-
Jective, while if there is no element g € @ of order 2 such that w(g) = —1 then By is
injective.

Proof. Since M is a free abelian group there is a short exact sequence

0—->MOM—Ty(M) —M/2M — 0,
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and Iy (M) is free as an abelian group. This is a sequence of Z[r]-modules and
homomorphisms. Since M is projective, Z" @z, M is also free as an abelian group.
Hence the sequence

0—-MOM—=7Y ®Z[71:] Fw(M) — 7" ®Z[71:] M/ZMZ]Fz ®Z[ﬂ]M—> 0

is also exact, since Torlzm (2", M/2M) = Ker(Z.idZm»®Z[n]M) =0.

Let Ny : M — 2" ®zz) Liv (M) be the composite of yy with the reduction from
Ly (M) to 22" @7,z Iiw (M). Then the composite of 7, with the projection to 2 @z
M is the canonical epimorphism. Let [m ® n] be the image of m©nin M © M.

Suppose first that M is a free Z[r]-module, with basis ey,...,e,, and lete], ... e
be the dual basis for M, defined by e} (e;) = 1 and ¢} (¢;) = 0 if i # j. Since

*
r

m@gn] =[g(g"'mon)] = [gmon] inMOM,
the typical element of M ©; M may be expressed in the form u = X< j(r;je;) ©Oe;.
For such an element
BM(,LL)(EE,E?():}’H, for k <1,

and
By (u)(ex,ef) = rig+ i, fork=1.

In particular, By (1) is even: if &, : Z[n] — F is the composite of the augmentation
with reduction mod (2) then & (By(1)(n,n)) = 0 for all n € M'. If m € M has non-
trivial image in F, ®7;) M then &(e; (m)) # O for some i < r. Hence By (1 (m))
is not even, and it follows easily that Ker(By) < M ©r M. If By (1) = 0, for some
n= 2,‘3/(?‘,’]6[) @ej, then ry; =0, if k < [, and r;; + 7;; = 0, for all i.

If 7 has no orientation reversing element of order 2 and By (i) = 0, where u =
Li<j(rijei) ©ej, then ryj = Xycp(jyaig(g — §), where F (i) is a finite subset of 7, for
1 <i<r. Since ((g—g)e;) ©®e; = 0 it follows easily that u = X(r;e;) ©e; = 0.
Hence By, is injective.

To show that By, is surjective when Ker(w) has no element of order 2 it shall
suffice to assume that M has rank 1 or 2, since & is determined by the values h;; =

h(ef,e}). Let &,[m,m'] be the image of m©m' in Z" @z Iiy(M). Then

Byt (&[m,m'])(n,n') = n(m)n' (m") +n(m")n' (m),

for all m,m’ € M and n,n’ € M". Suppose first that M has rank 1. Since A = hy;
and Ker(w) has no element of order 2 we may write hj| =2b+ 6 + Zocr (8 +3),

where b =b, 6§ =1 or 0 and F is a finite subset of 7. Let

U=2¢&,[(b+8+Zecrg)er,er] +0nu(er).

Then By (1) (e7,e;) = hir. If M has rank 2 and hyy = hop =0 let 4 = g, [hizer, ea)].

Then By (1)(ef,€7) = hij. In each case By/(1) = h, since each side of the equation

is a w-hermitian pairing on M.
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Now suppose that M is projective, and that P is a finitely generated projective
complement to M, so that M @ P = Z[r]" for some r > 0. The inclusion of M into
the direct sum induces a split monomorphism from Iy (M) to Iy (Z[x]") which is
clearly compatible with By and Byz-. We may extend an hermitian pairing & on
M to a pairing hy on M" @ P' by setting hy (n, p) = hi(p’, p) =0 foralln € M" and
p,p € P Clearly & |yxm = h and so this extension determines a split monomor-
phism from Her, (M) to Her,,((Z[x]")"). If hy = Byz(0) then h = By (6y).
where 0y is the image of 6 under the homomorphism induced by the projection
from M & P onto M. Thus if Bz[zj- is a monomorphism or an epimorphism so is By.

In particular, if 7 has no 2-torsion then By, is an isomorphism, for any projective
Z[r]-module M. The restriction on 2-torsion is necessary, as can be seen by consid-
ering the group G = Z /27 = (g | g*) with w trivial and & the pairing on M = Z|G]
determined by h(m,n) = mgn.

Let E be another left Z[r]-module. Then the summand M ® E of Iy (M & E) has
the diagonal left Z[x]-module structure. Letd : M — M and 1 : Z Rz (M QE) —

Homyz (M, E) be given by d(m)(u) = pt(m) and t (L @ e)(m) = p(m)e, for all m €
M, u € M and e € E. If M is finitely generated and projective these functions are
isomorphisms (of left Z[r]-modules and abelian groups, respectively). Let By (y)

be the adjoint of By(1®7), for all y € Iy (M).

Lemma 3. Let M be a finitely generated projective Z[x|-module and 6 : M — E
be a Z[r]-module homomorphism. Let d : M — M and t : Z @y (M Q E) —
Homyz (M, E) be the isomorphisms defined above, and let

0 (m, ) = (m,e+6(m)),

forall (m,e) € M BE. Then ayg is an automorphism of M ® E and

Ly (a0)(¥) — 7= (d® 1) [(Bu(n)©1)(t™'(0))] mod Iy(E),
forall y € Iy (M).

Proof. The homomorphism g is clearly an automorphism of M @ E which restricts
to the identity on the summands £ and M, and

Ly (0tg) (Wmek (m)) = ek (m) + Yuar(8(m)) + m® 6(m),

forallme M [4,1.2.7]. ~
Let B = Bu(1® yu(m)), for m € M. Now the adjoint homomorphism f3,, is

given by B, (1) = u(m)d(m). Since t is surjective we have 0 = t(Xu; ® ¢;), for
some (; € M" and ¢; € E. Then (B, @ 1)(t71(0)) =

2B (i) @ e; = Zd(m) @ pi(m)e; = d(m) © 0(m) = (d @ 1)(m @ O (m)).

Since
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Liv () (e (m)) = e (m) = (d@ 1) [(Bu @ 1)(:7(8))] mod Ly (E),

for all m € M, and since each side is quadratic in m, we have

L (a)(y) —v=(d® 1) [(Bu() @ 1)(t7'(0))] mod Ly(E),

for all y € Iy (M).

4 Postnikov stages

Let X be a based, connected cell complex with fundamental group 7, and let
px : X — X be its universal covering projection. Let Ey(X) be the group of based
homotopy classes of based self-homotopy equivalences of X, and Ex(X) be the sub-
group which induces the identity on 7. If we fix a basepoint for X over the basepoint
of X then there are well-defined Hurewicz homomorphisms

hwzy - 1y (X) = my(X) — Hy(X;Z), forall g > 2.

Let fxx : X — P(X) be the k" stage of the Postnikov tower for X. We may
construct P,(X) by adjoining cells of dimension at least k + 2 to kill the higher
homotopy groups of X. The map fx « is then given by the inclusion of X into P (X),
and is a (k+ 1)-connected map. In particular, P;(X) >~ K = K(m,1) and cx = fx 1 is
the classifying map for the fundamental group 7 = 7; (X).

If M is a left Z[r]-module let L;(M,n) be the generalized Eilenberg-Mac Lane
space over K = K(m, 1) realizing the given action of 7 on M. Thus the classifying
map for L = L(M,n) is a principal K (M, n)-fibration with a section ¢ : K — L. The
pair (cz,0) is an object in the category ex-K of spaces over K with sections, and
we may view Ly(M,n) as the ex-K loop space QL (M,n+ 1) [53], with section &
and projection cy. Let u : L Xxx L — L be the (fibrewise) loop multiplication. Then
u(idp,ocr) = u(ocy,idy) =idy in [L; L|k. Let iy, € H"(L; M) be the characteristic
element.

Let [X;Y]k be the set of homotopy classes over K = K(7,1) of maps f: X —
Y such that cx = cy f. (These may also be considered as m-equivariant homotopy
classes of m-equivariant maps from K to L.) The function 6 : [X,L]x — H"(X;M)
given by 6(f) = f*iy,, is a isomorphism with respect to the addition on [X,L|gx
determined by u. Thus 8(idy.) = ty 4, 8(ccx) =0and O(u(f, ") =0(f)+06(f)
[2, §V.2].

Let ki (X) € H3(m; m(X)) be the first k-invariant which may be defined as the
primary obstruction to constructing a left inverse to the classifying map cx. (It may
also be identified with the class in Ext%[ . (Z,I0) of the iterated extension

0= m(X)—Cy/dC; —C; — Cy— Z — 0.
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This was surely known to Eilenberg, Mac Lane and Whitehead, and appears closely
related to the Homotopy Addition Theorem [62, Theorem IV.6.1] or [54, Proposition
7.5.3], but it is difficult to find an accessible published proof. See [10, Theorem
12.2.10] or [49].)

Let fx = fx be the second stage of the Postnikov tower for X. The alge-
braic 2-type [, m(X ), k1 (X)] and the Postnikov 2-stage determine each other. More
precisely, P»(X) ~ Py(Y) if and only if there are isomorphisms o : & = m;(Y)
and B : m(X) = mp(Y) such that B is o-semilinear and o*k;(Y) = Bk (X) in
H3(7;m(Y)). Moreover,

ki(X) =0 < cp,(x) has asection < P(X) =~ Lz(m(X),2).

Let L = Lz(M,2). Then Ez(L) is the group of units of [L,L]x with respect to
composition. We shall use the following special case of a result of Tsukiyama [56];
we give only the part that we need below.

Lemma 4. There is an exact sequence
1 — H*(m;M) — Ez(L) — Aut(M) — 1.

Proof. Let 8 : [K,L]x — H*(m; M) be the isomorphism given by 0(s) = s*1y.2, and
let 0~1(¢) = s4 for ¢ € H*>(m;M). Then s4 is a homotopy class of sections of ¢y,
so =0 and s¢+y = [(sg,sy), While ¢ = s51p 2. (Recall that pt : L xg L — Lis the
fibrewise loop multiplication.)

Let hy = pu(sgpcr,idr). Then ¢ hy = ¢p and so hy € [L;L]g. Clearly hy =
u(ocy,idy) = idy, and h;lM,; =ly2+cio € HZ(L;M). We also see that

ho 1y = (1 (sp,sy)cr,idr)
= u(u(spcr,sycr),idr)
= u(sgcr, m(sycr,idr))

(by homotopy associativity of 1) and so

h¢+‘l/ = ,u(S¢CL,hW) = u(S¢CLhW,hW) = h¢]’l1,/.

Therefore hy is a homotopy equivalence for all ¢ € H 2(m;M), and ¢ — hg defines
a homomorphism from H?(7; M) to Ex(L).

The lift of &y to the universal cover L is (non-equivariantly) homotopic to the
identity, since the lift of ¢y is (non-equivariantly) homotopic to a constant map.
Therefore y acts as the identity on M = m,(L).

The homomorphism % : ¢ — hy is in fact an isomorphism onto the kernel of
the action of Ex(L) on M [56], and the extension splits: Ex(L) is isomorphic to
a semidirect product H?(m; M) x Aut(M) [3, Corollary 8.2.7]. More generally, if
P=P(X), II = m(X) and H is the subgroup of Auty(IT) x Aut(7) which fixes
ki(X) € H3(m;IT) then

Eo(P) = H?*(m;IT) x« H
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(see [53, Part II]). Thus if P = L (IT) every automorphism of 7 lifts to a self-
homotopy equivalence of L, and Ey(L) = Ex(L) X Aut (7).

Let X be the k-skeleton of X, for all k > 0, and let IT = 7, (X). The image
of m3(X™) in m3(XP) is isomorphic to Iy (IT), and the inclusion of the 3-skeleton
induces a homomorphism tx : Ity (IT) — m3(X ). The composite of 1y with the natural
map from IT ® IT to Iy (IT) is the Whitehead product [—, —], and there is a natural
Whitehead exact sequence of abelian groups

hwzs

73(X) 25 Hy(X;Z) 25 Ly (IT) 25 m3(%) 255 Hy (X5 Z) — 0,

where by is the secondary boundary homomorphism [61]. (See [4, 2.1.17].) This is
an exact sequence of left Z[r]-modules, by naturality. (Note also that the Whitehead
sequence for K(I1,2) gives Hy(IT,2;7Z) = Iyy (IT).)

The homology spectral sequence for P3(X) as a fibration over K(IT,2) with fibre
K(m3(X),3) gives an exact sequence

2
0 — Hy(P3(X);Z) — Hy(I1,2;7) B, H3(m3(X),3:Z) — H3(P3(X);Z) — 0,
in which dz%,o is the homology transgression. Composing df‘o with the inverse of
the Hurewicz isomorphism hwzz for K (m3(X),3) gives the image of the second k-
invariant ky(X) € H*(IT,2; 13(X)) in Hom(Hy(I1,2;7Z), m3(X)) under the evalua-
tion homomorphism, by the interpretation of k-invariants in terms of transgression
[47]. In fact df , = hwz3ix [4, Theorem 2.5.10].

5 PD4-complexes and intersection pairings

Let X be a based finitely dominated cell complex, with the natural left ZLn]—module
structure. The equivariant cellular chain complex C, = C,(X;Z[x]) of X is a com-
plex of left Z[rn]-modules, and is Z[r]-chain homotopy equivalent to a finitely gen-
erated complex of projective modules. Let B, < Z, < C, be the submodules of g-
boundaries and g-cycles, respectively. Let C7 = Homyz (Cy,Z[r]), for all g > 0,
and let IT = Hy(X;7Z) = H,(C.). Recall that the choice of a basepoint for X deter-
mines an isomorphism 7 (X) 2 IT.
Letev: H2(X;Z[r]) — IT" be the evaluation homomorphism, given by

ev([c))([2]) = [c]N[z] =c(z) VeeC*andzeC.
This homomorphism sits in the evaluation exact sequence
0— E*Z — HX(X;Z[x]) & II" — E*Z — H3(X:Z[n)).

(See [34, Lemma 3.3].) If X is a PD4-complex then H3(X;Z[r]) = H, (f;Z) =0,
and the evaluation sequence is a 4-term exact sequence.
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We assume henceforth that X is a PD4-complex, with orientation character w =
wi(X). Let X be the orientable covering space associated to 7+ = Ker(w). The
complex X is finitely dominated and is homotopy equivalent to X, Uy e*, where
X, is a complex of dimension at most 3 and ¢ € m3(X,) [60]. In particular, 7 is
finitely presentable. In [37] and [38] cellular decompositions were used to study
the homotopy types of PD4-complexes. Here we shall rely more consistently on the
dual Postnikov approach.

Lemma 5. If @ is infinite the homotopy type of X is determined by P3(X).

Proof. If X and Y are two such PD4-complexes and & : P3(X) — P3(Y) is a homo-
topy equivalence then /A fx 3 is homotopic to a map g : X — Y. Since 7 is infinite
Hy(X:Z) = H4(17~; Z) = 0, by Poincaré duality. Since 7;(g) is is an isomorphism for
i <3anylift g : X — Y is a homotopy equivalence, by the Hurewicz and Whitehead
theorems, and so g is a homotopy equivalence.

In particular, if 7 is torsion free but not free then H(X;Z[x]) = E'7Z is a free
Z[r]-module, by Lemma 2, and so 73(X) = Iy (IT) @ E'Z. Hence the homotopy
type of X is determined by 7, w, IT and the first two k-invariants.

Let H = H2(X;Z[r]). A choice of generator [X] for Hy(X;Z") = Z determines a
Poincaré duality isomorphism D : H — II by D(u) = un|[X], for all u € H. Moreover
H3(X;Z[x]) = 0. The cohomology intersection pairing A : H x H — Z[x] is defined
by

A(u,v) =ev(v)(D(u)) forall u,veH.

This pairing is w-hermitian: A (gu,hv) = gA (u,v)h and A (v,u) = A (u,v) for all u,v €
H and g,h € . If X is a closed 4-manifold this pairing is equivalent under Poincaré
duality to the equivariant intersection pairing on II. (See [51, page 82].) Replacing
[X] by —[X] changes the sign of the pairing. Since A(u,e) =0 for all u € H and
e € E = E*7 the pairing A induces a pairing

Ax :H/E xH/E — Z[x].

The adjoint Ay is a monomorphism, since Ker(ev) = E. The PD4-complex X is
strongly minimal if Ax = 0.

The next lemma relates nonsingularity of Ay, projectivity of IT and H/E and
conditions on E*Z and E>Z.

Lemma 6. Let X be a PDy-complex with fundamental group m, and let E = E*7,
H = H2(X;Z[r]) and II = my(X). Then

. Ax =0ifand only if H = E, and then E37 = E";

. if Ay is nonsingular and H /E is a projective Z[xt)-module then E37. = E';

. if Ax is nonsingular and E¥ = 0 then E37 = 0;

. ifE3Z = 0 then Ax is nonsingular;

. if E3Z =0 and Il is a projective Z[xt]-module then E = 0;

. if T = GxF(n), where G = " G; is the free product of m > 1 one-ended groups
and I1 is a projective Z[rt]-module then c.d.7t < 4, with equality if T has one end.

AN AW N~
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Proof. Let p: II — I1/D(E) and g : H — H/E be the canonical epimorphisms.
Poincaré duality induces an isomorphism y: H/E = I1/D(E). It is straightforward
to verify that p’(y") "' Axq = ev, and (1) is clear.

If Ax is nonsingular then Ay is an isomorphism, and so Coker(p") = Coker(ev).
If moreover IT/D(E) = H/E is projective then IT is a direct sum: IT = (IT/D(E)) ®
D(E). Hence IT" = (IT/D(E))" @ E", and so ET = Coker(p') = E*Z.

If Ay is nonsingular and E” = 0 then Ay and p' are isomorphisms, and so ev =
p"(y") 7' Axq is an epimorphism. Hence E37Z = 0.

If E37 = 0 then H/E = IT' and ev = q. Since ¢ is an epimorphism it follows that
p'(y")'Ax =idp+, and so pT is an epimorphism. Since p is also a monomorphism
it is an isomorphism. Therefore Ay = ¥"(p)~! is also an isomorphism.

If IT is projective then so is IT'. If, moreover, E3Z = 0 then H = E ® IT'. Hence
E is projective, since it is a direct summand of H 2 IT, and so E = E'T = 0.

If 7 is a free product of m > 1 one-ended groups and n copies of Z then E'Z, =
Z[r]™+"=!, by Lemma 2. If, moreover, IT is projective then so are Cy=C3®IT and
C,=Cy®E 17.. We may easily extend the differentials of C, to obtain a projective
resolution C,, of length 4 for Z. Hence c.d.m < 4. If 7 has one end and IT is projective
then H*(m; Z[r]) = E*Z = H*(X;Z[r]) = Z, by the Universal Coefficient spectral
sequence and Poincaré duality, and so c.d.w = 4.

Parts (3) and (4) together imply that if EZ = 0 then Ay is nonsingular if and
only if E37Z = 0 also. Does this remain the case without any conditions on E>Z?
If IT is projective and Ay is nonsingular then 7 2 7;(Z) for some PDs-complex Z
with m,(Z) = 0, by Theorem 5 below, and so E*Z = E3Z = 0.

We shall say that a based map f : X — Y between PD4-complexes is a degree-1
map and write fi[X] = £[Y]if f*w;(¥Y) = w;(X) = w and the lift of f to a based
map of universal covers induces an isomorphism Hy (X;Z") = Hs(Y;Z"). (Note that
if we do not work with based maps the homomorphisms induced by different lifts
may differ by sign — see [55] for an investigation of the subtleties involved.) The
homomorphism 7 (f) is then surjective, and Poincaré duality in X and Y determine
umkehr homomorphisms fi : H.(Y;Z[m(Y)]) = H.(X; f*Z[m (Y)]), which split the
homomorphisms induced by f. The umkehr homomorphisms are well-defined up to
sign [51, §10.3]. If f : X — Z is a 2-connected degree-1 map then cap product with
[X] induces an isomorphism from the surgery cokernel K*(f) = Cok(H2(f;Z[x]))
to K>(f), and the induced pairing As on K2(f) x K*(f) is nonsingular [60, Theorem
5.2].

We shall not usually specify a fundamental class [X], and so we shall allow
orientation-reversing homotopy equivalences of oriented PD4-complexes, and iso-
morphisms of modules with pairings which are isometries after a change of sign.
In particular, if Y is a second PD4-complex we write Ax = Ay if there is an iso-
morphism 0 : 7y (X) 2 7 (Y) such that wi (X) = w;(Y) 0 0 and a Z[x]-module iso-
morphism O : m,(X) = 0*m,(Y) inducing an isometry of cohomology intersection
pairings (after changing the sign of [Y], if necessary).
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In [5] it is shown that a PD4-complex X is determined by its algebraic 2-type
(i.e., by P»(X)) together with wi(X) and fx.[X]. (The main step involves showing
that if 4 : P,(X) — P»(Y) is a homotopy equivalence such that 2*w;(Y) = w(X)
and A, fx«[X] = fr«[Y] (up to sign) then 7 = P,(g) for some map g : X — Y such
that Hy(g;Z") is an isomorphism.) Our goal is to show that under suitable condi-
tions X is determined by the more accessible invariants encapsulated in the sextuple
[, w,va(X), T,k (X),Ax]. (This is the quadratic 2-type of X, as in [27], enhanced
by the Wu classes; equivalently, by the Stiefel-Whitney classes.) If Ax # 0 then Ax
determines w, since Ax (gu,gv) = w(g)gAx (u,v)g~" for all u,v and g.

The Wu classes of a PD,-complex P are the classes v;(P) € H'(P;F,) determined
by Poincaré duality from the condition

u—vi(P)= Sq'u, forall ue H"f"(P;IE‘Q).

If P is a manifold these are equivalent to the tangential Stiefel-Whitney classes, by
the “Wu Formula” [54, Theorem 6.10.7]. (Spanier writes V; for our v;, and does not
use the term Wu class.) In dimension 4 we can be quite explicit; if X is a PDy-
complex then vi = wy is the orientation character, and v, = w, + w%. We choose to
use vy rather than w, since it is the characteristic element for the intersection pairing
on H>(X;TF,).

It shall be useful to distinguish three “v,-types” of PDs-complexes:

L vz(j(v) #£0 (i.e., v2(X) is not in the image of H?(7;IF,) under cx)s
IL v(X) =0; N
I vy(X) # 0 but vo(X) =0 (i.e., v2(X) is in ¢ (H*(m;F2)) \ {O}).

This trichotomy is due to Kreck, who formulated it in terms of Stiefel-Whitney
classes of the stable normal bundle of a closed 4-manifold. The refined v,-type (II
and III) is given by the orbit of v, in H?(7;F,) under the action of automorphisms
of  which fix the orientation character.

6 Minimal models

A model for a PDs-complex X is a 2-connected degree-1 map f: X — Z to a
PD4-complex Z. (We shall also say that Z is a model for X.) The surgery ker-
nel K>(f) = Ker(m(f)) is a finitely generated projective Z[r]-module, and is an
orthogonal direct summand of 7, (X) with respect to the intersection pairing [60,
Theorem 5.2]. If both complexes are finite then K, (f) is stably free. The PDs-
complex X is order-minimal if every such map is a homotopy equivalence, i.e.,
if X is minimal with respect to the order determined by such maps. It is strongly
minimal if Ax =0, and is y-minimal if x(X) < x(Y), for Y any PD4-complex with
(1 (Y),w1(Y)) = (m,w). We then let g(,w) = x(X) be this minimal value. (The
definition of “strongly minimal” used here may be broader than the one used in [38],
where we said that Z was strongly minimal if 7,(Z)" = 0. The two definitions are
equivalent if (E*Z)" =0.)
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Order minimality is the most natural property, and ¥ -minimality perhaps the one
most easily established. It is clear that strongly minimal PD4-complexes are order-
minimal. We shall show that y-minimality interpolates between these notions, when

the L2-Euler characteristic formula y (X) = £(—1)/8*)(X) applies. (Here B (X)
and [3,-(2) (m) are the ith L?-Betti numbers of the space X and group 7. The book [45]

is the definitive reference for L> homology; a brief outline is given in Sections 1.9
and 2.2 of [34].)

Theorem 2. A PD4-complex X with fundamental group T is strongly minimal if and

(2 2
only if B5”) (X) = B, ().
Proof. The module C?(X;C[r]) may be identified with the group of cellular 2-

cochains with compact support on X, while the corresponding module C(22> (X) of

L?-cochains is the group of square-summable cellular 2-cochains on X. The com-
pactly supported cochains are dense in the square-summable cochains. For each
7 € m(X) the evaluation ev; : f — f(z) is continuous as a linear map from C(zz) (X)
to C. (See the proof of [34, Theorem 3.4]. If X is strongly minimal then ev,(f) =0
for all f € C?(X;C[r]). Hence ev, = 0 for all z € m,(M). The L? analogue of the
evaluation sequence (as in [19, §1.4]) then shows that cx induces an isomorphism
on the unreduced L?-cohomology modules, and so [32(2) (X)= ﬁz(z) (7). The converse
is part (3) of [34, Theorem 3.4].

The next two corollaries need a further hypothesis at present.

Corollary 3 Suppose that either X is finite or & satisfies the Strong Bass Conjec-
ture. Then if X is strongly minimal it is ) -minimal, and if it is x-minimal it is order
minimal.

Proof. If X is finite or 7 satisfies the Strong Bass Conjecture we may use the L*-

Euler characteristic formula then x(X) = [32(2) Xx) - 2B1(2> (X) [20]. Since we may
construct a K(7,1) complex by adjoining cells of dimension > 2 to X, we have
[32(2) X) > [32(2)(76), in general. Hence X strongly minimal implies that X is x-
minimal, by the Theorem.

Suppose that f : X — Y is a 2-connected degree-1 map and }(X) = x(Y). Then
K>(f) is a finitely generated projective Z[r]-module and Z ®z, K2(f) = 0. If X is
finite then X is a stably free Z[rn]-module, so K;(f) = 0, by a result of Kaplansky
[52]. This also holds if 7 satisfies the Weak Bass Conjecture [18]. In either case, f
is a homotopy equivalence, and so y-minimality implies order minimality.

In particular, every sequence of 2-connected degree-1 maps
X=X —X3— ...

eventually becomes a sequence of homotopy equivalences. If f: X — Z is a 2-
connected degree-1 map and Z is strongly minimal then A; = Ax.



16 Jonathan A. Hillman

Corollary 4 Suppose that either X is finite or T satisfies the Strong Bass Conjec-
ture. Ifﬁl(z) (X) = x(X) =0 then X is strongly minimal.

Proof. Tn this case the L? Euler characteristic formula gives ,62(2) (X) = 0. Hence
2 2
B (x) = B ().

Strong minimality has the disadvantage of limited applicability. However, the
case of greatest interest to us is when c.d.7 < 2. The three notions of minimality are
then equivalent, and order minimality is equivalent to strong minimality if and only
if c.d.w < 2. (See Theorems 18 and 21 below, and [37] for 7 a free group.)

If # =27 and X is }-minimal then X is order minimal. However, X can only be
strongly minimal if » = 1, 2 or 4. The 4-torus R*/Z* is the unique strongly minimal
PDy4-complex with fundamental group Z*, since E*Z = 0 if s < 3 for this group.
Hence ¢(Z*) = 0. Let K be the 2-complex corresponding to the standard presenta-
tion of Z* with four generators and six relators, and let N be a regular neighbour-
hood of an embedding of K in R>. Then M = dN is an orientable 4-manifold with
7 (M) = Z* and y(M) = 6. If a 2-connected degree-1 map f : M — Y is not a ho-
motopy equivalence then x(Y) < x (M) and so Bo(Y) < 12. Since ¢} H*(Z*;Z) has
rank 6 it follows easily from Poincaré duality in Y that ¢ H?(Z*;Z) cannot be self-
annihilating with respect to cup product, and so cy has nonzero degree. However
cym«[M] = 0, since ¢y factors through N, and so there can be no such map f. Thus
M is order-minimal, but not ¥-minimal, and not strongly minimal.

If Z is strongly minimal and 7@ = Gj * G, does Z decompose accordingly as a
connected sum? If so, the hypothesis that 7 have one end would not be needed in
our consideration later of groups of cohomologicial dimension 2. If M is a closed 4-
manifold and 7; (M) 2 G| % G then there is a simply-connected 4-manifold N such
that M#N = P #P,, where my (P;) = G; fori = 1,2 [34, Theorem 14.10]. If p;: P, = Z;
are strongly minimal models then p = p#p, : M#N — Z,#Z; is a strongly minimal
model for M#N. The image of m,(N) generates a projective direct summand of
7 (M#N) on which the intersection pairing is nonsingular, and so p factors through
M, by the construction of Theorem 5 below. Thus M has a strongly minimal model
which is a connected sum. _

A strongly minimal 4-manifold M must be of type II or III, since a*v, (M) is the
normal Stiefel-Whitney class wy(Vy), for o an immersion of S? in M with normal
bundle V,, and so v, (M)([ot]) is the mod-2 self-intersection number of [0] € 72 (M).
Is there a purely homotopy-theoretic argument showing that all strongly minimal
PDy4-complexes are of type Il or III? (This is so if c.d.w = 2, by Theorem 20 below.)

Lemma 7. Let f : X — Z be a 2-connected degree-1 map of PD4-complexes with
fundamental group w. If X is of type Il or 11l then so is Z.

Proof. Since f is 2-connected, cxy = gczf, for some self homotopy equivalence g
of K(m,1). If vo(X) = ¢}V for some V € H?(r;F,) then

F(n(2) = a) = f(a?) =va(X) — fra=f(cz8'V — a),

for all o« € H*(Z;F,). Hence v»(Z) = ckg*V, since H*(f;F,) is an isomorphism.
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The converse is false. For instance, the blowup of a ruled surface is of type I, but
its minimal models are of type II or III. (See §14 below.)
If X has vp-type I and c.d.7w = 2 is there a model f : X — Z with v,(Z) = 0?

Lemma 8. Let Z be a PD4-complex with fundamental group 7, and let Z,, be the
covering space associated to a subgroup p of finite index in ©. Then Z is strongly
minimal if and only if Z; is strongly minimal.

Proof. LetI1 =m(Z). Then my(Z,) 2 I|,. Moreover, H*(m; Z[x]) |, = H*(p; Z[p])
and Homy,z (I, Z[x])|p = Homg, (I1|, Z[p]), as right Z[p]-modules, since [7 : p]
is finite. The lemma follows from these observations.

7 Existence of strongly minimal models

In this section we shall obtain a criterion for the existence of a strongly minimal
model, as a consequence of the following theorem, which may be thought of as a
converse to the 4-dimensional case of Wall’s Lemma 2.2 and Theorem 5.2.

Theorem 5. Let X be a PD4-complex with fundamental group ©. If K is a finitely
generated projective direct summand of H*(X; Z[xt]) such that Ax induces a nonsin-
gular pairing on K x K then there is a PD4-complex Z and a 2-connected degree-1
map f: X — Z with K>(f) = D(K).

Proof. Suppose first that K is stably free and choose maps m; : S — X for 1 <i <
s representing generators of D(K), and such that the kernel of the corresponding
epimorphism m : Z[n]* — D(K) is free of rank ¢. Attach s 3-cells to X along the m;
to obtain a cell complex ¥ with m;(Y) = &, m(Y) 2 II/D(K) and H3(Y;Z[rx]) =
H3(X;Z[r]) © Z[r]". Since the Hurewicz map is onto in degree 3 for 1-connected
spaces (such as Y) we may then attach ¢ 4-cells to Y along maps whose Hurewicz
images form a basis for H3(Y,X;Z[x]) to obtain a cell complex Z with 7 (Z) 2
and m(Z) = I1/D(K).

If K is not stably free then K& F =2 F, where F is free of countable rank, and we
first construct ¥ by attaching countably many 2- and 3-cells to X, and then attach
countably many 4-cells to Y to obtain Z as before.

The inclusion f : X — Z is 2-connected and Ker(H,(f;Z[x])) = D(K). Com-
parison of the equivariant chain complexes for X and Z shows that H;(f;Z[x]) is
an isomorphism for all i # 2, while H/(f;Z[r]) is an isomorphism for all j # 2
or 3, and H?(f;Z[r]) is a monomorphism. The connecting homomorphism in
the long exact sequence for the cohomology of (Z,X) with coefficients Z[x] in-
duces an isomorphism from the summand K < H?(X;Z[x]) to H*(Z,X;Z[x]) =
Homgzz (D(K),Z[n)). Therefore H*(Z; Z[x]) = 0. Let [Z] = f.[X] € Hy(Z; Z"). Cap
product with [Z] gives isomorphisms H/(Z;Z[r]) = Hs— j(Z; Z[n]) for j # 2, by the
projection formula f,.(f*a —~ [X]) = o —~ [Z]. This is also true when j = 2, for
then H?(f;Z[r]) identifies H?(Z;Z[r]) with the orthogonal complement of K in
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H?(X;Z[x]), and f.(— — [X]) carries this isomorphically to H»(Z;Z[x]). Therefore
Z is a PD4-complex with fundamental class [Z], f has degree 1 and K> (f) = D(K).

This construction derives from [38], via [39]. The main theorem of [32] includes
a similar result, for X a closed orientable 4-manifold and K a free module.

Corollary 6 The PD4-complex X has a strongly minimal model if and only if H/E
is a finitely generated projective Z[r)-module and Ax is nonsingular.

Proof. 1f f : X — Z is a 2-connected degree-1 map then K?(f) = Cok(H?(f;Z[x]))
is a finitely generated projective direct summand of H?(X;Z|r]) [60, Lemma 2.2].
If Z is strongly minimal the inclusion E — H2(Z;Z[x]) is an isomorphism, and so
H/E = K(f). Hence the conditions are necessary. If they hold the construction of
Theorem 5 gives a strongly minimal model for X.

The above conditions hold if IT' is a finitely generated projective Z[r]-module
and E37 = 0. In particular, they hold if c.d.w < 2, by an elementary argument us-
ing Schanuel’s Lemma and duality. (See Theorem 18 below). On the other hand, if
c.d.w =3 and Z has a finite projective resolution then no PD4-complex with funda-
mental group 7 is strongly minimal. For if Ay = 0 then E3Z = (E?Z)", by Lemma
6, and this condition cannot hold, by the next lemma.

Lemma 9. Let © be a group such that the augmentation module Z has a finite pro-
jective resolution of length < 3, and let E = E*7. If E37. = ET then c.d.w < 2.

Proof. Let P, be a projective resolution of Z, of length 3. Then 3; : P2T — P3T is a
presentation for E3Z. Hence (E*Z)" = Ker(d;] ') = Ker(d;) = 0. But then E3Z =
ET = ETT = 0. Hence 0 is a split injection, and so c.d.7w < 2.

Surgery on a factor of the 4-torus R*/Z* gives a closed 4-manifold M with 7 =
73 and x(M) = 2. This 4-manifold is )-minimal [34, Lemma 3.11], and is order
minimal, by Corollary 4, but cannot be strongly minimal, since c.d.w = 3.

The condition E3Z = (E*Z)" is far from characterizing the fundamental groups
of strongly minimal PDs-complexes. In §9-§14 we shall determine such groups
within certain subclasses. In all cases considered, 7 has finitely many ends (i.e., @
is virtually cyclic or E!Z = 0) and E*Z = 0.

Lemma 10. Let f : X — Z be a 2-connected degree-1 map of PD4-complexes with
Sfundamental group w. Then ki(Z) = fy(ki(X)) and ki (X) = fuk(Z), where fy and
S are the change-of-coefficients homomorphisms induced by 7 (f) and the umkehr
homomorphism. If E37 = 0 then these are mutually inverse isomorphisms.

Proof. Since K> (f) is projective, m (X) = m(Z) ® K2 (f), where the projection onto
the first factor is given by m,(f) and is split by the umkehr map f;.

Let g : Q — Z be the pullback of P5(f) : P3(X) — P3(Z) over the inclusion of
Z into P5(Z). Then g is a fibration with homotopy fibre K(K>(f),2) and f = qg,
where g : X — Q and P;(g) is a homotopy equivalence. Hence m,(g) is an iso-
morphism and k;(Q) = g#k1(X). The fibration ¢ is determined by Z and a k-
invariant in H3(Z;K>(f)) = Hi(Z;K>(f)), which is 0 since K»(f) is projective.
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Hence k1 (Q) = gufisk1(Z). Therefore ki (X) = fizk1 (Z), since g# is an isomorphism,
and so f#kl (X) = f#fy#k] (Z) = k] (Z)

The second assertion follows easily from the fact that 7, (f) is an epimorphism
with kernel K, (f) a finitely generated projective direct summand of IT = m, (X ) and
the hypothesis E3Z = 0, which implies that H>(7; K> (f)) = 0.

In particular, if Z is strongly minimal then k; (X) derives from H>(7; E*Z). Are
there such examples with k; (X) # 0? The simplest examples for testing that we have
found are the groups 7 = A3 xc A3, where A, = Z"  Z" and C is either trivial or Z*.
These groups have c.d.w = 6. Mayer-Vietoris arguments show that if C = 1 then
E'7Z = E?7 = E37 = Z[x], while if C = Z* then E'Z = 0 (i.e.,  has one end) and
E*7 =~ E37 2 7Z[x]. In each case it follows that H3(7; E2Z) = Z[x]. These groups
are right angled Artin groups. Perhaps the “smallest” such group with similar coho-
mological properties is the one given by the 1-skeleton of a minimal triangulation
of §% x S', which has 10 generators and 40 relators but is less easily described ex-
plicitly. (This group has one end and c.d. = 4.)

8 Reduction

The main result of this section implies that when a PD4-complex X has a strongly
minimal model Z its homotopy type is determined by Z and Ayx. Recall the notation
By (—) from §2.

Lemma 11. Let Bz = Byn(bcp=y:(§)), for & € Hy((CP™)";Z), and let G be a
group. Let u= Xuyg and v = Lv,h € H*((CP*)"; Z[G)) = H*((CP™)"; Z) @7 Z[G).
Then

v(u ~ &) = Zg necBe (ug, va)gh.

Proof. As each side of the equation is linear in & and Hy((CP*)";Z) is generated
by the images of homomorphisms induced by maps from CP* or (CP~)?, it suffices
to assume n = 1 or 2. Since moreover each side of the equation is bilinear in « and
v we may reduce to the case G = 1. As these functions have integral values and
2(x®y) = (x+y)®@ (x+y) —x®@x —y®y in Hy((CP*)*;Z), for all x,y € IT = 72,
we may reduce further to the case n = 1, which is easy.

Lemma 12. Let M be a finitely generated projective Z|nt)-module and L =Ly (M, 2).
The secondary boundary homomorphism by determines an epimorphism b’ from
Hy(L;Z2") to 7Y @z Iw (M) such that

By (b (x))(u,v) =v(u ~x) forall u,y €M’ and x € Hy(L;Z").

Proof. The homomorphism from Hy(L;Z") to Hy(7; Z") induced by ¢z is an a epi-
morphism, since ¢z has a section . Since L ~ K(M,2) the homomorphism b5 is
an isomorphism and H3(L;Z) = 0, while since M is projective H,(7; M) = 0 for all
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p > 0. Therefore it follows from the spectral sequence for the universal covering
L — L that the kernel of the epimorphism induced by ¢ is Z" @7z Ha (L;Z). Let
b'(x) = (1®b;)(x — 0xcr«(x)) for all x € Hy(L;Z"). Then b’ is an epimorphism
onto Z" @z Iy (M).

Letx € Hy(L;Z") and u,v € M" = H?(L; Z[x]). Since M is the union of its finitely
generated free abelian subgroups and homology commutes with direct limits there
isann > 0 and a map k : (CP*)" — L such that &' (x) is the image of k. (&) for some
& € Hy((CP*)";Z). Then By (D' (x)) (u,v) = evpr (ki &) (u,v).

Suppose that k*u = Zu,g and k*v = Zv,h in H*((CP*)";Z[x]). Then we have
vy (k&) (1,v) = Zg ne Be (g, vir) gh, which is equal to v(u ~ k&) = kK*v(k*u ~ &),
by Lemma 11. Now x = k. + 0*u —~ cp.x and u ~ Oycpx = 0, (0*u —~ cpx) =0,
since Hp(m;Z[x])) = 0. Hence By(b'(x))(u,v) = v(u ~ x), for all u,v € MT and
x € Hy(L; ZV).

Theorem 7. Let gx : X — Z and gy : Y — Z be 2-connected degree-1 maps of PDy-
complexes with fundamental group 7. If w = w1 (Z) is trivial on elements of order 2
in T then there is a homotopy equivalence h : X — Y such that gyh = gx if and only
if Agy =2 Agy (after changing the sign of [Y], if necessary).

Proof. The condition A,, =2 A, is clearly necessary. Suppose that it holds.

Since gy and gy induce isomorphisms on 7;, we may assume that cy = czgx
and cy = czgy. Since gy and gy are 2-connected degree-1 maps, there are canoni-
cal splittings m,(X) = Kz(gx) ®N and m(Y) = Kz (gy) ® N, where N = m(Z), and
K>(gx) and K;(gy) are projective. The projections m,(gx ) and 7, (gy ) onto the sec-
ond factors are split by the umkehr homomorphisms. We may identify K>(gx)" and
K>(gy)" with direct summands of H?(X;Z[x]) and H?(X;Z[x]), respectively [60,
Lemma 2.2]. The homomorphism 6 induces an isomorphism K»(Y) =2 M = K>(X)
such that Ay, = A4, as pairings on M x M'. Hence m(X) = m(Y) = IT =M @ N.
We may also assume that M # 0, for otherwise gx and gy are homotopy equiva-
lences.

Let g: P = P,(X) — P»(Z) be the 2-connected map induced by gx. Then g is
a fibration with fibre K(M,2), and the inclusion of N as a direct summand of IT
determines a section s for g. Since m(X) = m,(Y), and k; (X) = (gx1)#(k1(Z)) and
ki (Y) = (gy1)#(ki(Z)), by Lemma 10, we see that P»(Y) ~ P. We may choose the
homotopy equivalence so that composition with g is homotopic to the map induced
by gy. (This uses our knowledge of Ex(P), as recorded in §3 above.)

The splitting IT = M & N also determines a projection g : P — L= Ly (M,2). We
may construct L by adjoining 3-cells to X to kill the kernel of projection from IT
onto M and then adjoining higher dimensional cells to kill the higher homotopy. Let
Jj : X — L be the inclusion. Then By (b'(j[X]))(u,v) = v(u ~ j.[X]) for all u,v €
M, by Lemma 12. Using the projection formula and identifying M7 = H?(L;Z[x])
with K2(X) we may equate this with A, (u,v). Hence fx.[X] and fy.[Y] have the
same image Ag, = Ay, in Her,, (M7).

Since P (Z) is a retract of P comparison of the Cartan-Leray spectral sequences
for the classifying maps cp and cp, (z) shows that



PD4-complexes and 2-dimensional duality groups 21
Cok(Hy(s; Z")) = " gz (v (IT) /Tiv (N))-

Since 7 has no orientation reversing element of order 2 the homomorphism By,
is injective, by Theorem 1, and therefore since Ay, = A, the images of fx.[X]
and fy.[Y] in Z" ®zz (Liv(IT) /Ly (N)) differ by an element of the subgroup
2" @75 (M®@N). Let c € M @ N represent this difference, and let y € Ity (M) rep-
resent b'(fx.[X]). Since By(1 ® y) = Ag, is nonsingular By (7) is surjective, and
so we may choose a homomorphism 6 : M — N such that (By () @ 1)(t~'(8)) =
(d®1)(c). Hence Iy (0tg)(y) — ¥ = ¢ mod Iy (N), by Lemma 3. Let P(6) be the
corresponding self homotopy equivalence of P. Then gP(6) = g and P(0). fy«[Y] =
fx«[X] mod 2" @z Ly (N). 1t follows that P(0).fy«[Y] = fx«[X] in Ha(P;Z"),
since gx«[X] = gy«[Y] in H4(Z;Z") and so (gfx )«[X] = (gfy)«[Y] in Ha(P>(Z);Z").

There is then a map h : X — Y with fyh = fx, by the argument of [27, Lemma
1.3]. Since the orientation characters of X and Y are compatible, & lifts to a map
ht : Xt — Y™, Since fx and fy are 3-connected 7y (h"), m (k") and Hy(h";Z)
are isomorphisms. Since M is projective and nonzero, Z ®ger(,) M is a nontrivial
torsion free direct summand of Hp(X +;Z), and so AT has degree 1, by Poincaré
duality. Hence 4™ is a homotopy equivalence, and therefore so is A.

The original version of this result [39, Theorem 11] assumed that k;(X) =
k1 (Y) = 0. This was relaxed to the condition that “k; (X) = (gx1)#k1(Z) and k; (Y) =
(gv1)#k1(Z)” in an earlier version of the present paper [arXiv: 1303.5486v2]. The
final step is due to Hegenbarth, Pamuk and Repovs, who noted that Poincaré duality
in Z may be used to establish an equivalent condition [31]. (This observation has
been used in the current version of Lemma 10 above.)

The argument for Theorem 7 breaks down when © = Z/27Z and w is nontrivial,
for then By : Z" gz Iiv (M) — Her,, (M ) is no longer injective, and the intersec-
tion pairing is no longer a complete invariant [28]. Thus the condition on 2-torsion
is in general necessary.

Corollary 8 If X has a strongly minimal model Z and © has no 2-torsion then the
homotopy type of X is determined by Z and Ax. O

Corollary 9 [32] If g : X — Z is a 2-connected degree-1 map of PD4-complexes
such that w(Z) is trivial on elements of order 2 in m\(Z) then X is homotopy equiv-
alent to M#Z with M 1-connected if and only if Aq is extended from a nonsingular
pairing over Z.. [0

The result of [32] assumes that X is orientable, 7 is infinite and either E2Z = 0
or 7 acts trivially on m>(Z). (In the latter case Homyz)(m2(Z), Z[n]) = 0, and so Z
is strongly minimal.)
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9 Realization of pairings

In this short section we shall show that if Z is a strongly minimal PD4-complex
and Ker(w) has no element of order 2 every nonsingular w-hermitian pairing on a
finitely generated projective Z[x]-module is realized as Ax for some PD4-complex X
with minimal model Z. This is an immediate consequence of the following stronger
result.

Theorem 10. Let Z be a PD4-complex with fundamental group 7 and let w =w (Z).
Assume that Ker(w) has no element of order 2. Let N be a finitely generated projec-
tive Z|]-module and A be a nonsingular w-hermitian pairing on N'. Then there is
a PDy4-complex X and a 2-connected degree-1 map f : X — Z such that Ay = A.

Proof. Suppose N@ F; = F,, where F) and F; are free Z[r]-modules with countable
bases I and J, respectively. (These may be assumed finite if N is stably free.) We
may assume Z = Z, Ug ¢* is obtained by attaching a single 4-cell to a 3-complex Z,
[60, Lemma 2.9]. Construct a 3-complex X, with m,(X,)) & m,(Z,) ® N by attaching
J 3-cellsto Z, V (\/I Sz), along sums of translates under 7 of the 2-spheres in VIS2 as
in Theorem 5. Let i : Z, — X,, be the natural inclusion. Collapsing \//S? gives X,/ v/
82 ~ 7,V (V/$?), and so there is a retraction ¢ : X, — Z,. Let p : IT = my(X,) —
N be the projection with kernel Im(m, (7)), and let j: X, — L = Lz(N,2) be the
corresponding map. Then m,(ji) = 0 and so ji factors through K(7,1). The map
By : 2 @z Ty (N) — Hery, (N T) is an epimorphism, by Theorem 1. Therefore we
may choose ¥ € m3(X,) so that By ([j(y)]) = A.

Let ¢ — v — igy +i0. Then g¢ = 8 and j(9) = j(w), s0 B([j(9)]) = A.
Let X = X, Uy D*. The retraction ¢ extends to a map f : X — Z. Comparison of
the exact sequences for these pairs shows that f induces isomorphisms on homol-
ogy and cohomology in degrees # 2. In particular, Hy(X;Z") = Hy(Z;7"). Let
[X] = f-'[Z]. Then f.(f*(a) —~ [X]) = @ —~ [Z] for all cohomology classes & on
Z, by the projection formula. Therefore cap product with [X] induces the Poincaré
duality isomorphisms for Z in degrees other than 2. As it induces an isomorphism
H?(X;Z[r]) = Hy(X;Z|r]), by the assumption on A, X, is a PD4-complex with
Ax =2 A.

10 Strongly minimal models with 7, =0

A PDy-complex Z with mp(Z) = 0 is clearly strongly minimal.

Lemma 13. Let X be a PDy-complex with fundamental group 7. Then

1. IT = 0 if and only if X is strongly minimal and E*7 = 0, and then E37, = 0;
2. if I =0 and 7 is infinite then the homotopy type of X is determined by 7, w and
ky(X) € HY(m;E'Z).
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Proof. Part (1) follows from part (1) of Lemma 6. If IT = 0 then P»(X) ~ K(x,1)
and m3(Z) = E 17, by Poincaré duality. Hence (2) follows from Lemma 5.

Theorem 11. Let  be a finitely presentable group with no 2-torsion and such that
E*7 =E37 =0, and let w : * — 7> be a homomorphism. Then two PDy-complexes
X and Y with fundamental group m, wi(X) = cxw, wi(Y) = cyw and m(X) and
m(Y) projective Z[m|-modules are homotopy equivalent if and only if

1. cx«|X] = xg*cy«[Y] in Hy(m;Z"), for some g € Aut(m) with wg = w; and
2. Ax = Ay.

Proof. The hypotheses imply that X and Y have strongly minimal models Zy and
Zy with my(Zx) = m(Zy) = 0, and hence P»(Zy) ~ P,(Zy) ~ K(x, 1). Moreover
H3(m;m (X)) = H(m;m(Y)) = 0, since E37Z = 0, and so the result follows by the
argument of Theorem 7.

In particular, Zy ~ Zy. If 7 also has one end then the minimal model is aspherical.
See Theorem 15 below.

Connected sums of complexes with m, = 0 again have 7, = 0, and the funda-
mental groups of such connected sums usually have infinitely many ends. (The sole
nontrivial exception is R]I”4#RHD4.) The arguments of [57] can be extended to this
situation, to show that if 7 splits as a free product then Z has a corresponding con-
nected sum decomposition [7]. (In particular, if 7 is torsion free then its free factors
are one-ended or infinite cyclic, and so the summands are either aspherical or copies
of §3 x S or §3% S, the non-orientable S3-bundle space over S'.)

In the next two sections we shall determine the groups 7 with finitely many
ends which are fundamental groups of strongly minimal PDs-complexes Z with
m(Z) = 0. (Little is known about such complexes with 7 indecomposable and hav-
ing infinitely many ends. It follows from the results of [15] that the centralizer of
any element of finite order is finite or has two ends.)

11 Strongly minimal models with 7 virtually free

If 7 is virtually free (in particular, if it is finite or two-ended) then E°Z = 0 for all
s > 1, and so a strongly minimal PD4-complex Z with fundamental group 7 must
have m,(Z) = 0, by Lemma 13. Thus if 7 is finite Z~S* and so Z ~ $* or RP*
[34, Lemma 12.1]. Every orientable PD,-complex admits a degree-1 map to S”. It
is well known that the (oriented) homotopy type of a 1-connected PD4-complex is
determined by its intersection pairing and that every such pairing is realized by some
1-connected topological 4-manifold [24, page 161]. Thus the only finite group we
need to consider is © = Z/27Z.

Theorem 12. Let X be a PDy-complex with 11 (X) = Z /27 and let w = w1 (X). Then
RP* is a model for X if and only if w* # 0.
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Proof. The condition is clearly necessary. Conversely, we may assume that X =
X, U ¢* is obtained by attaching a single 4-cell to a 3-complex X,, [60, Lemma 2.9].
The map cx : X — RP” = K(Z/27Z,1) factors through a map f : X — RP*, and
w= f*w; (RP*), since w # 0. The degree of f is well-defined up to sign, and is odd
since w* # 0. We may arrange that f is a degree-1 map, after modifying f on a disc,
if necessary. (See [48].)

In particular, 7 (X) is projective if and only if w* # 0. Can this be seen directly?
The two RP?-bundles over S? provide contrasting examples. If X = S x RP? then
w? =0 and IT = Z @ Z", which has no nontrivial projective Z[Z/27Z])-module sum-
mand. Thus S x RP? is order minimal but not strongly minimal. On the other hand,
if X is the nontrivial bundle space then w* # 0 and IT = Z[Z/27)].

Non-orientable topological 4-manifolds with fundamental group Z/27Z are clas-
sified up to homeomorphism in [28], and it is shown there that the homotopy types
are determined by the Euler characteristic, w*, the v;-type and an Arf invariant (for
vo-type III). The authors remark that their methods show that Ax together with a
quadratic enhancement g : IT — Z /47 due to [42] is also a complete invariant for
the homotopy type of such a manifold. B

If 7 = m(Z) has two ends and 7,(Z) = 0 then Z ~ S3. Since 7 has two ends it is
an extension of Z or the infinite dihedral group D.. = Z /27 + Z/2Z by a finite nor-
mal subgroup F'. Since F acts freely on Z ithas cohomological period dividing 4 and
acts trivially on 73(Z) = H3(Z; Z[x]), while the action u : T — {£1} = Aut(73(Z))
induces the usual action of 7z/F on H*(F;Z). The action u and the orientation char-
acter w(Z) determine each other, and every such group 7 and action u is realized
by some PD4-complex Z with m,(Z) = 0. The homotopy type of Z is determined by
7, u and the first nontrivial k-invariant in H*(7; Z"). (See [34, Chapter 11].)

We shall use Farrell cohomology to show that any PDs-complex X with 7 (X) &
7 satisfying corresponding conditions has a strongly minimal model. We refer to
the final chaper of [9] for more information on Farrell cohomology.

It is convenient to use the following notation. If R is a noetherian ring and M
is a finitely generated R-module let Q'M = Ker(¢), where ¢ : R* — M is any epi-
morphism, and define Q*M for k > 1 by iteration, so that Q"M = Q'Q"M. We
shall say that two finitely generated R-modules M| and M, are projectively equiv-
alent (M| ~ M>) if they are isomorphic up to direct sums with a finitely generated
projective module. Then these “syzygy modules” Q%M are finitely generated, and
are well-defined up to projective equivalence, by Schanuel’s Lemma.

Theorem 13. Let X be a PDy4-complex such that ©# = w11 (X) has two ends. Then X
has a strongly minimal model if and only if & and the action u of © on H3(X;Z[r]) =
Z are realized by some PDy-complex Z with my(Z) = 0.

Proof. 1f m(Z) = 0 then Z ~ $3, by Poincaré duality and the Hurewicz and White-
head Theorems, and the conditions on 7 are necessary, by Theorem 11.1 and Lemma
11.3 of [34].

Conversely, since 7 is virtually infinite cyclic the conditions imply that the Farrell
cohomology of 7 has period dividing 4 [22]. We may assume that the chain complex
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C, forX is a complex of finitely generated Z[n]-modules. Then the modules By, Z»
Z3 and IT are finitely generated, since Z[r] is noetherian. The chain complex C,
gives rise to four exact sequences:

02, —-C—-C,—Cy—7Z—0,

0—>27Z3—>C3— B, —0,
0—By—>2Z,—>I1I—-0

and
0—-+Cy =23 —7"—0.

It is clear that Z, ~ Q37 and Z3 ~ Q'B,, while Q'Z; ~ Q!(Z"). The standard
construction of a resolution of the middle term of a short exact sequence from reso-
lutions of its extremes, applied to the third sequence, gives a projective equivalence
Q'7Z, ~ Q'B, ® Q1. The corresponding sequences for a strongly minimal com-
plex with the same group 7 and action u give an equivalence Q'(Z*) ~ Q'(Q4Z).
(This is in turn equivalent to Q'Z, by periodicity.) Together these equivalences give

Q37 ~ Q%7Z, ~ Q’B, ® Q*I1 ~ Q' Zy & QT ~ Q7. Q°11.

Hence Ext%m (Q°Z,N) = Extqz[n] (R3Z,N) EBExtqZ[ﬂ] (Q%I1,N),forallg > v.c.d.m=

1, and any Z[x]-module N. If N is finitely generated so is Ext%m (2'Z,N), and so

Ext%rz] (II,N) = Extqz[ﬁ](.QzH,N) = 0, for all ¢ > 1. Since IT is finitely generated
Extrzm (IT,—) commutes with direct limits and so is 0, for all r > 3. Therefore IT
has finite projective dimension [9, Theorem X.5.3]. There is a Universal Coefficient
spectral sequence

EY! = Extl_ (H,(X;Z[x]),Z[r]) = HP*9(X; Z[x)).

[7]
Here Efq =0 unless p =0, 2 or 3, and qu = E;q =0if g > 1, since 7 is virtually
infinite cyclic and Q'(Z") ~ Q'Z. Tt follows easily from this spectral sequence and
Poincaré duality that Exty, (I1,Z[rn]) = 0 for all s > 1. Since IT also has finite
projective dimension it is projective. Hence X has a strongly minimal model, by
Theorem 5.

Thus, for instance, an orientable PD4-complex with fundamental group D.. does
not have a strongly minimal model.

We shall summarize here the results of [37] on the case when © & F(n), for
some n > 1. All epimorphisms w : F(n) — Z* are equivalent up to composition
with an automorphism of F(n). The ring Z[F (n)] is a coherent domain of global
dimension 2, for which all projectives are free. There are just two homotopy types of
x-minimal PD4-complexes Z with 7, (Z) 2 F(n), namely #'(S> x §!) (if w = 0) and
(S3XSH## (S x S1)) (if w # 0). (These are strongly minimal, and so the notions
of minimality coincide in this case.) If X is any PD4-complex with 7 (X) = F(n)
then m,(X) is a finitely generated free Z[F (n)]-module, and there is a degree-1 map
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from X to the minimal model with compatible w. Every w-hermitian pairing on a
finitely generated free Z[F (n)]-module is realizable by some such PD4-complex,
and two such complexes X and Y realizing (F(n),w) are homotopy equivalent if
and only if Ay and Ay are isometric.

The key observation is that if X is a PDs-complex with 7 (X) = F(n) then its
3-skeleton is standard: if B, (X) = f8 then X ~ Xy, = X,, Uy ¢*, where X, = V"(S' v
$3) Vv (vPS?) and v € m3(X,). (This is an easy homological argument, relying on
Schanuel’s Lemma and the theorems of Hurewicz and Whitehead.) The main results
then follow on exploring how the group E(X,) acts on the attaching map . This
group is “large” and its action is easily analyzed. Most of these results (excepting
for the determination of the minimal models) can also be proven by adapting the
arguments of this paper.

Finitely generated virtually free groups provide a potentially broader class of
examples. These groups are fundamental groups of finite graphs of finite groups.
The arguments of [15] may be adapted to show that if Z is a strongly minimal PDy-
complex such that & = 7y (Z) is virtually free (so 7, (Z) = 0) and if 7 has no dihedral
subgroup of order > 2 then it is a free product of groups with two ends [7]. How-
ever, not much is known about criteria for 2-connected degree-1 maps to a specific
minimal model.

12 Strongly minimal models with 7 one-ended

We begin this section with a general result on the case when 7 has one end.

Lemma 14. Let G be a group. If T is a locally-finite normal subgroup of G then T
acts trivially on H’(G;Z[G)), for all j > 0.

Proof. 1f T is finite then H/(G;Z[G)) = H/(G/T;Z[G/T))), for all j, and the result
is clear. Thus we may assume that T and G are infinite. Hence H°(G;Z[G]) = 0,
and T acts trivially. We may write T = U,>1 T, as a strictly increasing union of finite
subgroups. Then there are short exact sequences [41]

0— liéanS*I(Tn;Z[n]) — H(T;Z[n]) — @HS(Tn;Z[n}) — 0.

Hence H*(T;Z[x]) =0 if s # 1 and H'(T;Z[x]) = @1H0(TH;Z[E]), and so the
Lyndon-Hochschild-Serre spectral sequence collapses to give

H/(G;Z|G)) 2 H/"Y(G/T;H"(T;Z[G))), forall j> 1.

Let g € T. We may assume that g € 7, for all n, and so g acts trivially on
HY(T,;ZG), for all j and n. But then g acts trivially on @1H0(Z1;Z[x]), by
the functoriality of the construction. Hence every element of T acts trivially on
H/=Y(G/T;HY(T;Z[G))), for all j > 1.
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Theorem 14. Let X be an orientable, strongly minimal PDy-complex. If 1 = 7 (X)
has one end then T has no non-trivial locally-finite normal subgroup.

Proof. Suppose that  has a nontrivial locally-finite normal subgroup 7. Since ©
has one end, Hy(X;Z[r]) = 0 for s # 0 or 2. Since X is strongly minimal, IT =
Hy(X;Z[r])) = H?(w;Z[x]). Hence T acts trivially on I, since it acts trivially on
H?(m;Z[x]), by Lemma 14, and X is orientable.

Let g € T have prime order p, and let C = (g) = Z/pZ. Then C acts freely on X,
which has homology only in degrees 0 and 2. On considering the homology spectral
sequence for the classifying map g : X/C — K(C,1), we see that H;3(C;Z) =
H;(C;II), for all i > 2. (See [34, Lemma 2.10].) Since C has cohomological period
2 and acts trivially on IT, there is an exact sequence

0—Z/pZ —II—IT—0.

On the other hand, since 7 is finitely presentable, IT = H?(x; Z[x]) is torsion-free
[25, Proposition 13.7.1]. Hence T has no such element g and so 7 has no such finite
normal subgroup.

As an immediate consequence, if X is strongly minimal, but not orientable, and
7 has one end, then either w has no nontrivial locally-finite normal subgroup or
Tt x7Z/27~, and £ has no nontrivial locally-finite normal subgroup.

A finitely presentable group G is a PDs-group if K(G,1) is a PD4-complex.
Such a group has one end and E®Z = 0, and K(G, 1) is clearly strongly minimal.
Conversely, if X is a strongly minimal complex, 7 = 7y (X) has one end and E>Z =0
then X is aspherical. Hence 7 is a PD4-group and K(m,1) is the unique strongly
minimal model. The next theorem gives several equivalent conditions for a PD4-
complex with such a group to have a strongly minimal model.

Theorem 15. Let X be a PD4-complex with fundamental group & such that @ has
one end and E*7, = 0. Then the following are equivalent:

1. X has a strongly minimal model;

2. 1 is a PD4-group and IT1 = my(X) is projective:

3. mis a PD4-group, wi(X) = cxwi(m) and cx is a degree-1 map;
4. mis a PD4-group, wi(X) = cxwi(m) and ki (X) =0.

Proof. The equivalence (1) < (2) follows from Corollary 6.

If Z is strongly minimal and E'Z = E?Z = 0 then ,(Z) =0 and 7;3(Z) = E'Z =
0. Hence Z is aspherical, so 7 is a PD4-group and Z ~ K = K (7, 1). Any 2-connected
map f : X — K is homotopic to cx (up to composition with a self homotopy equiv-
alence of K). Thus w;(X) = cxwi(m) and cy is a degree-1 map. Conversely, if (3)
holds then K = K(x, 1) is the unique strongly minimal PD4-complex with funda-
mental group 7, and cx is a 2-connected degree-1 map. Thus (3) < (1).

If (2) or (3) holds then IT = Ker(m(cx)) is projective, Since 7 is a PD4-group,
H?3(7;M) = 0 for any projective module M, and so k;(X) = 0. Conversely, if (4)
holds the map cp : P = P»(X) — K has a section s, since k; (X) = 0. We may assume
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that K = K, Ue* and X = X, Ue*, where K, and X, are 3-complexes. The restriction
s|k, factors through X,, by cellular approximation, since P = X, U {cells of dim >
4}. Thus K, is a retract of X,. The map cx induces a commuting diagram of homo-
morphisms between the long exact sequences of the pairs (X,X,) and (K, K, ), with
coefficients Z[r]. Hence the induced map from Hy(X,Xo; Z[n]) to Hs(K, Ko; Z[7])
is an isomorphism. The change of coefficients homomorphisms &, induced by the
w-twisted augmentation are epimorphisms. Since the natural maps from Hy(X;Z")
to Ha(X,X,;7") and from H4(K;Z") to H4K,K,;Z") are isomorphisms, it follows
that cx has degree 1. Thus (3) < (4).

If 7 has one end and IT is projective then c.d.7 = 4 and H*(x; Z[r]) = Z, by part
(6) of Lemma 6. Must 7 be a PD,4-group? This is so if also E3Z = 0, for then X has a
strongly minimal model, by Lemma 6 and Theorem 5, which must be aspherical. If
X is strongly minimal and 7 is virtually an r-dimensional duality group then r = 1,2
or 4, and in the latter case 7 is a PD4-group.

The next result now follows from Corollary 20 and Theorem 15.

Corollary 16 Let X and Y be PDy4-complexes with fundamental group m a PDy-
group, and such that my(X) and m(Y') are projective Z[xt]-modules, wi(X) = cxw
and wi(Y) = cyw, where w = wi(x). Then X and Y are homotopy equivalent if and
only if Ay 2 Ay. O

This corollary and the equivalence of (3) and (4) in the Theorem are from [12]. (It
is assumed there that X and 7 are orientable.) Theorems 15 and 7 give an alternative
proof of the main result of [12], namely that a PDs-complex X with fundamental
group @ a PD4-group and w(X) = w;(7) is homotopy equivalent to M#K (7, 1),
for some 1-connected PD4-complex M if and only if k; (X) = 0 and Ay is extended
from a nonsingular pairing over Z.

13 Semidirect products and mapping tori

In this section we shall determine which semidirect products v xy Z with v finitely
presentable are fundamental groups of strongly minimal PD4-complexes.

Theorem 17. Let v be a finitely presentable group and let X be a PD4-complex with
fundamental group @ =V Xy Z, for some automorphism o of v. Then the following
are equivalent:

1. X is the mapping torus of a self homotopy equivalence of a PD3-complex N with
fundamental group v;

2. X is strongly minimal;

3 xX)=0.

In general, X has a strongly minimal model if and only if IT" is projective.
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Proof. Let X, be the covering space of X corresponding to v. Then X, is the ho-
motopy fibre of a map from X to S! which corresponds to the projection of 7 onto
Z,and H, (Xy;k) = 0 for g > 3 and all coefficients k. The Lyndon-Hochschild-Serre
spectral sequence gives an isomorphism H>(7; Z[x])|y = H' (v;Z[v]) of right Z[v]-
modules. Since V is finitely presentable it is accessible, and hence H'(v;Z[Vv]) is
finitely generated as a right Z[v]-module. (See Theorems VI.6.3 and IV.7.5 of [16].)

Suppose first that X is the mapping torus of a self homotopy equivalence of a
PD3-complex N. Since M (X)|y = m(N) = H'(v;Z[v]) is finitely generated as a
left Z[v]-module, Homgz, ;) (m2(X), Z[x]) = 0, and so X is strongly minimal.

If X is strongly minimal then m(X) = H?(X;Z[n]) = H*(m;Z[x]), and so
m(Xy) = m(X)|y is finitely generated as a left Z[v]-module. Since v is finitely
presentable, it follows that B,(Xy;IF2) is finite for ¢ < 2. Poincaré duality in X
gives an isomorphism Hz(Xy;F2) = H'(X;F,[r/v]) = F,. Hence B,(Xy;F>) is fi-
nite for all g, and so x (X) = 0, by a Wang sequence argument applied to the fibration
Xy =X — S

If ¥ (X) = 0 then X is a mapping torus of a self homotopy equivalence of a PD3-
complex N with 7 (N) = v. (See [34, Chapter 4].)

The indecomposable factors G; of v = xG; are either PD3-groups or virtually
free [15], and in either case H?(G;;Z[G;]) = 0. Therefore H?(v;Z[v]) = 0 and so
E37 = 0. The final assertion now follows from the evaluation sequence, Lemma 6
and Theorem 5.

The condition that v be the fundamental group of a PD3-complex is quite re-
strictive. Mapping tori of self homotopy equivalences of PD3-complexes are always
strongly minimal, but other PD4-complexes with such groups may be order-minimal
but not y-minimal, and so have no strongly minimal model. (See §5 above for an
example with 7 = Z* and (M) = 6.)

If v is finite then 7 has two ends, and if v has one end then 7 is a PD4-group. If
v is torsion free and has two ends it is Z, and so 7 =2 Z? or Z x_{ Z. More generally,
when V is a finitely generated free group F(n) (with n > 0) then 7 has one end and
c.d.mw = 2. This broader class of groups is the focus of the rest of this paper.

14 Groups of cohomological dimension 2

When c.d.w =2, we may drop the qualification “strongly”, by the following theo-
rem. (This is also so if 7 is a free group. The arguments below may be adapted to
the latter case, which is well understood [37].)

Theorem 18. Let X be a PD4-complex with my(X) = 7 such that c.d.7w = 2, and let
w=w;(X). Then

1. C.(X;Z[r]) is Z|x]-chain homotopy equivalent to D, @ P[2) ®D},_,, where D, is
a projective resolution of Z, P|2] is a finitely generated projective module P con-
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centrated in degree 2 and DL* is the conjugate dual of D., shifted to terminate
in degree 2;

2.1 =m(X)=2POE*Z

3. x(X) > 2x(m), with equality if and only if P = 0;

4. (E*Z)" =0;

5. m3(X) = Ly (IT) S E'Z.

Moreover, Py(X) ~ L = Lz(I1,2), and so the homotopy type of X is determined by
7, w, I1, and the orbit of ky(X) € H*(L; 3(X)) under the actions of Auty(m3(X))
and Eo(L).

Every nonsingular w-hermitian pairing on a finitely generated projective 7|7]-
module is realized by some such PD4-complex.

Proof. Let C, = Cy(X;Z[n]), and let D, be the chain complex with Dy = Cy, D; =
Cy,Dy = Im(azc) and D, = 0 for g > 2. Then

0—Dy—Dy—>Dy—7Z—0

is a resolution of the augmentation module. Since c¢.d.w < 2 and Dy and D are free
modules D; is projective, by Schanuel’s Lemma. Therefore the epimorphism from
G, to D, splits, and so C, is a direct sum C, = D, & (C/D).. Since X is a PDy-
complex C, is chain homotopy equivalent to the conjugate dual Ci_*. Assertions (1)
and (2) follow easily.

On taking homology with simple coefficients Q, we see that x(X) = 2x(x) +
dimgQ ®z P. Hence x(X) > 2x(x). Since 7 satisfies the Weak Bass conjecture
[18] and P is projective P = 0 if and only if dimgQ ®7 P = 0.

Let § : Dy — D; be the inclusion. Then E2Z = Cok(8") and so (E?Z)T =
Ker(87"). But §7" = § is injective, and so (E*Z)" = 0.

The indecomposable free factors of 7 are either one-ended or infinite cyclic, and
at least one factor has one end, since c.d.mw > 1. Thus H3(X;Z) = E'7Z is a free
Z[r]-module, by Lemma 2. Hence 753(X) = I}y (IT) S E'Z.

Since c.d.7w = 2 the first k-invariant of X is trivial, and so P»(X) ~ L = L (I1,2).
Hence the next assertion follows from Lemma 5.

The realization result follows from Theorem 10.

It follows immediately from (2), (3) and Theorem 5 that “)-minimal”, “order-
minimal” and “strongly minimal” are equivalent, when c.d.w = 2. We shall hence-
forth use just “minimal” for such complexes.

It remains unknown whether every finitely presentable group 7 with c.d.w =2
has a finite 2-dimensional K (7, 1)-complex. We shall write g.d.7w = 2 if this is so.

Corollary 19 Let X and Y be PDy4-complexes with fundamental group 7 such that
c.d.w=2, and w(X) = cxw and w1 (Y) = cyw for some homomorphism w : © —
Z*. Then X and Y are homotopy equivalent if and only if they have the same minimal
model Z and Ax = Ay. O

The minimal model may not be uniquely determined! See §14 below.



PD4-complexes and 2-dimensional duality groups 31

Theorem 20. Let Z be a minimal PD4-complex with fundamental group T such that
c.d.w =2, andletw =wi(Z), L = Ly(E*Z,2) and 73 = Ty (E*Z) ® E'Z. Then

1. the homotopy type of Z is determined by 7, w and the orbit of ky(Z) € H*(L; 7r3)
under the actions of Auty (L (E*Z) ® E'Z) and Eo(L);

2.1 Z is another such complex then PQ(Z) ~ P,(Z) if and only if there is an isomor-
phism f : 1(Z) = 70 such that w\(Z) = f*w;

3. the vy-type of Z is Wor 111, i.e., v2(Z) = ¢4V for some V € H*(;F,);

4. if Z is orientable then it has signature 6(Z) = 0;

5. for every v € H*(m;Fy) there is a minimal PDy-complex Z with m(Z) = =,
wi(Z) = cyw and v2(Z) = cyv.

Proof. The first assertion follows from Theorem 18, since P»(Z) ~ L.

~. .

If f: m (Z) = & is an isomorphism such that w;(Z) = f*w then m,(Z) = IT and

~

s0 Py(Z) ~ P»(Z). Conversely, Ext%[”] (I1,Z[xn]) = Z", so & and IT determine w.

Let H = c¢;H*(m;F2). Then dimH?(Z;F,) = 2dimH, since x(Z) = 2x(x), and
HUH =0, since c.d.w = 2. In particular, v»(Z)Uh=hUh =0 for all h € H.
Therefore v,(Z) € H, by the nonsingularity of Poincaré duality. If Z is orientable
a similar argument with coefficients Q shows that H%(Z;Q) has a self-orthogonal
summand of rank f» () = 1,(Z), and so 6(Z) = 0.

We may use a finite presentation & = (X | R) for 7 as a pattern for constructing a
5-dimensional handlebody D> U,cx h}c Uyer b2 ~ C(2), where the 1- and 2-handles
are indexed by X and R, respectively, but we refine the construction by taking non-
orientable 1-handles for generators x with w(x) # 0 and using wy = v+ w? to twist
the framings of the 2-handles corresponding to the relators. Let M be the boundary
of the resulting 5-manifold. Then 7 (M) = 7, w1 (M) = cj;w and v2(M) = cjv.
Since E3Z = 0 the pairing Ay is nonsingular, by part (4) of Lemma 6. Hence M
has a strongly minimal model Z, by Corollary 6. Since ¢y factors through cz via a
2-connected degree-1 map, Z has the required properties.

The argument for realizing v is taken from [29], where it is shown that if C(2?)
is aspherical then the manifold M is itself minimal.

How does k»(X) determine v,(X) (and conversely)? This seems to be a crucial
question. We expect that the orbit of the k-invariant is detected by the refined v;-
type, but have only proven this in some cases. (See Theorems 25 and 27 below.)

Since the Postnikov third stage fx 3 (defined in §3 above) is 4-connected, H 4 ( fx 3 F)
is injective, and so it is an isomorphism if also 3,(X;F,) > 0, by the nondegeneracy
of Poincaré duality. Thus the ring H*(X;F,) and hence v,(X) should be directly
computable from H*(P3(X);F7).

If X is of vp-type I or III then any minimal model for X must have compatible
va-type, by Lemma 7. What happens if v,(X) # 0? Does X have a minimal model Z
with v»(Z) = 0? (If 7 is a PD;-group then X has minimal models of each type, by
Theorem 24 below.)

We show next that the class of groups considered here is the largest for which
every PD4-complex with such a fundamental group has a strongly minimal model.
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Theorem 21. Let T be a finitely presentable group and w : © — 7* be a homomor-
phism. Then the following are equivalent:

1. every PDy-complex with fundamental group m and orientation character w has
a strongly minimal model;

2. every order minimal PD4-complex with fundamental group © and orientation
character w is strongly minimal;

3. cdnrn<2.

Proof. The equivalence (1) < (2) is clear.

Suppose that (1) holds, and let K be a finite 2-complex with 7 (K) = n. Then
K has a 4-dimensional thickening N which is a handlebody with only 0-, 1- and
2-handles, and with wi(N) = cyw. (Cf. the final paragraph of Theorem 30.) Let
M = D(N) be the closed 4-manifold obtained by doubling N, and let j : N — M be
one of the canonical inclusions. Then (71 (M), w(M)) = (7, w), and collapsing the
double gives a retraction r : M — N. We may assume that cy; = cyr.

Since N is a retract of M = D(N), we have

H*(M;Z[r]) = H*(N; Z[x]) ® H*(M,N;Z[r)).

Let E = E*Z, and H = H2(M;Z[x]). Since ¢y ~ cyr, we have

H/E = (H(N; Z[r))/E) ® H:(M,N; Z[x)).

Since M has a strongly minimal model H/E is projective, by Corollary 6. Hence
so is the direct summand H2?(M,N;Z[x]). This summand is H%(M,N;Z[r]) =
H>(N;Z[r]), by Poincaré-Lefshetz duality.

Now H,(N;Z[n]) = P = Hy(K;Z[r]), since K ~ N. Hence the augmentation
Z[r]-module Z has a projective resolution of length 3, given by C.(K;Z[x]) in
degrees < 2 and by the module P in degree 3, with differential d; given by the
natural inclusion of P as the submodule of 2-cycles. Thus c.d.w < 3. We also have
E37 = E7, since there is a strongly minimal PD4-complex realizing the pair (7, w).
Therefore c.d.w < 2, by Lemma 9.

The converse implication (3) = (1) follows from Theorem 20.

The group 7 is a PD>-group if and only if E%Z is infinite cyclic [8]. The mini-
mal PD4-complexes are then the total spaces of S?-bundles over aspherical closed
surfaces [34, Theorem 5.10]. We shall review this case in §14 below.

Otherwise E?Z is not finitely generated. If £ 22 v x Z, with v finitely presentable,
then v = F (n) for some n > 0 and 7 has one end. Let S>%S! be the mapping torus
of the antipodal map of S2.

Theorem 22. Let © = F(n) X Z, where n > 0, and let w : ® — Z* be a homo-
morphism. Then the minimal PDys-complexes X with fundamental group © and
w1 (X) = cxw are homotopy equivalent to mapping tori, and their homotopy types
may be distinguished by their refined v>-types.
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Proof. A PDs-complex N with fundamental group F(n) is homotopy equivalent
to #'(S% x S') (if it is orientable) or #"(S?>XS') (otherwise). There is a natural
representation of Aut(F(n)) by isotopy classes of based homeomorphisms of N,
and the group of based self homotopy equivalences Ey(N) is a semidirect prod-
uct D x Aut(F (n)), where D is generated by Dehn twists about nonseparating 2-
spheres. If we identify D with (Z/27Z)" = H'(F (n);F,), we then see that Eq(N) =
(Z/2Z)" x Aut(F (n)), with the natural action of Aut(F (n)) [33].

Thus a minimal PD4-complex X with 7 (X) = 7 is homotopy equivalent to the
mapping torus M (f) of a based self-homeomorphism f of such an N, with w (N) =
W|p(n)- and f has image (d,a) in Eg(N). Let 8(f) be the image of d in H*(7:F,) =
H'(F(n);F,) /(o — 1)H' (F(n);Fy). If g is another based self-homeomorphism of
N with image (d’,a) and §(g) = 6(f) then d —d' = (ot — 1)(e) for some e € D.
Hence (d,a) and (d’, o) are conjugate, and so M(g) ~ M(f).

All minimal PD4-complexes X with 7;(X) = @ and w;(X) = w have the same
Postnikov 2-stage L = P5(X), all have v,-type II or III, and there is such a PD4-
complex X with vy(X) =V, for every V € H*(x;F,), by Theorem 18 and its corol-
lary. Hence the refined v,-type is a complete invariant.

If B; () > 1 then N may not be determined by M(f). For instance if N = S? X S!
then M(idy) = N x S' is also the mapping torus of an orientation reversing self
homeomorphism of §? x S'. It is a remarkable fact that if 7 = F(n) x¢ Z, n > 1 and
Pi1(m) > 2 then 7 is such a semidirect product for infinitely many distinct values of
n [11]. However this does not affect our present considerations.

The refined v,-type is also a complete invariant of the homotopy type of a min-
imal PD4-complex when 7 is a PD;-group. This case is treated in §15 below. The
argument given there is generalized in Theorem 27 to other 2-dimensional duality
groups, subject to a technical algebraic condition. This condition holds if w = 1 and
7 is an ascending HNN extension Zx,,, by Theorem 30, while if m is even there is
an unique minimal model, by Corollary 28.

15 Realizing k-invariants

For the rest of this paper we shall assume that 7 is a finitely presentable, 2-
dimensional duality group (i.e., 7 has one end and c.d.w = 2). The homotopy type
of a minimal PD4-complex X with m;(X) = & is determined by 7, w and the orbit
of k»(X) under the actions of Eo(L) and Aur(Iy (IT)), by Corollary 26. We would
like to find more explicit and accessible invariants that characterize such orbits. We
would also like to know which k-invariants give rise to PD4-complexes. Note first
that H3(X;Z) = Hy(X;Z) = 0, since 7 has one end.

Theorem 23. Let & be a finitely presentable, 2-dimensional duality group, and let
w: T — Z* be a homomorphism. Let I1 = E*Z and let k € H*(L; Iy (IT)). Then
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1. there is a 4-complex Y with m|(Y) 2 @, m(Y) = II, ;(Y) 2 Iy (I1), ko (Y) =k
and Hy(Y;Z) = Hy(Y;Z) = 0 if and only if the homomorphism determined by
pik from Hy(K(I1,2);Z) to Iy (IT) is an isomorphism ;

2. any such complex Y is finitely dominated, and we may assume that Y is a finite

complex if 7w is of type FF;

. H2(Y;Z[n)) = I1;

4. Hy(Y;Z") 2 Z and cap product with a generator induces isomorphisms
HP(¥:Z[)) = Hyp(YV:Z[x]), for p 2.

[%

Proof. 1fY is such a 4-complex then pj k is an isomorphism, by the exactness of the
Whitehead sequence.

Suppose, conversely, that p;k is an isomorphism. Let P(k) denote the Postnikov
3-stage determined by k € H*(L; Iy (IT)), and let P = P(k). Let C, = C,(P) be the
equivariant cellular chain complex for P, and let B, < Z, < C, be the submodules of
g-boundaries and g-cycles, respectively. Clearly H; (C.) = 0 and H(C,) = IT, while
H3(C,) = 0, since pjk is an isomorphism. Hence there are exact sequences

0—-B —-C—-Cy—7Z—0,

0—=B3;—>C3—2Z,—11—0

and
0— Hy(Cy)=Z4 — C4 — B3 — 0.

Schanuel’s Lemma implies that B; is projective, since c.d.w = 2. Hence C; = B| @
Z, and so Z; is also projective. It then follows that B3 is also projective, and so
C4 = B3 ®Zy. Thus Hy(C,) = Z4 is a projective direct summand of Cy.

After replacing P by PV W, where W is a wedge of copies of §*, if necessary, we
may assume that Z4 = Hy(P;Z[x]) is free. Since Ly (IT) = m3(P) the Hurewicz ho-
momorphism from 74 (P) to H4(P;Z[n]) is onto, by the exactness of the Whitehead
sequence. We may then attach 5-cells along maps representing a basis for Z4 to ob-
tain a countable 5-complex Q with 3-skeleton QP! = P(k)P! and with H,(Q;Z) = 0
for g > 3. The inclusion of P into P(k) extends to a 4-connected map from Q to
P(k).

Let D, be the finite projective resolution of Z determined by a finite presenta-
tion for 7. Dualizing gives a finite projective resolution E, = D,__ for IT = E?7.

Then C,(Q) is chain homotopy equivalent to D, @ E,[2], which is a finite projective
chain complex. It follows from the finiteness conditions of Wall that Q is homotopy
equivalent to a finitely dominated complex Y of dimension < 4 [59]. (The splitting
reflects the fact that cy is a retraction, since k; (¥) = 0.) The homotopy type of ¥ is
uniquely determined by the data, as in Lemma 5.

If 7 is of type F'F then Bj is stably free, by Schanuel’s Lemma. Hence Z; is also
stably free. Since dualizing a finite free resolution of Z gives a finite free resolution
of IT = E?7Z we see in turn that B3 must be stably free, and so C, (?) is chain
homotopy equivalent to a finite free complex. Hence Y is homotopy equivalent to a
finite 4-complex [59].
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Condition (3) follows immediately from the 4-term evaluation sequence, since
IT" = E*Z" = 0, by part (4) of Theorem 18.

We see easily that H4(Y;Z[r]) = E*IT = 7 and H*(Y;Z") = Ext>(IT,Z") =
7. The homomorphism &,4 : H*(Y;Z[x]) — H*(Y;Z") induced by &, is surjec-
tive, since Y is 4-dimensional, and therefore is an isomorphism. We also have
Hy(Y;ZY) = Tory(ZY,I1) 2 2 Q7 Z|1] = Z. Let [Y] be a generator of Hy(Y;Z").
Then evaluation on [Y] induces an isomorphism from H*(Y;Z[x]) to Hy(Y;Z[x]).
Hence — —~ [Y] induces isomorphisms from H?(Y;Z[r]) to Hy_,(Y;Z[r]) for all
p #2,since HP (Y Z[r]) = Hys—p(Y; Z[r]) = 0if p #2 or 4.

Since Homy ) (H?(Y: Z[x]), Hy (Y Z[7])) = Homyz (E*Z, E*Z) and End(E*Z)
= Z, by Lemma 1, cap product with [Y] in degree 2 is determined by an integer.
The 4-complex Y is a PD4-complex if and only if this integer is ==1. The obvious
question is: what is this integer? Is it always £1? The complex C, is chain homotopy
equivalent to its dual, but is the chain homotopy equivalence given by slant product
with [Y]?

If 7 is either a semidirect product F (n) x Z or the fundamental group of a Haken
3-manifold M then Ko(Z[x]) = 0, i.e., projective Z[xr]-modules are stably free [58].
(This is not yet known for all torsion free one relator groups.) In such cases finitely
dominated complexes are homotopy finite.

16 PD,-groups

The case of most natural interest is when 7 is a PD;-group, i.e., is the fundamen-
tal group of an aspherical closed surface F. If Z is the minimal model for such a
PDy-complex X then IT = mp(Z) and Iy (IT) are infinite cyclic, and Z is homotopy
equivalent to the total space of a S>-bundle over a closed aspherical surface. (The
action u : w — Aut(IT) is given by u(g) = wi(x)(g)w(g) for all g € 7 [34, Lemma
10.3], while the induced action on Iyy (IT) is trivial.) There are two minimal models
for each pair (7, w), distinguished by their v,-type. This follows easily from the fact
that the inclusion of O(3) into the monoid of self-homotopy equivalences E(S?)
induces a bijection on components and an isomorphism on fundamental groups
[34, Lemma 5.9]. It is instructive to consider this case from the point of view of
k-invariants also, as we shall extend the argument of this section to other groups in
Theorem 27 below. In this case we may take F as an exemplar of K = K (7, 1).

Suppose first that 7 acts trivially on IT. Then L ~ K x CP”. Fix generators ¢, x,
n and z for H*(r;Z), IT, Ty (IT) and H?(CP*;Z) = Hom(I1,7), respectively, such
that z(x) = 1 and 21 = [x,x]. (These groups are all infinite cyclic, but we should be
careful to distinguish the generators, as the Whitehead product pairing of II with
itself into Iy (IT) is not the pairing given by multiplication.) Let 7,z denote also
the generators of H>(L;Z) induced by the projections to K and CP*, respectively.
Then H?(r;IT) is generated by ¢ ® x, while H*(L;Ijy (IT)) is generated by 1z ® 1
and z> @ 1. (Note that ¢ has order 2 if wi () # 0.)
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Lemma 15. The k-invariant ky(S?) generates H*(CP*; 7).

Proof. Let h: CP* — K(Z,4) be the fibration with homotopy fibre P;(S?) corre-
sponding to k»($?). Since P3(S?) may be obtained by adjoining cells of dimension
> 5to S? we see that H*(P5(5?);Z) = 0. It follows from the spectral sequence of
the fibration that 2* maps H*(K(Z,4);Z) onto H*(CP*;Z), and so k»(S?) = h*1z.4
generates H*(CP*;7Z).

Since Z ~ §2, the image of ky(Z) in H*(L;Z) = 7Z generates this group. Hence
k(Z) = +(z> @1 +mtz@n) for some m € Z. The action of [K,L]x = [K,CP”] =
H?(m;Z) on H*(L;Z) is determined by ¢ + ¢ and z — z+1, and so its action on
H*(L; Ty (IT)) is given by tz@n +— tz@n and 22 @1 + z2@N +2tz®1. There
are thus two possible Eq(L)-orbits of k-invariants, and each is in fact realized by the
total space of an S2-bundle over the surface K.

If the action u : ® — Aut (IT) is nontrivial these calculations go through essentially
unchanged with coefficients F instead of Z. There are again two possible Ex(L)-
orbits of k-invariants, and each is realized by an S-bundle space.

In all cases the orbits of k-invariants correspond to the elements of H?(7; ) =
Z/2Z. In fact the k-invariant may be detected by the Wu class. Let [c], denote the
image of a cohomology class under reduction mod (2). Since k;(Z) has image 0 in
H*(Z;I) it follows that [z]3 = m|tz], in H*(Z;F,). This holds also if the PD,-group
7 is non-orientable (i.e., the surface F is non-orientable) or the action u is nontrivial,
and 50 v2(Z) = m|z], and the orbit of k»(Z) determine each other.

If X is not minimal and v; ()? ) # 0 then the minimal model Z is not uniquely
determined by X. Nevertheless we have the following results.

Theorem 24. Let E be the total space of an S*-bundle over an aspherical closed
surface F, and let X be a PDy-complex with fundamental group w = m(F). Let T
be the image of the generator of H(70;F») in H*(X; ). Then there is a 2-connected
degree-1 map h: X — E such that cp = cxh if and only if

1 (%) 'wi(X) = (c)"'wi(E); and
2. & — T #£0 for some & € H*(X;Iy) such that E* = 0 if vy(E) = 0 and E> # 0 if
w(E) #0.

Proof. See Theorem 10.17 of the current version of [34].

This is consistent with Lemma 7, for if v»(X) = 0 then E2=0and 1, (E)=0,
while if v,(X) = 7 then £2 # 0, and thus v, (E) # 0 also.

If wi(X) = ciw, where w = wy (), and v2(X) = O then E must be F x S, and
we may construct a degree-1 map as follows. Let Q generate H(7;Z"). We may
choose y € H>(X;Z) so that (y — ¢4 Q)N [X] = 1, by Poincaré duality for X. Then
[v]3 = 0, since v»(X) = 0. Therefore if F is non-orientable y> = 0 in H*(X;Z) =
Z./27; if F is orientable then y? = 2k(y — ¢} ) for some k, and we may replace y
by ¥y =y —kcy £ to obtain a class with square 0. Such a class may be realized by a
map d : X — S? [54, Theorem 8.4.11], and we may set & = (cx,d) : X — F x §2.
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If v2(X) # 0 or 7 then there is a & € H?(X;F,) such that & — 7 # 0 but £E2 = 0.
There is also a class ¢ such that { — (T —v,(X)) =0but { — 7 # 0. Hence {* =
§ — 1t 0. Thus X has minimal models of each v,-type.

In particular, if C is a smooth projective complex curve of genus > 1 and
X = (C x CP')#CP? is a blowup of the ruled surface C x CP! = C x §? then each of
the two orientable S2-bundles over C is a minimal model for X. In this case they are
also minimal models in the sense of complex surface theory. (See [1, Chapter VI].)
Many of the other minimal complex surfaces in the Enriques-Kodaira classifica-
tion are aspherical, and hence strongly minimal in our sense. However 1-connected
complex surfaces are never minimal in our sense, since S* is the unique minimal
1-connected PD4-complex and S* has no complex structure, by a classical result of
Wau [1, Proposition IV.7.3].

Theorem 25. The homotopy type of a PD4-complex X with fundamental group T a
PD;-group is determined by 7, wi(X), Ax and the vy-type.

Proof. Letv =w; (), u=wi(X)+c}v, and let Q generate H>(7;Z"). Then [Q]»
generates H>(;F2), and 7 = ¢4 [Q]p # 0. If va(X) =m7 and p: X — Z is a 2-
connected degree-1 map then v,(Z) = mcy[£2],, and so there is an unique minimal
model for X. Otherwise T # v,(X), and so there are elements y,z € H>(X;F,) such
thaty — 7#y*and 7z — 7#0.Ify — T=0and z* # 0 then (y+z) — 7 # 0 and
(v+2)?> =0. Taking & = y,z or y + z appropriately, we have & — T # 0 and 2 = 0.
Hence X has a minimal model Z with v»(Z) = 0, by Theorem 24. In all cases the
theorem now follows from Theorem 7.

If Z is strongly minimal and E>Z is finitely generated but not O then E°Z is
infinite cyclic [8] and the kernel k of the natural action of  on m,(Z) = Z is a PD;-
group [34, Theorem 10.1]. Thus 7 is either a PD,-group or a semidirect product
K % (Z/2Z). (In particular, 7 has one end).

17 Cup products

In Theorem 27 below we shall use a “cup-product” argument to relate cohomology
in degrees 2 and 4. Let G be a group and let I' = Z[G]. Let C, and D, be chain
complexes of left I'-modules and <7 and # left I'-modules. Using the diagonal
homomorphism from G to G x G we may define internal products

HP (Homp(C., 7)) ® HY(Homr(Ds, B)) — H"*4(Homp(C, ® D, o/ © B))

where the tensor products of I'-modules taken over Z have the diagonal G-action.
(See [14, Chapter X1.§4].) If C, and D, are resolutions of ¢ and Z, respectively, we
get pairings

Extt (€, o) R Extl(2,5B) — Extt (€ © D, o @ B).
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When of = B =9,% =7 and g = 0 we get pairings

HP(G; o) @ Endg(</) — Ext?

L)\ ).

If instead C, = D, = C,(S) for some space S with 7;(S) 2 G composing with an
equivariant diagonal approximation gives pairings

HP(S;.o/)@HI(S;B) — H' (S, o @ B).

These pairings are compatible with the Universal Coefficient spectral sequences
Ext{.(Hp(C.), o) = HP™4(C*; .o/ ) = HPT4(Homr (Cy, 7)), etc. We shall call these
pairings “cup products”, and use the symbol ~— to express their values.

We wish to show that if 7 is a finitely presentable, 2-dimensional duality group
then cup product with idp gives an isomorphism

Ca - H (1 1T) = Extgy (IT, I @ IT).

The next lemma shows that these groups are isomorphic; we state it in greater gen-
erality than we need, in order to clarify the hypotheses on the group.

Lemma 16. Let G be a group for which the augmentation (left) module 7. has a
finite projective resolution P, of length n, and such that H/(G;I") = 0 for j < n. Let
2 =H"(G;I'"), w: G — Z* be a homomorphism and < be a left I'-module. Then
there are natural isomorphisms

1. oy @@F;Q{%H"(G;sz); and
2. ey Extt(D, ) —» L @r o = |1,

Hence 0,7 = 0ye5,, , : Ext}-(9,9 @ o) — H"(G: &) is an isomorphism.

Proof. If P is a finitely generated projective left I"-module then Q = Homp (P,T") is
a finitely generated right module. There is a natural isomorphism P =2 Hom(Q,T"),
givenby p— (: f— m), for all p € P and f € Q. There are also bifunctorial
natural isomorphisms of abelian groups Ap,, : Homp (P,I") r &/ — Homp (P, )
given by Ap/(q®ra)(p) =q(p)aforallac o/, p € Pand g € Homr(P,I').

We may assume that Py =I". Let Q; = Homp (P,—;,I") and aiQ =Homr (857]-,1“).
This gives a resolution Q, for 2 with Q, = I'. The isomorphisms Ap ., and
Ag; ., induce isomorphisms of chain complexes Q. ®r of — Homr (P,—y, /), and
P.®r o/ — Homr (Q,—+, <), respectively, from which the first two isomorphisms

follow. The final assertion follows since Z" @r (7 @ &) = 9 Qr o .

If G is finitely presentable, has one end and n = 2 then G is a 2-dimensional
duality group. It is not known whether all the groups considered in the lemma are
duality groups.

Lemma 17. If G satisfies the hypotheses of Lemma 16 and H is a subgroup of finite
index in G then cup product with id; is an isomorphism for (G,w) if and only if it
is so for (H,w|g).
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Proof. If & is a left Z[G]-module then H"(G;</) = H"(H;.</|i), by Shapiro’s
Lemma. Thus if G satisfies the hypotheses of Lemma 16 the corresponding module
for H is &|y. Further applications of Shapiro’s Lemma then give the result.

In particular, it shall suffice to consider the orientable cases.

Let  : Q9 — 2 be the canonical epimorphism, and let [£] € H"(G;Z) be the
image of £ € Homr(P,,%). Then E@1 : P, ® Qp — Z ® 9 represents [£] — idy in
Ext’(9,9®9).1f & =Ap 7(q®r 8) then az(n(q) ®r §) = [&]. There is a chain
homotopy equivalence j, : Q* — P, ®§*, since P, is a resolution of Z. Given such
a chain homotopy equivalence, ez, 7 ([§] — idz) is the image of (§ ®@1)(j.(17)),
where 1* is the canonical generator of Q,,, defined by 1*(1) = 1.

Theorem 26. Let G be a finitely presentable, 2-dimensional duality group, and let
w: G — Z* be a homomorphism. Then CZG,W is an isomorphism.

Proof. Note first that G satisfies the hypothesis of Lemma 16, withn = 2. Let &2 =
(X | R)? be a finite presentation for G. (We shall suppress the defining epimorphism
@ : F(X) — G where possible.) After introducing new generators x’ and relators x'x,
if necessary, we may assume that each relator is a product of distinct generators,
with all the exponents positive. The new presentation 22’ has the same deficiency as
Z. We may also assume that w = 1, after replacing G by H = Ker(w) if necessary,
by Lemma 17.
The Fox-Lyndon resolution associated to & gives an exact sequence

0—>P=m(C(P)—>Ph—>P—>P=I—>7Z—-0

in which Py and P, are free left I'-modules with bases (pl;x € X) and (p?;r € R),
respectively. The differentials are given by d p}c =x—1landd p% = X.exrepl, where
ry = g—;, for r € R and x € X. Moreover, P is projective and d5 is a split monomor-
phism, since c.d.G = 2.

Suppose first that the 2-complex C(4?) associated to the presentation is as-
pherical. (This assumption is not affected by our normalization of the presenta-
tions, for if C(4?) is aspherical then G is efficient, and x(C(2')) = def (') =
x(C(2)). Hence C(£') is also aspherical [34, Theorem 2.8]. Then P; = 0 and
the above sequence is a free resolution of Z. Let Q; = Homp(Py_;,I") and 92 =
Homr (93 _;,T"). Then Oy = P} and Q; = P have dual bases {¢0} and {g!}, re-
spectively. (Thus ¢! ( pyl) = 1if x =y and 0 otherwise, and ¢%(p?) = 1 if r = s and 0
otherwise.) Then 91* = X,cx (x ! — 1)g! and dq! = X,cg7rq°. After our normaliza-
tion of the presentation, each r, is either 0 or in F(X), for all » € R and x € X, and
507, —1=9(Zyex 42p)).

Define homomorphisms j; : Q; — (P. ® Q,.);, for i = 0, 1,2, by setting

Jolg))=1wq) for rer,

. __or
]l(q}():1®q)15—2,yrx(a—;p;,®q9) for x€X, and
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RN =101" = Zexx (pi®qy) — Zrer(pr ©4Y).
Then

Ix

) . _ _d _
dji(qh) — jo(9qy) = Erer(1 @ Txq)) — Zr,yrx(jy(y ~-1)®¢%) — Zerrx(1®4Y)

= X er[(107g)) — (e — 1) @) —F(124))] =0,
and so dj; = jod. Similarly,

9jp(17) = j1(017) = L1 @ (x ' = gy =~ (k= ) @)+

_ _ _ __dr
ZE (7 (py ©72q)) — repy @ q))] — Zl(x 1—1)[1®Qi—2r,yrx(7;p§®QQ)]

__ 0y

= Il (e 97g) —ripe 040+ B = (P ).

It shall clearly suffice to show that the summand corresponding to each relator r
is 0. After our normalization of the presentation, we may assume that r = xj ...x,,
for some distinct x1,...,%, € X.Letr; =ry, for 1 <i<m. Thenr; =x;...x;_1, for
1<i<m,sorixi=riy ifi <mand r,x, =r=1in G. Moreover, %—;’ =rjify=x;j,
for some 1 < j <, and is O otherwise. Let S; ; = rl.’1 (rjp)lcj ®q9), for1 <j<i<m.
Then x;llS,m j =351,j, for all j <m, and so the summand corresponding to the relator
rin djp(1*) — ji(d1%) is

Siem(x7 S —S1i+ Ej<i(xf15i,j —Sij))

=Ziem(Siy1i —S10) + ZicmZj<i(Siv1,j — Sij)-

This sum collapses to 0, and so d j, = j;d. Thus j, is a chain homomorphism. Since
Q, and P, ® Q, are resolutions of Z and j, induces the identity on Z, it is a chain
homotopy equivalence.

We then have

(Ap,7(a! ©r 8) @) (ju(1%) = ~Erer(4] (p7) S ©r n(4))),

which has image —6 ®r n(q%) in 2 ®r 2. Let 7 be the (Z-linear) involution of
H*(G;Z) given by t(az(p ®r a)) = otz(a®r p). Then

8] — idy = ~65(1([8))) for &eH*(G:D),
2

and so cg; ,, is an isomorphism.

If C(&7) is not aspherical we modify the definition of the dual complex Q. by set-
ting Q1 = Homp(Py,I") ® Homp (Ps,T") and extending the differential by s', where
§03 = idp,. Let f : P; — I'¥ be a split monomorphism, with left inverse g : I'* — P3T .
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Fix a basis {e,...,es} for I'*, and define a homomorphism & : I" — I’ ® I'* by
h(e;) = 1 ®e;. Then we may extend j; by setting j; = (1 ®g)hf on P3T.

In [40] we gave closed formulae for j;(1*) for some simple (un-normalized)
presentations of groups of particular interest. We should have also given the appro-
priate form of j; explicitly, for there we used the relators to simplify the derivatives
1y, which in general are sums of monomials X & r,;, and such simplifications affect

the second derivatives aarj‘ . It is safer to calculate such derivatives in Z[F (X )] before
using the relators to simplify their images in I
Similar formulae show that c}p‘w is an isomorphism for F free of finite rank » > 1.

18 Orbits of the k-invariant

In this section we shall attempt to extend the argument sketched in §15 above for the
case of PD,-groups to other finitely presentable, 2-dimensional duality groups. The
hypothesis on 2-torsion in Theorem 27 below seems necessary for our argument,
but does not hold in some cases where the result is known by other means.

Lemma 18. Ler © be a finitely presentable group such that c.d.w = 2, and let w :
7T — 7 be a homomorphism. Let IT = E>7.. Then there is an exact sequence

[ Op [T — 7Y @z Ty (IT) — H*(7;F5) — 0.

If I1 © 5 Il is 2-torsion free this sequence is short exact. If, moreover, for every x € I1
either x € (2,1,)IT or x©x & (2,1,,) (I1 © IT) then 2" @717 Ly (7) is 2-torsion free.

Proof. Since II is torsion free as an abelian group. it is a direct limit of free
abelian groups, and so the natural map from IT ® IT to Iy (IT) is injective. Applying
7" @gz — to the exact sequence

0— OIS Ly(IT) 2 11/2IT — 0.

gives the above sequence, since Z" @z IT/2I1 = I1/(2,1,,)IT = H?(m; ;). The

kernel on the left in this sequence is the image of Torlzm (2" ,I1/2IT), which is a
2-torsion group.

If IT ® I is 2-torsion free this sequence is short exact, and nontrivial 2-torsion
in Z" @z Iw (IT) has nontrivial image in IT/(2,1,,)IT. If there is such torsion there
are x,y;,z; € IT such that x & (2,1,,)IT but 2[yp(x) + s(Xy; ®z;)] = 0 in I1 O IT.
Since 2y (x) = s(x ®x) in Iy (IT), we then have s(x ® x) = 2(—s(Zy; © z;)) mod
L,(IT®I), and sox©x € (2,1,)(IT© IT).

The final condition in the lemma depends only on the image of x in IT/(2,1,,)IT.
Let X be a PDy-complex with 71 (X) = 7 and mp(X) = IT, and let L = Lr(IT,2).
Then L ~ K(I1,2), and so it follows from the Whitehead sequence that H3(L;Z) =0
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and Hy(L;Z) = Ly (IT). Let < be a left Z[m]-module. Since 7 is a 2-dimensional
duality group with dualizing module I, Lemma 16 gives canonical isomorphisms

and
Exty (I, ) = 2 @iz .

Moreover, H2(L; «7) = Homy(I1, </) and H4(Z;M)~: Homy (I (IT), /). Hence
the spectral sequence for the universal covering py, : L — L gives exact sequences

0— H*(m;o/) - H* (L) — Homg,(I1,4/) — 0
(split by the homomorphism H?(c;.27) induced by a section o for c7), and
0 — 2" @gpp o — H*(L;.of) P Homy (Ly (IT), /) — 0.

The right hand homomorphisms are induced by py, in each case. Since H,(X;Z) =0
for g > 2, the spectral sequence for py : X=X gives an isomorphism Z" @z o =
Ext%m (I1,<7)) = H*(X;.</), and so fx » induces a (non-canonical?) splitting of the
second of these sequences.

In the next theorem and subsequent comments pj is used variously for the ho-
momorphisms determined by H*(py; Iy (IT)), H*(pr; IT) and H*(py; I1/211).

Theorem 27. Let &t be a finitely presentable, 2-dimensional duality group, and let
w: Tt — 7% be a homomorphism. Let IT = E*7.. Assume that the image of IT ®5 IT
in 2" @zjn Iy w(IT) is 2-torsion free. Then the homotopy type of a minimal PDy-
complex Z with (m1(Z),w(Z)) = (n,w) is determined by its refined vy-type.

Proof. Let Z be a minimal PD4-complex with 7 (Z) = m and w;(Z) = cyw. Then
m(Z) = IT and m3(Z) = Iy (IT), since @ has one end, and the homotopy type of Z
is determined by k = k»(Z) € H*(L; Ly (IT)), where IT = E*>Z and L = P,(Z) =
Lr(II). This class is only well defined up to the actions of Aut(Iy(II)) and
Eo(L). Since ptk = ka(Z) is an automorphism (considered as an endomorphism
of Iy (IT)), by part (1) of Theorem 23, we may assume that pjk = idr, (1), after
applying an automorphism of Iy (IT). Now Ey(L) & Ez(L) x Aut() and Ex(L) =
H?(7; IT) x Aut (IT). (See §3 above). We shall consider the action of Aut(7) in the
final paragraph of the proof. Since Aut(IT) = {£1} acts trivially on Iy (IT), the
main task is to consider the action of H?(7;IT) on k. We shall show that this action
is closely related to the cup product homomorphism c%ﬁw. Note also that since Z
is minimal, v,(Z) = cv for some v € H*>(x;F,), by Theorem 20, and Ex(L) fixes
classes induced from K = K(7, 1), such as ¢} v.

Let ¢ € H?(m;IT) and let sy € [K,L]g and hy € [L,L]g be as defined in Lemma
4. Let M = Lg(I1,3). Then [M,M|x = H>(M;II) = End(IT), since c.d.w = 2.
Let Q : [M,M]x — [L,L]x be the loop map. Let g € [M,M]x have image [g] =
m3(g) € End(IT) and let f = Qg. Then @([g]) = f*112 defines a homomorphism
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® : End(IT) — H*(L; IT) such that p} ([g]) = [g] for all [g] € End(IT). Moreover

fu=u(f,f),since f = Qg, and so fhy = u(fs¢cr,f). Hence

hyS =&+ 1548
for & = o([g]) = f*1r12. Naturality of the isomorphisms H?(X;.27) 2 [X, Lz (<7, 2)|x
for X a space over K and ./ a left Z[r]-module implies that

*

sp0([g]) = [gluspim 2 = [g)#9

forall ¢ € H?(m;IT) and g € [M,M]x. (See [2, Chapter 5.§4].)
Using our present hypotheses, the exact sequences above give sequences

0— H(m:1T) L HA(L:1T) 25 End(IT) — 0

(split by ® and the homomorphism H?(o; IT) induced by a section & for cz), and

0 — 7 @y Ty (IT) — H(L: Ty (IT)) 2 End(Iy (IT)) — 0.

We shall identify the modules on the left with their images, to simplify the notation.
If u € H?*(m;I1) then hg (1) = u, since ¢ hy = cr. The induced automorphism of

the quotient End (IT) = H°(rr; (H2(L; IT)) is also the identity, since the lifts of hg are
(non-equivariantly) homotopic to the identity in L. Hence there is a homomorphism

8y : End(IT) — H*(m;IT)

such that 1y (§) = & +¢} 8y (p; &) forall § € H*(L;II). Since pjc; =0and hyy =
hehy it follows that 8, is additive as a function of ¢. Since 7 is a 2-dimensional
duality group, H*(m:IT) 2 TI @y I1, and so ¢ = p @7 & for some p € IT and
o €I1.1f g € [M,M|k then

65 ([8]) = 85 (pr([g])) = sy 0([g]) = p ®z [g](a). (D

In particular, &y (idrr) = ¢.
Similarly, the automorphism of H*(L; Iy (IT)) induced by hy fixes the subgroup
G = " ®zz) Iiv(IT), and induces the identity on the quotient End (I (1)) =

HO(m;H*(L; Ly (IT))). Then there is a homomorphism
fo : HH(L; Ly (IT)) — G
such that hig (u) = u+ fo (u) forall u € H*(L; Ly (IT)), and such that f,| = 0. More-

over, fy is additive as a function of ¢, so we may define f: H2(77:;H ) = G by

~

()= fo(k), forall ¢ € H?(m;IT).
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When S =L, o = % =11, and p = g = 2 the construction of §15 gives a cup
product pairing of H?(L; IT) with itself with values in H*(L; IT® IT). Since c.d. 7t =
2 this pairing is trivial on the image of H?(;IT) ® H?(7;IT). The maps ¢, and &
induce a splitting H?(L; IT) = H?(m; IT) @ End(IT), and this pairing restricts to the
cup product pairing of H?(7;IT) with End(IT) with values in Ext%m (IT, I ®II).
We may also compose with the natural homomorphisms from IT® IT to IT ® IT and
Ly (IT) to get pairings with values in H*(L; IT® IT) and H*(L; Iy (IT)).

Since hg(§ — &) = hy & — hi &’ we have also

fo(& = &) =8,(pL&") — &+ 8¢ (pr&) — &', 2)
forall €,&" € H2(L;IT). On passing to L ~ K(IT,2) we find that
pL(& = &)y (x)) = pr&(x) © pr&'(x), 3)

for all &,&’ € H?(L;IT) and x € IT. (To see this, note that the inclusion of x deter-
mines a map from CPP* to K(II,2), since [CP*,K(I1,2)] = Hom(Z,II). Hence we
may use naturality of cup products to reduce to the case when K(I1,2) = CP” and
x is a generator of II = 7Z.)

Let P be the image of IT © II in G. Since c%ﬁw is an isomorphism, by Theorem
26, the induced map ¢ : H?(m; IT) — P is an epimorphism. Let e = f-e

If £ =1 — A with pjA = idpr then p;(E)(y(x)) = x©x = 2y11(x), for all
x € I1, by Equation (5), while f (£) =2(¢ — A) = 2¢ — idpy, by Equation (4) and
by the triviality of the cup product on the image of H?(7; IT) ® H?(m; IT). Hence

pL(&) =2idp, () and [ (&) =2¢(9).

Since pjk = idp;, (1), we have pj (2k — Z) =0, and so 2k — £ € G, by the exactness
of sequence (2) above. Then

2e(9) = fy(2k—Z) =0,

since fy|c = 0. Hence e has image in the 2-torsion subgroup »G.

We invoke the hypothesis on 2-torsion at this point. Since ;GNP = 0, it follows
easily that |Cok(f)| < |G/P| = |H*(x;F,)|. As ¢ varies in H?(7; IT) the values of
hg (k) sweep out a coset of Im(f) ink+G = (p;)~"! (idp;, (11))» and there are at most
2B cosets, where B = Ba(m;Fy).

For each v € H?(m;IF,) there is a minimal PD4-complex Z such that v(Z) =
cyv, by Theorem 18. The group Aut(m) acts on K and L through based self-
homotopy equivalences, and hence acts on the classifying maps ¢z and fz, by
composition. These actions induce actions on HZ(E;IFQ) and II, and hence on
H*(L; Ty (IT)). The association k — v,(Z) defines a Aut(7)-equivariant surjection
from (p;)~! (idgy(my) =k+G to H?(m;F,), which is constant on cosets of Im(f),
since Ex(L) acts trivially on H?(7;F,). It follows that the refined v,-type is a com-
plete invariant for the homotopy types of such complexes.
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If 2" @z Iiv (IT) is 2-torsion free then f: ¢ (since e = 0), and the argument
can be simplified slightly.

The hypothesis on 2-torsion holds if 7 is a PDj-group, for then Z" ®zz
Ly (IT) =2 Z if w =1 and has order 2 otherwise. (Note that in this case IT = Z",
where u = w+ w (7). We do not assume here that w = wy(x)!) It holds also if
T = Zxp with [m| > 1, by Theorem 30 below. On the other hand, if 7 = F(r) x Z
and w(t) = —1, where ¢ € m generates the central Z factor, then IT ®5 IT and
Z" @z I (IT) have exponent 2, since ¢ acts through +1 on IT. If r > 1 these
groups are not finitely generated, and so the hypothesis of Theorem 27 does not
hold.

Corollary 28 If H*(7;Fy) = 0 and I1 Oy IT is 2-torsion free there is an unique
minimal PDy-complex realizing (m,w). O

Hence two PDy4-complexes X and Y with fundamental group 7 are homotopy
equivalent if and only if Ax = Ay (i.e., there is an isomorphism 6 : m; (X) = m(Y)
such that wi(X) = w1(Y) 0 0 and an isometry of the pairings, up to sign.)

The hypothesis H?(7;F;) = 0 holds if 7 is the group of a link of 2-spheres in an
homology 4-sphere, in particular, if it is a 2-knot group or is the fundamental group
of an homology 4-sphere.

Corollary 29 If H?*(m;F,) = F, and the image of I1 © IT in 7. ®@z(q) T () is
2-torsion free there are two minimal PD4-complexes realizing (7, w), distinguished
by whether v,(X) =0 ornot. O

The work of [29] suggests that the refined v,-type should be a complete homo-
topy invariant, without the technical hypothesis on 2-torsion or the restriction that
7 have one end. If, moreover, g.d.w = 2 then every such minimal PD4-complex
should be homotopy equivalent to a closed 4-manifold, by Theorem 18. This is so
if 7 is a semidirect product F(r) x Z or a PD;-group, by Theorems 17 and 25. Can
the connection between k, and v, be made more explicit? The canonical epimor-
phism gy : Iy (IT) — IT/2I1 determines a change of coefficients homomorphism
qr# from sequence (2) above to the parallel sequence

0 — H(m;F) — H*(L:11/21T) ™% Homy (Liy (IT), I1/21T) — 0.

Thus gr1#(k2(Z)) lies in the H?(7;IFy)-coset (p;)~' (qm).

Does Theorem 24 have an analogue for other 2-dimensional duality groups? Let
X and Z be PD4-complexes with such a fundamental group =z, with Z minimal,
and such that (c%)~'wi(X) = (c;)~'wi(Z). Then [X,Z]x maps onto [X,P3(Z)|x,
by cellular approximation, and hence onto {f € [X,L]x | f*k2(Z) = 0}. Can the
condition f*k;(Z) = 0 be made more explicit? The map f corresponds to a class
in H*(X:IT) and H*(X:Lyy (IT)) = Z" @7z Iiy(IT)), by Poincaré duality for X.
Theorem 24 suggests that we should consider the image of f*ky(Z) in H?(m;F»),
under the epimorphism of Lemma 18. Apart from this, we must determine when
such a map f has a degree-1 representative g : X — Z.
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19 Verifying the torsion condition for Zx,,

If 7 is a 2-dimensional duality group but not a PD-group then IT = E?Z is finitely
generated as a left Z[x]-module, but is not finitely generated as an abelian group.
The associated groups IT ®y IT and Z" @z Iw (IT)) are infinitely generated abelian
groups with no natural module structure. In this section we shall investigate the 2-
torsion condition.

We consider first groups which have a one-relator presentation &7 = (X | r). It is
well-known that if the relator r is not conjugate to a proper power then the associated
2-complex C(4?) is aspherical, and so g.d.7 < 2. (See §§9-11 of Chapter III of [46],
or [17].)

Lemma 19. Let @ be a group with a finite one-relator presentation (X | r) and
c.d.w=2, andletw = 1. Let [1 = E*Z. Then

116,112 2]/ (U +4),

where A is the right ideal generated by the free derivatives % forallx € X, and U
is the subgroup of Z[1t] generated by g — g~ ', for all g € .

Proof. On dualizing the Fox-Lyndon resolution of Z associated to the presentation
(X | ), we see that H*(7; Z[x]) = Z[x] /A, and so IT = Z[x] /A.

Define a function T : Z[7] ® Z[7] — Z[7] @ Z[7] by T (s ®¢) = §®1, for all 5,7 €
Z[r]. Then T is an additive bijection and T (gs ® gt) = 5§¢ ® gt, for all g € m. Hence
T induces an additive isomorphism from the quotient of Z[x] ® Z[r] by the diagonal
action of 7 to Z[ 1] @7z Z[x] = Z[x], which maps s @1 to 5. The images of Z[] © A
and A ® Z[r] under T are A and A, respectively. We obtain the symmetric product
Z[r] ® Z|x] by factoring out the tensor square Z[7] ® Z[x| by all sums of terms of
the form s ® ¢ —t ® 5. The image of all such sums in Z[x] is the subgroup U. (Note
that U is not usually an ideal!) Since Z[7] ©zz Z[n| = Z[x] /U and U +A=U+A,
we see that [T O, IT = Z[n] /(U + A).

This may be extended to other 2-dimensional duality groups as follows. Suppose
that P is an a x b presentation matrix for IT. View Z[r]® as a module of row vectors,
with standard basis {ej,...,e,}. Define a function T : Z[x]’ ® Z[x]" — My (Z[x])
by T(se; ®te;) = te;;, the matrix with (i, j) entry §t and all other entries 0. Then
T(Z[x])’> @ Im(P)) is Row(P), the left ideal in Mj,(Z[x]) consisting of matrices with
all rows in Im(P), while 7' (Im(P) ® Z[x]") is the right ideal Row(P)", the conjugate
transpose of Row(P). Let V be the subgroup generated by M — M", for all M in
My(Z[x]). Then IT @ IT = My, (Z[x])/(V + Row(P) + Row(P)").

Suppose now that 7 is solvable. Then it is a Baumslag-Solitar group Zx,,, with a
one-relator presentation (a, | tat~'a~™), for some m # 0 [26]. In this case we have
a more explicit model for IT ®, IT.

Theorem 30. Let © = Zx,, and let w : T — 7> be a homomorphism. Let IT = E*Z.
If |m| > 1 then IT © 5 I1 is torsion free.
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Proof. We may assume that 7 has the presentation (a,t | tat~'a™™). Let A = {{a)).
Then m XA XZ. Let a,, =t"at " in A, for all n € Z, and let a* = a’in, for all x =
K € Z[L]. Then a® = 1, a' = a and a*a’ = a** for all x,y € Z[1], and x + a*
determines an isomorphism from Z[%] to A. Every element of 7 is uniquely of the
form t”a*, for some p € Z and x € Z[%], and (tPa*)~! =t~Pa~""* If mis even then
w(a*) = 1 for all x; if m is odd then w(a*) = w(a™) for all x.

The function which sends a,, to g, determines an automorphism « of the com-
mutative domain D = Z[A] = Z[a,|n € Z]/(an+1 — a)'), and Z[r] is isomorphic to
the twisted Laurent extension Dg][t,¢!]. (An explicit isomorphism is given by the
function which sends t”a, € ®,czt”D to " Pat™" € Z[r] for all n,p € Z.)

We shall assume henceforth that m is positive, for simplicity of notation. Let
Jo={l,...om—1}letJ;={L |0<d <m**!, (d,m) =1}, forall s > 1, and let
J =Us>0Js. Then E = D/D(a™ —w(a)™) is freely generated as an abelian group by
the image of {a* | x € J}.

The images of the free derivatives of the relator r = tat~'a=™ in Z[x] are % =

t — Wn, where U, = Eiij(’)"*lai, and % =1—a". Hence
M1 = Z[x)/Z[x)(a" — w(a)" b — w(t)) = (Srezt*E) [ ~,

where

k+1

*a* ~ w(t) it a Ty = w(t)i* an T, forallk € Zand x € J.

As an abelian group, IT = ligtpE , the direct limit as p — oo of the family of D-
linear monomorphisms o : t”E — t"+1E given by o(t7a*) = w(t)t?* ' an I, for all
p € Z and x € J. It follows easily that

Mo 2lin(*E O E) = (©pept’EOIE)/ ~,

where tha® @ tka¥ ~ 5T gin iy @ £ @i Ty, for all k € Z and x, y € J.
Setting z =y —x gives

(10 a) ~ " am (T © Tman).
(Here & acts diagonally on IT ® I1.) We may expand the term in parentheses as
T © Hpa = ZH10 " w(a)'a™ (1 0 w(a) ~TaVai).
Define a function f: E - ITOII by f(e) =1®e=e®1 for e € E. Then f is
additive and f(a*) = w(a)"a*f(a™ ) for all x, since a* © 1 = a*(1 ©@w(a)"a™ ™).
The induced map from E to Il © II is onto, and
o II=E/N,

where N is the subgroup generated by
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{az —w(d" ) d" ", a — W(t)mszlw(a)kalﬁ% = J}
’ k=0 » V2 :

Since a* —w(a"*)a"* € N, the images [a°] of the elements a° with 0 <z < 5§
generate the quotient E/N. Given that [a°] = w(a)™ *[a™ 7], the conditions

(@) = w(tymE{y w(a)[a ]

and o
[@" %] = w(t)mE ) wla) [a* ]

are equivalent.

Let F; be the subgroup of IT @ IT generated by {[a*] | m*~'z € Z}, for s > 1. If
|m| > 1 then the conditions [a*] = [w(t)ng”:})lw(a)k[ak‘ﬁ] inE/N, forz € J, imply
that F; is generated by {[a°]} U{[a?] |0 <2z <m, m* 'z € Z, m* 2z ¢ 7}, for all
s > 1, with a single relation of the form (1 —w(t)m)[a’] = m*c, where o is a sum
of the generators [a?] with z € J; such that 0 < 2z < m, and coefficients not divisible
by (1 —m). Hence F; is torsion free, for all s > 1. Since IT @ IT is the increasing
union Ug>oFj, it is also torsion free.

If m =41 and w = 1 then Il ® IT = Z. However, if m = +1 and w # 1 then
I &7 I1 =7/27, and so the theorem does not extend to this case.

Note that the argument of the final paragraph implies that every generator of
I 7 IT is m-divisible, and that IT ® IT is a free Z[-1]-module of infinite rank.

Corollary 31 [f T = Zx, with |m| > 1 then Z @y Ly (IT) is torsion free.

Proof. If m is even this follows immediately from the theorem and the short exact
sequence of Lemma 18, since H?(7;[F;) = O then. If m is odd we may apply the
final part of Lemma 18. Letting x be the image of 1 € Z[x], we see that Y (x)
generates IT/(2,1,)IT = H?(r;F,), while the image of f(1) =x®x in [T®, IT is
not 2-divisible.

It is not immediately obvious that the models for IT ® Il in Lemma 19 and
Theorem 30 agree when 7 = Zx,,. However (assuming for simplicity that m > 1
and w = 1), the relations

Kx

X
ta* ~y fa i, = amw, and  fat ~y (Fa) T =1 e

together imply that IT © IT is generated by the image of E and that

i=m—1 1=m—1t—1a—mz—z —

at ~q taﬁum:Zi:O tdlam ~n 0 mt a7t

~1 ma_%/.tm ~9 mZi’:[’J”_la_"a% :ma%[.lm,
for all z € J. This is enough to see that Z[n]/(U + A) is a quotient of E/N, as an
abelian group, when A = (¢ — 1,1 — W, ) Z[ 7).
Can we extend the argument of Theorem 30 in any way? In particular, does the
hypothesis of Theorem 27 hold for ascending HNN extensions Fx, with base F
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a finitely generated free group and ¢ an endomorphism such that p < ¢(p) for all
1 < p with respect to some left ordering < on F'? When ¢ is an automorphism 7 is a
semidirect product F (r) Xy Z, and the result of Theorem 27 holds by Theorem 22. If
¢ has odd order and w = 1 then it can be shown that IT © IT is 2-torsion free. How-
ever, as we have seen, the argument of Theorem 27 itself must be changed in order
to accommodate other semidirect products F(r) X Z and orientation characters w.

20 4-manifolds and 2-knots

In this section we shall invoke surgery arguments, and so “4-manifold” and “s-
cobordism” shall mean TOP 4-manifold and (5-dimensional) TOP s-cobordism, re-
spectively. We continue to assume that 7 is a 2-dimensional duality group.

Suppose that 7 is either the fundamental group of a finite graph of groups,
with all vertex groups Z, or is square root closed accessible, or is a classical knot
group. (This includes all PD,-groups, semidirect products F(n) x Z and the solvable
groups Zs,,.) Then Wh(r) = 0, Ls(7,w) acts trivially on the s-cobordism structure
set S%op(M) and the surgery obstruction map c4(M) : [M,G/TOP] — La(m,w) is
onto, for any closed 4-manifold M realizing (7, w). (See Lemma 6.9 and Theorem
17.8 of [34].) N

If, moreover, w, (M) = 0 then every 4-manifold homotopy equivalent to M is s-
cobordant to M, by Theorem 6.7, Lemma 6.5 and Lemma 6.9 of [Hi]. If w, (A7I )#£0
there are at most two s-cobordism classes of homotopy equivalences. After stabi-
lization by connected sum with copies of S> x S? there are two s-cobordism classes,
distinguished by their KS smoothing invariants (see [43]).

If 7 is solvable then 5-dimensional s-cobordisms are products and stabilization
is unnecessary, so homotopy equivalent 4-manifolds with fundamental group 7 are
homeomorphic if the universal cover is Spin, and there are two homeomorphism
types otherwise, distinguished by their KS invariants.

The Baumslag-Solitar group Zsx,, has such a graph-of-groups structure and is
solvable, so the 5-dimensional TOP s-cobordism theorem holds. Thus if m is even
the closed orientable 4-manifold M with ) (M) & Zx,, and (M) = 0 is unique up
to homeomorphism. If m is odd there are two such homeomorphism types, distin-
guished by whether v, (M) = 0 or vo(M) # 0.

Let 7 be a finitely presentable group with c.d.x =2.If Hy(7n;Z) = & /7' 2 Z and
H(m;Z) =0 then def(r) = 1 [34, Theorem 2.8]. If moreover 7 is the normal closure
of a single element then 7 = 7K = 7 (5*\ K), for some 2-knot K : §> — §*. (If the
Whitehead Conjecture is true every knot group of deficiency 1 has cohomological
dimension at most 2.) Since 7 is torsion free it is indecomposable, by a theorem of
Klyachko [44]. Hence & has one end.

Let M = M(K) be the closed 4-manifold obtained by surgery on the 2-knot K.
Then 7 (M) =2 = 7K and y (M) = x(7) =0, and so M is a minimal model for 7. If
K is reflexive it is determined by M and the orbit of its meridian under the automor-
phisms of 7 induced by self-homeomorphisms of M. If & = F(n) x Z the homotopy
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type of M is determined by 7, as explained in §4 above. Since H>(M;F,) = 0 it
follows that M is s-cobordant to the fibred 4-manifold with #*(S? x S') and fun-
damental group 7. Knots with Seifert surface a punctured sum #"(5? x §'), are
reflexive. Thus if K is fibred (and c.d.w = 2) it is determined (among all 2-knots)
up to s-concordance and change of orientations by 7 together with the orbit of its
meridian under the automorphisms of 7 induced by self-homeomorphisms of the
corresponding fibred 4-manifold. (This class of 2-knots includes all Artin spins of
fibred 1-knots. See §6 of [34, Chapter 17] for more on 2-knots with c.d.w = 2.)

A stronger result holds for the group 7 = Zx;. This is the group of Fox’s Example
10, which is a ribbon 2-knot [23]. In this case 7 determines the homotopy type
of M(K), by Theorems 30 and 27. Since metabelian knot groups have an unique
conjugacy class of normal generators (up to inversion) Fox’s Example 10 is the
unique 2-knot (up to TOP isotopy and reflection) with this group. (If K is any other
nontrivial 2-knot such that 7K is torsion free and elementary amenable then M (K)
is homeomorphic to an infrasolvmanifold. See [34, Chapters 16-18].)

Let A = Z[Z]. There is a hermitian pairing B on a finitely generated free A-
module which is not extended from the integers, and a closed orientable 4-manifold
Mp with (M) = Z and such that the intersection pairing on m, (Mg) is equivalent
to B. In particular, Mp is not the connected sum of S Iy §3 with a 1-connected 4-
manifold [30]. Let N C Mp be an open regular neighbourhood of a loop represent-
ing a generator of 7; (Mp). Suppose that X is a closed 4-manifold with fundamental
group 7 and that there is an orientation preserving loop ¥ C X whose image in /7’
generates a free direct summand. (For instance, there is such a loop if X is the total
space of an S>-bundle over an aspherical closed surface F with 8;(F) > 1). Then y
has a regular neighbourhood homeomorphic to N, and we may identify these regu-
lar neighbourhoods to obtain N = Mg Ug1, 53 X. The inclusion of (g) into 7 and the
projection of 7 onto Z mapping g to 1 determines a monomorphism y: A — Z[x]
and a retraction p : Z[x] — A. In particular, A ®z,) (Z[7] ®z B) = B. It follows
that as B is not extended from Z neither is Z[7] @z, B. Therefore N is not the
connected sum of E with a 1-connected 4-manifold.

21 Some questions

We shall collect here some of the questions that have arisen en route.

1. Are strongly minimal PD4-complexes always of v,-type II or I11?

2. If X has vp-type I and c.d.m =2 is there a minimal model f : X — Z with v,(Z) =
0?

3. Must a strongly minimal PD4-complex with 7 a nontrivial free product be a
connected sum?

4. Can we say more about PD4-complexes with 7 infinitely ended and IT = 0?

. Are there strongly minimal PD4-complexes with E3Z # 0?

6. Do strongly minimal PD4-complexes always have k; = 0?

9]
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7. If X is a PD4-complex such that £ = m; (X) has one end and IT = m,(X) is pro-
jective, must 7 be a PD4-group?
8. To what extent do k, and v, determine each other?
9. In Theorem 23 must Y be a PD4-complex?
10. Can we extend Theorems 27 and 30 to encompass the known results for 7 a
semidirect product F (r) x Z (at least if w = 1)?
11. Can we relax the running hypothesis that 7 should have one end?
The final four questions are of most interest for the present work.
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