
Trisections of 5-Manifolds

Peter Lambert-Cole and Maggie Miller

Abstract Gay and Kirby introduced the notion of a trisection of a smooth 4-
manifold, which is a decomposition of the 4-manifold into three ekementary pieces.
Rubinstein and Tillmann later extended this idea to construct multisections of
piecewise-linear manifolds in all dimensions. Given a PL manifold Y of dimension
n, this is a decomposition of Y into bn/2c+ 1 PL submanifolds. We show that ev-
ery smooth, oriented, compact 5-manifold admits a smooth trisection. Furthermore,
given a smooth cobordism W between trisected 4-manifolds, there is a smooth tri-
section of W extending the trisections on its boundary.
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1 Introduction

We recall trisections of 4-manifolds, as introduced by Gay and Kirby [4].

Definition 1 ([4]). A (g;k1,k2,k3) trisection of a smooth, oriented, closed 4-manifold
X is a triple (X1,X2,X3) such that

• X = X1∪X2∪X3 and Xi∩X j = ∂Xi∩∂X j for each i 6= j,
• Each Xi ∼= \kiS

1×B3 is a 4-dimensional 1-handlebody,
• Each double intersection Xi∩X j is a 3-dimensional 1-handlebody, and
• The triple intersection Σ = X1∩X2∩X3 is a closed, oriented surface of genus-g.
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Moreover, every inclusion Xi ↪→ X is smooth in the interior of X̊i and piecewise
smooth on ∂Xi.

Gay and Kirby proved that every closed, oriented smooth 4-manifold admits a
trisection (which is unique up to a stabilization operation). The genesis was their
study of Morse 2-functions, although they also showed that it is possible to build a
trisection from a handle decomposition (see the proof of Theorem 4). Subsequently,
Rubinstein and Tillmann generalized these ideas and found nice decompositions
of piecewise-linear manifolds in all dimensions [8]. Given a PL manifold Y of di-
mension n, this is a decomposition of Y into k = bn2c+ 1 PL submanifolds, each
of which is an n-dimensional 1-handlebody. The intersection of any j pieces, for
j = 2, . . . ,k, must satisfy further restrictions on their topology. When n = 5, the
number of pieces is b5/2c+1 = 3 and so PL 5-manifolds admit trisections as well.

Definition 2. A smooth trisection M = (Y1,Y2,Y3) of a 5-manifold Y is a decompo-
sition of Y into three pieces Y1,Y2,Y3 so that the following conditions hold:

• Y = Y1∪Y2∪Y3, where Yi∩Yj = ∂Yi∩∂Yj for i 6= j.
• Each Yi is embedded in Y smoothly in its interior Y̊i and piecewise smoothly in

∂Yi.
• For integers k1,k2,k3 ≥ 0, we have Yi ∼= \kiS

1×B4.
• Each Yi∩Yj is a 4-manifold which is a regular neighborhood of its 2-skeleton.
• The triple intersection Yi∩Yj ∩Yk is a 3-manifold properly embedded in Y .
• If ∂Y 6= /0, then the triple (Y1∩∂Y,Y2∩∂Y,Y3∩∂Y ) is a trisection of ∂Y .

We refer to Y1∩Y2∩Y3 as the central submanifold of M .

Definition 2 agrees completely with the definition of [8] (in the 5-dimensional
case), except where we require all inclusions to be smooth rather than piecewise
linear.

From now on, “trisection” will always mean “smooth trisection.” Our main the-
orems are the following:

Theorem 1. Every closed, smooth, oriented 5-manifold Y admits a trisection.

Theorem 2. Let Y be smooth, oriented 5-manifold with positive boundary A and
negative boundary B. Fix trisections TA and TB of A and B, respectively. There
exist a trisection TY of Y whose restriction to A (resp. B) is TA (resp. TB).

Theorem 2 together with the fact that every closed 4-manifold admits a trisec-
tion [4] implies the following theorem.

Theorem 3. Every compact, smooth, oriented 5-manifold Y admits a trisection.

Similarly, Theorem 1 could be taken to be a consequence of Theorem 2.
Note that we do not consider the question of uniqueness of smooth trisections of

5-manifolds up to stabilization. In dimension 4, the central submanifold of a trisec-
tion is an orientable surface, and the stabilization operation increases the genus of
this surface. Since any two orientable surfaces are related by such stabilization, it
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is initially plausible that two trisections of a 4-manifold are related by stabilization.
In contrast, a trisection of a 5-manifold has a 3-manifold as its central submani-
fold. The natural stabilization operation on the trisection adds a connect-summand
of S1× S2 to this 3-manifold. In general, two 3-manifolds are not related by such
stabilization, so we do not expect two arbitrary trisections of a 5-manifold to be
related by stabilization.

Example 1. Fix coordinates (r,θ ,x,y,z) on R5, where (r,θ) are polar coordinates
and (x,y,z) are Cartesian. View S5 as R5 ∪ {∞}. For i = 1,2,3, let Yi = {2π(i−
1)/3≤ θ ≤ 2πi/3}∪{∞}. Then T = (Y1,Y2,Y3) is a trisection of S5.

On the other hand, we may view S5 as ∂ (D2 ×D2 ×D2). In this coordinate
system, let W1 = S1 ×D2 ×D2, W2 = D2 × S1 ×D2, W3 = D2 ×D2 × S1. Then
T ′ = (W1,W2,W3) is a trisection of S5.

The central submanifold of T is a a 3-sphere, while the central submanifold of
T ′ is a 3-torus. Since S3#m(S1×S2) 6∼= T 3#n(S1×S2) for any m,n, we conclude that
T and T ′ have no common stabilization.

Question 1. Is there a suitable class of trisections of closed 5-manifolds and a “nat-
ural” set of stabilization operations which relate any two of these trisections which
are of the same 5-manifold?

2 Trisecting Closed 5-Manifolds

In this section, we trisect closed 5-manifolds, which we might view as cobordisms
between two empty manifolds. We begin by recalling how one trisects a closed 4-
dimensional manifold.

2.1 Trisections of Closed 4-Manifolds

As preparation for the proof of Theorem 1, we review the construction in [4] of a
trisection from a handle decomposition of a closed 4-manifold X . Roughly speaking,
we partition the handles of X into three subsets — (1) the 0- and 1-handles; (2) the
2-handles; and (3) the 3-and 4-handles — and each group becomes one sector of the
trisection.

Theorem 4 ([4]). Every closed, oriented, smooth 4-manifold admits a trisection.

Proof. Take a self-indexing Morse function f on X and let ki be the the number
of index-i critical points. Without loss of generality, assume k0 = k4 = 1. Identify
the attaching link L of the 2-handles in the level set f−1(3/2) and choose a tubular
neighborhood ν(L) in f−1(3/2). Choose a relative handle decomposition on the link
complement f−1(3/2)rν(L), which we can assume consists of 1-,2- and 3-handles.



4 Peter Lambert-Cole and Maggie Miller

Let H1 be the union of the 2- and 3-handles of this decomposition and let H2 be the
union of ν(L) with the 1-handles. Then clearly H1 and H2 are 3-dimensional 1-
handlebodies, meeting along a closed surface S. Equivalently, this gives a Heegaard
splitting f−1(3/2) = H1∪S H2 of the level set.

The attaching link lies completely in H2, so by flowing along a gradient vec-
tor field we can find the cylinder H1× [3/2,5/2] in X . Define X1 = f−1([0,3/2])∪
H1× [3/2,2]; it retracts onto the sublevel set f−1([0,3/2]) and so is a 1-handlebody.
Similarly, define X3 = f−1([5/2,4])∪H1 × [2,5/3]; it retracts on the superlevel
set f−1([5/2,4]) and is also a 1-handlebody. Finally, let X2 be the complement of
X1 ∪ X3 in X . Abstractly, it is diffeomorphic to H2 × I ∪ {2-handles}. The man-
ifold H2 × I is a 1-handlebody and H2 was obtained from ν(L) by attaching 1-
handles. Thus each 2-handle cancels a unique 1-handle in H2× I. Thus, the result
is a 1-handlebody. Moreover, the double intersections X1∩X2 = H2, X3∩X1 = H1,
X2∩X3 = ( the result of performing Dehn surgery to H2 along the link L⊂ H2) are
all 3-dimensional 1-handlebodies (note that L is contained in a 1-skeleton of H2).
The central submanifold is the surface X1∩X2∩X3 = S.

2.2 Trisections of Closed 5-Manifolds

We can now describe how to obtain a trisection of a closed 5-manifold from a handle
decomposition. The essential idea, as in the prequel, is to partition the handles into
three sets: (1) the 0- and 1-handles; (2) the 2- and 3-handles; and (3) the 4- and
5-handles.

Proof (Proof of Theorem 1). Take a self-indexing Morse function f and let ki be the
the number of index-i critical points. Without loss of generality, assume k0 = k5 = 1.
In the level set f−1(5/2), let S denote the attaching 2-spheres of the 3-handles above
and let R denote the belt 2-spheres of the 2-handles below. We can assume they in-
tersect transversely and then choose a tubular neighborhood ν(R∪ S). Choose a
relative handle decomposition of f−1(5/2)rν(R∪S) which we can assume has no
0-handles. Let H1 be the union of the 2-,3- and 4-handles of this handle decomposi-
tion and let H2 be the union of ν(R∪S) with the 1-handles. Clearly, H1 and H2 can
be built with only 0-,1- and 2-handles and meet along a closed 3-manifold.

By flowing along a gradient vector field, we can find the cylinder H1× [3/2,7/2]
in Y . Define Y1 = f−1([0,3/2])∪H1× [3/2,5/2]; it retracts onto the sublevel set
f−1([0,3/2]) and so is a 1-handlebody. Similarly, define Y3 = f−1([7/2,5])∪H1×
[5/2,7/2]; it retracts on the superlevel set f−1([7/2,5]) and is also a 1-handlebody.
Finally, let Y2 be the complement of Y1 ∪Y3 in Y . Although it contains the 2- and
3-handles of Y , it is abstractly diffeomorphic to the union of H2× [0,1] with two col-
lections of 3-handles. The 3-handles of Y are attached along the link S ⊂ H2×{1}.
By turning the 2-handles of Y upside down, we can view them as 3-handles at-
taching along R ⊂ H2×{0}. Each of these three handles cancel a unique 2-handle
in H2 × [0,1]. Moreover, these are the only 2-handles and so the result is a 1-
handlebody. Moreover, the double intersections Y1 ∩Y2 = ( the result of surgering
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H2 along the belt spheres of the 2-handles), Y3 ∩Y1 = H1, Y2 ∩Y3 = (the result of
surgering H2 along the attaching spheres of the 3-handles) are all 4-dimensional 0, 1,
2-handlebodies (note that the belt spheres of the 2-handles and the attaching spheres
of the 3-handles are contained in a 2-skeleton of H2). The central submanifold is the
3-manifold Y1∩Y2∩Y3 = ∂H1.

3 Trisecting 5-Manifolds with Boundary

Tillmann and Rubinstein [8] do not fix a definition of a multisection of a mani-
fold with boundary. A relative trisection of a 4-manifold X with boundary is well
understood, having been originally introduced in [4] and fleshed out in [2]. A dia-
grammatic theory for relative trisections then appeared in [3], and has continued to
appear throughout trisection literature. Briefly, a relative trisection of a 4-manifold
with boundary is required to induce an open book on ∂X , so that relative trisections
inducing the same boundary data can be glued to find trisections of the union. We
give an analogous condition in this section.

3.1 Gluing Cobordisms

In order to build a trisection of Y from trisections of elementary pieces, we need to
check that the topological conditions on a trisection hold after gluing together a pair
of trisected cobordisms.

Let Y be a compact, smooth 5-manifold with boundary. Let M = (Y1,Y2,Y3) be
a trisection of Y , and let X be one of the boundary components of Y . A trisection M
of Y is compatible with a trisection T = (X1,X2,X3) of X if its restriction M |X is
equal to T . A trisection M of Y is strongly compatible with T if it is compatible
with T and the inclusion Xi ↪→ Yi induces an injection π1(Xi) ↪→ π1(Yi), in which
each generator of the free group π1(Xi) maps to a distinct generator of the free group
π1(Yi).

We could alternatively state this condition as the inclusion maps a core of Xi to
a core of Yi, after isotopy. A core of an (n > 3)-dimensional genus-g handlebody H
is a collection of g curves in the interior of H which generate π1(H). We may abuse
notation and refer to one curve C in H as a core of H when [C] is a generator of
π1(H) (and thus a subset of a core of g curves).

If M is strongly compatible with its restriction to X , we also say M is strongly
compatible with X . If M is strongly compatible with every boundary component,
we say that M is strongly compatible with Y .

Let Y be a 5-manifold with boundary. To view Y as a cobordism of 4-manifolds,
choose a decomposition ∂Y = ∂Y+ t (−∂Y−) (where one of ∂Y± may be empty).
Suppose that W is another cobordism of 4-manifolds and there is a diffeomorphism



6 Peter Lambert-Cole and Maggie Miller

φ : ∂Y+→ ∂W−. Then we can glue Y to W and obtain a new cobordism Y ∪φ W with
boundary ∂Y ∪φ ∂W = ∂W+t (−∂Y−).

Lemma 1. Let Y and W be cobordisms of 4-manifolds and let φ : ∂Y+ → ∂W−
be a diffeomorphism. Suppose that MY = (Y1,Y2,Y3) and MW = (W1,W2,W3) are
strongly compatible trisections of Y and W (respectively) and that φ identifies
M |∂Y+ with M |∂W− . Then MY∪φW = (Y1∪W1,Y2∪W2,Y3∪W3) is a trisection that
is strongly compatible with Y ∪φ W.

Proof. By definition, each of Yi and Wi has a handle decomposition with only 0-
and 1-handles. Since they are glued along a 1-handlebody, Yi ∪Wi has a handle
decomposition with only 0-, 1-, and 2-handles. The 2-handles may be chosen to each
run geometrically along a 1-handle of Yi ∩ ∂Y+ and an identified 1-handle of Wi ∩
∂W− (as well as other 1-handles) once, since MY and MW are strongly compatible
with Y and W respectively. By assumption, the 2-handles can then be cancelled
geometrically, so we conclude that Yi∪Wi ∼= \S1×B4.

For i 6= j, we have (Yi ∪Wi)∩ (Yj ∪Wj) = (Yi ∩Yj)∪Yi∩Y j∩(∂Y+∼=∂W−) (Wi ∩Wj).
Therefore, (Yi ∪Wi) ∩ (Yj ∪Wj) is obtained by gluing two 4-dimensional 0-,1-
,2-handlebodies along a 3-dimensional handlebody. To glue along a handlebody,
we need need only add 1- and 2-handles, so (Yi ∪Wi)∩ (Yj ∪Wj) is a 0-, 1-, 2-
handlebody, as desired.

The rest of Definition 2 follows easily.

3.2 Standard Trisections

For this subsection, refer to Figure 1. Our local models of trisections are obtained
by pulling back a trisection on the unit disk D in R2. In radial coordinates, the
symmetric trisection D=Ds

1∪Ds
2∪Ds

3 is defined by choosing the following subsets:

Ds
1 =

{
0≤ θ ≤ 2π

3

}
, Ds

2 =

{
2π

3
≤ θ ≤ 4π

3

}
, Ds

3 =

{
4π

3
≤ θ ≤ 2π

}
.

The symmetric trisection is symmetric under rotation by 2π/3 (up to permuting
indices). We also define a rectangular trisection D = Y1∪Y2∪Y3 by setting

Dr
1 = {x≥ 0} , Dr

2 = {x≤ 0,y≥ 0} , Dr
3 = {x≤ 0,y≤ 0} .

Geometrically, the rectangular trisection is asymmetric. Up to diffeomorphism, this
trisection is equivalent to the symmetric trisection.

Definition 3. The standard trisection of Sk for k ≥ 2 is the decomposition Tstd =
{π−1(Ds

i )∩ Sk} where π : Rk+1→ R2 is a coordinate projection and Ds
1 ∪Ds

2 ∪Ds
3

is the standard trisection of the unit disk in R2.
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Fig. 1 Left: The symmetric
trisection of the unit disk in
R2. Right: The rectangular
trisection of the unit disk in
R2.

Ds
1

Ds
2

Ds
3

Dr
1

Dr
2

Dr
3

The standard trisection of Bk, for k≥ 2 is the decomposition Tstd = {π−1(Ds
i )∩

Bk} where π : Rk→ R2 is a coordinate projection and Ds
1∪Ds

2∪Ds
3 is the standard

trisection of the unit disk in R2.

When k 6∈ {4,5}, a multisection of Sk is not a trisection.
Note that we could have defined the standard trisection using the rectangular

trisection of the disk rather than the symmetric trisection of the disk. Both definitions
give equivalent (up to isotopy) trisections. Generally, we will use the coordinates
of the rectangular trisection instead (for convenience). We will specify “standard
symmetric trisection” or “standard rectangular trisection,” but a reader comfortable
with trisections may read this as “standard trisection.”

Lemma 2. Let Tstd = (S1,S2,S3) be the standard trisection of Sk. Then each Si is
diffeomorphic to Bk; each double intersection Si ∩ S j is diffeomorphic to Bk−1 and
the central surface is diffeomorphic to Sk−2.

Let Tstd = (D1,D2,D3) be the standard trisection of Bk. Then each Di is diffeo-
morphic to Bk; each double intersection Di ∩D j is diffeomorphic to Bk−1 and the
central surface is diffeomorphic to Bk−2.

Proposition 1. Let Tstd be the standard trisection of S4 and Mstd be the standard
trisection of B5.

1. Tstd is a trisection of S4,
2. Mstd is a trisection of B5, and
3. Mstd is strongly compatible with Tstd .

The standard trisection of S1×S3 is obtained from the standard trisection of S3

by taking the product of each sector with S1. It is clear from Lemma 2 that this is a
trisection.

3.3 Trisection Stabilization

Definition 4. Let T = (X1,X2,X3) be a (g;k1,k2,k3)-trisection of a 4-manifold
X . We say that a (g + 1;k1 + 1,k2,k3)-trisection T ′ of X is an elementary 1-
stabilization of T if there exists a boundary-parallel arc C properly embedded in
X2∩X3 so that
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X ′1 = X1∪ν(C) ,

X ′2 = X2 \ν(C) ,

X ′3 = X3 \ν(C) ,

for some fixed open neighborhood ν(C) of C. We say that C is the stabilization arc
of the stabilization T 7→T ′.

We similarly define elementary 2- and 3-stabilization by permuting the indices
1,2, and 3.

Lemma 3. Let X be a closed 4-manifold. Fix a (g;k1,k2,k3)-trisection T =(X1,X2,X3)
of X. Let T ′ be an elementary 1-stabilization of T , so that T ′ = (X ′1,X

′
2,X

′
3) is

a (g + 1;k1 + 1,k2,k3)-trisection of X. There exists a smooth multisection M =
(Y1,Y2,Y3) of X × I whose restriction to X ×{0} is T and whose restriction to
X×{1} is T ′.

Proof. See Figure 2 for a schematic.
Let C be the stabilization arc of T 7→T ′. For i= 1,2,3, let Yi := (Xi× [0,1/2])∪

(X ′i × [1/2,1]), so that Y = Y1∪Y2∪Y3. We immediately have Yi∩ (X×0) = Xi and
Yi ∩ (X × 1) = Xi. Obviously this implies that M = (Y1,Y2,Y3) induces a trisection
on ∂Y .

Note that for each i and j, Yi and Yi ∩Yj strongly deformation retract onto Yi ∩
(X × 1/2) and (Yi ∩Yj)∩ (X × 1/2), respectively. We will describe each of these
intersections.

Y1∩
(

X× 1
2

)
= X ′1×

1
2
,

Y2∩
(

X× 1
2

)
= X2×

1
2
,

Y3∩
(

X× 1
2

)
= X3×

1
2
.

We conclude that Y1∼= \k1+1S1×B4, Y2∼= \k2S1×B4, and Y1∼= \k3 S1×B4. Moreover,

Y1∩Y2∩
(

X× 1
2

)
=
(
(X1∩X2)∪

(
X2∩ν (C)

))
× 1

2
,

Y2∩Y3∩
(

X× 1
2

)
= (X2∩X3)×

1
2
,

Y3∩Y1∩
(

X× 1
2

)
=
(
(X1∩X3)∪

(
X3∩ν (C)

))
× 1

2
.

Then immediately, Y2∩Y3 ∼= \gS1×B3. Moreover, we note that Y1∩Y2∩ (X ×1/2)
is obtained from the 3-dimensional handlebody (X1 ∩X2)× 1/2 by attaching a 4-
dimensional 1-handle, so strongly deformation retracts to a 1-skeleton. Therefore,
Y1∩Y2 ∼= \g+1S1×B3. Similarly, Y3∩Y1 ∼= \g+1S1×B3.
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Finally, we have that Y1 ∩Y2 ∩Y3 is the 3-dimensional trace of the cobordism
from X1∩X2∩X3 to X ′1∩X ′2∩X ′3 obtained by attaching the 3-dimensional 1-handle
(ν(C)rX1). That is, Y1∩Y2∩Y3 is a compression body from a genus (g+1)-surface
to a genus g-surface.

We will refer to the trisected 5-manifold Y of Lemma 3 as a stabilization cobor-
dism. Figure 2 shows a schematic of a stabilization cobordism.

Proposition 2. Let X be a closed, oriented, smooth 4-manifold and let T0,T1 be
trisections of X. There exists a trisection M = (Y1,Y2,Y3) of X × [0,1] whose re-
striction to X×{i} is Ti.

Proof. By [4, Theorem 11], there exists a common stabilization T̃ of T0 and T1.
Therefore, the claim holds by induction on Lemmas 3 and 1.

3.4 Morse Theory for Manifolds with Boundary

For a comprehensive treatment, we refer the reader to [1].
Let f be a Morse function on X ; for the sake of exposition we assume the critical

values are all distinct. By the Morse lemma, we can choose coordinates around every
nondegenerate critical point of f in which the function takes the form

f (x1, . . . ,xn) = x2
1 + · · ·+ x2

n−k− x2
n−k+1−·· ·− x2

n (1)

for some k, which is called the index of the critical point. Let Xs = f−1((∞,s]). Up
to diffeomorphism, the sublevel set Xε can be obtained from the sublevel set X−ε by
attaching a k-handle along some Sk−1 in the level set f−1(−ε).

Now suppose that X has nonempty boundary and f is a Morse function on X that
restricts to a Morse function on ∂X . If z ∈ ∂X is a critical point of f , we can find
Morse coordinates near z as in Equation 1 and such that ∂X is sent to the hyperplane
{x j = 0} for some j. The critical point z is boundary unstable if 1 ≤ j ≤ n− k and
is boundary stable if n− k+1≤ j ≤ n.

Fig. 2 A schematic of a
stabilization cobordism cor-
responding to an elemen-
tary 1-stabilization about
arc C ⊂ X2 ∩X3. This is a
cobordism from X to X in-
ducing trisection T on the
left boundary and T ′ on the
right boundary (where T ′

is obtained from T by 1-
stabilization), as in Lemma 3.

X1 X3

X2

X1 X3

X2

ν(C)

X ′1 X ′3

X ′2

X1 X3

X2

X ′1 X ′3

X ′2
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The topological change to a sublevel set when f has a Morse critical point on
the boundary depends on whether the critical point is boundary stable or boundary
unstable.

Proposition 3. Let z ∈ ∂X be a Morse critical point of index-k.

1. If z is boundary stable, then Xε is diffeomorphic to X−ε . Furthermore, (∂X)ε is
obtained from (∂X)−ε by attaching a handle of index-k−1.

2. If z is boundary unstable, then Xε is obtained from X−ε by attaching a handle of
index-k. Furthermore, (∂X)ε is obtained from (∂X)−ε by attaching a handle of
index-k.

Proof. The statements about the topology of ∂X are standard Morse theory. The
statements about the topology of X are the combination of Lemmas 2.18 and 2.19
and Theorem 2.27 in [1].

3.5 Index-1

In this and the following subsections, let Y be a cobordism between closed 4-
manifolds X and Z; let TX = (X1,X2,X3) and TZ = (Z1,Z2,Z3) be trisections of
X and Z, respectively; and let f : Y → [0,1] be a relative Morse function so that
∂Y = f−1({0,1}), where X = f−1(0) and Z = f−1(1).

Suppose that S is an embedded S0 in the central surface Σ of the trisection TX . Let
νΣ (S) be a tubular neighborhood in the central surface. Then we can choose a tubular
neighborhood νX (S) ∼= νΣ (S)×D2 such that TX restricts to a trisection obtained
by pulling back the standard (which we view to be the rectangular) trisection of
the disk under the projection νX (S)→ D2. Note that the trisection determines a
framing of the bundle νΣ (S)×D2, but this framing is unique up to isotopy since
νΣ (S)∼= S0×D2.

Proposition 4. Suppose that there is a unique critical point of f of index-1 in the in-
terior of Y . There exists a trisection M = (Y1,Y2,Y3) of Y that is strongly compatible
with the trisections TX and TZ .

Proof. First we describe the local model in Morse coordinates. Near a Morse critical
point of index 1, we have Morse coordinates such that

f = x2
1 + x2

2 + x2
3 + x2

4− x2
5 .

We can view this as a function on R2×R3 and decompose f as g+ f̃ , where

g(x1,x2) = x2
1 + x2

2 , f̃ (x3,x4,x5) = x2
3 + x2

4− x2
5 .

Using the projection π :R2×R3→R2, we obtain a trisection near the Morse critical
point (i.e. of a small 5-ball centered about the critical point) by pulling back the
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Fig. 3 The construction of
Proposition 4. We trisect a
cobordism Y from X to Z
which includes an index-1
critical point. We isotope so
that the descending manifold
of the index-1 point intersects
X in the central surface of a
trisection TX on X . We then
trisect the 1-handle radially.

Descending manifold of
index-1 critical point

rectangular trisection of the disk, as described at the beginning of this subsection.
In this model, the central submanifold is the hyperplane {x1 = x2 = 0} and the
restriction of f̃ to the central submanifold is a Morse function with a critical point
of index 1. We take this local model to agree with the restriction of TX near the
critical point.

Let g be the standard Euclidean metric on R5 and ∇ f the gradient of f with
respect to g. The desending manifold of the critical point, with respect to ∇ f , is
contained in the line {x1 = x2 = x3 = x4 = 0} and intersects the level set f−1(−ε)
in the 0-sphere R = (0,0,0,0,±

√
ε). Let R̃ = (0,0,±

√
ε) ⊂ R3 be its projection.

Let ν(R̃)⊂ R3 be a tubular neighborhood of R̃ in f̃−1(−ε). Flowing along ∇ f̃ , we
obtain tubular neighborhoods of (0,0,±(

√
ε +δ ) in f̃−1(−ε − δ )) for all δ > 0.

We can find a tubular neighborhood ν(R) of R in f−1(−ε) of the form

ν(R)∼= ν(R̃)×D2 = ν(R̃)×g−1
([

0,
ε

2

])
.

The trisection of the local model restricts a trisection of ν(R) obtained by pulling
back the rectangular trisection of the disk under the projection ν(R)→ D2.

Via an identification

νX (S)∼= νΣ (S)×D2 ∼= ν(R̃)×D2 ∼= ν(R) ,

we can use this model to extend a trisection from below the critical point to above
the critical point. See Figure 3.

The topological result is as follows. In the local model, The central submanifold
is the hyperplane {x1 = x2 = 0} and the function f restricts to a Morse function
with a critical point of index-1. Thus, moving from height −ε to height ε results in
surgery on S⊂ Σ , increasing the genus by 1. The double intersection H1 = Dr

1∩Dr
3

is {x1 ≥ 0;x2 = 0} and the restriction of f restricts has a boundary unstable critical
point of index 1. Thus, topologically moving from height −ε to height ε adds a
1-handle to H1 along S. By symmetry, this is also true of the remaining double
intersections. Finally, the top dimensional sector Dr

1, in the rectangular model of the
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Fig. 4 In Lemma 4, we iso-
tope S to lie in X1 ∩X2 and
then 3-stabilize until S is con-
tained in a core of X3.

X1∩X2 S After stabilizations, S⊂ X3

trisection, is the halfspace {x1 ≥ 0}. The restriction of f has a boundary unstable
critical point of index 1 and so the topological effect when moving from height
−ε to ε is to add a 1-handle to Dr

1 along S. Again by symmetry, this is true of the
remaining sectors.

The local model gives a trisection M ′ on Y that restricts to TX on X and some
T ′

Z = (Z′1,Z
′
2,Z
′
3) on Z. The sector Xi is a 4-dimensional 1-handlebody of genus ki.

The sector Yi is obtained by thickening Xi and attaching a 1-handle. Thus clearly the
inclusion Xi ↪→ Yi includes the cores of Xi into the cores of Yi. Moreover, the sector
Yi retracts onto Z′i . Thus M ′ is strongly compatible. By Proposition 2, we can find a
trisection on Z× I strongly compatible with T ′

Z and TZ . Then by Lemma 1, we can
glue these together to obtain the required trisection.

3.6 Index-2

Lemma 4. Let S be some embedded S1 in a 4-manifold X. After stabilizing the tri-
section TX and isotopy of S, we can assume that S lies in the central surface Σ of TX
so that it includes in each 3D and 4D piece as a core, and that the framing induced
on S by Σ may be chosen arbitrarily.

Proof. Since X1 ∩X2 generates the unbased fundamental group of X , we may iso-
tope S to lie in X1 ∩X2, disjoint from a 1-skeleton of X1 ∩X2. Let π(S) denote the
projection of S onto Σ = ∂ (X1∩X2). Take π(S) to have only double points of self-
intersection, and let c(S) denote the number of such double points. Then we may
perform 2+ c(S) 3-stabilizations (see Figure 4) so that S is contained in a core of
X3. Perform a 1- and a 2-stabilization, taking S to run through the core of each added
genus to X1 and X2, and project S onto Σ to obtain an embedded curve C in Σ . By
construction, this projection can be taken to be an isotopy.

Let A be the α curve in a triple of α,β ,γ curves arising from the 1-stabilization,
so A is parallel to a β curve, intersects a γ curve in point, and intersects C in one
point. Since A bounds a disk whose interior is disjoint from Σ , µ(A) = 0, where
µ : H1(Σ ;Z)→ Z/2 is the Rokhlin quadratic form. Let C′ be a curve in Σ obtained
by Dehn twisting C about A (in either direction). Then µ(C) 6= µ(C′). Note C′ is
isotopic to C in X , so C′ is isotopic to S. Both C and C′ include into each 3D and
4D piece of T as subsets of cores. Because there are only two possible framings on
S⊂ X , one of C or C′ is the desired curve.
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Proposition 5. Suppose that there is a unique critical point of f of index-2 in the in-
terior of Y . There exists a trisection M = (Y1,Y2,Y3) of Y that is strongly compatible
with the trisections TX and TZ .

Proof. The proof is analogous to the proof of Proposition 4, so we only sketch it.
Near a Morse critical point of index 2, we have Morse coordinates such that

f = x2
1 + x2

2 + x2
3− x2

4− x2
5 .

We can view this as a function on R2×R3 and decompose f as g+ f̃ , where

g(x1,x2) = x2
1 + x2

2 , f̃ (x3,x4,x5) = x2
3− x2

4− x2
5 .

Using the projection π : R2×R3→ R2, we obtain a trisection near the Morse crit-
ical point by pulling back the rectangular trisection of the disk. In this model, the
central submanifold is the hyperplane {x1 = x2 = 0} and the restriction of f̃ to
the central submanifold is a Morse function with a critical point of index 2. The
desending manifold of the critical point, with respect to ∇ f , is contained in the
plane {x1 = x2 = x3 = 0} and intersects the level set f−1(−ε) in the 1-sphere R.
Let R̃ = {(0,a,b) | a2 + b2 = ε ⊂ R3 be its projection. Let ν(R̃) ⊂ R3 be a tubular
neighborhood of R̃ in f̃−1(−ε). We can find a tubular neighborhood ν(R) of R in
f−1(−ε) of the form

ν(R)∼= ν(R̃)×D2 = ν(R̃)×g−1
([

0,
ε

2

])
.

The trisection of the local model restricts a trisection of ν(R) obtained by pulling
back the rectangular trisection of the disk under the projection ν(R) → D2. By
Lemma 4, we can take this trisection to agree with TX . Via an identification

νX (S)∼= νΣ (S)×D2 ∼= ν(R̃)×D2 ∼= ν(R) ,

we can use this model to extend a trisection from below the critical point to above
the critical point.

The topological result is as follows. In the local model, The central submanifold
is the hyperplane {x1 = x2 = 0} and the function f restricts to a Morse function
with a critical point of index 2. Thus, moving from height −ε to height ε results in
surgery on S⊂ Σ , decreasing the genus by 1. The double intersection H1 = Dr

1∩Dr
3

is {x1 ≥ 0;x2 = 0} and the restriction of f restricts has a boundary unstable critical
point of index 2. Thus, topologically this adds a 2-handle to H1 along S; however, by
assumption, this handle is attached along a core and therefore cancels a 1-handle in
H1. By symmetry, this is also true of the remaining double intersections. Finally, the
top dimensional sector Dr

1, in the rectangular model of the trisection, is the halfspace
{x1 ≥ 0}. The restriction of f has a boundary unstable critical point of index 2 and
so the topological effect of moving from height −ε to ε is to add a 2-handle to
Dr

1 along S. Since S represents a core, this 2-handle cancels a 1-handle. Again by
symmetry, this is true of the remaining sectors.
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Strong compatibility follows as in the proof of Proposition 4. Then we can glue
this local model to a model that changes the trisection on Z to obtain the required
trisection of Y .

We remark that we now have all of the technology needed to prove Theorem 2.
For now, if f is self-indexing with only index-1, -2, -3, -4 points, we may trisect
f−1[0,5/2] and f−1[5/2,5] separately (by turning f−1[5/2,5] upside down) and
then glue the two copies of f−1(5/2). However, we instead continue to build the
trisection upward from level 0 for completion of the analogy between the handle
structure and the trisection structure.

3.7 Index-3

Lemma 5. Let S be an embedded S2 ⊂ X. By an isotopy, we can assume that S is in
1-bridge position with respect to a stabilization of TX .

Proof. This is a specialization of [7, Theorem 1.2].

Proposition 6. Suppose that there is a unique critical point of f of index-3 in the in-
terior of Y . There exists a trisection M = (Y1,Y2,Y3) of Y that is strongly compatible
with the trisections TX and TZ .

As hinted at the end of Subsection 3.6, this Proposition follows from Proposition
5 by replacing f with − f . However, here we give a direct proof without changing
perspective.

Proof. This model can be obtained by turning the model in Proposition 5 upside-
down. Near a Morse critical point of index 3, we have Morse coordinates such that

f = x2
1 + x2

2− x2
3− x2

4− x2
5 .

We can view this as a function on R3×R2 and decompose f as f̃ −g, where

f̃ (x1,x2,x3) = x2
1 + x2

2− x2
3 , g(x4,x5) = x2

4 + x2
5 .

Using the projection π :R3×R2→R2, we obtain a trisection near the Morse critical
point by pulling back the rectangular trisection of the disk. In this model, the central
submanifold is the hyperplane {x4 = x5 = 0} and the restriction of f̃ to the central
submanifold is a Morse function with a critical point of index 1.

Now, however, the descending manifold intersects f−1(−ε) along the 2-sphere
R = {−x2

3− x2
4− x2

5 = −ε}. The trisection of the local model restricts to give the
standard rectangular trisection of R. We can choose a neighborhood ν(R) and a
splitting ν(R) = R×D2 such that the trisection of local model, restricted to ν(R), is
the same as the trisection obtained by pulling back the standard trisection of S2 by
the projection ν(R)→ R.
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Now suppose S is in 1-bridge position via Lemma 5. This means that TX re-
stricted to S is exactly the standard rectangular trisection of S2 (up to isotopy). We
can choose an identification ν(S) = S×D2 such that TX restricted to ν(S) is exactly
the trisection obtained by pulling back the standard rectangular trisection of S2 by
the projection ν(S)→ S. Via an identification

νX (S)∼= νΣ (S)×D2 ∼= ν(R̃)×D2 ∼= ν(R) ,

we can use this model to extend a trisection from below the critical point to above
the critical point.

The topological result is as follows. In the local model, The central submanifold
is the hyperplane {x4 = x5 = 0} and the function f restricts to a Morse function
with a critical point of index 1. Thus, moving from height −ε to height ε results in
surgery on S⊂ Σ , increasing the genus by 1. The double intersection H1 = Dr

1∩Dr
3

is {x1 ≥ 0;x2 = 0} and the restriction of f restricts has a boundary stable critical
point of index 2. Thus, moving from height −ε to height ε does not change the
topology. The top dimensional sector, in the rectangular model of the trisection, is
the plane {x5 ≥ 0}. This is a boundary stable critical point of index 3, so moving
from height −ε to height ε does not change the topology.

Strong compatibility follows as in the proof of Proposition 4. Then we can glue
this local model to a model that changes the trisection on Z to obtain the required
trisection of Y .

3.8 Index-4

An S3 ⊂ X4 is in standard position with respect to some trisection T = (X1,X2,X3)
of X if S t Σ is a simple closed curve c that bounds disks in all three handlebodies
Xi∩X j. When an embedded S3 is in standard position with respect to T , the restric-
tion of T is exactly the standard rectangular trisection of S3 (up to isotopy). Note
that if the curve c is separating, this is a locally a model for connected sum; if the
curve is nonseparating, this is a model for an S1×S3 factor.

Lemma 6. Let S be an embedded S3 ⊂ X. By an isotopy and a stabilization of the
trisection TX , we can assume that S is in standard position with respect to TX .

Proof. Suppose that S is separating. Then X decomposes as a connected sum
X = X1#SX2. Choose trisections T1 and T2 of X1 and X2, respectively. X therefore
admits a trisection TS =T1#T2 and S is in standard position with respect to TS. The
trisections T and TS admit a common stabilization T̃ . Furthermore, 1-stabilization
preserves the fact that S is in standard position.

Now suppose S is nonseparating. Let γ be a closed curve that intersects S trans-
versely in a single point. Then X decomposes as a connected sum along the bound-
ary of the tubular neighborhood ν(S∪ γ) into X ′#S1×S3. Let T ′ be a trisection of
X ′ and let Tsphere be the standard trisection of S1× S3. The sphere S is isotopic to
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{pt}× S3 and this sphere is in standard position with respect to Tsphere. The con-
nected sum T ′#Tsphere is a trisection of X . Again, the trisections T and T ′#Tsphere

have a common stabilization T̃ and S is in standard position with respect to this tri-
section.

Proposition 7. Suppose that there is a unique critical point of f of index-4 in the in-
terior of Y . There exists a trisection M = (Y1,Y2,Y3) of Y that is strongly compatible
with the trisections TX and TZ .

As hinted at the end of Subsection 3.6, this Proposition follows from Proposition
4 by replacing f with − f . However, here we give a direct proof without changing
perspective.

Proof. This model can be obtained by turning the model in Proposition 4 upside-
down. Near a Morse critical point of index 4, we have Morse coordinates such that

f = x2
1− x2

2− x2
3− x2

4− x2
5 .

We can view this as a function on R3×R2 and decompose f as f̃ −g, where

f̃ (x1,x2,x3) = x2
1− x2

2− x2
3 , g(x4,x5) = x2

4 + x2
5 .

Using the projection π :R3×R2→R2, we obtain a trisection near the Morse critical
point by pulling back the standard rectangular trisection of the disk. In this model,
the central submanifold is the hyperplane {x4 = x5 = 0} and the restriction of f̃ to
the central submanifold is a Morse function with a critical point of index 2.

Now, however, the descending manifold intersects f−1(−ε) along the 3-sphere
R = {−x2

2− x2
3− x2

4− x2
5 = −ε}. The trisection of the local model restricts to give

the standard rectangular trisection of R. We can choose a neighborhood ν(R) and a
splitting ν(R) = R×D1 such that the trisection of local model, restricted to ν(R), is
the same as the trisection obtained by pulling back the standard trisection of S3 by
the projection ν(R)→ R.

Now suppose S is in standard position (using Lemma 6). This means that TX
restricted to S is exactly the standard trisection of S3. We can choose an identification
ν(S) = S×D1 such that TX restricted to ν(S), is exactly the trisection obtained by
pulling back the standard rectangular trisection of S3 by the projection ν(S)→ S.
Via an identification

νX (S)∼= νΣ (S)×D1 ∼= ν(R̃)×D1 ∼= ν(R) ,

we can use this model to extend a trisection from below the critical point to above
the critical point.

The topological result is as follows. In the local model, The central submanifold
is the hyperplane {x4 = x5 = 0} and the function f restricts to a Morse function
with a critical point of index 2. Thus, moving from height −ε to height ε results in
surgery on S⊂ Σ , decreasing the genus by 1. The double intersection H1 = Dr

1∩Dr
3

is {x1 ≥ 0;x2 = 0} and the restriction of f restricts has a boundary stable critical
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point of index 3. Thus, moving from height −ε to height ε does not change the
topology. The top dimensional sector, in the rectangular model of the trisection, is
the plane {x5 ≥ 0}. This is a boundary stable critical point of index 4, so moving
from height −ε to height ε does not change the topology.

Strong compatibility follows as in the proof of Proposition 4. Then we can glue
this local model to a model that changes the trisection on Z to obtain the required
trisection of Y .

Theorem 5. Let Y be a cobordism between smooth, closed, connected, nonempty
4-manifolds X and Z. Fix trisections TX = (X1,X2,X3) of X and TZ = (Z1,Z2,Z3)
of Z.

Then there exists a trisection M =(Y1,Y2,Y3) of Y so that Yi∩X =Xi and Yi∩Z =
Zi for each i = 1,2,3. Moreover, M is strongly compatible with Y .

Proof. The theorem follows via induction on Propositions 4, 5, 6, and 7.

Note that Proposition 4 (for cobordisms including index-1 critical points) holds
even when the two manifolds X and Z are disconnected, if we take a trisection of a
disconnected manifold to consist of trisections on each connected component.

Theorem 6. Let Y be a connected cobordism between smooth, closed, 4-manifolds
X and Z, which are potentially disconnected or empty. Fix trisections TX =(X1,X2,X3)
of X and TZ = (Z1,Z2,Z3) of Z.

Then there exists a trisection M =(Y1,Y2,Y3) of Y so that Yi∩X =Xi and Yi∩Z =
Zi for each i = 1,2,3. Moreover, M is strongly compatible with Y .

Proof. By the remark above the theorem statement, the claim follows as in Theorem
5 when X and Z are nonempty. If X is empty and Z is nonempty, take X ′ = S4 and
TX ′ to be the standard trisection of X ′ ∼= S4. Puncture Y to obtain a cobordism Y ′

from X ′ to Z and apply the theorem to obtain a trisection of Y ′. Glue a copy of B5

with the standard trisection to Y ′ to obtain a trisection of Y extending TZ . Reversing
the roles of X and Z, the claim similarly holds when X 6= /0 and Z = /0. If X = Z = /0,
then the claim follows by puncturing Y twice and proceeding in the same fashion.

The following corollary follows immediately from Theorem 5 and the definition
of strongly compatible.

Corollary 1. Let Y be a cobordism between smooth, closed, connected 4-manifolds
A and B. Let W be a cobordism between closed, connected 4-manifolds B and C.
Fix trisections TA,TB,TC of A,B, and C respectively. Let TY ,TW be trisections of
Y and W as in Theorem 5 so that TY restricts to TA on A, TW restricts to TC on
C, and both TY and TW restrict to TB on B. Moreover, TY and TW are strongly
compatible with Y and W, respectively. Then we can glue TY and TW to obtain a
trisection T of the cobordism Y ∪B W from A to C.

Note here that the gluing of B⊂W to B⊂ Y is induced by TB.
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