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Abstract The algebraic genus of a knot is an invariant that arises when one consid-
ers upper bounds for the topological slice genus coming from Freedman’s theorem
that Alexander polynomial one knots are topologically slice. This paper develops
null-homologous twisting operations as a tool for studying the algebraic genus and,
consequently, for bounding the topological slice genus above. As applications we
give new upper bounds on the algebraic genera of torus knots and satellite knots.

1 Introduction

In this paper we study the algebraic genus galg(L) of an oriented link L in S3, as
defined by Feller-Lewark [6]. It is a famous theorem of Freedman that a knot K in S3

with Alexander polynomial ∆K = 1 is topologically slice [10]. It was first observed
by Rudolph that this can be used to construct upper bounds on the topological slice
genus of knots even when the Alexander polynomial is non-trivial [15]. If a knot
K has a Seifert surface F containing a subsurface F ′ such that ∂F ′ is a knot with
Alexander polynomial one, then F ′ can be replaced by a locally flat disk in the 4-ball
to show that K cobounds a locally flat surface of genus g(F)−g(F ′). The algebraic
genus can be defined as the optimal upper bound for gtop

4 (L) that can be achieved by
this method:

galg(L) = min
{

g(F)−g(F ′)
∣∣∣∣F is a Seifert surface for L and F ′ ⊂ F is a subsur-
face such that ∂Σ ′ = K′ is a knot with ∆K′(t) = 1.

}
.

The main utility of the algebraic genus is that it has several equivalent formulations,
including one that depends only on the S-equivalence class of the Seifert form of L
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[6]. These different formulations have made the algebraic genus a valuable tool for
proving results about the topological slice genus [2, 5, 8, 13]. It turns out that, at
least for knots, the algebraic genus has a pleasing topological interpretation as the
minimal possible genus of a compact, locally flatly embedded surface F ⊆ B4 such
that ∂F = K and π1(B4 \F)∼= Z [7].

The purpose of this paper is to explore how the algebraic genus changes under
certain twisting operations. Using these operations, we obtain new upper bounds for
the algebraic genus of satellite knots and torus knots.

Null-homologous twisting

Given an oriented knot or link L in S3 and an integer n, we perform a null-
homologous n-twist by taking an unknotted curve C disjoint from L with lk(C,L)= 0
and performing 1/n-surgery on C. Such a twist can always be performed locally by
adding n full twists on some number of parallel strands with appropriate orienta-
tions. See Figure 1, for example.

It turns out that certain pairs of null-homologous twisting operations change the
algebraic genus by at most one.

Theorem 1.1 If L and L′ are oriented links related by a null-homologous m-twist
and a null-homologous n-twist for m,n ∈ Z such that −mn is a square, then

|galg(L)−galg(L′)| ≤ 1.

Most notably this shows that for any integer n, a single null-homologous n-twist
changes the algebraic genus by at most one. It is also shows that a null-homologous
+1-twist and a null-homologous −1-twist change the algebraic genus by at most
one. This latter observation can be seen as an analogue of the well-known fact that
changing a negative crossing and a positive crossing changes the smooth slice genus
by at most one.

−1

Fig. 1 A negative null-homologous −1-twist on 4 strands.
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For any link one can always find pairs of null-homologous +1- and −1-twists
which decrease the algebraic genus. This leads to the following description of the
algebraic genus.

Theorem 1.2 For any link L, we have

galg(L) = min

max{n, p}

∣∣∣∣∣∣
L can be converted to a link L′ with galg(L′) =
0 by p null-homologous +1-twists and n null-
homologous −1-twists.

 .

For knots, a stronger formulation of Theorem 1.2 holds. Using the work Borodzik
and Friedl on the Blanchfield form [3, 4], one can show that the null-homologous
twists in Theorem 1.2 can be realized by crossing changes [7].

The condition that −mn be a square turns out to be essential to the proof Theo-
rem 1.1.

Proposition 1.3 For any m,n ∈ Z such that −mn is not a square, there is a knot
K with galg(K) = gtop

4 (K) = 2, which can be unknotted by performing a null-
homologous m-twist and a null-homologous n-twist.

Satellite knots

For satellite knots we prove the following upper bound on the algebraic genus.
This bound was first obtained (using different ideas) by Feller, Miller and Pinzon-
Caicedo [9].

Theorem 1.4 For a satellite knot P(K), we have

galg(P(K))≤ galg(P(U))+galg(K).

One striking feature of Theorem 1.4 is that the upper bound it establishes is inde-
pendent of the winding number of the pattern P. This behaviour should be contrasted
with that of both the classical Seifert genus and the smooth slice genus where depen-
dence on the winding number of the pattern is unavoidable. For example, if one takes
Kn to be the (n,1)-cable of the trefoil, then one can show that g(Kn) = g4(Kn) = n.
However, it follows from Theorem 1.4 that galg(Kn) = gtop

4 (Kn) = 1.
It is natural to wonder whether there is an analogue of Theorem 1.4 for the topo-

logical slice genus. A detailed discussion of this question and related issues can be
found in [9].

Torus knots

Whilst the smooth slice genera of torus knots have now been determined by a
variety of methods, the topological slice genus remains far less well understood.
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Rudolph showed that in general the topological slice genus of a torus knot is strictly
smaller than the classical Seifert genus [15]. Later Baader-Feller-Lewark-Liechti
constructed further upper bounds on the topological slice genus of torus knots,
showing that with the exception of torus knots with |σ(Tp,q)|= 2g4(Tp,q) the topo-
logical slice genus satisfies gtop

4 (Tp,q)≤ 6
7 g4(Tp,q) [1].

Using null-homologous twisting operations we establish the following upper
bound.

Theorem 1.5 For any torus knot or link Tp,q with p,q > 1 we have

gtop
4 (Tp,q)≤ galg(Tp,q)<

pq
3

+ p log2 q+q log2 p.

This bound is particularly effective when p and q are both relatively large. One
can measure the asymptotic difference between the smooth and topological slice
genera of torus knots by considering the following limit:

` := lim
min{p,q}→∞

gtop
4 (Tp,q)

g4(Tp,q)
.

It is known that this limit exists and satisfies the bounds 1
2 ≤ ` < 3

4 [1]. Theorem 1.5
provides an improved upper bound for ` by showing that `≤ 2

3 .

Structure

In Section 2 we set out the properties of the algebraic genus that will be used
throughout the paper and prove Theorem 1.1. In Section 3, we show that there is
always a null-homologous +1-twist and a −1-twist that can be used to decrease the
algebraic genus. This gives the proof of Theorem 1.2. Then in Section 4 and Sec-
tion 5 contain the results on the algebraic genera of satellite knots and torus knots
respectively. Finally we conclude with Section 6 where we prove Proposition 1.3.

2 Properties of the algebraic genus

In this section we recap some of the necessary properties of the algebraic genus
and prove Theorem 1.1. Throughout this paper, all knots and links will be oriented.
A Seifert surface for a link L is a connected, oriented, embedded surface F ⊆ S3

with ∂F = L. If L has r components, then a genus g Seifert surface has H1(F ;Z)∼=
Z2g+r−1. A Seifert surface comes equipped with its Seifert form θ : H1(F ;Z)×
H1(F ;Z)→ Z. A subgroup H ≤H1(F ;Z) of rank 2n is said to be Alexander trivial,
if for some (equivalently any) basis, the matrix M representing θ |H has the property
that det(tM−MT ) = tn. We record the following three equivalent definitions of
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the algebraic genus. The equality of all three quantities were essentially proven by
Feller-Lewark, where the third quantity is a variation of their characterization of the
algebraic genus in terms of 3-dimensional cobordism distance [6].

Proposition 2.1 Let L ⊂ S3 be an oriented r-component link. The algebraic genus
can be characterized in the following equivalent ways:

1.

galg(L) = min

g(F)−g(F ′)

∣∣∣∣∣∣
F is a Seifert surface for L and F ′ ⊆ F is
a subsurface such that ∂F ′ = K′ is a knot
with ∆K′(t) = 1.


2.

galg(L) = min

m− r+1
2

−n

∣∣∣∣∣∣∣
L has a Seifert form θ : H1(F)×H1(F)→
Z, where H1(F) ∼= Zm and H1(F) con-
tains an Alexander trivial subgroup of
rank 2n.


3.

galg(L) = min
{

n− r+1
2

∣∣∣∣L can be obtained by n oriented bands
moves on a knot K′ with ∆K′(t) = 1.

}
The following lemma shows the equivalence of the first two definitions. We refer

the reader to [6, Proposition 9] for proof.

Lemma 2.2 Given a link L with a Seifert surface F of genus g and corresponding
Seifert form θ . There is an Alexander trivial subgroup of rank 2n in H1(F ;Z) if and
only if F contains a connected genus n subsurface F ′, where ∂F ′ = K′ is a knot with
∆K′ = 1. ut
Although it is not known in general which Seifert surfaces for a link realize the
algebraic genus, it turns out that any Seifert surface can be stabilized until it realizes
the algebraic genus. The following is a consequence of the results of [6, Section 2]

Lemma 2.3 Let L be an oriented link with r components and let F be a Seifert
surface for L. Then F can be stabilized to yield a surface F̃ containing a subsurface
F̃ ′ such that ∂ F̃ ′ is a knot with Alexander polynomial one and

galg(L) = g(F̃)−g(F̃ ′).

ut

The following lemma shows how the algebraic genus changes under oriented
band moves.

Lemma 2.4 Let L be an r component link and L′ an r+ 1 component link related
by an oriented band move. Then

galg(L′)≤ galg(L)≤ galg(L′)+1.
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Proof. Suppose that L2 is obtained from L1 by an oriented band move, where L1 has
m components and L2 has m±1 components. Choose a connected Seifert surface F
for L1 disjoint from the band B realizing the band move being performed. This is
always possible, since we may choose a diagram for L1 so that the band B appears
as a short planar band between two strands. Applying Seifert’s algorithm to such a
diagram yields a Seifert surface which can be made disjoint from B. Furthermore,
Lemma 2.3 shows that by stabilizing we may assume that F realizes the algebraic
genus. Thus F contains a subsurface F ′ such that ∂F is a knot with Alexander
polynomial one and galg(L1) = g(F)− g(F ′). Take F ′′ to be the Seifert surface for
L2 obtained by attaching the band B to F . Clearly F ′ is still a subsurface of F ′′ so

galg(L2)≤ g(F ′′)−g(F ′).

If L2 has m+ 1 components, then g(F ′′) = g(F). Taking L = L1 and L′ = L2 in
this case shows that galg(L′) ≤ galg(L). If L2 has m− 1 components, then g(F ′′) =
g(F)+1 . Taking L = L2 and L′ = L1 in this case shows that galg(L)≤ galg(L′)+1.
This proves the two required inequalities. ut

With these lemmas in hand we can prove Proposition 2.1

Proof (of Proposition 2.1). The equality of the first two definitions follows from
Lemma 2.2. We prove equality between the first and third definitions. Suppose that a
link L can be obtained from an Alexander polynomial one knot K′ by n oriented band
moves. Suppose that n+ of these band moves increase the number of components
and n− of the moves decrease the number of components. Since n++ n− = n and
n+−n− = r−1, we see that n− = n−r+1

2 . Thus Lemma 2.4 shows galg(L′)≤ n−r+1
2 .

Conversely, suppose that F is a Seifert surface for L and F ′ a subsurface cobound-
ing an Alexander polynomial one knot K′ realizing the algebraic genus. Consider
the surface Σ = F \ intF ′. The surface Σ can be constructed by starting with K′

and attaching bands. Since g(Σ) = galg(L) = g(F)− g(F ′), the surface Σ can be
constructed by attaching oriented 2galg(L)+ r−1 bands to K′. Thus L can be con-
structed from K′ by 2galg(L)+ r−1 band moves, as required. ut

We conclude the section by proving Theorem 1.1.

Theorem 1.1 If L and L′ are oriented links related by a null-homologous m-twist
and a null-homologous n-twist for m,n ∈ Z such that −mn is a square, then

|galg(L)−galg(L′)| ≤ 1.

Proof. Suppose that L′ is obtained from L by a null-homologous m-twist and a
null-homologous n-twist. That is, L′ is obtained from L by performing 1/m-surgery
and 1/n-surgery on two unknotted curves, say C1 and C2. First we construct a nice
Seifert surface for L. As shown in Figure 2, we can choose a diagram for L such that
Seifert’s algorithm yields a Seifert surface F for L which is disjoint from C1 and C2.
Moreover we can choose a basis H1(F ;Z) such that the classes linking non-trivially
with C1 and C2 can be represented by a collection of disjoint curves forming an un-
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link. Lemma 2.3 shows that by further stabilizing F we can assume that it realizes
the algebraic genus of L.

C C

. . . . . .

Fig. 2 Choosing a nice surface to twist. The red curves represent the only homology classes in the
basis passing linking with the surgery curve.

Thus with respect to an appropriate ordering of the bases, we can assume that L
and L′ have Seifert matrices M and M′ of the form

M =



0 · · · 0
...

...
0 · · · 0

B F1

C

0 · · · 0
...

...
0 · · · 0

F2

F3 F4 F5


,

and

M′ =



−m · · · −m
...

...
−m · · · −m

B F1

C

−n · · · −n
...

...
−n · · · −n

F2

F3 F4 F5


.

If −mn is a square, then we can assume that m and n take the form m = −ax2 and
n = ay2, for some integers x,y and a. By stabilizing M′ we obtain a new Seifert
matrix M′′ for L′:
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M′′ =



ax2 · · · ax2

...
...

ax2 · · · ax2

B F1

−ax
...
−ax

0
...
0

C

−ay2 · · · −ay2

...
...

−ay2 · · · −ay2

F2

0
...
0

0
...
0

F3 F4 F5

0
...
0

0
...
0

0 · · · 0 0 · · · 0 0 · · · 0 0 1
0 · · · 0 0 · · · 0 0 · · · 0 0 0



.

Consider the following matrix identity:
1 0 x 0
0 1 y ay
0 0 1 0
0 0 0 1




A+ax2 B −ax 0
C D−ay2 0 0
0 0 0 1
0 0 0 0




1 0 0 0
0 1 0 0
x y 1 0
0 ay 0 1

=


A B −ax x
C D 0 y
0 ay 0 1
0 0 0 0

 . (1)

By replacing the entries of the matrices in (1) by identity matrices and block matri-
ces of the appropriate size, we see that there is an invertible matrix P such that

PT M′′P =



0 · · · 0
...

...
0 · · · 0

B F1

−ax
...
−ax

x
...
x

C

0 · · · 0
...

...
0 · · · 0

F2

0
...
0

y
...
y

F3 F4 F5

0
...
0

0
...
0

0 · · · 0 ay · · · ay 0 · · · 0 0 1
0 · · · 0 0 · · · 0 0 · · · 0 0 0



.

Since the upper left submatrix of PT M′′P is precisely M, this shows that L′ has a
Seifert matrix obtained by adjoining two additional rows and columns to M. Since
we started with a surface F realizing the algebraic genus, it follows that

galg(L′)≤ galg(L)+1. (2)

Since L′ can be obtained from L by a null-homologous −m-twist and a null-
homologous −n-twist, we can reverse the roles of L and L′ in (2). This gives the
desired result:

|galg(L)−galg(L′)| ≤ 1.
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ut

3 Decreasing the algebraic genus

Theorem 1.1 accounts for half of Theorem 1.2. In order to complete the proof we
need to show that there are always pairs of null-homologous twisting operations that
decrease the algebraic genus. This can be done by adapting the argument used by
Livingston to prove that any knot can be converted to the unknot using at most 2g
null-homologous twists [14].

Proposition 3.1 Given a link L with galg(L)> 0, then L can be obtained from a link
L′ with galg(L′) = galg(L)−1 by a null-homologous +1-twist and a null-homologous
−1-twist.

bands of F ′︷ ︸︸ ︷
. . .

r−1 bands︷ ︸︸ ︷
. . .

︸ ︷︷ ︸
2galg−2 bands

. . .
α β

a b

Fig. 3 Arranging the handles of the surface F . The gaps in the bands indicate that they may be
knotted, linked together and twisted.

Proof. Suppose that L has r components. Consider a Seifert surface for F for L
which realizes the algebraic genus. This contains a connected subsurface F ′ with
∂F ′ a knot with Alexander polynomial one and galg(L) = g(F)− g(F ′). We may
view F as obtained by attaching 2galg + r−1 handles to F ′. So if we present F ′ as a
surface obtained by attaching 2g(F) bands to a disk, then we can present F as being
obtained by attaching 2galg(L)+ r− 1 further handles to this disk. Furthermore by
performing handle slides, we can assume that the bands are grouped together into
three groups: the g(F ′) pairs of bands comprising F ′, the r−1 bands increasing the
number of components and the galg pairs of bands contributing to the algebraic genus
of L. This is illustrating in Figure 3. Let a and b be a pair of handles contributing non-
trivially to galg(L). Let α and β be curves running over the cores of these handles as
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shown in Figure 3. Let F ′′ be the surface obtained by deleting the handles a and b
from F and take L′ to be the boundary of F ′′. The existence of the surface F ′′ shows
that galg(L′)≤ galg(L)−1. However L is obtained from L′ by a pair of oriented band
moves, so Lemma 2.4 shows that galg(L′) = galg(L)−1.

The aim is to find a pair of null-homologous twists which will transform L′ into L.
We will produce these twists by taking a surgery presentation for L and manipulating
it until we find a surgery presentation for L which is a diagram for L′ with the
addition of two appropriately framed surgery curves.

By definition the framing of the curve α is given by θ(α,α), where θ is the
Seifert form of F . We may assume that α has odd framing. If β has odd framing,
then we can simply use b in place of a. If both α and β have even framing, then we
can change our handle decomposition of F by sliding a over b. After such a slide
the curve α ′ running over a has the homology class of α +β . This curve has odd
framing, since

θ(α +β ,α +β ) = θ(α,α)+θ(β ,α)+θ(α,β )+θ(β ,β )

≡ θ(β ,α)−θ(α,β )≡ 1 mod 2,

where we have used that the anti-symmetrization of the Seifert form is the intersec-
tion form of H1(F ;Z) in the second line.

2n−1 2n

a a

0+1
0

+1

Fig. 4 Sliding the band a over the +1-framed component.

Now we produce our surgery diagram. Introduce a Hopf link to S3 with one com-
ponent 0-framed and the other +1-framed. This provides a surgery presentation for
S3. Slide the band a over the +1-framed curve. After this slide, the 0-framed curve
forms a meridian of a and the framing of the core curve α becomes an even integer.
Since the 0-framed curve forms a meridian of a, we can slide other bands over it to
effect “crossing changes” between a and other bands in the handle decomposition
of F and also to pass the band a through itself. Thus after some sequence of such
moves we can assume that the curve α is unknotted and the band a lies entirely
above the band b and is unlinked from all other bands. Moreover notice that sliding
a over the 0-framed curve changes the framing of α by ±2 and that sliding any
other band over a does not change the framing of α . Thus the framing on α is still
an even integer and moreover by performing further slides we can assume that α

has framing 0. So by performing a sequence of isotopies and handle slides, we can
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obtain a surface F ′ where a appears as in Figure 5 but F ′ is otherwise identical to
F . Notice that the link ∂F ′ is isotopic to L′, the link bounding the surface F ′′.

ab

Fig. 5 The band a after simplification.

Now slide the 0-framed component of the Hopf link over the +1-framed compo-
nent so that it becomes a two component unlink with a +1-framed component and
a −1-framed component. Thus we have a surgery description showing that L can be
obtained from L′ by perfoming a null-homologous +1-twist and a null-homologous
−1-twist as required. ut

a a0 +1 −1

+1

Fig. 6 Sliding the 0-framed component over the +1-framed component.

Thus we can prove Theorem 1.2.

Theorem 1.2 For any link L, we have

galg(L) = min

max{n, p}

∣∣∣∣∣∣
L can be converted to a link L′ with galg(L′) =
0 by p null-homologous +1-twists and n null-
homologous −1-twists.

 .

Proof. Theorem 1.1 shows that if L is obtained from L′ with galg(L′) = 0 by p null-
homologous +1-twists and n null-homologous−1-twists, then galg(L)≤max{n, p}.
On the other hand, applying Proposition 3.1 repeatedly shows that L can be con-
verted into a link L′ with galg(L′)= 0, by galg(L) pairs of null-homologous +1-twists
and −1-twists. ut
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4 Satellite knots

In this section we prove Theorem 1.4. First we note that null-homologous twisting
is preserved under satellite operations.

Lemma 4.1 Let K and K′ be knots related by a null-homologous n-twist, then for
any pattern P ⊆ S1×D2, the satellite knots P(K) and P(K′) are related by a null-
homologous n-twist.

Proof. Let XP denote the complement XP = S1×D2\νP which comes with a merid-
ian µ and distinguished longitude λ in ∂ (S1×D2). The knot complement S3\νP(K)
is obtained by gluing XP to S3 \ νK so that µ and λ are glued to the meridian and
null-homologous longitude of K respectively. The complement S3 \νP(K′) is con-
structed similarly by gluing XP to S3 \νK′.

Since K and K′ are related by a null-homologous n-twist there is a null-homologous
curve C ⊂ S3 \νK such that performing 1/n surgery on C yields S3 \νK′. Since C
is null-homologous in S3 \νK, surgering C takes the meridian and null-homologous
longitude of S3 \ νK to the meridian and null-homologous longitude of S3 \ νK′.
Thus if we consider C as a curve in S3 \ νP(K) = S3 \ νK ∪XP, we see that 1/n
surgery on C will produce S3 \ νP(K′). Since C is null-homologous in S3 \ νK
it is null-homologous in S3 \ νP(K), thus P(K) and P(K′) are related by a null-
homologous n-twist. ut

Lemma 4.2 Let K′ be a knot with ∆K′(t) = 1, then for any pattern P, we have
galg(P(K′)) = galg(P(U)).

Proof. We refer the reader to [12, Proof of Theorem 6.15]. In this proof, Lickorish

constructs a Seifert matrix for P(K′) of the form
(

M 0
0 X

)
where M is a Seifert

matrix for P(U) and X is a matrix satisfying det(tX −XT ) = ∆K′(tw), where w is
the winding number of P. Since ∆K′(t) = 1, this shows that P(K′) and P(U) are
S-equivalent, and hence have the same algebraic genus. ut

Theorem 1.4 For a satellite knot P(K), we have

galg(P(K))≤ galg(P(U))+galg(K).

Proof. By Proposition 3.1, K can be converted into a knot K′ with Alexander poly-
nomial one by a sequence of at most galg(K) pairs of null-homologus +1-twists
and −1-twists. By Lemma 4.1 this shows that P(K) can be converted to P(K′) by a
similar sequence of twists. Thus we have

galg(P(K))≤ galg(K)+galg(P(K′)).

By Lemma 4.2 we have galg(P(K′)) = galg(P(U)) so this is the desired bound. ut
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5 Torus knots

We now gather the ingredients to prove Theorem 1.5.

Lemma 5.1 For any a,b≥ 1, we have

galg(T2a,2b)<
2a+b

3
.

Proof. We will show that T2a,2b can be converted to the unlink using at most 2a+b

3
null-homologous twists. By Theorem 1.1, this shows that

galg(T2a,2b)≤
⌊

2a+b

3

⌋
<

2a+b

3
,

where the strict inequality follows from the fact that 2a+b

3 is not an integer. Given a
full twist on 2k+1 strands oriented so that all crossings are positive, we can perform
a null-homologous−1-twist to produce two parallel sets of 2k strands each with two
positive full twists. This is depicted in Figure 7. Thus if we let Tk denote the number
null-homologous twisting moves required to undo a full twist on 2k strands we see
that Tk satisfies the recursive bound Tk+1 ≤ 1+ 4Tk. Note that T1 = 1 since a full
twist on two strands can be undone by a single crossing change. Now the solution
to the recursion relation ck+1 = 1+4ck with c1 = 1 is ck =

4k−1
3 . Thus we see that

Tk ≤ 4k−1
3 for all k.

Without loss of generality suppose that 2a ≤ 2b. The link T2a,2b can be viewed as
2b−a full twists on 2a strands. Thus T2a,2b can be converted into the unlink T2a,0 by
removing 2b−a positive full twists on 2a strands. Thus

galg(T2a,2b)≤ 2b−a× 4a−1
3

<
2a+b

3
.

ut

Lemma 5.2 For any a,b,c≥ 1,

galg(Ta,b+c)≤ galg(Ta,b)+galg(Ta,c)+a.

Proof. Observe that Ta,b+c can be converted into the split link Ta,btTa,c by perform-
ing a oriented crossing resolutions: if one considers Ta,b+c as the closure of the braid
word (σ1 · · ·σb+c−1)

a, then these resolutions corresponding to deleting all instances
of σb from this braid word. Thus Ta,b+c can be obtained from the split link Ta,btTa,c
by a oriented band moves. Thus, Lemma 2.4 implies that

galg(Ta,b+c)≤ galg(Ta,b)+galg(Ta,c)+a,

as required. ut
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−1

︸ ︷︷ ︸
2k strands

︸ ︷︷ ︸
2k strands

︸ ︷︷ ︸
2k strands

︸ ︷︷ ︸
2k strands

+1 +1 +1 +1

+1 +1

Fig. 7 Converting a full twist on 2k+1 strands into four full twists on 2k strands with a single
null-homologous twist. Each box contains a full twist.

Combining the bounds from Lemma 5.1 and Lemma 5.2 yields Theorem 1.5.

Theorem 1.5 For any torus knot or link Tp,q with p,q > 1 we have

gtop
4 (Tp,q)≤ galg(Tp,q)<

pq
3

+ p log2 q+q log2 p.

Proof. Suppose that p and q are represented in binary as ∑
k
i=0 2ai = q and p =

∑
l
j=0 2b j , i.e. so that when represented in binary q has k+ 1 non-zero digits and p

has l +1 non-zero digits when represented in binary. Notice that we have

k ≤ log2 q and l ≤ log2 p. (3)

For any given any i and j, Lemma 5.1 shows that the algebraic genus of the link
Li, j := T

2b j ,2ai
satisfies

galg(Li, j)<
2ai+b j

3
.

By applying Lemma 5.2 to L0, j, . . . ,Lk, j, we see that T
q,2b j satisfies

galg(Tq,2b j )< 2b j k+
k

∑
i=0

(
2ai+b j

3

)
= 2b j

k+
2b j q

3
.

So by applying Lemma 5.2 to Tq,2b0 , . . . ,Tq,2bl , we see that Tp,q satisfies
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galg(Tp,q)< lq+
l

∑
j=0

(
2b j q

3
+2b j k

)
=

pq
3

+ql + pk.

By (3), this shows that

galg(Tp,q)<
pq
3

+ p log2 q+q log2 p,

as required. ut

6 Anisotropic Seifert forms

In this section we prove Proposition 1.3 which shows that shows that most pairs of
null-homologous twisting operations can change the algebraic genus and the topo-
logical slice genus by two. Recall that a quadratic form q : Zn → Z is isotropic if
there is v 6= 0 such that q(v) = 0 and anisotropic otherwise.

Lemma 6.1 Let K be a knot with a Seifert surface F and associated Seifert form
θ . If gtop

4 (K)< g(F), then the quadratic form on H1(F ;Z) defined by v 7→ θ(v,v) is
isotropic.

Proof. Given a knot with a genus g Seifert surface F and Seifert form θ : Z2g×
Z2g→ Z, Taylor defines a knot invariant [16]:

t(K) := g−a(θ),

where a(θ) is the rank of a maximal isotropic subgroup of Z2g (i.e. the maximal
rank of a subgroup on which θ is identically 0). As discussed in [11, Section 2], this
invariant is known to be a lower bound for the topological slice genus. In particular,
we have a(θ) ≥ g(F)− gtop

4 (K). Thus if gtop
4 (K) < g(F), then θ has a non-trivial

isotropic subgroup, as required. ut

In order to apply Lemma 6.1 we will need to show certain forms are anisotropic.
This requires some elementary number theory. For a prime p, we use

(
n
p

)
to denote

the Legendre symbol of n modulo p.

Lemma 6.2 Let p be an odd prime and let a,b,M,N be positive integers coprime
to p. The quadratic form

q(x1,x2,x3,x4) = ax2
1−bx2

2 + p(Mx2
3 +Nx2

4)

is anisotropic if
(

ab
p

)
=−1.
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Proof. We will show that if q is isotropic, then
(

ab
p

)
= 1. If q is isotropic, then there

are integers y1,y2,y3,y4 such that gcd(y1,y2,y3,y4) = 1 and

ay2
2−by2

1 = p(My2
3 +Ny2

4). (4)

Since p divides the right hand side, we see that y1 and y2 provide a solution to the
equation aX2 ≡ bY 2 mod p. Moreover, this is a non-trivial solution, that is y1,y2 6≡
0 mod p. Assume for sake of contradiction that y1 ≡ y2 ≡ 0 mod p. If both sides of
(4) are non-zero, then the largest power of p dividing the left hand side is even, but
the largest power of p dividing the right hand side is odd. Thus both sides of (4) must
be zero. This implies that y3 = y4 = 0, which would imply that gcd(y1, . . . ,y4)≥ p>
1. Thus we must have y1,y2 6≡ 0 mod p.

Since the quadratic residues form an index two subgroup in (Z/pZ)×, the equa-
tion aX2 ≡ bY 2 mod p has a non-trivial solution if and only if both a and b are
quadratic residues or both a and b are quadratic non-residues modulo p. In either
case, this implies that if aX2 ≡ bY 2 mod p has a non-trivial solution, then

(
ab
p

)
= 1,

as required. ut
Lemma 6.3 For any integer n > 0 which is not a square, there is an odd prime p
such that (

n
p

)
=−1.

Proof. This is a standard application of quadratic reciprocity and Dirichlet’s the-
orem on primes in arithmetic progressions. Suppose that n has prime factoriza-
tion n = pa1

1 . . . pak
k . Since n is not a square, at least one of the ai is odd. Without

loss of generality assume that a1 is odd. Suppose first that p1 is an odd prime.
By the Chinese remainder theorem and Dirichlet’s theorem on primes in arithmetic
progressions, we can choose a prime p satisfying the congruences p ≡ 1 mod 4,
p≡ 1 mod pi for i > 1 and p≡ q mod p1, where q satisfies

(
q
p1

)
=−1. It follows

from quadratic reciprocity that such a p satisfies
(

n
p

)
=−1.

If p1 = 2, then we choose p to be a prime satisfying p≡ 5 mod 8 and p≡ 1 mod
pi for all i > 1. Using quadratic reciprocity and the fact that

(
2
p

)
= −1 for p ≡

5 mod 8, we see that such a p satisfies
(

n
p

)
=−1. ut

Proposition 1.3 For any m,n ∈ Z such that −mn is not a square, there is a knot
K with galg(K) = gtop

4 (K) = 2, which can be unknotted by performing a null-
homologous m-twist and a null-homologous n-twist.

Proof. For integers a,b,c,d let K = K(a,b,c,d) be the knot as shown in Figure 8.
With respect to the Seifert surface and basis shown in Figure 9, this has Seifert
matrix

M =


a 0 1 0
0 b 0 1
0 0 c 0
0 0 0 d

 . (5)
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a twists︷ ︸︸ ︷ b twists︷ ︸︸ ︷

︸ ︷︷ ︸
c twists

︸ ︷︷ ︸
d twists

. . .

. . .. . .

. . .

Fig. 8 The knot K(a,b,c,d).

α1 α2

α3 α4

. . .

. . .. . .

. . .

Fig. 9 A Seifert surface for K(a,b,c,d).

Notice that for any c and d the knot K(0,0,c,d) is the unknot. Thus we see that
K = K(a,b,c,d) can be unknotted by performing a null-homologous a-twist and a
null-homologous b-twist. The aim is to show that for any a,b such that −ab is not
a square, then we can find c and d such that gtop

4 (K(a,b,c,d)) = 2. Without loss of
generality, assume that a > 0. First suppose that we also have b > 0. In this case,
one can easily see from (5) that σ(K(a,b,c,d)) = 4 for any c > 0 and d > 0.

Thus it suffices to consider the case where a > 0 and b < 0. By Lemma 6.1 it
suffices to find c,d ensuring that the Seifert form is anisotropic. That is we need to
show that the quadratic form

q(x1,x2,x3,x4) = ax2
1 + x1x3 + cx2

3−|b|x2
2 + x2x4 + cx2

4 (6)

is not always isotropic. This can be diagonalized over Q as
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q(x1,x2,x3,x4) = a
(

x1 +
x3

2a

)2
+a(4ac−1)

( x3

2a

)2

−|b|
(

x2−
x4

2|b|

)2

+ |b|(4|b|d +1)
(

x4

2|b|

)2

.

Since a quadratic form is isotropic over Z if and only if it is isotropic over Q. It
suffices to show that the form

q̃(x1,x2,x3,x4) = ax2
1−|b|x2

2 +a(4ac−1)x2
3 + |b|(4|b|d +1)x2

4

is anisotropic for some choice of c and d. Since we are assuming that −ab is not a
square, then Lemma 6.3 shows there is an odd prime p with

(
a|b|

p

)
= −1. Since p

is coprime to a and b, we can find c and d such that p divides both (4ac− 1) and
(4|b|d+1) but p2 does not divide either (4ac−1) or (4|b|d+1). Lemma 6.2 shows
that for such c and d the Seifert form is anisotropic and hence gtop

4 (K(a,b,c,d)) = 2,
as required. ut
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