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Abstract Stochastic models of chemical reactions are needed in many contexts in
which the copy numbers of species are low, but only the simplest models can be
treated analytically. However, direct simulation of computational models for sys-
tems with many components can be very time-consuming, and approximate meth-
ods are frequently used. One method that has been used in systems with multiple
time scales is to approximate the fast dynamics, and in this note we study one such
approach, in which the deterministic QSSH is used for the fast variables and the
result used in the rate equations for the slow variables. We examine the classical
Michaelis-Menten kinetics using this approach to determine when it is applicable.

1 Introduction

Since many key biological molecules are present in low copy numbers, stochastic
effects can play an important role in diverse processes, including gene expression
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and spatial pattern formation in development [2, 3, 6, 22]. While stochastic effects
may simply add noise to an otherwise deterministic system, in which case it may
have no beneficial role, but in others, such as asymmetric cell division, their role may
be essential [2, 22]. Thus understanding the time-dependent behaviour of a system
of interacting species and how noise influences the outcome is important in many
different contexts, including temporal gene expression profiles, signal transduction,
and other biochemical processes. In the regime of large copy numbers for all species
in the process of interest, a ‘law of large numbers’ argument shows that for finite
times the stochastic formulation described later converges to the mass-action based
deterministic description commonly used, at least in well-mixed systems [13].

In many reacting systems there is a wide separation of time scales between the
fastest and slowest reactions, and in the deterministic (large number) limit this is
well understood and widely exploited to simplify the description of time-dependent
systems [15]. However the effects of large time scale separation is less well under-
stood for stochastic systems. While there are established techniques for deriving re-
duced Markov models that govern the slow evolution of the system [10, 8, 9], such
reductions do not use the reduced kinetic descriptions that result from the quasi
steady-state approximation (QSSA) applied to the continuum description directly.
However, in practice it is far simpler to change the propensities in the master equa-
tion by using the deterministic QSSA, and hence this approach is widely used in the
literature. Here we investigate the validity of such direct applications of the deter-
ministic QSSA rate laws to stochastic simulations.

2 The QSSA assumption in well-mixed stochastic systems

2.1 Background

The classical Michaelis-Menten deals with the reaction

ky
E+S=ES % E+P (1)
k_j

where E is an enzyme, S is the substrate, ES is the intermediate complex of E
and S, and P is the product. The over-all effect of these reactions is to convert the
substrate S to the product P, and we suppose that this follows mass-action kinetics.
The governing equations are!

! We use the same symbol for a species and its concentration.
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with initial conditions S(0) = So, E(0) = Eo, ES(0) = ES,,. Since the enzyme is con-

served in these reactions, E(t) + ES(¢) = Er, and the equations can be reduced to

das —

i —kiE7S+ (kiS+k_1)ES 5)
dES —
7 == k]ETS_(k1S+k_]+k2)ES (6)

When ES varies rapidly compared with S, a singular perturbation analysis shows
that the outer solution to this system is defined by the QSSA relationship

—  kiErS S

ES=— 1710 _ g 0 7
kiS+k+ky Kn+S )

where K,, = (k_1 4+ k2)/k; is the Michaelis constant. It is known that the timescale
of the substrate evolution is much slower than that of the complex ES provided that
(18]

Er

£ = << 1. 8
K, +So ®)

This is a ratio of concentrations, not of time scales, which it should be for the sin-
gular perturbation reduction, but one can show that the slow and fast time scales
are simply (kiEr)~! and (ki (K, +So)) !, resp. [16]. When this applies S is the
solution of

das

— = —kyES = —kyE
dt 2 2LT

K, 1S ©)
Clearly, this approximation leads to a kinetic equation that is not in a mass-action
kinetics form.

Howeyver, it has not been established that this form of the rate law for the slow
conversion for S to P is appropriate when the copy number of S is low. An algorithm
for stochastic systems that does not use the continuum QSSA as a rate law, but in-
volves a two-time-scale reduction of the full chemical master equation is developed
in [9]. This leads to the slow-time-scale dynamics in terms of certain projections
that involve the stationary distributions of the fast system, and under suitable condi-
tions the generator of the reduced system is a Markov generator. In this approach the
rates or propensities of the reduced system are modified rates of the slow reactions
conditioned on the expectations of fast steps, which leads to a significant reduction
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in the dimension of the evolution equation. As the following example shows, it is
very accurate, even in the regime of low copy number of some species.

The set of reactions in the model are those in (1), with the addition of a competi-
tive inhibition step

ki ky
E+S_ESSE+P E+1El (10)
ko kS

where E,S and P are as before, and [ is the inhibitor. The evolution of the means
and standard deviations of numbers of the product P, using the dimensionless
parameter values k| = kp = k4 = ks = 10,k3 = 0.1, and the the initial condition
(E,S,ES,I,EI,P) = (5,100,0,5,0,0), are shown in Figure 1. The full state space
is 0(10%), while the evolution on the slow time scale is governed by a four-
dimensional system of equations. The results shown in the figure are based on 5000
realizations of the stochastic processes. Details of the algorithm and computations
are given in [9].
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Fig. 1 Comparison of the results from the approximate stochastic simulation algorithm (red dotted
line) with the results of the exact stochastic simulation algorithm (blue solid line). From [9] with
permission.

Despite the fact that application of the deterministic QSSA for the conversion of
S has not been established mathematically for stochastic systems, it is widely used,
and differing claims have been made concerning its validity [5, 17, 4, 1, 11, 14,
12]. One example of the applications is the following model that involves negative
feedback in a transcriptional network (Figure 2).
The governing equations are
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Fig. 2 The relationship between the accuracy of the deterministic and the stochastic QSSA. a The
diagrams for the full model (Egs. 11) and the reduced model (Eqgs. 12). The deterministic QSSA
is accurate when both k; = 107'h~! and k; = 10" h~! (the insets). However, the corresponding
stochastic QSSA is accurate only when ky = 10 . The colored ranges and histograms represent a
standard deviation of R from its mean and the distribution of R at steady state, respectively. Here,
Kp = 10, op=300h"", By = Br = 1h~' . M(0) = R(0) = 100 and DA(0) = 0. Since Kp = kj /k; is
fixed, k;, = 10k throughout. From [12].

- _ oD — PuM
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dR
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where M, R, D4 and Dy, are the concentrations of mRNA, repressor, active DNA, and
repressed DNA, respectively. It is assumed only one copy of the gene is present, and
therefore D4 + Dr = 1. Details of the parameter meaning and values can be found
in [12].

The authors assumed that the active DNA, D4, evolves much faster than M and
R, which leads to the deterministic QSSA system:

M Kp
= — BuyM
G - Mg g P

(12)
R _ ogM — BrR
dt — QR R

where Kp = k;, /ky. The authors then consider the stochastic version of these equa-
tions, using the right-hand sides of (12), to define the propensities. They observed
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that the accuracy of the stochastic QSSA varied for different values of the forward
rate kg, of repressor binding to DNA, as can be seen in Figure 2 (b) and (c). How-
ever they showed that the accuracy of the deterministic QSSA was always valid
while varying k. To quantify the difference between the two stochastic models, we
focus on the stationary distribution of the repressor R and analyse the relative error
in the variance between the full and reduced systems given by

£ — M’ (13)

OF

where oF and o are the variances of the stationary distribution of the repressor in
the full and reduced system [20].

In Figure 3(a) we plot the mean and standard deviation of the stationary distribu-
tion of the repressor from the full and the reduced system as a function of k. Since
Kp is fixed, the mean and variance of the reduced system are constant. The standard
deviation of the full system is greater than the that of the reduced system for smaller
values of k¢, but it approaches that of the reduced system for large k. This effect
can be seen more clearly in Figure 3(b), where we plot the relative error in vari-
ance, €, which is monotone decreasing as function of ky. In effect, this quantifies
the transition of the standard deviation from Figure 2(b) to Figure 2(c). The authors
hypothesize that the stochastic QSSA is more accurate as ky increases, because the
deterministic QSSA is accurate over a larger range of initial conditions that includes
the most probable fluctuations.

2.2 Analytical results for the errors of the stochastic QSSA

In this section we compare the stochastic description of the reactions at (1), with an
input of substrate,

ko

¢ =S,

| S
E+S=ES % E+P
k_y

(14)

with the reduced system given by the following reactions, which uses the QSSA rate
for the second step 2
kyET

Ky +5

PN 3 (15)

To better understand the effects of using the QSSA in a stochastic setting, we com-
pare the stationary distribution of the full system with the stationary distribution of
the reduced system. As before, we use € as defined in (13) to quantify the differ-
ences. An analytical approximation to this based on the linear noise approximation

2 Exmple 18 in [9] gives the rigorous derivation of the propensities for the slow dynamics in this
example.
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Fig.3 Comparison of the full ((11)) and the reduced system ((12)) for the model shown in Figure 2.
While varying k; between 10~ to 10" we plot (a) the mean and standard deviation of the stationary
distribution of the repressor for both models and (b) the relative error in variance (Equation (13))
between the stationary distribution of the repressor for the two systems. The standard deviation is
shown as a dashed line in the corresponding colour in (a). The discrepancy between the models is

higher for smaller values of k. All other parameters have the same value as the ones considered in
Figure 2.

o . (-aap
=B —a(l—a)) (16)

where o = ko /(koEr) and B = kp /k_; [20]. We compare the variances of the station-
ary distributions of the full and reduced systems, using (13), and further, compare
this prediction with the predicted value of € using (16). Figure 4 shows the effect
of varying the production rate kg of species S, and varying the dissociation rate k_
of the complex ES. We consider two regimes of the parameter space that lead to
large number of molecules (Figure 4(a) and (c)) and small number of molecules
(Figure 4(b) and (d)), corresponding to ko = .03 and ky = 0.0003, resp.

In both regimes the means of the stationary distributions of the full and reduced
systems show good agreement, as seen in Figure 4(a) and (b). However, the vari-
ances of the stationary distributions show larger differences, particularly in the
regime of large numbers, as shown in Figure 4(c). Large negative values of € for
small values of k_; in Figure 4(c) indicate that the variance in the reduced system is
larger than in the full system in this parameter regime. Increasing the value of k_;
in Figure 4(c) increases €, which indicates that the variances of the stationary dis-
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Fig.4 Comparison of simulations for the full and reduced systems with k; = 1.0, k, = 1.0. We vary
k_1 from O to 12, and display two cases for ky: 0.03 (left column) and 0.0003 (right column). The
mean of the stationary distribution for both systems changes as we vary k_; for ky = 0.03, shown
in (a), and ko = 0.0003, shown in (b). In (c) and (d), we show how € varies for the simulations
and the predicted value in (16). In (c) we see that decreasing k_1, increases the disagreement of
the variances between the full and the reduced system with kp = 0.03, in both the simulations and
the predictions, whereas (d) shows that when ky = 0.0003, there is little difference between the
variances.

tributions agree better for large values of k_ in the regime of large copy numbers.
There is little difference between the two, either from the simulations or the theoret-
ical prediction, when the copy numbers are small (Figure 4 (d)). When we compare
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values of € between systems with kg = 0.03 and with ky = 0.0003 (Figure 4(c) and
Figure 4(d) respectively), we see that the reduced model captures the variance of
the system better in the case ko = 0.0003, which may be due to the fact that it is in
the low-copy number regime and as a result, the variance of the system is restricted
to much smaller values than in the case of ky = 0.03. In all cases the difference
between the € computed from the simulations and that using (16) is relatively small.
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Fig. 5 Comparison of simulations for the full and reduced systems with k; = 1.0, k_; = 0.5,

ky = 1.0 and values of ko from 0 to 0.03. The mean of the stationary distribution for both systems
increases as kg is increased, as shown in (a). In (b), we see that the difference in the variances
between the full and the reduced systems increases as we increase k.

To further study how the stationary distributions of the two systems differ in dif-
ferent parameter regimes, we studied how the means and variances of the stationary
distributions change as the input rate kg is varied, while keeping the other parameters
constant. Figure 5 shows how the means and the values of € change. As expected,
increasing the value of kg at fixed values of other reaction rates leads to an increase
the copy number of S (Figure 5(a)), and also in the difference between the variances
in the stationary distributions, as shown in Figure 5(b). The latter agrees with the
results shown in Figure 4, where increasing the value kg, especially for low values
of k_1, increases the difference between the variance of the stationary distributions.
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3 Conclusions

Herein we have reviewed some of the previous works that analyse the suitability of
applying the rate laws derived from the deterministic QSSA to stochastic systems.
By analysing two specific chemical systems, we observed that the QSSA applied to
stochastic systems does not have the same range of validity as when it is applied to
deterministic systems. Specifically, the criterion ensuring the accuracy of the QSSA
reduced rate equations, does not ensure the accuracy of the QSSA reduced master
equations. In the first system we studied an example in which the reduced system
underestimates the variance of the full system, and in the second system we observed
the opposite behaviour. It has been shown that for those parameter regimes such
that chemical systems are in rapid equilibrium and simultaneously the deterministic
QSSA holds, the QSSA reduced master equation is in good agreement with the
full master equation, at least for the case of small molecule number fluctuations
[21, 19, 7]. While several works have been developed to analyse the suitability of
the QSSA in the stochastic framework, universal conditions under which the QSSA
approximation is applicable remain to be developed. In particular, currently there
is no equivalent of Eq. (8) guaranteeing the validity of the QSSA reduced master
equations for general chemical reaction networks. At present the best alternative to
applying the QSSA is to apply the more rigorous approach developed in [9].
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