Worst-case error for unshifted lattice rules
without randomisation

Yoshihito Kazashi and Ian H. Sloan

Abstract An existence result is presented for the worst-case error of lattice rules for
high dimensional integration over the unit cube, in an unanchored weighted space
of functions with square-integrable mixed first derivatives. Existing studies rely on
random shifting of the lattice to simplify the analysis, whereas in this paper neither
shifting nor any other form of randomisation is considered. Given that a certain
number-theoretic conjecture holds, it is shown that there exists an N-point rank-
one lattice rule which gives a worst-case error of order 1/+/N up to a (dimension-
independent) logarithmic factor. Numerical results suggest that the conjecture is
plausible.

1 Introduction

This paper is concerned with an error estimate for a numerical integration rule for
functions defined on high-dimensional hypercube [0,1)%, s € N,

fx)dx. (1)

[0,1)°
More specifically, we consider the worst-case error for rank-one lattice rules. The
main contribution of this paper is the analysis of unshifted lattice rules without ran-
domisation; we allow neither shifting nor any other form of randomisation. Given
the truth of a certain conjecture with a number-theoretic flavour (Conjecture 1), our
results show the existence of a deterministic cubature point set that attains the worst-

Yoshihito Kazashi
Mathematics Institute, CSQI, Ecole Polytechnique Fédérale de Lausanne, Switzerland, e-mail:
yoshihito.kazashi @epfl.ch

Tan H. Sloan
University of New South Wales, Sydney, NSW 2052, Australia, e-mail: i.sloan@unsw.edu.au



2 Yoshihito Kazashi and Ian H. Sloan

case error of the order 1/ VN, up to a logarithmic factor, where N is the number of
cubature points, with a dimension-independent constant (Corollary 1).

An N-point rank-one lattice rule in s-dimension is an equal-weight cubature rule
for approximating the integral (1) — a quasi-Monte Carlo rule — of the form

1 Ni
N f(tk)a (2)
N =
with cubature points
kz
tk:{N}, k=0,...,N—1, 3)

forsomez e {1,...,N—1}*, where {x} € [0,1)* forx= (x1,...,xs) € [0,00)* denotes
the vector consisting of the fractional part of each component of x. The choice of
z, known as the generating vector, completely determines the cubature points, and
thus the quality of the cubature rule. Our interest in this paper lies in proving the
existence of a good generating vector z € {1,...,N — 1}*. The figure of merit we
consider is the so-called worst-case error, defined by

e(N,z) :=e(N,({kz/N})y) := sup
FeHyp | F gy <1

1 N—1
/W F0ax= 3 X Ake/VD|

where Hj y is a suitable normed space consisting of non-periodic functions over
[0,1)%, specified below. As is standard nowadays, we will assume that the norm in-
corporates certain parameters ¥, , one for each subset u C {1,2,...,s}, since without
weights integration problems are often intractable, see [1, 9] for more details.

It is natural to seek a generating vector z that makes the worst-case error small.
If Hy y is a reproducing kernel Hilbert space then the worst-case error e(N, z) can be
computed for any value of z (see below), but there is no known formula that gives
a good value of z for general s. The strategy we take in this paper is to prove an
existence result, by considering the average of ¢?(N, z) over all possible generating
vectors z € Zy, with Zy := {1,2,...,N — 1}, i.e. we compute

Z2(N) := ﬁ Y (N,2); 4)

S
€2},

and then use the well known principle that there must exist one choice of z that
is as good as average. With the support of a certain number-theoretic conjecture

(Conjecture 1), which does not depend on the choice of z, we will show that
C(InN)*
2 (N) < M7
N

with C independent of N, where ¢ > 0 is an exponent appearing in the conjecture
that depends on neither s nor N. Moreover, C is independent of s for suitable weights
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Y- It follows that there exists a generating vector z* for which the worst-case error
e(N,z") is bounded by v/C(InN)*/2 /+/N (Corollary 1).

For periodic function spaces, error estimates for rank-one lattice rules are well
known; see [1, 4, 7, 8] and references therein. For non-periodic functions, with the
aid of shifting—changing the cubature points from {kz/N} to {kz/N + A} with el-
ements A € [0,1)*—good results have been obtained for shift-averaged worst-case
errors; see [1] and references therein for more details. In the present paper, how-
ever, the function space is not periodic, and the worst-case error we consider is not
shift-averaged. Approaches to estimating the error for lattice rules for non-periodic
functions without randomisation include [2, 3], where a mapping called the tent
transform was applied to the lattice rule. In this paper, however, no transformation
of the lattice points is considered.

The shift-averaged worst-case error mentioned above is the expected worst-case
error for randomly shifted lattice rules, see [1]. The present paper is a first step in our
project to “derandomise” randomly shifted lattice rules—that is, to produce explicit
shifts (for an untransformed rule) that gives worst-case errors that lose no accuracy
compared to the shift-averaged worst-case errors. While randomly shifted lattice
rules have the advantages of providing us with an online error estimator and of being
simple to analyse and construct, they are less efficient than a good deterministic rule,
because of the need in practice to repeat the calculations of integrals with fixed z for
some number (say 30) of random shifts. In this first step in this programme, we study
the case of zero shifts. (Experience suggests that this is a poor choice—perhaps the
worst!)

There are related works in [5, 6] where a quantity called ‘R’, which is connected
to the so-called (weighted) star discrepancy, was considered as the error criterion.
In the weighted setting in [6], lattice rules can be constructed to achieve O(n~'+9)
convergence rate for any 6 > 0, with the implied constant independent of s and N
for suitable weights.

After establishing the setting in Section 2, the conjecture and the main results are
stated in Section 3. Section 4 provides numerical evidence relating to the conjecture.
Finally in Section 5 we give concluding remarks.

2 Preliminaries

In this section, we introduce the setting and recall some facts on lattice rules that will
be needed later. Throughout this paper, we assume that N, the number of cubature
points, is a prime number. Let us start with a general reproducing kernel Hilbert
space (RKHS) H; with a reproducing kernel K : [0, 1]° x [0, 1]* — R that satisfies

/ K(x,y)dxdy < eo.
[0,1)* J[o,1]*
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It is well known that for a general quasi-Monte Carlo (QMC) rule (2), the square of
the worst-case error in Hg,

e(N,(tx)k) == sup
feHs, || fllag <1

. 1N1
/[0’1 —*fok

is given by

(N, (tr)r)

5 N1 | NZIN-]
- Key)dey—+ ¥ [ Kdve 35 ¥ Y Kloww)
0.1 J[o.1]s Nk;) 0.1 N? k;()kgo

see for example [1, Theorem 3.5]. We specialise to the case

K(x,y)dx=1 for any y € [0, 1]%,

J[0,1]¢
to obtain
) N—1N-1
e*(N, (to)k N2 ZOkZ K(tg,tp) — 1. 5)

In particular, for the QMC rule we here take an unshifted lattice rule with cubature
points given by (3) for some z € Z},. Then, we have

SRR

Now we further specialise the RKHS to Hy y with kernel

KY,Y()C?y) = Z Yan(xjvyj), (7)

uC{lis} jeu

where

ne) = sBars)+ (x-3)(v-53).  xyelo]

Here By(t) =t*> —t+1/6,t € R is the Bernoulli polynomial of degree 2, {1 : s} is
a shorthand notation for {1,2,...,s}, and the sum in (7) is over all subsets u C {1 :
s}, including the empty set; and ¥ = {¥, }ucn is an arbitrary collection of positive
numbers called weights with 7 = 1. The choice of weights plays an important role
in deriving a dimension-independent error estimate, see Corollary 1. This space,
discussed fully in [1], is an “unanchored” space of functions on the unit cube with
square integrable mixed first derivatives. We again refer the readers to [1] for more
details. For this space it follows from (5) that
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AN = Y wmer(N,z), (8)
0FuC{l:s}

where for u C {1 : s} and z, = (z;) jeu, from (5) and (7)

eu(N,zu)
SRR ) (5 D) )

Thus the quantity €2 (N, z,) is a key to deriving an estimate for e?(N, z).

3 Existence result for worst-case error

In this section, we derive an existence result for the worst-case error. We first note
the following property.

Proposition 1. Let g be a function that satisfies g(t) = g(1 —1t) fort € [0,1]. Then

for a,b >0 we have
g([{a} —{b}]) = s({a—0b}),

where, as before, the braces indicate that we take the fractional part of the real
number.

Proof. Note first that {a},{b} € [0,1) and therefore {a} — {b} € (—1,1). It is clear
that {a} — {b} differs from {a —b} by 1 or 0. If {a} = {b}, then {a— b} =0 and the
result is trivial. If {a} > {b}, then {a} — {b} € (0,1), and so {a} — {b} = {a—b}.
Thus, again the result is trivial. If {a} < {b}, then |{a} — {b}| = {b} —{a} € (0,1)
and so [{a} —{b}| = {b—a}. Thus, using g(t) = g(1 —1), ¢ € [0, 1] we have

8([{a} —{b})) = s({b} —{a}) =g({b—a}) = g(1 - {b—a}) = g({a—D}),
where in the last step we used the identity {t}+{—t} =1fort €Z. O

In particular, Proposition 1 applies to the function B (-) so we can rewrite (9) as

eu(N’Zu)
1 & {1 ({(k—k’)z kzj| 1 Kz 1
SRR ()1 (D)
Nzékgogz N N 2 N 2
(10)
Now we obtain the average over z € Z},. From (4) and (8) we have
eN)= Y wme), (1n
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where
_ 1 1
e (N) = N1 Z €2 (N,zy) = T Z €2 (N,zy)
N=1) & (N—1) i
1 N—IN—-1
= L ¥ G +das)™, (12)
k=0 K'—0
with
Xy = ;NiB (k—K)z (13)
N;k,k’ T 2(N_ 1) & 2 N I
and

1 Nk 1 Kz 1
Ihar =527 L <{~} -3) <{N} ) 4

Further, the binomial theorem gives

1 N—IN-1

= L X X ) ). (15)

k=0 k'=00Cu

2u(N)

In seeking an error estimate for the generating-vector-averaged worst-case error
@2(N), we take the point of view that estimates of order 1/N or higher are rela-
tively harmless, so we are concentrating on isolating terms that are more slowly
converging.

In the following two subsections, we derive estimates for Xy and Jy.; . It
turns out that, roughly speaking, the terms (XN;k’k/)‘u\"‘ yield the order 1/N. The

terms (JN;M/)“" seem to converge more slowly, and require more detailed analysis.

3.1 Estimates for Xy i i

We have the following expression for Xy v

Lemma 1. For N prime and k,k' € {0,1,...,N — 1}, the quantity Xy y defined in
(13) satisfies
1
E lfk = k/a
XN;k.k’ = 1 (16)
——— ifk#K.
12N ik

Proof. For k =k, we have Xy,x = 1B2(0) = £5. For k # k', recalling the (abso-
lutely convergent) series representation

2mihx)
2 )

) — oLy 3 20

x€]0,1],
2n hZ0
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we have

1

1N
Xnw = PN Y 2 Z exp(2mih(k—k')z/N)

iz
_ M"’(Jifl);bhlz (ZZ exp(2mizh(k —K')/N) — 1)
with . | |
Y. exp(2mich(k—K)/N) = {IOV i ZE"_I‘; ;ZO

Throughout this paper, the notation a =y b means thata =5 (mod N), and similarly
a #y b means that a £ b (mod N). Since N is prime and k # k', we conclude that
all possible values of k — k’, namely, +1,42, ..., £(N — 1), are relatively prime to
N, and so h(k—k') =y 0 <= h =y 0. Thus

1 1
XN;k,k’ = 477[2(1\]_1) (N Z ﬁ_ Z hz)

SN Y R S DU B (L0 DI
© 4m2(N-1) Z (N2 3 C4m2(N—-1)\N23 3 ) 12N’

which completes the proof. O
We deduce the following estimate for 2 (N).
Proposition 2. For N prime, the quantity @ (N) defined in (15) satisfies

1 N—1N—-1 2 1

< / ‘l‘ ] = —— —_.
22 (N) < cuN N2 ZkZI I )™, with ¢y : 3‘u|—|—4|u‘

Proof. On separating out the diagonal terms of (15), we have

N-1 N—1N-1
e (N) = N2 Z Xk + Ivese) ‘+ Z Z Z Xy )"\ () "L (A7)

From XNkk_ 177 and 0 < Jyyp < N#ZN]I% 1 the first term in (17) can be
bounded by

1 N—1

Y2 Z (Xnsek +Ivs) M <

~ 3y’

For the second term in (17), noting |Jy | <1 3» from Lemma 1 we have for any
vCu
1

[u\b| [v] - -
|(XN;k,k’) (Unskr) ‘ < (12N)w\v| 4]o]”
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and thus summing over v C u and estimating N ~Iw\el by N—1 we obtain

1 1
ol plcly 1
L |(Xoae) ™ i) |§NU§ 120eT 4ol

vCu

Further from the binomial theorem we have },c, W (iz + }T) ful _ 41

1

3T 4“" Using this, together with the case v = u, we obtain

1N1N1

2
2
V) = (3ul 4Iu> N2 Z Z Innw)"

=0 K=
k’;ék
Using again |JN;k7k/| < 1/4, we can separate out the contributions for k = 0 or K =0,
to obtain

N-—-1 1 1 N—1
’ ‘u <
N2 k/zl |JN0k ‘ = 4|u‘N2 ~ 4‘“‘N and N2 Z |‘INk0| < 4‘u|N

Finally noting (Jy )" > 0 yields the desired result. O

3.2 Estimates for Jy.i y

In this subsection, we derive estimates for Jy y for k,k’ > 1. In the following we
will make use of the Fourier series for the real 1-periodic sawtooth function, defined
on [0,1) by
—-1/2 ifxe(0,1),
b= 42 1/2 e (0D
0 ifx=0,

and then extended to the whole of R by b(x) = b(x+ 1) for all x € R. Thus b(x)
is the periodic version of the first-degree Bernoulli polynomial Bj(x) =x—1/2. It
is well known (following, for example, from the Dini criterion) that the symmetric
partial sums in its Fourier series converge to b(x) pointwise for all x € R, that is

i M exp(2rmihx)
blx) = A/lllglooﬁthT7 k.
h£0

For notational simplicity we shall often omit the limit, writing simply

i exp(2mihx)

1 R
7 n 0 tE

b(x) =

3

h#0

but this is always to be understood as the limit of the symmetric partial sum.
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We have the following expression for Jy x/, k, k" € {1,...,N —1}.

Lemma 2. For N prime and k,k' € {1,...,N — 1}, the quantity Jy v defined in (14)
satisfies

1 N 1
INkKH = — — — 18
Nk k 47_[2 N—1 ]/;O héo hh/a ( )
Wk'=y hk

where the double sum is to be interpreted as the double limit

1
— = lim lim —.
iZ0 o M MmeM e 0wy oy Y

WK =y hk WK =y hk
Proof. For (x,y) € (0,1)? we have

1 27'Eihx 8727ri/1/y
h n

1 p2mihx ,—2mihly

= lim 1/1m — —
MM AT S ey B

Thus for any k,k’ = 1,...,N — 1 we have, noting that the finite sum over z may be

interchanged with the implied limits,

I i
1 1 A (hk—HK
= = 5, L Lo (m(N >z)
1 hk — WK
TN 1) h;) héo hit 47:2 ,;) héo hi Z exp (2”1( )Z)

The first term vanishes because it has as a factor the limit of the product of symmet-
ric partial sums of the odd function 1/k. For the second term we use

= N if hk—hkK =y 0
Y exp(amic(hk—HK) /Ny =4 TN
= 0 if hk—HK #y0

which leads to the desired formula. O

We now want to estimate Jy p for k, k' > 1 using (18). It turns out that it suffices
to consider Jy.x 1, fork =1,... ,N—1.

Proposition 3. For N prime, the quantity @ (N) defined in (15) satisfies
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) 1 10! ]
Eu(N)SCu*'F* E ‘JN;K!1|U.
N'N&=

Proof. Because N is prime, for each k' € {1,...,N — 1} there is a unique inverse
K 'e {1,...,N — 1} such that KK ~' =y 1, and therefore

WK =y hk < KW =yhkk ™).

It follows from (18) that

Ivaw =JIvxa,  with  k:=kk" modN,
and since x runs over all of {1,...,N—1} as k' runs over {1,...,N — 1}, we have
LN el = W LN
o) Z Z Ingp )M = ——— Z (v, )™ < N Z [z 1 ™
=1K=1 K=1 k=1

Applying this to Proposition 2 yields the desired result. O

From Lemma 2 we have

1 N 1 1 N

Nl =53y, Y, 5= lim lim S(M,M'),  (19)

AMEN — 1= =0 bW AT N — 1 Moot/

W=yNhx
where
1
A
S(M,M") = ) Y /Z o (20)
e{—M,..MN\{O} W' e{-M',...M'}\{0}

4 _NhK

To further simplify Jy.c 1, we note that for 4,4 satisfying /' =y hk with k¥ €
{1,...,N—1} we have

h=y0 < hxk=y0 < KW =50.
Hence, for the &2 =y 0 contribution to the double sum (20) we have

1 1
he{-M, . MN{0} P el ., A4’}\{0}
h=pN0 H=N0

Thus, we can restrict the double sum (20) to 4 Zy 0 so that

1

SM,M') = e

ey

n NhK'
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We now assume N > 3 so that N — 1 is even for N prime. We can write & Zy 0 as
h=(N+gq, with (€Z and ge{-"F . YI\{0}=Ry. (22
Then, we can write i’ =y hx with h #Zy 0 as
W =/0N+r(gk,N), with ¢ €Z,

where r(j,N) is the unique integer congruent to j mod N with the smallest magni-
tude. More precisely, the function r(-,N): Z — Ry U {0} is defined for j > 0 by
i mod N if jmodN <Y1
Ny =4 Lo v 23)
jmod N—N if jmodN > Y1

and extended to all integers j by r(j,N) = r(j+ N,N). It follows that for j > 0
we have r(—j,N) = r(N — j mod N,N) = —r(j,N). Hence the function is both N-
periodic and odd. If N divides j, then we have r(j,N) = 0, but otherwise r(j,N) €
Ry.

Using these representations of & and /', the double limit in Jy. x,1 as in (19) can
be rewritten as follows.

Lemma 3. For N > 3 prime and x € {1,...,N — 1}, the quantity Jy.c1 given by
(19) satisfies

IN 1 (24)

1 N (N‘ZIW l—i 2q 1 —i 2r(gk,N)

C2eN-1 & \q S (N)?—¢ )\ r(gr,N) = (UN)—r(gx,N)* )’
(25)

where r(-,N) is defined as in (23).

Proof. We begin with the expression (19) for Jy., 1. Writing M = LN+ Q and M’ =
L'N+ Q' with L,L' € Nand Q,0Q" € Ry U{0}, the double sum (21) can be rewritten
as

1 1
IN+q U/N+q

SM,M") =
LeZ,qERN V'eZ,q' Ry
|eN+4|<LN+Q \f’N+q \<L’N+Q’
q'=nqx

L 1 L, ]
= Z ( ;L £N+q> < [/EL/ £/N+ql>7 (26)

4.4 Ry i IS <T] /
qd=yqx  |IN+q|<LN+Q |¢N+q'|<L'N+Q

where we used the fact that the inequalities in the summation conditions cannot hold
if || >Lor|¢/| > L.
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First we consider the sum over £ in (26). Since the condition [¢{N +¢| < LN+ Q
always holds for [¢| < L— 1, we can write

i I y 1 y 1
=, IN+q = (N+q =, IN+q
|¢N+¢|<LN+Q |¢N-+¢|>LN+Q

where we have

1 1 1 1 & 2q
Z €N+q q+z(€N+q+€N+q>_q_Z(£N)2q2

=L =1 =1
and
Z ! < 2 < 2 -0 as L—
&, IN+q|” LN+Q ~ LN-N/2 '
|(N+¢|>LN+Q

Thus we conclude that

lim i ! lim i 2q 1 i 2q Pula)
=-- —F—=——) ———— = Py(q).
Lo &= UIN+q q Lo~ (UN)?—q* q [ (IN)?—q?
|(N+¢|<LN+Q

The sum over ¢ in (26) is similar.

Now since the double limit of S(M,M’) exists as M — o and M’ — oo, it must
equal the double limit of the last expression in (26) as L — o and L' — oo, with
arbitrary Q and Q'. (This is because for a particular pair (Q,Q’), the last expression
in (26), when interpreted as a sequence in the double index (L, L’), can be considered
as a subsequence of the convergent sequence S(M,M’) with double index (M,M").)
Hence we obtain

1

dim_ lim S(M,M') Z Py(q = Y Pu(q)Pv(r(gx,N)),
4,4 €ERy g€RN
q=naqK

where we used the fact that for a given g € Ry, the only value of ¢’ € Ry that satisfies
qd =n qxis ¢ = r(qk,N).

Finally, we observe that Py(—¢q) = —Py(g), and Py(r(—gx,N)) = —Py(r(gx,N))
since r(—gx,N) = —r(qk,N). Thus the contributions of ¢ and —¢ to the sum are
the same, and so we only need to sum over the positive values of g and then double
the result. Applying the result in (19) completes the proof. O

Now we estimate the magnitude of Jy. 1.

Lemma 4. For N > 3 prime and x € {1,...,N — 1}, the quantity Jy.i 1 from (25)
satisfies
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1 N 1072 InN
— T -
2N_1 ( )+ gy )

ORIV 2
T (k) == = 7)
M= L hgen] <6

where

Proof. We expand the two factors in the sum over ¢ in (25) and then apply the
triangle inequality to obtain

1 N
ikt | < SERN_1 (TN(K') +A1+Az +A3)7

(N=1)/2 1 oo 2q
Ay = ,
U= L e \ & @2

_OP (g 20rae)
s ) q<z<e'zv>2r<qr<,zv>2 ’

q=1 =1

.7<N_1>/2 - 2q — 2|r(gx,N)|
Sy’ (; (ZN)Z—rﬁ) <é§1(f’N)2—r(qK,N)2 '

with

g=1
Since ¢ < N/2 <{¢N/2 and |r(qx,N)| < N/2 < {'N/2, we have
> 2q s N 4 &1 7t2
— a1 < - - e
g:zl(éN)z—qz ; (EN)*— (LN /2)? N; 27 oN”

and
N 212

iz (UN)? —r(gK,N)? SZ:’ (ON)?=(FNJ2)2 ~ N~

N=1)/24 (N-1)/2 1
f§1+/ —dr <2InN (28)
=1 4 1 t
and
(N-1)/2 /24
— <2InN, (29)
' \ (qK‘N ; t

q=

where in the penultimate step we used the fact that |r(gx,N)| takes all the values
from 1 to (N —1)/2 exactly once as g runs from 1 to (N — 1)/2. These estimates
lead to
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472 InN N 472InN N-1 4x*

Al +Ar+As <
1At A3 s oy oN T2 3IM? (30)
2 2 2
= InN 27 107° InN
< < . 1
="9N (8+9ln3> =" oN Gb

On the other hand, a crude estimate for Ty (x) follows from the Cauchy-Schwarz

inequality:
w-n2 (\2/v-ne 172
Ty (k) < — -
LR q* ; r(gx,N)?

q=1 q

W=D NPz (N2
= — = < —.
q; q> t; 12 6

This completes the proof. 0O

Numerical experiments show that the value of Ty (k) is much smaller than the
crude bound 712 /6 for most values of &, and have led us to the following conjecture.
Note that we have r(g(N — x),N) = r(—qx,N) = —r(qk,N), and so Ty (N — k) =
Ty(x). Moreover, from (25) we conclude that

INN—k1 = —INik,1-

Since we are only interested in the magnitude of Jy.«,1 (see Proposition 3), it suffices
to consider only k € R} :={1,2,...,(N—1)/2}.

Conjecture 1. For N > 3 prime and k € Ry;, with Ty (k) as defined in (27), let (k)
for j € Ry be an ordering of the elements of Ry, such that (7y(k;)) is non-increasing.
The conjecture is that there exist C1,C; > 0 and o > 2 independent of N such that

(InN)®

Tv(x;) < Cy forall j>C,(InN)% (32)

Conjecture 1 together with Lemma 4 lead to an estimate for |Jy;x; 1| of the fol-
lowing form:

Cs for j <G (InN)%,
J ki, 1 § InN o
Ui 1 c, V) for j > C, (InN)“,

where C3 and C4 are known numerical constants. We will use this bound in the next
subsection to obtain the desired result for the mean of the worst-case error.

3.3 Final results

Now we are ready to state our main results.
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Theorem 1. Suppose that Conjecture 1 holds with some o > 2. For arbitrary u C
{1: s} and any prime number N > 3 such that (InN)* /N < 1, the quantity €,(N)
defined in (12) satisfies

_ InN)%/2
eu(N) < cu(\/l)v, (33)
where
23 Il 3C; 5\l
Cyi= 0(5) +(Ga+s)
u \/C“Jr 2\2) "\am T
Here, the constant cy, is as in Proposition 2, and Cy,C> are as in Conjecture 1.
Proof. From Proposition 3 together with Jy.n_x,1 = —Jn.x,1, we have
) 1 ) (N=1)/2 |
! u
a(N) <cuy+y ,:21 N M (34)

For j < C>(InN)%, we use Ty(k;j) < /6, InN/N < 1 and N/(N —1) <3/2 in
Lemma 4 to obtain

o t] < 1 N 7r2+107r21nN _ 13 7r2+107r2 23
Nl =5 N—1\6 9 N )~ 2r22\ 6 9 ) 24

For j > C»(InN)%, we use InN > 1, N/(N —1) < 3/2 and Conjecture 1 to obtain

a 2 o
N <C1 (InN)*  10% mzv) - <3C1+5)(lnN) .

|JN;K_/',

< et
e v N 9w 42 "6) N

Combining these and using (InN)%/N < 1, we obtain

(N-1)/2

Y nal™

J=1

23\ M 3¢, 5\ 7 vy M
< oG E e ()
1<j<Cy(InN)® C(nN)e<j<(N—1)/2 \ T

2\M  N—1/3¢ 5\ (nNn)®
< 1 a = - =4
< G (InN) (24) += <4n2+6) i

2\ 1 3¢ s\ M
< = L e InN).
= <C2 (24) ) (47:2 +6) >( nN)

This together with (34) yields the required result. O

Corollary 1. Suppose that Conjecture 1 holds with some @ > 2. Let N > 3 be a
prime number. Suppose that the weights Y = (Y )u satisfy

Ci= ) WCu<o,

[u[<oo
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where C,, is the constant as in Theorem 1. Then, the generating-vector-averaged

worst-case error @ (N) defined as in (11) satisfies

(InN)®
N )

Z(N)<cC (35)

with C > 0 independent of s and N. As a consequence, there exists a generating
vector 7 € Z§, ={z € Z | 1 <z < N — 1} that attains the worst-case error

InN /2
e(N,7*) < \FC(H\/I)V (36)
Proof. From (11) and Theorem 1, we have
InN)¢ InN)®
2N < Y HC N) <cl N) : 37)

0AuC{l:s}

Now, recall that e(N) is defined in (11) as the average of e?(N,z) over all possible
z. Thus, there must be at least one z* such that
(InN)“

N 3

(N2 <C

which yields the second statement. [

4 Numerical experiments on the conjecture

In this section, we present numerical evidence relating to Conjecture 1. We compute

the numbers {TN(K)}g\Sl)/ 2, given by (27) for varying N. For each fixed N, we sort
these values in non-increasing order, which we write as (T (k;)) j=1,..,(N—1)/2, plot
the values, and make a guess of the constants C;, C; in Conjecture 1. We used Julia
0.6.2. for the experiments below.

Figure 1 shows the values of WTN(KJ‘) against j/(InN)* for j=1,...,(N—
1)/2 with & = 2,3, and N = 50021,74687,99991. We see that for both o =2 and 3
and these values of N we can take constants Cy, C; such that for all j/(InN)* > C,
with j=1,...,(N—1)/2 we have Ty(x;)N/(InN)* < C;: for example, C; = 20 and
C, = 10. This is consistent with Conjecture 1, especially for a = 3. Of course, we
cannot be certain even in this case that the bounds will hold for very large N, with
these or any constants. But even if the conjecture fails, the numerical experiments
give us confidence, even for o = 2, that the bounds in Theorem 1 will hold with

C1 =20 and C; = 10 for N up to at least a few hundred thousand.
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Fig. 1: Values of Ty(k;)N/(InN)*, against j/(InN)* for j=1,...,(N—1)/2.
Top: o = 2. Bottom: ¢ = 3. We see there exist constants Cy, C, such that for all
j/(nN)% > C; we have Ty(x;)N/(InN)* < Cy: for example, C; = 20 and C; = 10.
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5 Concluding remarks

In this paper, we considered the worst-case error for unshifted lattice rules without
randomisation. A conjecture to support the error estimate was proposed. Given the
conjecture, in Corollary 1 we showed the existence of a generating vector that at-
tains the worst-case error 1/4/N, up to a logarithmic factor. Numerical experiments
suggest that the conjecture is plausible.

Corollary 1, which holds if the conjecture is true, shows that some lattice rules
work well for non-periodic functions as well. We note that this would not be too
surprising: as mentioned in Section 1, Joe [5, 6] has considered CBC constructions
for unshifted lattice rules that give good star discrepancy bounds.

In closing, we mention that one difficulty in proving the conjecture is that the or-
dering of the x to ensure that Ty (k;) is non-increasing typically changes completely
when N changes.
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