Exponential tractability of linear tensor product
problems

Fred J. Hickernell, Peter Kritzer, Henryk WoZniakowski

Abstract In this article we consider the approximation of compact linear operators
defined over tensor product Hilbert spaces. Necessary and sufficient conditions on
the singular values of the problem under which we can or cannot achieve different
notions of exponential tractability are given in [8]. In this paper, we use the new
equivalency conditions shown in [2] to obtain these results in an alternative way.
As opposed to the algebraic setting, quasi-polynomial tractability is not possible for
non-trivial cases in the exponential setting.

1 Introduction and Preliminaries

Tractability of multivariate problems is the subject of a considerable number of
articles and monographs in the field of Information-Based Complexity (IBC). For
an introduction to IBC, we refer to the book [11]. For a recent overview of the state

Fred J. Hickernell

Center for Interdisciplinary Scientific Computation,

Illinois Institute of Technology,

Pritzker Science Center (LS) 106A, 3105 Dearborn Street, Chicago, IL 60616, USA
e-mail: hickernell @iit.edu

Peter Kritzer

Johann Radon Institute for Computational and Applied Mathematics (RICAM),
Austrian Academy of Sciences

Altenbergerstr. 69, 4040 Linz, Austria

e-mail: peter.kritzer@oeaw.ac.at

Henryk WoZniakowski

Department of Computer Science, Columbia University,
New York, NY, USA

Institute of Applied Mathematics, University of Warsaw,
ul. Banacha 2, 02-097 Warszawa, Poland

e-mail: henryk @cs.columbia.edu



2 Fred J. Hickernell, Peter Kritzer, Henryk Wozniakowski

of the art in tractability studies we refer to the trilogy [5]-[7]. In this article we
study tractability in the worst case setting for linear tensor product problems and for
algorithms that use finitely many arbitrary continuous linear functionals.

The information complexity of a compact linear operator S, : J; — ¥ is de-
fined as the minimal number, n(g,S,), of such linear functionals needed to find an
€-approximation. It is natural to ask how the information complexity of a given
problem depends on both d and £~

In most of the literature on this subject, different notions of tractability are
defined in terms of a relationship between n(g,S;) and some powers of d and
max(1,e~1). This is called algebraic (ALG) tractability. For a complete overview
of a wide range of results on algebraic tractability, see [5]-[7] On the other hand, a
relatively recent stream of work defines different notions of tractability in terms of a
relationship between n(€,S;) and some powers of d and 1 +logmax(1,&€~!). Now
the complexity of the problem increases only logarithmically as the error tolerance
vanishes. This situation is referred to as exponential (EXP) tractability, which is the
subject of this article. Precise definitions of ALG and EXP tractabilities are given
below.

Algebraic tractability is usually obtained for classes of functions with finite
smoothness and exponential tractability for classes of functions which are at least
C* or analytic functions. Although we study general spaces in this paper, examples
with positive algebraic or exponential tractability may be found for specific spaces
in the papers cited before as well as in the papers [4] and [1, 3, 12].

General compact linear multivariate problems have been studied in the recent
article [2]. Here, we deal with the case of tensor product problems for which the
singular values of a d-variate problem are given as products of the singular values of
univariate problems. Exponential tractability for tensor product problems has been
studied in [8]. In this paper we re-prove the results of [8] by a different argument
via the criteria presented in [2].

Consider two Hilbert spaces .77 and ¢; and a compact linear solution operator,
S| : 54 — 4. Let N denote the set of positive integers, and Ng = NU {0}. For
deN,let

Hy =@M R--- 7 and 9 =409 Q-9

be the d-fold tensor products of the spaces .7 and ¥, respectively. Furthermore,
let S, be the linear tensor product operator,

Sa=81®81®-®S8,
on J¢;. In this way, obtain a sequence of compact linear solution operators
S =A{Sa: Hq— Ya}taen.

We now consider the problem of approximating {S;(f)} for f from the unit
ball of JZ; by means of algorithms {Ay, : 54 — Y4}aennen,. For n =0, we
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set Ago := 0, and for n > 1, Adm( f) depends on n continuous linear functionals

Li(f),La(f),- .., La(f), so that
Adn(f) = Gu(Li(f),La(f), -, La(f)) (1)

for some ¢, : C" — %, or ¢, : R" — ¥4, and L; € 7. We allow an adaptive choice
of Li,Lo,...,Lyaswellas n,i.e., Lj = Lj(-;Li(f),Lo(f),...,Lj—1(f)) and n can be
a function of the L;(f), see [11] and [5] for details. The error of a given algorithm
Ay, is measured in the worst case setting, which means that we need to deal with

e(Aun) = sup [ISu(f) —Aan(f)ll,-
fenty
1£1l.y <1

However, to assess the difficulty of the approximation problem, we would not only
like to study the worst case errors of particular algorithms, but consider a more
general error measure. To this end, let

e(n,Sqg) = inf e(44,)

d.;n

denote the nth minimal worst case error, where the infimum is extended over all ad-
missible algorithms A, of the form (1). Then the information complexity n(e,Sy)
is the minimal number n of continuous linear functionals needed to find an algo-
rithm Ay, that approximates S; with error at most €. More precisely, we consider
the absolute (ABS) and normalized (NOR) error criteria in which

n(e,Sy) = naps(€,5;) =min{n: e(n,S,) < €},
n(e,S;) = nnor(€,54) = min{n : e(n,Sy) < €|Sq4]}

It is known from [11] (see also [5]) that the information complexity is fully de-
termined by the singular values of S;, which are the same as the square roots of the
eigenvalues of the compact self-adjoint and positive semi-definite linear operator
Wy = S3Sq : H#;5 — ;. We denote these eigenvalues by Ay 1,442, ... Then it is
known that the information complexity can be expressed in terms of the eigenvalues
Aq j. Indeed,

nags(€,S¢) =min{n: Az, < €%}, 2)

nNoR (€,S4) = min{n: Agni1 < €A1} 3)

Clearly, nABS(£7Sd) =0 for € > \/7Ld_’1 = ||SdH, and nNOR(&‘an) =0 fore>1.
Therefore for ABS we can restrict ourselves to € € (0, ||Sy||), whereas for NOR to
€ (0,1). Since ||S;]|| can be arbitrarily large, to deal simultaneously with ABS and
NOR we consider € € (0,0). It is known that nsgs/NoR (€, Sq) is finite for all € >0
iff S; is compact, which justifies our assumption about the compactness of S.
We now recall that the spaces ¢ and ¢, are tensor product spaces. It is known

that the eigenvalues A4 ;j of W, are then given as products of the eigenvalues A; of
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the operator Wy = §781 : 54 — 74, i.e.,
d
Aaj =[] “4)

Without loss of generality, we assume that the A; are ordered, i.e., Aj > 4, > ---.

Although the A; are given by (4), the ordering of the A; does not easily imply
the ordering of the A, ; since the map j € N+ (ji,..., js) € N exists but does not
have a simple explicit form. This makes the tractability analysis challenging.

We are ready to define exactly various notions of ALG and EXP tractabilities. To
present them concisely, let

max(1,e71), in the case of ALG,

y € {ABS,NOR}, z= L
1 +log max(1,e™"), in the case of EXP.

These definitions are as follows.
The problem .¥ is ...

e strongly polynomially tractable (SPT) if there are C,g > 0 such that

ny(€,84) <Cz¢ VdeN, e e (0,),

polynomially tractable (PT) if there are C, p, g > 0 such that

ny(€,84) <CdPz? VdeN, e e (0,0),
e quasi-polynomially tractable (QPT) if there are C, p > 0 such that
ny(€,54) < Cexp(p(1+logd)(14logz)) VdeN, e € (0,00),

o (s,1)-weakly tractable ((s,¢)-WT) if

lim log max(1,ny(g,S4))

=0
d+e~ 100 d'+z° ’

uniformly weakly tractable (UWT) if (s,7)-WT holds for all s,z > 0.

We use the prefix ALG- with the above tractability notions in the case z =
max(1,&~") and EXP- in the case z = 1 +log max(1,e~!).

A recent article [2] provides necessary and sufficient conditions on the eigen-
values Ay ; of Wy for the various tractability notions above. For the special case of
linear tensor ~product spaces considered here, it is natural to ask for conditions on the
eigenvalues A; of W) such that we obtain the different kinds of exponential tractabil-
ity. For results on algebraic tractability for tensor product spaces, see again [5]-[7]
and the articles cited therein. The notion of (s,7)-WT was introduced in [10], and
UWT was introduced in [9]. See also [13] and [2] for results on (s,)-WT and UWT
in the algebraic sense.
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Finding necessary and sufficient conditions on the A; for the different kinds of
exponential tractability turns out to be a technically difficult question. Necessary
and sufficient conditions have been considered in the paper [8]. Here we re-prove
the results in [8], using a completely different technique, namely using criteria that
have been shown very recently in the paper [2]. In some cases, our new technique
enables us to obtain the desired results using shorter and/or less technical arguments
than those that were used in [8].

2 Results

In this section we show results on tractability conditions in terms of the eigenvalues
of the operator W;. N

Note that, if all of the A; equal zero, then the operators S, are all zero, and
nags/Nor (€,54) = 0 for all d > 1. Furthermore, ifonly 4; >0and A = A3 =--- =0
(remember that the A; are ordered), it can be shown that nps/NoR (€,S4) < 1 for all
d > 1. Hence, the problem is interesting only if at least two of the A; are positive,
which we assume from now on.

Before we state our main result, we state two technical lemmas and a theorem
proved elsewhere. The first lemma is well known.

Lemma 1. Foranyn € Nand ay,ay,...,a, > 0 we have:

e Fors>1,

1
St tan) <@t tay < (arttan)’.
o fors<l1
(a1+-+ay) <aj+--+a, <n' (a1 ++an).

Lemma 2. For all k,n € N with k < n, it follows that

e () (2) b= (1) =mnd (0 () )
Proof. Tt is easy to see that
B =i 1= = ()= (")

nk nyk k en\k
(o)
k! k/ k! k

and the estimates of the lemma follow. O
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Theorem 1. [2, Theorem 3] .7 is EXP-(s,t)-WT-ABS/NOR iff

supogwr(d,s,t,c) <o Ve >0, (5)
deN
where
oewr(d,s,t,c) :=exp(—cd") Z exp (—c [1 +log <2 max (1,‘1))} ) ,
j=1 A, j
where

CRI, = 1 for ABS,
)de for NOR.

We now state and prove the main result of this article.

Theorem 2. Let

11 > 12 > 0.
Consider the conditions
log 1!
lim o o (6)
n—oeo (10g n) /min(s,)
7 -1
lim k)gi)% = oo, 7
n—e (log n)!/s
7 -1
lim 1922 (8)

n—oo (log n)l/n =%

where 1) is given below.
EXP-(s,t)-WT-ABS holds iff one of the following conditions is true:

(AD): 1>1,5>1, 4 > 1, and (6) holds or

(A.2): t>1,s>1, A <1, and (7) holds or

(A.3): t> 1,5 <1, and (8) holds withn =s(t —1)/(t —s) or
o Ad):t<1,5>1, 1 <1, 1< 1, and (7) holds.

EXP-(s,1)-WT-NOR holds iff one of the following conditions is true:

e (N.I): t>1,s5s>1,and (7) holds or

e (N2):t>1,s<1,and (8) holds withn =s(t—1)/(t —s) or

o (N3): t<1,5s>1, A > Ay, and (7) holds.

Furthermore, EXPN-UWT, EXP-QET, E)EP-PT, and EXP-SPT do not hold under
any conditions on Aj, i.e., evenfor A3 = A4 = --- = 0.

Proof. We know from Theorem 1 that EXP-(s,7)-WT holds iff
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SquEWT(d,S,I,C) <oo V>0, &)
deN

where

GEWT(d7 S, I, C)

= i exp (—c {dt + [log(2e) +log (max (I,CRId/ldﬁj))]S}) (10)
j=1
exp <—c {dr + |log <Zemax <1,ﬁcm/@>>]l }) . (1D
1 (=1

1 for ABS 1 for ABS
CRId:{ OFADS,  nd CRI:{~ OrAbS,

il aok
S

=l

where

Aq1  for NOR, A1 for NOR.

We first show the necessity of the conditions on the eigenvalues A; and A, for
ABS and NOR, and then the necessity of the conditions (6), (7), or (8), depending
on the different cases. Then, we show the sufficient conditions for all the cases
(A.1)-(A.4) and (N.1)—(N.3).

NECESSARY CONDITIONS:

CaseI: 1 <1& A, > 1 => NO EXP-(s,¢)-WT-ABS

Choose the smallest non-negative r such that 12 > If ", and for every d > r+2, let
k=|d/(r+2)]. Then it follows that

k<

<4 d—k—krzd[1—r+1] d
r+2

2| g2

Focusing on just these eigenvalues of the form
Ny = Ad—kqk _ qd—k—krykryk  Jd—k—krykry —kr _ 3 d—k—kr - 3d/(r+2)
dj=M A=A\ 1A > A 1M =N =M > 1,

oewr(d,s,t,c) has the following lower bound via (10) and Lemma 2.

vt (%) (e o+ oate g e (1151))] )

k
> (Zl) exp (—c {d' + [log(2¢)]'})

> (r+2)" " exp (e {d' + [log(20)]'})
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1/(r+2)14
_ [(r+2) ]

" exp (—c{d" +[log(2¢)]'}) .

Since (r+2)"/0+2) > 1 and r < 1, then 6w (d, s,t,c) — oo for small ¢ as d — oo
regardless of the value of s. Hence, we do not have EXP-(s,7)-WT-ABS

CaseIl: 1 <1 & A; > A, > | => NO EXP-(s,¢)-WT-ABS
We have 2¢ eigenvalues no smaller than 1. Therefore

oewr(d,s,t,c) > 2%exp (—c(d" +[log(2e)]")) — oo

for small ¢ independently of s. Hence, we do not have EXP-(s,7)-WT-ABS

CaseIll: 1 <1 & s <1 = NO EXP-(s,7)-WT-ABS

We have 2¢ eigenvalues no smaller than A¢. We then have

oewr(d,s,t,¢) > 2%exp (—c (dt + [log (Zemax(ljfd))r>)

~ N
= exp (dlog 2—cd —c {log(Ze) +dlog max (1,2, } )
Since s,¢ < 1 and since ¢ can be arbitrarily small, we see that this latter term is not
bounded for d — . Hence, we do not have EXP-(s,7)-WT-ABS.

From the analysis of all these cases, we see that EXP-(s,7)-WT-ABS may only

hold when¢ > 1, or whent <1 <y, 7L] <1, and )Lz < 1. This completes the proof
of the necessary conditions on 7Ll and 7Lz for ABS.

We turn to the necessary conditions on 711 and 12 for NOR. This corresponds to
considering the ratios A41/A,4 j which are at least 1. We know that EXP-(s,7)-WT-
NOR holds iff sup .y CEwT(d, 5,1,¢) < oo for all ¢ > 0, where

GEWT(d,S,t7C) =

|
™

J

el o (2))])
B (el )[)

Hence, it is the same as ABS if we assume that A; = 1. Using the previous results on

HM8

necessary condltlons for ABS with )L] = 1 we obtain the results for the parameters
s, t, 7Ll, and 12 for NOR.
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Next, we show the necessity of the conditions (6), (7), or (8), depending on the
different cases.

Necessity of (6):

The necessity of (6) for the corresponding subcases follows from Items L1 and L2
of Lemma 1 in [8]. We remark that these are only based on general definitions, and
do not require the technical results used in the proof of the main theorem of [8].

Necessity of (7):

Assume first that EXP-(s,7)-WT-ABS/NOR holds and that the parameters Ls,%l,

and 12 are as in Case (A.2), (A.4), (N.1), or (N.3), respectively. We prove that (7)
holds. Take d = 1. Then we know that

log max(1,naps/NOR (€,51))
lim =0
£—0 (loge=1)s

This means that for any (small) positive  there is a positive €g such that
log max (lanABS/NOR(gaSl)) < B(loge™!)* foralle < €g,
and equivalently
g2 <exp (—Z/ﬁl/s (log max(1,n5ps/N0R (€,51))) l/s) for all & < gg.

Let n= naps/nor (€;S1). Since 4,1 < €2CRI, with CRI = 1 for ABS and CRI = 4,
for NOR, we obtain for n > max(1,n,s/N0R (€5,51))s

= 2
log2, > B (log n)'/* +1og CRI"!.

Since 2/ ﬁl/ ¥ can be arbitrarily large, this yields (6).

Necessity of (8):

The necessity of (8) for the corresponding subcases follows from Items L1 and L2
of Lemma 1 in [8]. We remark that these are only based on general definitions, and
do not require the technical results used in the proof of the main theorem of [8].

SUFFICIENT CONDITIONS:

For technical reasons, we begin the proof by showing Case (A.2).
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(A2):t>1,5>1,4 <1&(7) = EXP-(s,1)-WT-ABS

Due to the assumption that /7Ll < 1, itis clear that I J-*l > 1forall j.

We then have
_ .\
exp | —c [log(2e)+log [ [[=—
1 =1 Aj,

ogwr(d,s,t,c) = exp(—cd")
j

~.

< exp(—cd")
J

—_
~.

= exp(—cd")
J

< exp(—cd")
J

I S ERTH s ERTH Wok T\M?i
~
s s b “ﬂMz
%
o
/N 7 N~/
;
el
=}
oQ
/N
@az‘_
N——
~_ ~—

Lo

where we used s > 1 and Lemma 1 in the last step. This yields

d
oewr(d,s,t,c) < exp(—cd") <Z exp( [log (1/11)}8)> .
Since Condition (7) holds, we know that
log (1/2;) = hj(log(j+ 1))/
0og j jUoglJ )

where (%) j>1 is a sequence with lim ;e h1j = oo, i.e.,

— exp(—cd') A,

S

where Ac =37 14%1 7 is well defined and independent of d since ¢/} is greater

than one for sufficiently large j, and the series is convergent. Hence,
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oEwr(d,s,t,c) <exp(—cd") exp(dlogA,).
Ast > 1, we obtain EXP-(s,7)-WT-NOR.

We now show Case (A.1), and the other cases in the same order as they are stated
in the theorem.

AD:t>1,5>1,4 >1&(6) = EXP-(s,1)-WT-ABS
Subcase (A.1.1): s <t

We define f3; := 7Lj /Il for j > 1, and consider the information complexity with
respect to fB; instead of A;. We denote the information complexity with respect to

the sequence 8 = (B;) j>1 by nEfB)S, and that with respect to the sequence A = (4;) j>1

by n,(A)LB)S' Then it is straightforward to see that

nes(e:50) = nlgs(e/A"%,50)
Since s < ¢, we have, by Lemma 1,
&'+ (dlog@f/z) +log(1 /8))S <d+2'a (1og(111/ 2))s + 2 (log(1/€))*
< C(d' + (log(1/€))")
for some positive constant Cy; depending on s, but not on d or €. This implies

A ~
log ”E\B)S(S»Sd) log nf@s(e/lfl/z,Sd)
d'+ (1 +logmax(l,e7"))" ~ & (d’—f— (1 +10gmax(1,£*]il‘i/2))s)

for some positive constant C. This means that EXP- (s,¢)-WT-ABS holds with re-
spect to A if it holds with respect to 8. However, as ; < 1 for all j > 1, and since
in this subcase min(s,t) = s, the result follows from case (A.2) above.

Subcase (A.1.2): s >t

Assume that (6) holds with min(s,#) = ¢. We need to show that

A
lim log nE\B)S(E,Sd)
die-l o d'+ (1 +1log max(1,e71))

_=0.

Howeyver, note that
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A A
log ngB)S(e,Sd) log ngB)S(e,Sd)
d'+ (1+logmax(1,e71))" = @ + (1 +log max(1,e-1))"’

and that 2
lim log n&BS (&,84)
d+e1o500 d' 4 (1 +log max(1,e-1))
by Case (A.1.1). This shows the result.

=0

A3:r>1,s<1,&@)withn=s(—1)/(t —s) = EXP-(s,7)-WT-ABS
Subcase (A.3.1): A; < 1

We study the expression

oo o d ]
oewr(d,s,t,c) <exp(—cd') Z Y exp <—C lZlOgO/Aﬁ)] ) .
R | =1

Note that the definition of 1 together with s < 1 implies that n < s < 1,and 1/ >
1/s > 1. Note furthermore that Condition (8) implies

tog (1/2;) = hy(log(j+1))"/" = h(log(j+ 1)1/ log(j+ 1), (12)

where () j>1 is a sequence with lim;_,o, 1 = co.
Using (12) and the second item in Lemma 1, we obtain

N

d ¢ d
lZlog(l/lﬂ)] = [Zhn(log<je+1)>1/"‘1/S<log<jg+1))‘“]
(=1 (=1

d
>d" Y (log(je+ 1)/ k5 log(je+1).
(=1

Consequently,
oewr(d,s,t,c) < exp(—cd’)

d
exp <—cd“'l Y (log(jie+ 1)~/ 1 Tog(je + 1))
=i

Note that
a1 (log(j+1))s=M/M > (¢/2)ls=m/n
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if and only if

j = [exp ((e/2)a =M/ — 1| = gy = do(e.d,s,m).
This implies
- d
oewt(d,s,t,c) <exp(—cd") (]0 + ) exp (_65/172(17*3)/17 hjlog(j+ 1))) .
i=h

In the same way as in case (A.2), we conclude that there exists a positive constant
A. such that

GEWT(d,S,t,C) < exp(fcd') (J() +AL-)d
d
= exp(—cd") (exp ((6/2) d(l_s)n/(s_n)) +AC) .
Since A, is independent of d, for sufficiently large d,
d
oewr(d,s,t,c) < exp(—cd") (Zexp ((C/Z)d“_s)n/(s_”)))
= exp(—cd')2¢ exp ((C/Z)d“’”n/("’n)“) .
It is easily checked that (1 —s)n /(s —n)+ 1 =1, so we obtain
oewr(d,s,t,¢) <exp(—cd')2%exp((c/2)d") = exp(—(c/2)d") exp(dlog?2).

Ast > 1, we obtain EXP-(s,)-WT-ABS.

Subcase (A.3.2): 11 >1

We again define B; := 2 i /11 for j > 1, and consider the information complexity
with respect to 3; instead of A;. Then, as in Case (A.1.1),

A Tdf2
niws(e:Sa) = nlys (/A" 54)
Since t > 1 and s < 1, we have
d'+ (d1og(111/2)+1og(1 /s))‘ ~ d' + (log(1/€))’,
and this implies that EXP-(s,7)-WT-ABS holds with respect to § if and only if it

holds with respect to A. However, as f8 ; < 1 for all j > 1, the result now follows
from Case (A.3.1), similar to Case (A.1.1).
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Ad):t<1,s>1,4 <1,2 <1& (7) = EXP-(s,1)-WT-ABS

Due to the assumption that /7Ll < 1, we again have 1 Jfl > 1 for all j, such that

o - J s
oewr(d,s,t,c) < exp(—cd') Y -+ ) exp (_C [log (HJN ) .
J1=1 Jja=1 i

=1 A

Note that the approach taken in Case (A.2) does not work now since ¢t < 1.
In the following we write [d] for the index set {1,2,...,d} and, for u C [d],
u = [d]\ u. Due to (7), we can find m € N such that

27t =05 exp ((log ) (2/) 1) Vjzmet 1. (13)

Now we study

Il
HM
HMs
\Mg
g

oo d S
1
exp(—cllog<||~>] )
=m+1 jw’d—\u\:'n+1 (=1 7ng

(14)

u:{vl,...,v‘“‘}
ﬁ={wlx~~~vwa’—\u\}

Since s > 1, we have, for fixed u C [d],

()] = ()

N
1
log (H ~>1 ,
leu A’](
so the expression in (14) is bounded from above by

£ ()

uCld] =l =l leu

U:{Vl ,....vlu‘}
oo - s
X Z Z exp | —c |log HAJ;I .
Jwy =m+1 Jw —m+1 lcn

T={W1 e Wa_ ) }
d—|u|

Ay = i i exp <—c [log <H~l>] )
=1 =1 teu Aj,

N

+

We first study
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There are a total of m? terms of the form [J/c, 1]?1 for ju, o v, € {1,...,m} in
Ay.Fork=0,...,|u| there are (m — 1) (‘}:‘) of these terms containing the factor of

A" exactly |u| — k times. Such terms are bounded below by A, ¥, so we obtain

|u|

Ay < kglo <|Z|) (m—1)F exp (—c [log(i{k)}s) .

We bound (%) by (e |u| /k)* due to Lemma 2. Hence, we have

A Ul max exp(f(0) < 1+ expl(log((ul) + Flkna))

where

F(k) = k+ klog(|u| /k) + klog(m — 1) — ck* [log(2, )],
£'(k) = log(|u] /k) +log(m — 1) — esk*~ [log(A; )],

f(kmax) = kén[f,'ffq]f(k) > k:rlr}f}ﬁu‘f(k)

For |u| large enough, we have

(1) = log(|u]) +log(m — 1) —es(log(A;))* >0,

f/(|u|) = log(m— 1) —cs|u|“'71 (log(l2 1))‘\' <0,

hence, the maximum occurs in the interior. By setting the f” (k) = 0, we obtain

0 = log(|u| /kmax) +log(m — 1) — eskirax (log (A5 1)),
i) = Fimas + K 10g (1] /i) + ax log(m — 1) — ek, (108(251) )
— i+ (5= 1) ki (log (5 1))
The nonlinear equation defining kpn,x above implies that
ki = 0 ((1og([u))"/* V), and f(knax) = & ((10g((u]))*~).
Consequently,

Ay < exp (log(lu]) + & ((log(lu)))/ 1) ).

Due to the choice of m in (13), we obtain

[log <p1171>] > [log (41_112_1> +log (pexp ((logjg)l/s (2/C)1/S)>‘|
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leu

[ul® [log(%{l)} +Zflog ]p)

teu ©

[|ulog( N+ X (log o) <2/c>1/S]

Y

Consequently,

oo

Bo= Y - Y exp _c[10g<niﬂl>]s>

le =m+1 ijm| =m+1

= exp (—c\ﬁ\s —log (12’1) ' ... —-—
- - St g o=met Dy

d—|u|

(

con(-emfoe(s)]) E o B ew(-ep o)
)
)

< exp (—cful" [log (2;)]

In total, we obtain

y

Je
<L oew (—elwf [log (A 1)] "+l tog(¢ (2) +log(lul) + & ((log(fu)) "))
< oxp (log(d) + & ((10g(@))"* ") ) ¥ exp(—clal’ [tog (2;")] + [allog(¢ (2)))

ucld]

where we used 1t = [d] \ u in the last step.
Similarly as in the analysis of A,,, we see that the sum in the latter expression is

bounded by
exp <log(d) +0 ((log(d))s/(s_l))) :

This term grows slower with d than exp(—cd'), so we obtain EXP-(s,7)-WT-ABS,
as desired.

(N.1):7> 1,5 >1& (7) => EXP-(s,1)-WT-NOR

Note that in this case we have

oo oo d ~ N
oewr(d,s,t,c) = exp(—cd") Z Z exp (—c [log (2e) +1log (H 1)] )
=1 j;=1 =1
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since 11 / 2 ;> 1forall j. The rest of the argument is analogous to that in Case (A.2).

N2):t>1,s<1, & @) withn=s(t—1)/(t—s) = EXP-(s,t)-WT-NOR

This case can be treated in a similar way as Case (A.3), Subcase (A.3.1).

(N3):r<1,5>1,A4 > A, & (7) => EXP-(s,1)-WT-NOR
This case can be treated in a similar way as Case (A.4).

Regarding all other tractability notions, we know from above that we do not have
EXP-(s,1)-WT when t < 1 and s < 1. Since EXP-(s,)-WT is a weaker tractability
notion than all other tractability notions considered here, we cannot have any other
stronger kind of tractability.

This completes the proof of Theorem 2. O
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