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Abstract Approximation of Sobolev embeddings is a well-studied subject in high-
dimensional approximation, with many application to different branches of math-
ematics. E.g., for isotropic Sobolev spaces H*(T¢) of fractional smoothness s > 0
on the d-dimensional torus it is known that the approximation numbers a, of the
embedding H*(T?) < L,(T%) behave like a, ~ n~%/¢ as n — oo, where the (weak)
equivalence ~ holds only up to multiplicative constants which are not known explic-
itly. However, for practical purposes it is more relevant to know the preasymptotic
behaviour of the ay,, i.e. for small n, say n < 24 In this range the dependence on n
is only logarithmic.

The main results in this note are sharp two-sided preasymptotic estimates for
approximation of isotropic Sobolev functions on T¢. In particular we give explicit
constants, which show the exact dependence on the dimension d, the smoothness
s, and further parameters of the norm. This improves the known results in the lit-
erature. Moreover, we prove a new preasymptotic estimate for approximation of
Sobolev functions of dominating mixed smoothness.

1 Introduction

Approximation of Sobolev functions is a classical topic in functional analysis, with
numerous applications to other branches of mathematics like approximation theory
or numerical analysis. The quality of such approximations can be expressed in terms
of approximation numbers a, of embeddings of the corresponding Sobolev spaces.
The error is measured in the norm of the target space, mostly in the Ly- or Le-
norm. The approximation numbers a, coincide with the worst case error that can
be achieved by linear algorithms that are allowed to use n pieces of (general linear)
information on the functions that we wish to approximate.
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The asymptotic rate of the approximation numbers a, as n — oo is known in
many cases, but often only up to non-specified multiplicative constants, i.e. the de-
pendence of these constants on the smoothness parameter of the spaces and the di-
mension of the underlying domain has not yet been investigated very carefully. For
practical purposes, however, this is a crucial point. Without further information on
the constants, the asymptotic rate alone is fairly useless in numerical computations.

Another effect which is important for numerical approximation of functions on
high-dimensional domains, e.g. on the d-dimensional unit cube or the d-dimensional
torus (periodic case), is that one usually has to *wait exponentially long’ until the
asymptotic rate *becomes visible’. More precisely, for small n, say n < 2%, the be-
haviour of the approximation numbers is often quite different from the asymptotic
behaviour. In many practical problems the dimension d is very large, possibly up
to hundreds or thousands. But for large or even moderate dimensions, 2¢ pieces of
information might already be well beyond the capacity of a computer. Therefore
it is necessary to have good estimates in this so-called preasymptotic range. Only
quite recently this topic has attracted more attention, but still there are only few
papers devoted to a systematic study of the preasymptotic behaviour, among them
[5], [4] and [6] for periodic functions, and [1] for functions on spheres. Prior to
these papers, preasymptotic estimates appeared only occasionally in the literature.
For detailed comments on this issue we refer to Section 4.5 of [6].

The aim of this note is to provide some new preasymptotic estimates for approx-
imation of periodic functions from two classical types of Sobolev spaces, namely
isotropic spaces and spaces of dominating mixed smoothness. In both cases we con-
sider arbitrary fractional smoothness s > 0, and in the isotropic case we consider
in addition a family of equivalent norms. Our results exhibit an interesting depen-
dence on the parameters of these norms, showing again how sensitive appproxima-
tion problems are with respect to change of norms. Our main results improve the
known results in the literature: In the isotropic case we obtain explicit constants,
which were not available so far (c.f. [5] and [4]), and in the mixed case we improve
the exponent that was given in [6].

The paper is organized as follows: In Section 2 we collect some known facts
on approximation numbers, and give the definitions of the Sobolev spaces that we
consider in this paper. Sections 3 and 4 contain our main results on preasymptotic
estimates for approximation in isotropic Sobolev spaces resp. Sobolev spaces of
dominating mixed smoothness.

Notation. Throughout the paper we use standard notation. As usual N, Z, R and
C denote the natural, integer, real and complex numbers, respectively. For sequences
(a,) and (b,) of positive real numbers the weak equivalence a,, ~ b,, means that there
are constants C,c > 0 such that cb,, < a, < Cb, foralln € N.
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2 Approximation in periodic spaces of Sobolev type

The approximation numbers of a (bounded linear) operator T : X — Y between two
Banach spaces are defined by

an(T) :=inf{||T —A|| : rank(A) <n} , neN.

Since T is compact if lim a,(7T) = 0, the rate of decay of a,(T) as n — o describes
n—yoo

the "degree’ of compactness of 7. If T' is a compact operator between Hilbert spaces,
then the approximation numbers coincide with the well-known singular numbers,

an(T) = sa(T) := M((T*T)"?),

where the eigenvalues A,((T*T)'/2) are arranged in non-increasing order and
counted according to their multiplicities. We will work only in this Hilbert space
situation. For further properties of approximation numbers we refer to the mono-
graphs [7] or [3].

Let T be the torus, i.e. the interval [0,27] where the endpoints are identified. In
this note we consider Sobolev spaces on the d-dimensional torus T¢, equipped with
the normalized Lebesgue measure. Hence the Fourier coefficients of f € L, (T?) are

-~ 1

flk):= any f() e ™ax | kezd.

For a given sequence w = (w(k)),zq of positive weights, bounded away from zero,
let HY(T“) be the space of all f € L,(T¢) such that the norm

1/2
IF1E™ (T := (Z wik ) (1

kezd

is finite. Clearly, H" (T¢) is a Hilbert space with respect to the inner product
wi= Y, f()gk)w(k)?
kezd
o
w(k)
x€T¢and k € Z%, and kx := Z kjx ;. For the concrete spaces that we will consider

=1
in this paper, the weights satisfy the additional conditions

and {fi }4czq is an orthonormal basis (ONB) in H¥(T9), where fi(x) := for

1=w(0) <w(k) forall ke Z? and lim w(k) = . )

oo

This ensures that there is a compact embedding H W(T?) < Ly(T?) of norm one.
Setting e, (x) := e'**, we have for every f € H™(T¢)
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f= Y ffowfi= Y —

kezd kezd (k)

(f fi)wer 3)

with convergence in L, (T¢). The series in (3) is a Schmidt representation of the em-
bedding I; : HY(T?) — Ly(T?), since {ex }czq4 is an ONB in Ly(T?). Let (0p)nen
denote the non-increasing rearrangement of (1/w(k)) yezd - Then

ay(Iy : HY(T9) = Ly(T?) = 5,(I : HY(T9) = Ly (T%)) = 0, (4)

From a theoretical point of view the story would be finished here, but in concrete
cases it is a highly non-trivial task to find this rearrangement. In particular, this
requires subtle combinatorial estimates.

Now we give the definitions of the Sobolev spaces that we are going to investi-
gate. As in the general case (1) above, their norms are again weighted ¢;-sums of
Fourier coefficients.

Definition 2.1 (Isotropic spaces)
Letd €N, s >0and 0 < p < oo, Then the Sobolev space H*P(T%) is defined as the
collection of all f € Ly(T?) such that

d 2/p 1/2
| A1 ()] = ( Y (1Y) f(k)|2> <ol ()
j=1

kezd

Remark 2.2 For fixed s > 0, all these norms are equivalent. That means, in fact all
spaces H*P(T¢) , 0 < p < oo, coincide, i.e. the superscript p only indicates which
norm we are using.

Moreover let us point out that for integer smoothness s = m € N this family of norms
is closely related to the most common classical norms on the isotropic Sobolev space
H™(T4). For p = 2 we have the inequalities

1/2
1
WIIfIH’”’z(Td)II < ( Y IID"‘fILz(Td)Hz) < [|fIH™*(T)] .

|| <m

The term in the middle is the original norm on H™(T¢). Note that the equivalence
constants depend only on the smoothness parameter m but not on the dimension d.

For p = 2m we have even an equality with another classical equivalent norm
on H™(T9) that is often used and works only with the highest derivatives in each
coordinate direction,

d om 5 1/2
|12 (1) = (IfILz(Td)||2+ Y |5 )| ) :
j=1 J

For the proof of these facts see section 2 of [5].
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Definition 2.3 (Spaces of dominating mixed smoothness)
Let d € N and s > 0. Then the Sobolev space HISniX(Td) is defined as the collection
of all f € Ly(T¢) such that

4 1/2
1 Hiio (T | = (Z [1( 1+ [k;])* |2> <o (6)

kezd j=1

In [6] we considered some other (quite natural) equivalent norms on mlx(’]I‘d) but

for simplicity we restrict ourselves in this note just to the norm given in Definition
2.3.

3 Preasymptotics for approximation in isotropic Sobolev spaces

Approximation of isotropic Sobolev embeddings is a topic with a long history, and
many authors have contributed to this subject, see the monographs by Temlyakov
[9] and Tikhomirov [10], and the references therein. By Theorems 4.1 and 4.2 in
Chapter 2 of [9] we have for the Sobolev spaces H*”(T¢) the two-sided estimates

s p(d)n™ < ay(Iy  HSP(TY) = Ly(T?)) < G p(d)n™*/¢ | neN

with certain unspecified positive constants ¢, ,(d) and C,,(d). Only recently the
dependence of these constants on the parameters s, p and, more importantly, on the
dimension d was investigated. For fixed s > 0 and some values of the parameter p
this was done in [5], further results can be found in [8, 1, 4, 12]. Quite surprisingly,
it turned out that for fixed s and p the constants decay polynomially in d.

From a computational point of view, it is even more relevant to have estimates
in the preasymptotic range, i.e. for small n, say n < 2¢. In Theorem 4.6 of [5] ,
fors>0,d € Nand 2d +2 < n <24, an almost matching two-sided estimate was

shown,
n2 \* i y In(2d + 1) s
<ln(4n)) <a,(Ily: H> (T%) — Ly(T)) < <lnn ) . @)

But the proof worked only for the parameter value p = 1, the only case where an
exact formula for the cardinalities

Cp(ryd) :=card{k € Z9 : |ky [P +... + |[kg|P <7} , rdeN (8)

was available. Somewhat later a connection to entropy numbers was found which
allowed to deal with the full parameter range 0 < p < oo, see Theorem 1 of [4]. For
all s,p > 0and d < n <29 the equivalence

Inn

n nn)\*
an(lq - HP (1) = Ly(T%)) ~y, (1(”"/1)) ! ©
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was shown, where the symbol ~; , means that the equivalence constants depend
only on s and p, but not on d and n. However, in [4] these constants were not explic-
itly given.

The aim of this section is to determine explicit constants in (9). Concerning the
proof technique, we return to combinatorial estimates, the crucial quantities will be
the cardinalities C,,(r,d) defined in (8). Their role is explained by the following fact:
If r <d, then

(r+ 177 € {1+ [l + . kal?) ™ k€ 29,
and hence, applying (4) to the weight that determines H*”(T¢), we have
an(lg : HP(TY) = Ly(T)) = (r+ 1)™/7 | if n=Cp(r,d).  (10)

Before we can prove the main results in this section we need some preliminary
estimates for the cardinalities Cp,(r,d). Our first result implies that, for d > 4 and all
p, the range 2 < n < C,(|d/2],d) is sufficiently large, i.e. contains the preasymp-
totic range 2 < n < 24,

Lemma 3.1 Let 0 < p < andd,r € N. Then we have

Cp(rd) > <1—|—2}fl> forall r<d (11)
and
Cy(ld/2),d)>2¢  forall d>4. (12)

Proof. As in formula (3.3) in [5] we have for r < d

4
me §r}. (13)

i=1

Cp(rd)= 1+;2€ <j) card{(m,-) eN’:

For the convenience of the reader we sketch how to prove that. To find all vectors
(kj) € Z4 with Y9_, [k;|P < r we note that the number ¢ of non-zero coordinates
kj # 01is at most r. If £ =0, we only have the null vector. For {=1,...,r we consider
all vectors (m;) € N* with Y£_, m” < r. Now select ¢ coordinates j € {1,...,d} and
place the m;’s there, this gives a vector (k;). There are (‘;) possibilities for selecting
these positions. Moreover we can flip the sign in all non-zero coordinates, altogether
there are 2¢ choices of signs +. In this way we obtain all vectors (kj) € 74 with
Z?zl |k;j|? < r, which proves formula (13). Clearly all cardinalities in (13) are at
least one, just take all m; = 1. This implies

o= £ (1) () (7) - (1+3)

Here we used the inequality (‘;) > (%)é (;) for=0,1,...,r. For £ = 0 this is trivial,
and for 1 < ¢ < r we have
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() b d—tt))
o M=

since all factors are > 1. This proves (11).
To prove (12) we distinguish two cases.
Case 1. Let d be an even integer, i.e. d = 2m for some m € N. Then, taking only the

n

last summand in (13) and using (Z) > (%)k, we get

Cy(|d/2],d) = Cp(m,2m) > 2" (2'") > om. <2m>m =l

m m

Case 2. Let now d > 5 be an odd integer, i.e. r = 2m+ 1 for some m > 2. Taking
now the last two summands in (13) we obtain

Cp(ld/2],d) = Cp(m,2m+1)

szl(Zm—i—l) +2m(2m+1)

m—1 m

m—1 m

L <2m+1> o (Zm—i—l)

m—1 m

m—1

:2m—1.2m—1 <1+2<m371)) +2m2m(l+ﬁ)m
>22" 2 (143) 422" (1+5) =2°"(3+3) =27,

where we used in the last line the estimate (1 +x)" > 1 +nx for n € N and x > 0,
which follows from the binomial formula. This finishes the proof. [J

Our first main result in this section is a lower estimate for the approximation num-

bers a, of the embedding H*”(T¢) — L,(T¢) in the preasymptotic range n < 2¢.

Theorem 3.2 Lets > 0,0 < p <o, d >4 and2d+1 <n<29 Then

31nn

s/p
an(ly : HP(T?) = Ly (T9)) > <ln(1+1“")> : (14)

Proof. Denote a, := a,(I; : H?(T?) — Ly(T%)). Fix n € N with 2d + 1 < n < 2¢.
From the definition (8) of C,(r,d) we see that C,(1,d) = 2d + 1. By Lemma 3.1
there is an r € N with 2 < r < d/2 such that C,(r — 1,d) < n < C,(r,d). Moreover

2d
Inn>InCp(r—1,d) > (r—1)In (1+—1) > (r—1)In5,
=

since d > 2r. Consequently
1 lnS

r—17— lnn
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Inserting this in the previous inequality we get

Inn > (r—l)ln(1+ 21Fn5n.d) > (r— l)ln(l—&—ﬁ)

Inn
and 2
R LICES )
r—17— Inn
Since r > 2, we have r+1 < 3(r — 1), and altogether this yields
n = A (nd) = (r+1)/p = 3(r—1))/p — 31Inn '

The proof is finished. [

Now we pass to upper estimates. Here we distinguish between two cases for the
parameter p, we begin with 1 < p < co. The first estimate (15) in the theorem below
is a slight improvement of (7), it holds for all parameter values p > 1 and not only
for p = 1, while the second estimate (16) provides explicit constants for the correct
order in n and d, see (9).

Theorem 3.3 Letd €N, d >4,5>0,1 < p<ooand2d+1<n<2% Then

1 s/p
an(Iy (HSP(TY) — Lz(Td)) < (2 11;11:d> and (15)
I .HS,P Td L ']I‘d < 3+21n (%) S/p 16
an(ly : (T%) — Ly(T7)) < Tn(2van) . (16)

Proof. Since p > 1, we have |m|” > |m| for all m € Z. So, for any r € N,
J d min{r,d} r d
Cp(r,d):card{kEZ :lekj|p§r}§C1(r,d): Zzza 2‘(6) <£)

The formula for C (r,d) was shown in Lemma 3.2 in [5].
Givenanyn € Nwith2d+1<n < 24 we have

Cp(r—1,d) <n<Cp(r,d)
for some r € Nwith2 <r < %, and hence
a .= an(ld :H‘Y’p(Td) — LZ(T[])) < acp<,,17d) = rfs/p . (]7)

Now let us prove (15). If r =2, then d > 4, and hence

2 1N\ 41
Ci(2.d) =1+2d 2d2=d2(2 z —)<—d2< 42
1(2,d) = 1+2d+ +ot ) S edi<e



New preasymptotic estimates 9

If r > 3, then d > 6. Using (21) ‘[1— we get

B fel) e

<2’/3 ( ) (Ved)",

which gives
Inn <InCy(r,d) <InCi(r,d) < r(3 +1Ind).

Together with (17) this implies (15).
To prove inequality (16) we first observe that

dy _dt o d\ (Y N e Y
) =0 0 \r o<r<r b! r) I \r) —\2zr\r

by Sterling’s formula. This implies

rscin seinas s 8 () ()5 (0%)
and

In(2+/7n) gwm(u?) §r<1+1n(2dr+2rd)> —rln (526:1) . (8)

As one can easily verify, the function f(x) = 1\‘}1‘ is decreasing for x > ¢?, whence

[x
Inx <,/ —Inxg whenever x > xg > e2.
X0

Applying this with x := % > xg := Se we obtain

Inn < In(2y/7n) < r\/zln(Se) = \/?In(SeL

2 2
2d <2d. d (In(Se) _ dIn(5e)
r 2 Inn Inn

Since n <29, we have 1 < (

which implies

2
n2)" "and therefore

1+¥ < ((In2)*+(1+1n5)?) <1d>2 <é? (d)z.

nn Inn

<7.29<7.38<¢2

Inserting this in (18) we arrive at
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2d d
T+ (1+2) 3421 (;2)

<
In(2y/7n)  — In(2y/7n) ’
and in view of (17) the proof is finished. [J

<

1
P

Remark 3.4 Clearly the approximation numbers strongly depend on the chosen
norm in the Sobolev space. As shown by (14), (15) and (16), in the preasymptotic
range the norm parameter p appears even in the exponent s/ p. This is an interesting
effect, which is in contrast to the asymptotic behaviour, where the rate a, ~ n—s/d
is the same for all norms (considered in this paper), while the norm parameter p
influences only the hidden equivalence constants, see e.g. Section 4 of [5].

Remark 3.5 Comparing the two estimates in the theorem, it is easy to see that for
small 7 and d the first inequality (15) gives a better bound than (16). However, for
large d and moderate n the bound in (16) is better. For example, if d > 26 and
2\/m <n <29 then

83(12 63 2

< 1.61d < \/ed
(nn = 264 (ma)? < 1014 < Ved,

and therefore

d 3d?
3+21n(m) < 1n<(fnn)2) Y4
In(2+/7n) Inn Inn

Now let 0 < p < 1. We will prove similar results as in the case p > 1, and also the
proof strategy is the same. The heart of the proof is to find good upper bounds for the
cardinalities Cp,(r,d). But the difficulty is that for p < 1 they are larger than C, (r,d),
and no exact formula is available. Therefore some modifications are required, which
will involve volume arguments. As a preparation we state in the following lemma
some auxiliary results that we will need later.

Lemma 3.6 (i) Let 0 < p < oo and d € N. Then the volume (d-dimensional Lebesgue
measure) of Bj := {x €RY: Z?:] x;|P < 1} is

290 (1+1/p)?
vol, (Bd) _2XIr(1+1/p)
P I'(1+d/p)
(ii) For all real numbers x > 1 and a > 0 the Gamma function satisfies
I'(l+x) <x* and IF'(l+x)>a‘e“.

Proof. Formula (i) is well known, it can be found e.g. in [11].
For a proof of the first inequality in (ii) see e.g. [5].
The second inequality in (ii) is easy to prove. We have

I'(1 </t o
Mz/ (7>xef'dt2/ eltdt=e?. O
0

a* a a
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Now we give upper preasymptotic estimates for the case 0 < p < 1.

Theorem 3.7 Letd e N,d>4,5s>0,0<p<land2d+1<n< 24, Moreover let

c:= # = 2.6586.... Then we have

2 +1 d‘ s/p
an(ld :HS’P(Td) — Lz(Td)) <e' pn(lncn)‘| )

Incn

Proof. LetneN,2d+1<n< 24, By Lemma 3.6 there is an integer r with 2 < r <
d/2 and C,(r—1,d) <n < Cy(r,d). This implies

ay = ap(Iy : HYP(T4) = Ly(T9)) < acy 1.0y = /7.

Now we must estimate r in terms of n. According to (13) we have
r é d
Cp(rd) = 1+;2 (€>Ap(r,€) (19)

where A (r,{) = card <7, (r,¢) and
dy(rl) = {(m,) eN¢: me’ < r}.
i=1

Our first aim is to estimate the cardinalities A,(r,¢). To this end we consider the
pairwise disjoint cubes Qy := k+ (—1,0]%, k € N*. We have the inclusion

U occr/?BiNRY,
ket (r,0)

where Bf, ={xeR: Zﬁ':l lx;|P < 1} is the unit ball in R equipped with the p-norm.
Taking volume (Lebesgue measure in RY) we get

Ap(rt) < #e

vol(B,) — ,, L(1+1/p)
20 U T+e/p)

Here we used the volume formula from part (i) of Lemma 3.6. Moreover, by part
(i1) of the same Lemma we have

C(1+1/p)<(1/p)/?  and  T(1+£/p) > (r/p)/Pe™/7,
which implies A, (r,£) < ¢'/?_ Tnserting this in (19) we obtain

r r 4
Cplrd)<e/?y 2 <d> <elry (2‘? :
= \f =L

——
Z=b[
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The sum can easily be bounded by comparing with a geometric series. Since 2 <
r < d/2, the summands satisfy bf—fl = % > 4. By induction we get by < 4f’rbr, and
using Sterling’s formula we obtain

=0 3

< <Zed> < 2 (Zed)

- 3\/27rr -
This implies, with constant ¢ := %,

201+1/r g4
Incn < InC,(r,d) < rln (67) .
r
Now we set
P hich gi A +1
=— which gives — = and —— = .
PR g a p e =P

It is easy to show that the function f(x) := x~*Inx attains its maximum over [1,)

at e!/® , whence

o
lnxgxaf(el/a):'(xx— forallel.
e

Applying this with x := ¢! T1/P 24 = pl/a 24

X% r [2d\*
Inecn<rlnx<r—=—| —
e o r

we get

Multiplying this inequality with (%) "% and dividing by Incn we obtain

(2d>“" 2d
- < .
r ~ olncen

Recall that =1+1/pand —; = p+1, and therefore
+1 +1 +1
M < (1+1/p)”“(—2d ) e (L) < (i 2L
Incn Incn Incn

We conclude that

2d 2d \ prtl 2 2d
< laz?) ~ 2/p _ < v )
Incn <rln (e r ) _rln<< 1ncn) rip+1) p—l—ln -

Observing that (p+1)'/7 < e, we finally arrive at the desired estimate
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;+1n(2d)]s/1’

a, < r_s/p Ses Incn
Incn

and the proof is finished. [

4 Preasymptotics for approximation in mixed Sobolev spaces

In this final section we give some new preasymptotic estimates for the approxima-
tion numbers of L,-embeddings of Sobolev spaces H?,. (T¢) of dominating mixed
smoothness as defined in Definition 2.3. In particular this definition implies

g : Hoio (T9) — Ly(T?)||=1  foralld € Nands > 0.

For the long history of mixed Sobolev spaces we refer to the comments in [6]. It is
well known that

an(ly - H, (T9) — Ly(T%)) ~ n~*(Inn)*@=1
Note that the function f(x) := x~'(Inx)(~1) is increasing for 1 < x < ¢?~!, and
fle™h) = ((d-1) /e)d*1 > 1. Hence this equivalence relation is useless in the
preasymptotic range n < 2%, since a,(I;) < ||I;|| = 1 for all n € N.

In Theorem 4.9 of [6] it was shown that for all s > 0 and d € N with d > 2 and
8§<n< %4d

2\ ¥/ (2Hogad)
an(ly : HS (T9) — Ly(TY)) < <n) (20)
We shall improve this estimate as follows.
Theorem 4.1 Lets > 0 and d € N. Then we have for all n > 6
16 s/(14log, d)
an(Iy : HS, (T9) — Ly(T9)) < (3) . 1)
n

Proof. Our strategy is similar to the proof of Theorem 4.9 in [6]. For r,d € N we
consider the cardinalities

d
C(r,d) ::card{kEZd:H(l+|kj\)§r}. (22)
=1

Let m := min{d, [log, r|}. By formula (3.1) in [6] we have

C(r,d) = 1+g2£ (?)A(nf),



14 Thomas Kiihn

where

4
A(r,0) = card o/ (€) with o/ (r,0) = {k eNC: T +k) < r}.
=1
For the disjoint cubes Qy := k+ [0, 1) with k € N we get the inclusion
4
U 0 CH ()= {xERZ 1Xj > l,nxj < r}.
ke (rl) Jj=1
Taking volume in R’ this implies

A(r,£) <voly(H(r0)).

The set 57 (r,£) is of hyperbolic cross type, and for its volume we use the estimate,
for all integers ¢ € N and all real numbers r > 1,

[’}

I

ve(r) := voly (A (r,0)) < —. (23)

Inequality (23) can easily be verified by induction on ¢. Indeed, for / = 1 we have
2
’
vifry=r—1< T

and if (23) holds for some ¢ € N and all » > 1, then the recursion formula

v (r) = /lrw(r/t)dt

implies
Porde P ede P
vesge [ w3 2T

Ifr>2,thenl < é, and combining (22) and (23) we obtain

r2 m d ,.2 m (2d)/ r2 m
C(r,d>szzf()sz =Y b, 24)
4 = Y4 4= £ 4=
where we used (‘;) < ‘;—j and have set by := (22)/. Since m < d, we have
b 2d
Wi =722 forall{=1..m.

Similarly as in the proof of Theorem 3.7, by comparing with a geometric series, this
implies
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m 4m s d\m
Zabzgzbmzz-%- <§) (25)

Observing that mal%c % = ‘;—? = %, formulae (24) and (25) yield for d > 2
ety ! !

f
4

m 2 r
6374(€) < 16r (g)logz zng‘lngd' 26)

<
Clrd) < 2 3 \2 3

This is also true for d = 1, since C(r,1) =card{k € Z: 1 + |k| <r} =2r+1 <3r.
For every n € N with n > 2 there is an integer r > 2 such that

C(r—1,d)<n<C(rd).
Then

an(la : Hiy (T) = L2(T%)) = c(ra(la : Hiyi(T) = La(T%) = .
The first equality follows from the fact that k — w(k) := H‘f: (14 |kj|) is a map
from Z4 onto N, hence all elements of the non-increasing rearrangement (0, ),eN
of (1/w(k)*)ycza are of the form r—* for some r € N. But the o, are exactly the
approximation numbers, see (4). Now n < C(r,d) and (26) finally imply the desired
estimate

)

16 s/(14logy d)
an(Iy : Hai (T9) — Ly(T)) =5 < (3)
n

and the proof is finished. [J
We conclude the paper by some comments.

Remark 4.2 Our new inequality (21) improves (20) in several respects:

e The range of n is larger.
e The factor 13—6 is smaller than e?.
e Most importantly, the exponent s/(1 +log, d) is better than s/(2 + log, d).

Remark 4.3 In this note we only dealt with L,-approximation, but it would be de-
sirable to have corresponding results for L.-approximation, too. This problem was
addressed in [2], where several sharp asymptotic estimates were established, includ-
ing exact constants and their dependence on the dimension d and the smoothness
parameter s. However, it seems much harder to prove preasymptotic estimates, this
remains an open problem.
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