Spatial modelling of linear regression
coefficients for gauge measurements against
satellite estimates
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Abstract Satellite imagery provides estimates for the amount of precipitation that
has occurred in a region, these estimates are then used in models for predicting
future precipitation trends. As these satellite images only provide an estimate for
the amount of precipitation that has occurred, it is important that they be accurate
estimates. If we assume that a rain gauge correctly measures the amount of precipi-
tation that has occurred in some location over a specified time interval, then we can
compare the satellite precipitation estimate to the gauge measurement for the same
time interval. By expressing the relationship between the gauge measurement and
the satellite precipitation estimate for the same time interval as a linear equation
we can then spatially map the coefficients of this linear relationship to inspect the
spatial trends of the regression coefficients. We then model the coefficients of the
linear equations of each location by a spatial linear model and then use this model
to predict the coefficients in location where there are no rain gauges available.

1 Introduction

The ability to measure precipitation accurately is very important for many reasons.
Knowing how much precipitation has occurred in a given region will help us im-
prove our knowledge about the seasonal patterns and climate trends in said region
and the regions around it. Rain gauges are used to measure the amount of precipi-
tation that has occurred in a given time period, where precipitation is captured and
then measured at equally spaced intervals. Figure 1 shows the locations of all the

Benjamin Hines and Guogqi Qian
School of Mathematics and Statistics, The University of Melbourne, Parkville VIC 3010, Australia,
e-mail: benjamin.hines @unimelb.edu.au, e-mail: g.qian@ms.unimelb.edu.au.

Yuriy Kuleshov
Australian Bureau of Meterology, Docklands Melbourne VIC 3008 Australia; School of Science,
RMIT University, e-mail: yuriy.kuleshov@bom.gov.au.



2 Benjamin Hines, Yuriy Kuleshov and Guogqi Qian

Bureau of Meteorology’s monthly rain gauges around Australia that are operational
as of August 2018 in which there are 865 of. Clearly, the gauges are not uniformly
placed around Australia, but are distributed based on the population concentration.
If we wanted to know how much precipitation has occurred in a region where there
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Fig. 1: Bureau of Meteorology’s Australian monthly rain gauge locations as of
August 2018.

are no rain gauges, we would have to rely on satellite precipitation estimates. Satel-
lite precipitation estimation is done by taking an image of a cloud from above and
then estimating the amount of precipitation that will come from that cloud based on
its physical characteristics [9]. As these satellite images only provide an estimate
for how much precipitation has occurred in a region, it is important to know if these
estimates are close to what a rain gauge would measure. If the satellite images do
indeed provide us with good estimates for the amount of precipitation, then there
is no issue with using these estimates as measurements for regions in which there
are no rain gauges located. However, if the satellite images do not provide us with a
good estimate for how much precipitation a rain gauge has measured for some time
interval for a given location, then we can look at the difference between the gauge
measurement and the satellite estimate and how there may be some relationship
between the two, which may depend on the location of interest.
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2 Methodology

Letx; € R?fori=1,...,m be the two dimensional coordinates description of the i*"

location where x;; and x;, are the longitude and latitude for location i respectively.

We then define Yi[]-g] and Yi[js] to be the gauge measurement and satellite estimate for

the i location respectively for the j* time period where j = 1,...,n;. We can then
[s]

; 8]
consider Y, ; and Y, i

to have a linear relationship, i.e.
¢l _ plisJ] [i.1y/1s]

Y =B B

Now if we consider the relationship between the gauge measurements and satellite

estimates to be temporally stationary (coefficients are the same regardless of time)
[5], then we can express a linear equation for location i as

where Y = (Yl.%’],.. Y[g])T, vy — (Yl[sl], Y,[S])T, g ~ AN (0,671, is the

i % i o %in;
noise term and 1, is an n; X 1 vector with every entry being 1. We would expect to
estimate ﬁ(gl] =0and [31['] =1fori=1,...,m as we expect the satellite precipitation
estimate to be equal to the gauge measurement. The conventional method for esti-
mating the coefficients ﬁ(g'] and [3][’] in this situation is by minimising the ordinary
least squares equation

B = argmin ¥ — pl1,, — plv I 2 @
ﬁ(gl] ’ﬁl[i]

Ali s AT
where ﬁm = (ﬁé'], ﬁl[']) and [|t]|, = (X7, |4|P)"/P. The solution to equation (2)
can be shown to be '

withV, = (lnl_7 Yl[s]) an n; X 2 matrix [3]. In doing this we can obtain estimates for

the coefficients B(gi] and ﬁlm for all locations which we define by

A A A m T
B, = {BZ[I] ﬁ[[Z] ﬁ([ ]} 3)

an m x 1 vector for £ =0, 1.

Once we have our estimates for the coefficients of each location as in equation
(3), we can think of these spatially specified coefficients as a spatial process of a
geostatistical random field [14], where we can construct a model to test if there
is some sort of spatial dependency structure. Consider the following spatial linear
model:
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Be=aL, + AW, B, +€(B) “4)

for £ =0, 1, where lé is the autocorrelation parameter, @, is the intercept coefficient
of the model, W, , is a given m X m weight matrix representing the spatial distances

of the observations and €(8,) ~ .4 (0,62(B,)1,x) for £ = 0,1 [13]. Furthermore,

W, , = {wgﬁ] }, where wl[f-] is given by some function of a known distance metric

d(x;,x;) where locations x; and x; are the locations for the coefficients BEM and B/[j ]
respectively. Note that w,[f] =0foralli=1,...,m as the observation cannot depend
on itself. The choice of which metric and function we use to define out weight ma-
trix W, , is vital to being able to model the spatial data well. If the weight matrix
does not give a good representation of the true nature of spatial region of interest,
then the estimates calculated for the parameters are likely to be biased and incon-
sistent [2, 6]. Clearly, good selection of the weight matrix is essential for providing
unbiased estimates of parameters and should be done in a way such that every entry
is consistent to some rule.
Rearranging equation (4)

Be= ol + AW, By +€(By)
Be— AWy oBe = 01, +€(By)
(L = AW 0)Bo = o1+ €(By)
By =L, — )LéWm,Z)illm + (L, — MWm,é)fls(ﬁ()
where I, is the m x m identity matrix. It can then be easily shown that the mean and

the variance of 3, is
o ([m - }L[Wm,f)illm

and
(L — /léWm,z)71 Ly =2 W )~ 0% (By)

respectively, and due to linearity, we have
By~ A (oL, — MWm,z)_l 1, (L, — /léWm,z)_l Ly —2W, ) 0% (By))

for £ =0,1. We can estimate A, and &, by minimising the ordinary least squares
equation in both A, and a,. The ordinary least squares equation for 3, is given by

{As0u | = argmin||B, — o1, — AW, B[

M ,0ty

A,y

®)

We then minimise equation (5) with respect to A; and oy by taking the derivatives,
setting to zero and then solving simultaneously. This yields
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T T
By (W, + Wn{,e)ﬁ/z —20,By Wn{,ZIm

Ay (6)
287 W, W, 0B
and |
oy = ;Lﬁ(lm — MW, 0)Be (7
Then solving simultaneously gives estimators for A, and oy as
- ﬁeT(Wm,z +Wo B — %ﬁZWZ,zlm ®
)=
zﬁgvv;izwm_[ﬁ[ - %ﬁgwrr{:(‘lnzlzwm,(ﬁf
and Tp aT T T
& - 21,,B8,8; Wn{[WmA’[ﬁ[ B W, ,+ an;é)ﬁflmwmjﬁf ©)
) =

ZmﬁéTWW{ng,eﬁé - ﬁéTW,ielml;zW 7(BE

m

respectively. These estimators given in equations (8) and (9) have been shown
through testing to be biased and inconsistent especially for A when || 8|2 is large
[10, 11], and is often accepted to be true [12], thus we should not use them. We can
however use equations (6) and (7) in an iterative algorithm which updates at each
step as following, where for this case X = 1,,,

Algorithm 1 Spatial Parameters Estimation (SPE) Algorithm
1: procedure SPE(B,W, ,,X)

2: Initialise A}O] =0 and calculate fori =1,2,...
3. while A1 —A[~1] > ¢ do
4 o = (x7X) " X7 (1-4/"w,,, ) B,
S, YU Bl (VV;Z,ﬁWm,/))BF </3/TW,ZJX“¥]+°‘[£i]TXTWm.Aﬁ€>
' - 2B, Wl W, By
i=i+1

return All and g

Once we have created these models with estimates for lé and o, for =01,
we can then use these models to predict what the coefficients would be for a given
location in Australia by spatial interpolation, i.e. let x, be a location where there is

no rain gauge and let w;, , = (w%]l, . 7wmm

T
) be the spatial weight vector with each
entry being a function of the distance metric from x;, to all other known coefficient
locations (entries corresponding to locations with unknown coefficients are set to

zero). Thus our estimate for the coefficients at location x;, are given by

E/Z[h] =0+ iéwh,éﬁé (10)
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for £ = 0,1. From this we can then predict what the corresponding gauge mea-
surement of location xj, for the j* time interval would be from the corresponding
satellite estimate by

7 = B+ By, an

3 Results

The bureau of meteorology between January 2003 and August 2018 has had over
3000 rain gauge stations taking monthly precipitation measurements be in opera-
tion, 3368 of which we are using for this study (m = 3368). Figure 2 shows us the
locations of the 3368 monthly rain gauge stations as well as the correlation between
the precipitation measured by these gauges and what was estimated by the satellite
imagery. As we can see, majority of these locations have reasonably high correla-
tion between the gauge measurement and the satellite estimate, with 1921 out of the
3368 stations having a correlation factor greater than 0.7. The correlation factor also
appears to be following a spatial trend, indicating that there may be a spatial trend in
the relationship between gauge measurements and Satellite estimates. While gauge
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Fig. 2: Sample pearson correlation between the gauge measurement and the
satellite estimate of the available 3368 Bureau of Meteorology rain gauge
stations.

measurements and satellite estimates are highly positively correlated for the ma-
jority of locations we need to be able to justify that the relationship between the
two is linear and also temporally stationary. Naturally we would assume that the
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relationship between the gauge measurements and the satellite estimates is linear
as in equation (1) as we would assume that the satellites give somewhat accurate

T
assumption, consider figure 3. We can see in the top left and top right plots the time

estimates for the amount of precipitation, we have E [Yi[g.]} = Yi[j}. To justify this
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Fig. 3: Time series of all locations for gauge measurements (top left), satellite
estimates (top right), difference of the gauge measurement and satellite estimate
(bottom left) and linear regression fitted values (bottom right) in millimetres
starting at January 2003 and ending at august 2018.

series for both the gauge measurements and satellite estimates respectively for all
3368 locations, where the satellite estimates are provided by the Japan Aerospace
Exploration Agency (JAXA). In the bottom left plot of figure 3 we have the differ-
ence between the gauge measurements and the satellite estimates (Yi%-] — Yl[j] for all
j=1,...,n;and i = 1,...,m) and we can see that on average the satellite imagery
tends to overestimate the amount of precipitation that a gauge has measured. We

can also see that there are points in the time series that there are very large differ-
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ences between the gauge measurement and the satellite estimate in both directions.
In the bottom right plot we fit the simple linear model to every location as described
in equation (1) and recreate the time series in the top left plot using the fitted val-
ues of these models. We can see that it tends to recreate the rain gauge time series
fairly well which gives evidence to the assumption of a linear relationship. However,
the points where the gauge measurement and satellite estimate are significantly dif-
ferent suggests that there a significant outliers in the data. To justify the temporal
stationarity assumption we can consider the difference between the gauge and satel-

lite measurements at each location (Yl[f}] — Yl[}]) as a time series then we can perform
the augmented Dickey-Fuller test. We are testing the null hypothesis that there is
a unit root present in the time series against the alternative that the time series is
stationary [4]. The result of this test gives no locations with a p-value above 0.05
meaning the time series at each location are stationary. Meaning that the mean, vari-
ance and autocorrelation of the time series does not change with time [5], and thus
we can justify using one model for each location with one set of coefficients that do
not change with time.

In figure 4, we look at the total amount of precipitation recorded at each rain
gauge station for the entire time that it was operational and compare it to the to-
tal estimates for that location over the same time period. We can see that whilst
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Fig. 4: Total gauge measurement of precipitation versus total satellite estimates
of precipitation for each location over the same time interval compared to the
liney = x.
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the trend follows the red y = x line quiet closely, giving more evidence to the as-
sumption of a linear relationship, the variance in the difference between the total
gauge measurements and the total satellite estimates increases as the measurements
increases. If the satellite consistently only overestimates or only underestimates the
gauge measurement in locations where there is a lot of precipitation, this problem
will only be exacerbated when summing up the entire series. However, this issue
could also be due to a single point in which the satellite estimate is significantly
different to the gauge measurement as was seen in the bottom left plot of figure
3, which then skews the overall difference in the total comparison. In figure 5, we
have the monthly gauge measurements plotted against their corresponding satellite
estimates for rain gauge station 031030 (located on the eastern coast of northern
Queensland, north of Cairns). The black y = x line is what we would expect to see
given that the satellite imagery gives an accurate estimate. We can see that this data
has a significant outlier where the satellite estimates there to have been over 2200
millimetres of precipitation in a month compared to the gauge which only measured
there to be just under 1000 millimetres of precipitation in that same month. Due to

Rain Gauge Sation 031030

8001 . +* Line
Huber's
.° Least Squares

y=x

Gauge Measuremnt (mm)

4004 728

0 500 1000 1500 2000
Satellite Estimate (mm)

Fig. 5: Monthly gauge measurements of precipitation versus its corresponding
monthly satellite estimates of precipitation for Station 031030, with the least
squares regression line and the Huber’s robust regression line.

the squared nature of the ordinary least squares in equation (2), these outliers can
significantly influence the fit of the regression model (blue line) and thus causes the
model to poorly capture the true trend of the relationship between the gauge mea-
surement and the satellite estimate. We can reduce the influence of the significant
outliers by using a robust regression method to model the relationship between the
gauge measurements and the satellite estimates. Estimating parameters by robust
regression requires us to minimise a different loss function as to what was shown in
equation (2). We will be using Huber’s loss to estimate 5[i] in our robust regression
model. Parameter estimation by Huber’s loss is given by
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Y - By, — B3 i gl gyl <5

Al .
= argmin : :
Ps i ||Yl[.g] - ﬁ(gl] 1, — ﬁl[’]Yl[.S] ||, —36% ,otherwise

gl gl
12)
where J is a tuning parameter found by cross validation. In other words, we min-
imise the squared error for fitted values when they are within § of the observed
value and then minimise the absolute error for when fitted values are further than §
away from the observed value [8]. Figure 5 shows how the green robust regression
line compares to the ordinary least squares regression line and we can see that by
using Huber’s loss, the significant outlier has much less influence on the fit of the
regression line and which is a lot closer to the line y = x than the ordinary least
squares regression line.
In figure 6 we can see a clear trend in how the coefficients behave based on
their location. As can be expected, higher values of the intercept coefficient, are
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Fig. 6: Mappings of the Huber’s regression coefficient estimates (intercept:left,
slope:right) for the relationship between the gauge measurement and the satellite
estimate for every location.

associated with lower values of the slope coefficient. There appears to be spatial
trends in the relationship between the satellite estimate and the gauge measurement.
Whilst a lot of coefficients are not giving values that we would expect with the
intercept having a range of around —10 to 50 and the slope having a range of 0.05
to 1.8, this is due to the amount of noise that is present in data for some locations.
While the noise is giving values for coefficients far off what we would expect to
see for some locations, majority of locations have coefficients a lot closer to what
we would expect to see. Figure 7 shows histograms of the coefficients estimated by
Huber’s loss in equation (12) we can see that the estimated values for the intercept
are positively skewed with a mean of about 10 while the estimated values for the
slope are quite symmetric with a mean of about 0.8.

To use a spatial linear model, we need to decide on what the weight matrices W, ¢
will be. As mentioned earlier, selection of a weight matrix is essential in creating
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Fig. 7: Histograms of the estimated values of By (left) and B (right) by Huber’s
loss.

a good model. There are many different methods that could be used with different
distance metrics. In this paper we use a mixture of k-nearest neighbours and in-
verse distance weighting (IDW) with an addition of the distance to the coast of the
locations. That is,

1/(d(xl-,Xj)7+dc(xi)+d0(xj))
Wi = Zx,ene(x,-) 1/(d(x;,%; )" +dc(x;)+dc(x;))
0 , otherwise

, if X € ne(x;) (13)

where ne (x;) is the neighbourhood of the location x; which is determined by which
other observed location are the k closest to it and dc(x;) is the distance from the
location x; to the nearest coastal point. We use the distance to the coast as a factor
in creating the weight matrices as we are working with rainfall data, the nature of
the spatial relationships may change when a location is a further away from the
coast, where there is significantly less rain. As the Surface of Australia lays on the
surface of an approximate sphere, we should use a distance metric that considers the
spherical nature of the domain. Thus we use a cosine distance metric, given by

d(Xl',Xj) =rAc

for
A6 = arccos (sinux;, sinux;,| 4 cosx; | cosx;,1 cos |xi2 —x;2]|)

with r /= 6371 km (radius of the Earth). Whilst using the cosine distance metric
doesn’t significantly change the results compared to euclidean distance both in terms
of the tuning parameters (k and y) and also the end result, it is better to use a more
accurate representation of the distance between locations.

Another well known neighbourhood defining method is the d-nearest neighbours
method, where a neighbourhood for location x; is defined to be the other locations
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within a distance d of it. However, this method is not ideal for spatial processes
where the observed locations are inconsistently placed as is gives a high amount
of variance in the number of neighbours locations can have. For example, we can
set our d to be a distance of 167 kilometres, which results in rain gauge station
13043 (South Karlamilyi National Park, Western Australia) having no neighbours,
and rain gauge station 41103 (Toowoomba, Queensland) having 297 neighbours.
The power coefficient 7y is a non-negative value that represents the smoothness of
the weight matrix. By cross-validation we can get the optimal values for creating the
weight matrices for the intercept and slope as (k=7,y=0.92) and (k=8,y=0.79)
respectively.

B =0.122 x 1,, 4 0.983 x W, 08,

; (14)
B, =0.021 x 1,, +0.972 x W,,.1 B,

respectively. The estimates for A9 and A; as 0.983 and 0.972 respectively have as-
sociated likelihood ratio p-values that are significantly small (< 107'%) which in-
dicate that there is a high degree of spatial dependency. Figure 8 shows us how the
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Fig. 8: Spatially modelled fitted values for the intercept (left) and slope (right)
with estimation done by the SPE algorithm.

equations in (14) model the coefficients and as we can see, our models fit the data
quite well as they appear to have captured the spatial trends present in the data.
We can also see that locations with their coefficients significantly different to the
surrounding locations coefficients’ are not estimated as well by the model.

The fitted values that are not estimated as well as their surrounding coefficients
may be able to be modelled better with the inclusion of a confounding factor. Thus
far we have only looked at longitude and latitude contributing to how our coeffi-
cients are estimated by model (4), but it is possible that the elevation dimension
is significant in modelling a coefficient’s behaviour. Elevation could help us to ex-
plain a coefficient’s behaviour as the satellite’s image in which the precipitation is
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estimated from is taken from above, and rain gauge stations that are at a higher ele-
vation will be closer to the cloud and the satellite. Whilst the difference in elevation
is marginal compared the altitude of the satellite, it is not marginal compared the
altitude of the clouds. The elevation range of the rain gauge stations is 1,868 me-
ters, with multiple at sea level and the highest located in Kosciuszko National Park,
New South Wales. We can see in figure 9 an elevation mapping of Australia with lo-
cations of interest being labelled. Precipitation causing clouds can occur anywhere
between ground level and 6000 metres [7], therefore the altitude of the rain gauge
station may help us better model the coefficients’ behaviour. This new model with
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Fig. 9: Map of Australia showing the elevation (m).

the elevation confounding factor included can be expressed as

B, = oyl +ne+ AW, B, +€(B,) 15)

for £ =0, 1, with e being an m x 1 vector where ¢; is the elevation of the rain gauge
station at location x; for i = 1,...,m. We can again use the SPE algorithm to find es-
timates for the unknown parameters with X = (1,,,e). We find here that the optimal
values for defining the weight matrices for the intercept is the same, but the slope
is now (k =8,y =0.8). For the spatial linear model of the intercept, the coefficient
Mo of the elevation confounding factor is estimated to be 0.0016 with an associ-
ated p-value of 5 x 107, lowering the residual error from 5.429 to 5.417. For the
slope coefficient spatial model, the elevation parameter is significant with the coeffi-
cient 11 being estimated to be 6.3 x 10~ with an associated p-value of 4.6 x 1077,
lowering the residual error from 0.1502 to 0.1496. Therefore, the equations for the
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intercept and slope models are now given by

A

Bo=—0.310 x 1,,+0.0016 x e+0.986 x Wy,.0,

. : (16)
B, =0.012x1,4+6.3x 107> x e 4+0.964 x W, 1 B,

Now that we have estimates for the parameters , 1y and A, we can recreate the
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Fig. 10: Recreated time series using the fitted values from equations (16) for all
observed locations (left) and the difference between the gauge measurements and
the recreated gauge measurements (right).

time series of observations and compare this to the original gauge measurements
time series as in figure 3. In the left plot of figure 10 we recreated the time series
using the fitted values from the models in equation (16) for all observed locations
over all time intervals. We can see that this method does yield a similar result to
what the simple linear model used for the bottom right plot of figure 3 indicating
that the spatial linear model does a good job of recreating the coefficients estimated
by the linear model in equation (1). We can also see in the right plot of figure 10 that
difference between the gauge measurements and the recreated gauge measurements
is for the most part, around zero. There are many points where the gauge measure-
ments and recreated gauge measurements are significantly different, however we
must remember that we are using Huber’s estimator as a loss function instead of the
ordinary least squares and therefore less weight is given to ‘outliers’ so these points
are not estimated as well by the model.

We can proceed to predict how the intercept and the slope would behave in
regions where there are very few or even no rain gauges. We generate 50000
grid points over all of Australia. We then define the weight matrix wj ¢ for each
of the new points from their neighbourhoods as defined in equation (13) with
(k=7,7y=0.92) and (k =8,y = 0.8) for the intercept and slope respectively. Recall
that wy, o will only depend on the existing rain gauge locations. We then use equation
(10) with the addition of the elevation confounding factor

3/,[h] = &y +Tye, + ie w, By
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to estimate the intercept and slope for location x;,, where ¢, is the elevation at x;,
for all new locations (h = m+1,...,m+ 50000). Note that due to the sparsity of
existing rain gauges in some areas many of these new points will be defined to have
the same neighbourhoods which results in their coefficients to be predicted as the
same. Figure 11 shows how the models would predict these new points and as we
can see, these added points follow the spatial dependency we had expected to see.
Following from here, the gauge measurement time series at those new locations can
be estimated. For example, consider map coordinates longitude 126.284 and latitude
—29.068, located in Western Australia just east of the Great Victoria Desert Nature
Reserve and about 500 kilometres from Kalgoorli at an elevation of 232 metres. The
models in equation (16) give the estimated intercept and slope for this location as
3.42 and 0.46 respectively. The JAXA satellite estimate for the month of August
2018 is 10.3mm, substituting 10.3 into equation (11) gives 8.2mm as the gauge
replicate for that location for month of August 2018. There are other loss functions
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Fig. 11: Spatially Predicted value plots for the intercept (left) and slope (right) of
the Huber’s regression coefficients of the relationship of the gauge measurement
against the satellite estimate of precipitation using the SPE algorithm.

that we could use besides the ordinary least squares to develop an algorithm for
estimating the spatial parameters of a model as in equations (4) and (15). We could
use a robust regression but as can be seen in by the histograms in figure 7 there are
no significant outliers that will skew the estimation of the parameters by having too
much leverage, thus there is no need to use robust regression in this case. However,
at the moment we are estimating the spatial parameters of the intercept and slope
separately when the intercept and slope are obviously dependent. We can also use
the observed values from the gauge measurements and the satellite estimates in our
new minimisation
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where ay = (g, 1¢). By taking the derivative of equation (17) with respect to the
spatial parameters Ay, A1, &tp and a1, setting to zero and rearranging, we can obtain
4 equations for each of the parameters which all depend on the other parameters.
We can then create another algorithm similar to the SPE algorithm that can give
estimates for the spatial parameters. This algorithm gives parameter estimates as the
following

~

2o=1.17 &y = 0.97 flo = —0.02

0
A1 =09 &y =0.06 i1 =0.0003
Note that in some literature there exists the restriction of |A¢] < 1 [1]. We can see
in figure 12 how this new loss function in equation (17), where wg; and wy; are

defined the same as above, alters the prediction of the coefficients, especially in lo-
cations where the number of gauge locations is sparse. Interestingly, the range of the
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Fig. 12: Spatially Predicted value plots for the intercept (left) and slope (right) of
the Huber’s regression coefficients of the relationship of the gauge measurement
against the satellite estimate of precipitation using the loss function in equation

(17).

predicted slope values has slightly decreased where as the range for the predicted
intercept values has slightly increased. Again we can give an estimate for what the
gauge measurement would read in a location where there are no rain gauges, in the
same location as used above, the new estimates for the intercept and slope are now
given as —0.487 and 0.538 respectively which gives the recreated gauge measure-
ment as 5.05, significantly lower than the previously estimated gauge measurement.
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4 Conclusion

There is clear evidence that there is some difference between the gauge measure-
ments and the satellite estimates. For the majority of locations, the satellite esti-
mates on average that slightly more precipitation has occurred than what the gauge
has measured for the same time interval. There is also clear evidence of spatial de-
pendency for the relationship between the gauge measurement and satellite estimate.

The spatial linear model appears to be able to model the spatial dependencies of
the robust regression coefficients well. A problem with attempting to predict how
the intercept and slope coefficients would behave for locations where there are no
rain gauges (as shown in figure 11), is that there is potential for areas to have very lo-
calised spatial behaviour. This localised spatial behaviour of the intercept and slope
coefficients may not have been captured as the neighbours for these locations are
far away and may be behaving differently based on their own localised spatial be-
haviour. We can see in the plots of figure 6, in locations such as Tasmania and
north-east Australia that there appears to be very localised behaviour.

In comparing each of the spatial models used, they each have their own pros and
cons. The first model in equation (4) while good as it easy to compute and easy to
interpret, the model is probably overly simple as it does not use any confounding
factors, the estimation is for the coefficients is done independently of each other and
it does not depend on the gauge measurements or the satellite estimates. The sec-
ond model in equation (15) is also easy to compute and it uses elevation which was
found to be statistically significant for both the intercept and the slope. However,
similarly to the first model, it is not good that this model also does estimation of the
coefficients independently and does not depend of the gauge measurements of the
satellite estimates. The last model using the loss function in equation (17) performs
better than the other two models in fitting the known gauge measurements due to
the parameters being estimated dependently and including the gauge measurements
and satellite estimates. However, due to the parameters being estimated dependently
there is a larger residual error of the coefficients and it more computationally com-
plex than the other two models.

The amount of noise with the readings does present a problem in itself. The large
amount of noise makes for the intercept’s coefficient in some locations to be so
large, that even if there was no precipitation estimated by the satellite images for the
month, the model could give that a rain gauge would have recorded 50mm. One way
to adjust for this would be to have each observation be a measured/estimated over a
greater time interval such as 3 months or even a year instead of only a month. An
issue with increasing the length of the time interval is that there are some rain gauge
stations that were only in operation for a couple years or even less and increasing
the length of the time interval would decrease what little amount of observations
they had making for a less accurate estimation of the coefficients. Another approach
to reduce the influence of the amount of noise on the fit of the model is to use an
even more robust loss function to estimate the intercept and slope coefficients.

There is potential for more confounding factors to be included in the spatial lin-
ear models that may help explain the spatial relationship between the gauge mea-
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surements and the satellite estimates. However, we must keep in mind that with
spatial modelling that including too many explanatory variables can result in spatial
over-fitting where the explanatory variables explain the spatial dependencies in the
process, i.e. as the number of explanatory variables increases, |A;| decreases [14].
While in this paper we have modelled the relationship between the gauge measure-
ments and the satellite estimates for each location by a strictly linear relationship,
this may not be the case, the relationship may be more complex and to properly
model this relationship we may need to consider transformations of the variables.
We could also explore more complicated weight functions, that could include more
spatially descriptive factors, or have the distance to the coast factor be included in a
different way.

The loss function in equation (17), which has parameter estimation depending of
the intercept and the slope depending on each other and also the gauge measure-
ments and the satellite estimates, gives interesting results for the coefficient pre-
dicted as in figure 12. There are alterations that could be made to this loss function,
such as the minimisations at each location are given weights. We could do this in
many ways such as the weights being dependent on how many observations are at a
given location, giving more weight to locations with more observations, or we could
define weights depending on how isolated the observed location is.
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