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Abstract We study the crystal growth in a Reaction-Diffusion System for the
generic reaction A + B −→ C. Reactants A and B react to form the product C which
then undergoes phase transition. We have used the Lagrangian Front Tracking to explicitly track the crystal surface. The evolution of the concentrations of A, B and C
is described by a system of three partial differential equations. This system is solved
using finite difference method. Main focus of the study is on observing the effects
of different parameters on the crystal growth, namely the diffusion coefficients, homogeneous reaction constant, heterogeneous reaction constant and the equilibrium
concentration.
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1 Introduction
Xiaolin Li et al [1] have studied a single component Reaction-Diffusion system
through front tracking without consideration of advection, in which the reaction
term is replaced by precipitation term at the fluid-solid interface. The governing
equations for the solute concentration C = C(~x,t) are as follows:
∂C
= D∇2C,
for ~x ∈ Ω
(1)
∂t
Here Ω is the ambient region containing solute and D is diffusion coefficient. At the
fluid-solid interface ∂ Ω , the front growth is governed by:
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dC
(~xs ) = k(C(~xs ) −Ce )
(2)
dn
where k is the reaction rate per unit area for the solute from the liquid phase to
precipitate onto the solid phase at the interface, Ce is the equilibrium concentration
and C(~xs ) is the local concentration of solute at the interface. Interface is propagated
with the normal velocity,
D dC
(~xs )
(3)
vn =
ρs dn
D

where ρs is the density of solid phase. Interface growth and the dendritic structure of
the precipitate have been studied at different Damkohler numbers. Front tracking is
well suited to dendritic structures at large Damkohler numbers where high resolution
is necessary.
Tartakovsky et al [3] have studied multi-component Reaction-Diffusion systems
for the chemical reaction A+B −→ C(aq + solid) , on two different spatial scales, Porescale and Darcy-scale. Smoothed particle hydrodynamics (SPH) has been applied
to carry out hybrid simulations on two different spatial scales. Let A(~x,t), B(~x,t),
C(~x,t) and Da , Db , Dc be the concentrations and diffusion coefficients of components A, B and C in solute phase. Let k and kAB be heterogeneous and homogeneous
reaction rates, and ρs be the density of solid phase. Then the Pore scale model satisfies following system of equations:
∂A
= ∇ · (Da ∇A) − kAB AB
∂t
∂B
= ∇ · (Db ∇B) − kAB AB
∂t
Z
∂C
= ∇ · (Dc ∇C) + kAB AB − k H(C −Ceq )δ (~x −~x f )d~x f
∂t
F

(4)
(5)
(6)

where H(x) is the Heaviside step function and the integration is taken over the whole
fluid-solid interface. Soluble precipitate C follows the first order kinetic reaction
model on the fluid-solid interface,
Dc

dC
= k(C −Ceq )
dn

(7)

The interface advances into the liquid with normal velocity,
vn (~xs ) =

Dc
∇C ·~n
ρs

(8)

Simulations start with a crystal seed already present in the domain. Hence, although
the same equations govern the formation of Liesegang Patterns, nucleation theories
have not been considered in Tartakovsky et al [3] .
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2 Front Tracking
The “Front” is defined as the boundary point between two regions containing a
sharp discontinuity of a physical variable, e.g. density, concentration, viscocity etc.
Theoretically, the function representing the physical variable is not differentiable at
a point of discontinuity. This problem can be handled by using the integral form
of the governing equations. However, if the numerical scheme is of low order, then
the front diffuses quickly losing its sharpness. On the other hand, a high order numerical scheme may cause numerical oscillations near the front and reduce the high
order of accuracy near the region[40] . To solve these diffculties, there exist two main
strategies, namely front-capturing and front-tracking.
The main idea of front capturing is to use a high order scheme and use artificial
viscosity around the front to diffuse it slightly to avoid oscillations. Front capturing
works well for shocks but does not work very well for contact discontinuities[40] . It
also requires high resolution.
Second appoach is front tracking in which the front is represented by hypersurface elements (line segments in 2D and triangles in 3D). This approach is best suited
to sharp discontinuities.
We apply the front tracking method and the FronTier code to study crystal formation in a generic 3 component reaction-diffusion system. We use front tracking to
track the position of the front where there is a discontinuity in solute concentration.
We then use finite difference scheme (Crank-Nicolson) to update the concentrations
of the reactants and the product which are still in the liquid phase.
The front tracking method treats the moving interface as an interior boundary
and applies finite difference method to each subdomain where concentration fields
are smooth.
We use the FronTier library to implememnt the front tracking and crystal growth.
The functions implemented in the library can be classified as follows: [1]
1. Initialization: Initialization functions are capable of initializing the problem parameters as well as geometrical parameters for the computations such dimension,
domain, computational grid and boundary conditions. This is done through the
input routines. Initialization of the interface is also done through these functions
as well as the front velocity initialization.
2. Query Functions: Query functions are used to obtain information about the front
interface such as vertex coordinates, hypersurface elements (bonds in 2D and triangular surface elements in 3D), access to the manifold (hypersurface), tangents
and normals to the surface elements etc.
3. Propagation Control Functions: These functions include advancement of the
front interface, redistribution and bifurcation.
4. Front and Subdomain Interaction Functions: These include the functions
which couple the PDE solvers with the front interface functions. These functions can be used to obtain information like the nearest grid points, values of the
physical variables in a cell/grid point near the interface etc.
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5. Output and Data Saving Functions: These functions mainly deal with the
data output which is used for visualization of the simulations. The compatible
file types include VTK for VisIt, Paraview, Geomview, HDF and GD packages.
These functions also have the capability to halt and/or restart the program run
from a specific time or time-step.

3 Numerical Method
Consider a reaction-diffusion system given by nA + mB −→ C and let a seed be
already present inside the computational domain. The evolution of concentrations is
governed by the following system of equations:
∂A
= ∇ · (DA ∇A) − kAB An Bm
∂t
∂B
= ∇ · (DB ∇B) − kAB An Bm
∂t
Z
∂C
= ∇ · (DC ∇C) + kAB An Bm − k H(C −Ceq )δ (~x −~x f )d~x f
∂t
F

(9)
(10)
(11)

where A(~x,t), B(~x,t), C(~x,t) are normalized concentrations, DA , DB , DC are diffusion coefficients, kAB > 0 is the rate coefficient of homogeneous reaction (liquid
phase), k > 0 is the rate coefficient of heterogeneous reaction (precipitation), x~f is
a point on fluid-solid interface and Ceq is the equilibrium concentration. H(·) represents the Heaviside step function and δ (·) represents the dirac-delta function. The
integration is taken over the whole fluid-solid interface.
The fluid-solid interface propagates with the normal velocity:
vn (~xs ) = −

1
dC
DC
ρs
dn

(12)

where ρs is the crystal density and dC
dn is the normal derivative of the concentration
C(~x,t).
The FronTier code has the ability to detect if a cell contains liquid phase or
solid
phase. We use this capability, and for purely liquid phase, we note that
R
k F H(C − Ceq )δ (~x − x~f )d~
x f = 0. Assume that the diffusion coefficients stay constant throughout the liquid phase. Then, for the computational cells containing only
the liquid phase, the equations are reduced to:
∂A
= DA ∇2 A − kAB An Bm
∂t
∂B
= DB ∇2 B − kAB An Bm
∂t

(13)
(14)
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∂C
= DC ∇2C + kAB An Bm
∂t
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(15)

Any high order finite difference scheme may be used to solve this system of
equations. In the present work, we use Crank-Nicolson scheme.
When a cell contains purely solid phase, we assume that there is neither reaction
nor diffusion taking place. Thus there is no need to solve the system for the cells
containing purely solid phase.
When a cell contains fluid-solid interface, Rboth liquid and solid phases are present
inside the cell. At a point on the interface, k F H(C −Ceq )δ (~x − x~f )d~
x f = kH(C −
Ceq ). To update the concentrations at the grid point of a cell containing the interface,
we introduce ghost points in the direction opposite to that of the interface and then
solve the system using finite differences. The ghost points are introduced to maintain
second order accuracy of the finite difference scheme.
Once the concentrations are updated, we propagate the fluid-solid interface by
the methods described by Li et al.[1] . To update the concentrations at a point on the
interface, we assume that the solute concentrations at the fluid-solid interface are
As = Bs = 0. Thus, for the (n + 1)-th time step, the discretized equation for Cs is
given by:
!
(n+1)
(n+1)
(n+1)
(n)
Cs+h −Cs
2
Cs
−Cs
(n+1)
= DC
− kH(Cs
−Ceq ) ·
(16)
∆t
h
h
where h is the spatial step in normal direction. The superscripts denote time step.
Once the concentration of C is updated, it is also necessary to update the concentrations of A and B in the region near the front. To do this, we first approximate
the area swept by the moving front. The situation is shown more precisely in the
following figure.

Fig. 1: Advancing the Front and updating concentations

For each segment of the front at time step (n), we approximate the area swept
by that segment by the length of the segment times the spatial step in the normal
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(n)

direction, h. i.e. ∆Vk

(n)

(n)

= |Sk − Sk+1 | · h. The mass of A and B contained in this area

(n)

(n)

is given by A · ∆Vk and B · ∆Vk respectively. A and B in this case are taken to be
the interpolated concentrations at the center of the computational cell in which the
segment of the front is located. In case the center already lies inside the solid phase,
we approximate A and B to be the concentrations at the nearest grid point. We then
redistribute this mass equally among the nearest grid points at time step (n + 1).

4 Numerical Results
In this section, we present the numerical results which show the effects of different parameters on the crystal growth. The parameters which control the reactiondiffusion system described by equations (9) to (11) are DA , DB , DC and kAB , k.
We set the computational domain to be the square [0, 1] × [0, 1]. The boundary
conditions used for testing are A(x, 0,t) = B(x, 1,t) = 0 and A(x, 1,t) = B(x, 0,t) = 1.

4.1 Effects of kAB and k
We first explore the effects of kAB and k on the crystal growth. Initial concentrations are assumed to be uniformy distributed along the y-axis.
It can be observed from the following tests that the dendritic growth is pronounced when k is high. kAB has negligible effect on the dendritic growth. It will
also be observed that in general, the direction in which dendrites grow is controlled
DA
. This point will be further explored in the next section.
by D
B

(a) t = 0

(b) t = 2.755

Fig. 2: Parameters are kAB = 150, k = 800 and DA = 0.3, DB = 0.7, DC = 0.5
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(a) t = 0
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(b) t = 2.755

Fig. 3: Parameters are kAB = 1500, k = 200 and DA = 0.3, DB = 0.7, DC = 0.5

4.2 Effect of the diffusivities
As mentioned in the previous section, the direction in which the dendrites grow is
A
controlled by the value of D
DB . The effects are explored in this section. The initial
conditions vary for each simulation. However, initial conditions are found to have
negligible effect on the direction of growth.

(a) DA = 0.3, DB = 0.7

(b) DA = 0.5, DB = 0.5

(c) DA = 0.7, DB = 0.3

Fig. 4: Parameters are kAB = 150, k = 800 and DC = 0.5 Each image is taken at
t = 2.68

4.3 Effect of the Damkohler Number
The Damkohler Number, d, is defined by d = DkLC [1, 2] where k is the heterogeneous reaction constant, L is the characteristic length and DC is the diffusion
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coefficient for the product C. Damkohler number is closely tied with the dendritic
growth of the crystal. High Damkohler number produces high dendritic structure
and vice-versa. In this section, we provide numerical results which show that the
dendritic growth in a Reaction-Diffusion System for A + B −→ C occurs only when
the Damkohler number is higher than a threshold value. In most of our simulations,
the threshold was in the range of 60 to 80. Although it is diffcult to predict the
exact value of the threshold, we mention that traces of dendritic structures started
to appear for d = 60 and they were well formed for d = 80. For lower Damkohler
numbers, the crystal growth was smooth without any dendrites. The direction of the
A
growth was still controlled by D
DB . The initial shape of the seed had no effect on the
threshold value.
The computational domain is [0, 1] × [0, 1]. Reactants A and B are initially separated at y = 0.5. Other parameters are as follows: kAB = 1500, DA = 0.3, DB = 0.7.
We wish to mention that the simulations were carried out for a range of Damkohler
Numbers, in particular for d = 0.1, 0.5, 1, 5, 10, 20, 40, 60, 80, 160. For small values
of d, the crystal growth was not qualitatively different, the only signi
cant difference being the amount of growth in a given time. We also carried
out the simulations for a range of values of DA and DB . Numerical results showed
difference in the direction of crystal growth.

(a) d = 20

(b) d = 40

(c) d = 60

(d) d = 80

Fig. 5: Effects of the Damkohler Number. Parameters are kAB = 1500, DA = 0.3 and
DB = 0.7. Each image is taken at t = 2.57. Initial seed is circular.

4.4 Effect of the equilibrium concentration
The supersaturation theory asserts that the deposition of mass occurs only when
Cs > Ceq where Cs is the concentration of C at a point on the fluid-solid interface and
Ceq is the equilibrium concentration. The theory also asserts that once the concentration C attains the equilibrium concentration, the deposition occurs instantaneously.
It is natural to expect that this process will have effect on the dendritic growth.
This is confirmed by the following numerical results. Lower equilibrium concentration produces more dendritic growth and vice-versa, when all other parameters are
held constant. Parameters used are kAB = 1500, k = 100, DA = 0.3, DB = 0.7, and
DC = 0.5. Other computational setup is the same as previous sections.
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(a) Ceq = 0.1

(b) Ceq = 0.01
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(c) Ceq = 0.001

Fig. 6: Effects of the Equilibrium Concentration. Parameters are kAB = 1500, k =
100, DA = 0.3, DB = 0.7, and DC = 0.5. Each image is taken at t = 2.629. Initial
seed is circular.

5 Summary and Conclusions
In the present work involving the crystal growth in a reaction-diffusion system containing three components, we examined the effects of parameters DA , DB , DC and
kAB , k. We found that the dendritic growth is controlled predominantly by the heterogeneous reaction constant k, and the homogeneous reaction constant kAB has no
effect on the dendrites. We also observed that the direction in which the dendrites
DA
. Numerical simulations show that the Damkohler numgrow is controlled by D
B
ber produces dendritic growth only if it’s value is higher than some threshold. The
threshold for the tests done in the presenst study appears to be in the range of d = 60
to d = 80. The equilibrium concentration, Ceq also has effect on the dendrites with
lower Ceq being responsible for higher dendritic growth and vice-versa.
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