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Abstract We are interested in surfaces with boundary satisfying a sixth order non-
linear elliptic partial differential equation associated with extremal surfaces of the
L2-norm of the gradient of the mean curvature. We show that such surfaces satis-
fying so-called ‘flat boundary conditions’ and small L2-norm of the second funda-
mental form are necessarily planar.

1 Introduction

1.1 The energy, notation

We are interested in the geometric energy

F [ f ] =
∫

Σ
|∇H|2 dµ

under the hypothesis ∫
Σ
|A|2 dµ ≤ ε0 (1)

where ε0 > 0 is a small, universal constant. Here f : Σ → R3 a smooth immersion
of surface Σ with boundary; dµ is the induced surface area element; H = κ1 +κ2
and |A|2 = κ2

1 +κ2
2 are respectively the mean curvature and the norm of the second

fundamental form of f (Σ) and ∇ is the covariant derivative on f (Σ).
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1.2 The normal variation

Lemma 1. Given a smooth normal variation ϕ : Σ → R3 of f : Σ → R3,

d
dε

F [ f + εϕ ]
∣∣∣∣
ε=0

=−2
∫

Σ

[
∆ 2H + |A|2∆H − (A0)i j∇iH∇ jH

]
⟨ϕ ,ν⟩dµ

+2
∫

∂Σ

⟨(
∆φ + |A|2 φ

)
∇H +∇∆H φ −∆H ∇φ,η

⟩
dσ . (2)

where φ := ⟨ϕ ,ν⟩.

Above
(
A0

)i j
= Ai j − 1

2 H gi j is the trace-free part of A. The metric is denoted gi j;
the entries of its inverse matrix are gi j. The unit normal to f (Σ) is denoted ν while
the unit conormal to the boundary is denoted η .

Idea of proof: The result follows from the variations

∂
∂ε

gε
i j

∣∣∣∣
ε=0

=−2φAi j,
∂

∂ε
gi j

ε

∣∣∣∣
ε=0

= 2φAi j,

∂
∂ε

√
det(gε

i j)

∣∣∣∣
ε=0

=−Hφ
√

det(gi j),
∂

∂ε
Hε

∣∣∣∣
ε=0

= ∆φ +φ|A|2.

The boundary terms arise from ‘integration by parts’ on Σ with boundary, ie via
the Divergence Theorem ∫

Σ
divΣ X dµ =

∫
∂Σ

⟨X ,η⟩dσ .

□

1.3 The boundary value problem

If f (Σ) were closed without boundary, there would be no boundary terms and criti-
cal points of F [ f ] would satisfy

I[ f ] := ∆ 2H + |A|2 ∆H −
(
A0)i j ∇iH∇ jH = 0. (3)

We will impose flat boundary conditions on ∂Σ :

|A|= 0 and ∇η H = ∇η ∆H = 0 (4)
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(defined in terms of limits approaching the boundary). Then the boundary terms in
(2) disappear and we are left with (3) for critical points of the energy. We study
smooth solutions (3) with boundary conditions (4) and smallness condition (1).

Theorem 1. Suppose f : Σ →R3 satisfies (3) with boundary conditions (4). If f also
satisfies (1) for ε0 > 0 sufficiently small, then f (Σ) is part of a flat plane.

Remark: In the case of f : Σ → Rk, k > 3, (3) may be replaced by the condition
⟨I [ f ] ,H⟩= 0.

Idea of proof: We establish that surfaces satisfying (4) and (1) also satisfy∫
Σ

(∣∣∇2A
∣∣2 + |A|2 |∇A|2 + |A|4

∣∣A0∣∣2)γ pdµ

≤ c
∫

Σ
I [ f ]H γ pdµ + cc4

γ

∫
[γ>0]

|A|2 dµ ,

for appropriately chosen cutoff functions γ (see Definition 1 below). For surfaces
additionally satisfying (3), the first term on the right hand side above disappears
and the other term is bounded by c

ρ4 . Taking ρ → ∞ we see that f (Σ) must have

|A|4
∣∣A0

∣∣2 ≡ 0. Since
∣∣A0

∣∣6 ≤ |A|4
∣∣A0

∣∣2 we see that
∣∣A0

∣∣2 ≡ 0 implying f (Σ) is
either part of a sphere or part of a plane. The boundary condition (4) implies f (Σ)
is part of a plane. □

2 Earlier related work

2.1 Previous geometric gap lemmas

Previous higher-order geometric gap lemmas closest in spirit to ours are for Will-
more surfaces [2]; for stationary solutions of the surface diffusion flow [7]; for bi-
harmonic surfaces [8]; for some Helfrich surfaces (constrained Willmore surfaces)
[5], with some others covered in [1]; for triharmonic surfaces [3] and for polyhar-
monic surfaces [6]. For several of these there are also versions for surfaces with
boundary, with either of two boundary conditions:

1. umbilic boundary conditions
∣∣∇A0

∣∣= ∣∣A0
∣∣= 0; or

2. flat boundary conditions |∇A|= |A|= 0.

Under suitable smallness conditions, umbilic boundary conditions lead to parts of
spheres and planes, while flat boundary conditions allow planes only [9].

Often (including here) results hold for arbitrary codimension, but we will restrict
here to codimension 1 for convenience.
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2.2 Some tools

Definition 1 (Cut-off functions). For γ̃ ∈C2
c (R3), γ = γ̃ ◦ f : Σ → [0,1] satisfies

∥∇γ∥∞ ≤ cγ , ∥∇2γ∥∞ ≤ cγ(cγ + |A|),

for some absolute constant cγ < ∞.

Theorem 2 (Michael-Simon Sobolev Inequality with boundary, [4]). For f :
Mm →Rn a smooth immersion of M with boundary ∂M into Rn and any u∈C1

(
M
)
,

[∫
M
|u|

m
m−1 dµ

]m−1
2

≤ 4m+1

ω1/m
m

[∫
M
(|∇u|+ |H| |u|)dµ +

∫
∂M

|u|dσ
]

where ωm is the volume of the unit ball in Rm.

3 Estimates

Using the Divergence Theorem on Σ (integration by parts) we begin with

Lemma 2. Surfaces satisfying (4) also satisfy∫
Σ
(∆H)2 γ pdµ =

∫
Σ

I [ f ]Hγ pdµ +
∫

Σ
|A|2 |∇H|2 γ pdµ +

∫
Σ

H ∇iH∇i |A|2 γ pdµ

+
∫

Σ
H
(
A0)i j ∇iH∇ jH γ pdµ+ p

∫
Σ

[
H ∇i∆H +

(
H |A|2 −∆H

)
∇iH

]
∇iγ ·γ p−1dµ

Lemma 3. Surfaces satisfying (4) also satisfy∫
Σ

∣∣∇2H
∣∣2 γ pdµ ≤ c

∫
Σ

I [ f ]Hγ pdµ+c
∫

Σ
|A|2 |∇A|2 γ pdµ+cc2

γ

∫
Σ

∣∣∇A0∣∣2 γ p−2dµ

+ p
∫

Σ

[
H∇i∆H +

(
H |A|2 −∆H

)
∇iH

]
∇iγ · γ p−1dµ

Idea of proof: [9] has for a universal constant c

1
c

∫
Σ

(∣∣∇2H
∣∣2 +H2 |∇H|2

)
γ pdµ

≤
∫

Σ

[
(∆H)2 +

∣∣A0∣∣2 |∇H|2
]

γ pdµ + c2
γ

∫
Σ

∣∣∇A0∣∣p−2
dµ .

Further, we estimate∫
Σ

H
(
A0)i j ∇iH∇ jHγ pdµ ≤ 1

2c

∫
Σ

H2 |∇H|2 γ pdµ +
c
2

∫
Σ

∣∣A0∣∣2 |∇H|2 γ pdµ;
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Σ

H ∇i |A|2 ∇iH γ pdµ ≤ c̃
∫

|A|2 |∇A|2 γ pdµ .

Combining these with the previous Lemma yields the result. □
Lemma 4. Surfaces satisfying (4) also satisfy∫

Σ

(∣∣∇2H
∣∣2 + |A|4

∣∣A0∣∣2)γ pdµ

≤ c
∫

Σ
I [ f ]Hγ pdµ + c

∫
Σ
|A|2 |∇A|2 γ pdµ + c

∫
Σ

∣∣A0∣∣6 γ pdµ + cc2
γ

∫
Σ

∣∣∇A0∣∣2 γ p−2dµ

+ cc4
γ

∫
Σ

∣∣A0∣∣2 γ p−4dµ + p
∫

Σ

[
H∇i∆H +

(
H |A|2 −∆H

)
∇iH

]
∇iγ · γ p−1dµ

Idea of proof: [9] has∫
Σ

(
H4 ∣∣A0∣∣2 +H2 ∣∣∇A0∣∣2)γ pdµ

≤ c
∫

Σ

(
H2 |∇H|2 +

∣∣A0∣∣2 ∣∣∇A0∣∣2 + ∣∣A0∣∣6)γ pdµ + cc4
γ

∫
Σ

∣∣A0∣∣2 γ p−4dµ

The result follows using Lemma 3 and∫
Σ
|A|4

∣∣A0∣∣2 γ pdµ ≤ (1+ ε)
∫

Σ
H4 ∣∣A0∣∣2 γ pdµ +(1+ c(ε))

∫
Σ

∣∣A0∣∣6 γ pdµ

□
Lemma 5. Surfaces satisfying (4) also satisfy∫

Σ

(∣∣∇2A
∣∣2 + |A|2 |∇A|2 + |A|4

∣∣A0∣∣2)γ pdµ

≤ c
∫

Σ
I [ f ]Hγ pdµ + c

∫
Σ
|A|2 |∇A|2 γ pdµ + c

∫
Σ

∣∣A0∣∣6 γ pdµ + cc2
γ

∫
Σ

∣∣∇A0∣∣2 γ p−2dµ

+ cc4
γ

∫
Σ

∣∣A0∣∣2 γ p−4dµ + p
∫

Σ

[
H∇i∆H +

(
H |A|2 −∆H

)
∇iH

]
∇iγ · γ p−1dµ

Idea of proof: Simons’ identity implies(
∆A0)2 ≤ c

∣∣∇2H
∣∣2 + cH4 ∣∣A0∣∣2 + c

∣∣A0∣∣6 ;

interchange of second covariant derivatives and the Divergence Theorem then shows∫
Σ

∣∣∇2A0∣∣2 γ pdµ ≤ 2
∫

Σ

(
∆A0)2 γ pdµ + c

∫
Σ

(
|A|2 |∇A|2 +

∣∣A0∣∣6)γ pdµ

+ cc2
γ

∫
Σ

∣∣∇A0∣∣2 γ p−2dµ .

The result then follows using the previous Lemmas. □
Lemma 6. Surfaces satisfying (4) and (1) also satisfy
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Σ

(∣∣∇2A
∣∣2 + |A|2 |∇A|2 + |A|4

∣∣A0∣∣2)γ pdµ ≤ c
∫

Σ
I [ f ]Hγ pdµ+cc4

γ

∫
Σ
|A|2 γ p−4dµ

Idea of proof: Write ∥A∥2
2,[γ>0] =

∫
[γ>0] |A|

2 dµ . The idea is to use the smallness
condition to estimate the terms on the right hand side of Lemma 4. [9] showed
using the Michael-Simon Sobolev inequality∫

Σ

(∣∣A0∣∣2 |A|4 + |A|2 |∇A|2
)

γ pdµ

≤ c∥A∥2
2,[γ>0]

∫
Σ

(∣∣∇2A0∣∣2 + |A|2
∣∣∇A0∣∣2 + |A|4

∣∣A0∣∣2)γ pdµ + cc4
γ ∥A∥4

2,[γ>0] ,

so we can absorb the non-cγ terms on the right hand side of Lemma 4.
We estimate the cγ terms from Lemma 4 as follows:

cc4
γ

∫
Σ

∣∣A0∣∣2 γ p−4dµ ≤ cc4
γ

∫
Σ
|A|2 γ p−4dµ;

via the Divergence Theorem, Cauchy-Schwarz and Peter-Paul

cc2
γ

∫
Σ

∣∣∇A0∣∣2 γ p−2dµ ≤ ε
∫

Σ

∣∣∇2A
∣∣2 γ pdµ + c(ε)c4

γ

∫
Σ
|A|2 γ p−4dµ;

with this in turn we estimate

p
∫

Σ
∆H∇iH∇iγ · γ p−1dµ ≤ ccγ

∫
Σ

∣∣∇2A
∣∣ |∇H|γ p−1dµ

≤ ε
∫

Σ

∣∣∇2A
∣∣2 γ pdµ + c(ε)c4

γ

∫
Σ
|A|2 γ p−4dµ;

p
∫

Σ
H |A|2 ∇iH∇iγ · γ p−1dµ ≤ ε

∫
Σ
|A|2

∣∣∇A0∣∣2 γ pdµ + c(ε)c2
γ

∫
Σ

H2 |A|2 γ p−2dµ .

Now by the Michael-Simon Sobolev inequality (|A|= 0 on ∂Σ )

∫
Σ

H2 |A|2 γ p−2dµ ≤
∫

Σ
|A|4 γ p−2dµ ≤ c

(∫
Σ

∣∣∣∇ |A|2
∣∣∣γ

p−2
2 dµ

)2

+

(∫
Σ
|A|3 γ

p−2
2 dµ

)2

≤ c
(∫

Σ
|∇A| |A|γ

p−2
2 dµ

)2

+cc2
γ

(∫
Σ
|A|2 γ

p−4
2 dµ

)2

+c∥A∥2
2,[γ>0]

∫
Σ
|A|4 γ p−2dµ .

Absorbing on the left and using the Cauchy-Schwarz inequality we obtain∫
Σ
|A|4 γ p−2dµ ≤ c∥A∥2

2,[γ>0]

∫
Σ
|∇A|2 γ p−2dµ + cc2

γ ∥A∥4
2,[γ>0]

and so

cc2
γ

∫
Σ

H2 |A|2 γ p−2dµ ≤ cc2
γ ∥A∥2

2,[γ>0]

∫
Σ
|∇A|2 γ p−2dµ + cc4

γ ∥A∥4
2,[γ>0] .
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For the remaining term we use the Divergence Theorem (H = 0 on ∂Σ )∫
Σ

H∇i∆H∇iγ · γ p−1dµ =−
∫

Σ
∆H∇iH∇iγ · γ p−1dµ −

∫
Σ

H∆H∆γ · γ p−1dµ

− (p−1)
∫

Σ
H∆H |∇γ|2 γ p−2dµ .

We now estimate

−
∫

Σ
∆H∇iH∇iγ · γ p−1dµ ≤ ε

∫
Σ
(∆H)2 γ pdµ + c(ε)c2

γ

∫
Σ
|∇H|2 γ p−2dµ;

−
∫

Σ
H∆H∆γ · γ p−1dµ ≤ ccγ

∫
Σ
|H| |∆H|

(
cγ + |A|

)
γ p−1dµ

≤ ε
∫

Σ
(∆H)2 γ pdµ + cc4

γ

∫
Σ
|A|2 γ p−2dµ + cc2

γ

∫
Σ

H2 |A|2 γ p−2dµ

and

−(p−1)
∫

Σ
H∆H |∇γ|2 γ p−2dµ ≤ ε

∫
Σ
(∆H)2 γ pdµ + cc4

γ

∫
Σ

H2γ p−4dµ

Inserting all these estimates and absorbing on the left yields the result. □
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