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Abstract In this paper, we report on some recent results dealing with geometrical
properties of solutions of some semilinear elliptic equations in bounded smooth
convex domains. We investigate the quasiconcavity, i.e. the fact that the superlevel
sets of a positive solution are convex or not. We actually construct a counterexample
to this fact in two dimensions, showing that the solutions under consideration do not
always inherit the convexity of the domain. We report on the results in [23].

1 Introduction and main result

This paper is concerned with some geometrical properties of real-valued solutions
of semilinear elliptic equations

∆u+ f (u) = 0 (1)

in bounded domains Ω ⊂ RN , in dimension N = 2 with Dirichlet-type boundary
conditions on ∂Ω . By domains, we mean non-empty open connected subsets of
RN .

The domains Ω are assumed to be convex domains. One is interested in knowing
how these geometrical properties of Ω are inherited by the solutions u, under some
suitable boundary conditions, that is how the shape of the solutions is influenced
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by the shape of the underlying domains. It is well-known that the convexity or the
concavity of the solutions are too strong properties which are not true in general
(see e.g. [32]). However, a typical question we address in this paper is the following
one: assuming that Ω is convex and that u is a solution of (1) which is positive in Ω
and vanishes on ∂Ω , is it true that the superlevel sets{

x ∈ Ω ; u(x)> λ
}

of u are all convex? We prove that the answer to this question can be negative, that
is we show that the superlevel sets of some solutions u of problems of the type (1)
are not all convex. Various examples of solutions with non-convex superlevel sets
in convex rings have also been given in [23, 39]. Regarding problem (1) in con-
vex domains, the example given in Theorem 1.1 below is the first one, up to our
knowledge.

Let us consider the semilinear elliptic problem
∆u+ f (u) = 0 in Ω ,

u = 0 on ∂Ω ,

u > 0 in Ω .

(2)

Throughout the paper, the function f : [0,+∞)→R is assumed to be locally Hölder
continuous. The domains Ω are always assumed to be of class C2,α (with α > 0, we
then say that the domains Ω are smooth) and the solutions u are understood in the
classical sense C2(Ω). The superlevel set

{
x ∈ Ω ; u(x) > 0

}
of a solution u of (2)

is equal to the domain Ω , which is convex by assumption. A natural question is to
know whether the superlevel sets

{
x ∈ Ω ; u(x) > λ

}
for λ ≥ 0 are all convex or

not. If this is the case, u is called quasiconcave.
In his paper [37] (see Remark 3, page 268), P.-L. Lions writes that, in a con-

vex domain Ω , “[he] believe[s] that [...] for general f , the [super]level sets of any
solution u of [(2)] are convex”. There is indeed a vast literature containing some
proofs of the above statement for various nonlinearities f . We here list some of
the most classical references. Firstly, Makar-Limanov [38] proved that, for the two-
dimensional torsion problem, that is f (u) = 1 with N = 2, the solution u is qua-
siconcave, since

√
u is actually concave. Brascamp and Lieb [12] showed that,

if f (u) = λu (λ is then necessarily the principal eigenvalue of the Laplacian with
Dirichlet boundary condition), then the principal eigenfunction u is quasiconcave
and more precisely it is log-concave, that is logu is concave. The proof uses the
fact that log-concavity is preserved by the heat equation (but quasiconcavity is not
in general, see [24]). When f (u) = λup with 0 < p < 1 and λ > 0, Keady [29] for
N = 2 and Kennington [30] for N ≥ 2 proved that u(1−p)/2 is concave, whence u
is quasiconcave. Many generalizations under more general assumptions on f and
alternate proofs have been given. A possible strategy is to prove that g(u) is concave
for some suitable increasing function g, by showing that

g(u(tx+(1− t)y))− tg(u(x))− (1− t)g(u(y))≥ 0 for all (t,x,y) ∈ [0,1]×Ω ×Ω



Geometric properties of superlevel sets of semilinear elliptic equations 3

and by using the elliptic maximum principle or the preservation of concavity of g(u)
by a suitable parabolic equation, see [15, 21, 27, 28, 30, 31, 32, 37]. Other strategies
consist in studying the sign of the curvatures of the level sets of u or in proving
that the Hessian matrix of g(u) for some suitable increasing g has a constant rank,
see [3, 11, 14, 34, 36, 44]. Lastly, we refer to [4, 19] for further references using
the quasiconcave envelope and singular perturbations arguments, and to the book of
Kawohl [26] for a general overview.

The following result is the first counterexample to the quasiconcavity of solutions
u of (2) in convex domains Ω and can be found in [23] . We give here the proof of
the following result.

Theorem 1.1 In dimension N = 2, there are some smooth bounded convex do-
mains Ω and some C∞ functions f : [0,+∞)→ R such that

f (s)≥ 1 for all s ≥ 0

and for which problem (2) admits both a quasiconcave solution v and a solution u
which is not quasiconcave.

Remark 1.2 It would be interesting to study the stability of the solution constructed
in Theorem 1.1 in connection with results of Cabré and Chanillo [13]. We refer the
reader to the remark at this end of this paper.

2 Counterexamples in convex domains and proof of the theorem

We construct explicit examples of bounded smooth convex two-dimensional do-
mains Ω and of functions f for which problem (2) admits some non-quasiconcave
solutions u. The construction is divided into five main steps. Firstly, we define a
one-parameter family (Ωa)a≥1 of more and more elongated stadium-like convex
domains. Secondly, for each value of the parameter a ≥ 1, we solve a variational
problem in H1

0 (Ωa) with a nonlinear constraint, whose solution ua solves an elliptic
equation of the type (2) in Ωa with some function fa. Thirdly, we prove some a pri-
ori estimates for the superlevel sets of the functions ua. Next, we compare ua with
a one-dimensional profile in Ωa when a is large enough. Lastly, we show that the
superlevel sets of the functions ua cannot be all convex when a is large enough.

As a preliminary step, let us fix a C∞ function g : R→ [0,1] such that

g = 0 on (−∞,1], g = 1 on [2,+∞) and g′ ≥ 0 on R. (3)

The function g is fixed throughout the proof.
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Step 1: construction of a family of smooth bounded convex domains (Ωa)a≥1.

We first introduce a family of stadium-like smooth convex domains. Let φ : [−1,1]→
R be a fixed continuous nonnegative concave even function such that φ(±1) = 0.
For a ≥ 1, we define

Ωa =
{
(x,y) ∈ R2; −a−φ(y)< x < a+φ(y), −1 < y < 1

}
(4)

and we choose φ once for all so that Ω1 (and then Ωa for every a ≥ 1) be of class
C2,α with α > 0 (this means that φ is of class C2,α

loc (−1,1) and that φ satisfies some
compatibility conditions at ±1). The C2,α bounded domains Ωa for a ≥ 1 are all
convex and axisymmetric with respect to both axes {x = 0} and {y = 0}, see Fig-
ure 1.

-a a

1

-1

0
a

Fig. 1 The convex stadium-like domain Ωa

Our goal is to show that the conclusion of Theorem 1.1 holds with these convex
domains Ωa and some functions fa, when a is large enough.

Step 2: a constrained variational problem in Ωa.

In this step, we fix a parameter a ≥ 1. We construct a C2,α(Ωa) function ua as a
minimizer of a constrained variational problem in Ωa.

Let Ia be the functional defined in H1
0 (Ωa) by

Ia(u) =
1
2

∫
Ωa

|∇u|2 −
∫

Ωa

u, u ∈ H1
0 (Ωa).

It is well-known that this functional has a unique minimizer in H1
0 (Ωa), which is the

classical C2,α(Ωa) solution va of the torsion problem{
∆va +1 = 0 in Ωa,

va = 0 on ∂Ωa.
(5)
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It follows from the strong maximum principle and the definition of Ωa that

0 < va(x,y)<
1− y2

2
for all (x,y) ∈ Ωa. (6)

This function va is also known to be quasiconcave in Ωa, see [38].
We are then going to replace va by a function ua which minimizes the func-

tional Ia over a nonlinear subset of H1
0 (Ωa) and which will be our non-quasiconcave

candidate for a problem of the type (2).
To do so, let us now define

Ua =
{

u ∈ H1
0 (Ωa);

∫
Ωa

g(u) = 1
}
.

Since the Lebesgue measure |Ωa| of Ωa is larger than 1, the set Ua is not empty:
for instance, by continuity of the map R ∋ t 7→

∫
Ωa

g(tva), there is a real number
ta ∈ (0,+∞) such that tava ∈ Ua. Furthermore, it is straightforward to check, us-
ing Poincaré’s inequality together with Rellich’s and Lebesgue’s theorems, that the
minimum of the functional Ia over the set Ua is reached, by a function ua ∈Ua, that
is

Ia(ua) = min
u∈Ua

Ia(u).

We observe that g′(ua)∈ L∞(Ωa) is not the zero function. Otherwise, the gradient
∇g(ua) of the H1(Ωa) function g(ua) would be equal to ∇g(ua) = g′(ua)∇ua = 0
a.e. in Ωa and, by definition of Ua, g(ua) would then be equal to the positive constant
1/|Ωa| a.e. in Ωa. Due to (3), there would then exist m > 0 such that ua ≥ m a.e. in
Ωa, contradicting the fact that ua ∈ H1

0 (Ωa) has a zero trace on ∂Ωa. Hence, g′(ua)
cannot be the zero function and the differential of the map H1

0 (Ωa) ∋ u 7→
∫

Ωa
g(u)

is not zero at ua.
From the Euler-Lagrange formulation and elliptic regularity theory, any such

minimizer ua is then a classical C2,α(Ωa) solution of an equation of the type{
∆ua + fa(ua) = 0 in Ωa,

ua = 0 on ∂Ωa,
(7)

where
fa(s) = 1+µa g′(s) for s ∈ R

and µa ∈R is a Lagrange multiplier. Observe that the function fa is of class C∞(R).
Furthermore,

∆(ua − va) =−µag′(ua)

has a constant sign in Ωa, since g′ is nonnegative. As a consequence of the maximum
principle, the function ua − va itself has a constant sign in Ωa. But

max
Ωa

ua > 1 (8)
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because of (3) and by definition of Ua. Therefore, from (6), the function va cannot
majorize ua. The strong maximum principle finally implies that

0 < va(x,y)< ua(x,y) for all (x,y) ∈ Ωa. (9)

Thus, the function ua is a classical solution of the problem (2) in Ωa with the func-
tion fa. Notice also that the sign of ∆(ua −va) is therefore nonpositive and, since ua
and va are not identically equal, one has µa > 0. In particular,

fa(s)≥ 1 for all s ∈ R. (10)

On the other hand, since fa(s) = 1 for all s ≥ 2 because of (3), the maximum prin-
ciple also yields

ua(x,y)<
1− y2

2
+2 for all (x,y) ∈ Ωa. (11)

The uniqueness of the minimizer ua of Ia in the set Ua is not clear, and is anyway
not needed in the sequel. However, we point out an important geometrical property
fulfilled by ua, which will be used in the next step. Namely, since Ωa is convex and
symmetric with respect to the axes {x = 0} and {y = 0}, it follows from [18] that
ua is even in x and y and is decreasing with respect to |x| and |y|.

In the sequel, we are going to show that, for a large enough, the conclusion of
Theorem 1.1 holds with Ωa, fa and ua, that is, the minimizers ua have some non-
convex superlevel sets. Notice that fa satisfies (10), as stated in Theorem 1.1.

Before going further on, we also point out that the solution va of the torsion
problem (5) also solves the same equation (2) as ua, with fa in Ωa, because of (6)
and the fact that fa = 1 on [0,1]⊃ [0,1/2] due to (3). Therefore, problem (2) with fa
in Ωa admits the solution va, which is always quasiconcave by [38] applied to (5),
whereas the solutions ua will be proved to be non-quasiconcave for a large.

Step 3: a priori estimates of the size of a superlevel set of the functions ua.

In this step, we study the location of the superlevel sets

ωa =
{
(x,y) ∈ Ωa; ua(x,y)> 1

}
of the minimizers ua of Ia in Ua when a is large. From (8) and the remarks of the
previous step, the sets ωa are non-empty open sets, they are all symmetric with
respect to the axes {x = 0} and {y = 0}, and they are convex with respect to both
variables x and y.

The key-point in this step is to show a uniform control of the size of the sets ωa.
We first begin with a bound in the x-direction, meaning that the sets ωa are not too
elongated.

Lemma 2.1 There exists a constant Cx > 0 such that
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0 ≤ sup
(x,y)∈ωa

|x|<Cx (12)

for any a ≥ 1 and for any minimizer ua of Ia in Ua.

a

-C
-C

C

Cx x
y

y u  >1a

a

u  1a

Fig. 2 The set ωa where ua > 1

Proof. The proof is divided into two main steps. We first estimate from above the
quantities Ia(ua) by introducing a suitable test function in the set Ua, which is not
too far from the one-dimensional function y 7→ (1−y2)/2. Then, we estimate Ia(ua)
from below by observing that if ua(x,0) is larger than 1 then the contribution of
ua(x, ·) to Ia(ua) in the section Ωa ∩ ({x}×R) will be uniformly larger than that of
the minimizer y 7→ (1−y2)/2. This eventually provides a control of the size of such
points x and then of the size of ωa, independently of a.

Throughout the proof, one can assume without loss of generality that a is any
real number such that a ≥ 2 (since sup(x,y)∈Ωa

|x| ≤ a+∥φ∥L∞(−1,1) for all a ≥ 1 by
the definition (4) of Ωa). We consider any minimizer ua of the functional Ia in the
set Ua and we set

xa = sup
(x,y)∈ωa

|x|. (13)

Let us first bound Ia(ua) from above by using the minimality of ua and comparing
Ia(ua) with the value of Ia at some suitably chosen test function. Let w be a fixed
C∞(R2) nonnegative function such that

w = 0 in R2\(−1,1)2 and w > 0 in [−2/3,2/3]2.

The function w is independent of a. Let ϕ0 be the H1
0 (−1,1) function defined by

ϕ0(y) =
1− y2

2
for all y ∈ [−1,1]. (14)

We point out that ϕ0 is the unique minimizer in H1
0 (−1,1) of the functional J defined

by

J(ϕ) =
1
2

∫ 1

−1
ϕ ′(y)2dy−

∫ 1

−1
ϕ(y)dy, ϕ ∈ H1

0 (−1,1). (15)
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From Lebesgue’s dominated convergence theorem, the function

G : t 7→
∫
(−1,1)2

g(ϕ0(y)+ t w(x,y))dxdy

is continuous in R. Furthermore, G(0) = 0 from (3) and (14), and

lim
t→+∞

G(t) =
∫
{w(x,y)>0}

dxdy ≥
(4

3

)2
> 1.

Therefore, there is t0 ∈ (0,+∞), independent of a, such that

G(t0) =
∫
(−1,1)2

g(ϕ0(y)+ t0w(x,y))dxdy = 1.

Let us now consider the test function wa defined in Ωa by

wa(x,y) = ϕ0(y)χa(x)+ t0w(x,y),

where χa : R→ [0,1] is even and defined in [0,+∞) by

χa(x) =


1 if x ∈ [0,a−1],
a− x if x ∈ (a−1,a),
0 if x ≥ a.

The function wa belongs to H1
0 (Ωa). Furthermore, since a ≥ 2, one has

wa(x,y) = ϕ0(y)+ t0w(x,y) for all (x,y) ∈ (−1,1)2,

while

wa(x,y) = ϕ0(y)χa(x)≤ ϕ0(y)< 1 for all (x,y) ∈ Ωa\(−1,1)2.

Therefore,∫
Ωa

g(wa) =
∫
(−1,1)2

g(wa) =
∫
(−1,1)2

g(ϕ0(y)+ t0w(x,y))dxdy = G(t0) = 1.

In other words, wa ∈Ua. By definition of ua, one infers that

Ia(ua)≤ Ia(wa). (16)

Let us now estimate Ia(wa) from above. By using the facts that the domain Ωa is
symmetric in x and that the function χa is even in x and by decomposing the integral
Ia(wa) into three subdomains, one gets that
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Ia(wa) (17)

=
∫
(−1,1)2

|∇(ϕ0(y)+ t0w(x,y))|2

2
dxdy−

∫
(−1,1)2

(ϕ0(y)+ t0w(x,y))dxdy

+2
∫
(1,a−1)×(−1,1)

|∇ϕ0(y)|2

2
dxdy−2

∫
(1,a−1)×(−1,1)

ϕ0(y)dxdy

+2
∫
(a−1,a)×(−1,1)

|∇(ϕ0(y)χa(x))|2

2
dxdy−2

∫
(a−1,a)×(−1,1)

ϕ0(y)χa(x)dxdy

=2(a−2)J(ϕ0)+β ,

where β is a real number which does not depend on a (it is indeed immediate to
see by setting x = x′+a in the last two integrals of (17) that these quantities do not
depend on a). Finally, it follows from (16) and (17) that

Ia(ua)≤ 2(a−2)J(ϕ0)+β . (18)

In the second step, we bound Ia(ua) from below. On the set Ωa\(−a,a)×(−1,1),
one simply uses the fact that∫

Ωa\(−a,a)×(−1,1)

( |∇ua|2

2
−ua

)
≥−

∫
Ωa\(−a,a)×(−1,1)

5
2
≥−10∥φ∥L∞(−1,1)

from (11) and from the definition (4) of Ωa. Therefore,

Ia(ua) ≥
∫
(−a,a)×(−1,1)

( |∇ua|2

2
−ua

)
−10∥φ∥L∞(−1,1)

≥
∫ a

−a
J(ua(x, ·))dx−10∥φ∥L∞(−1,1),

(19)

where the functional J has been defined in (15) and where we have used the fact
that ua(x, ·) belongs to H1

0 (−1,1) for all x ∈ (−a,a). Remember that ϕ0 is the
(unique) minimizer of J. As a consequence,

J(ua(x, ·))≥ J(ϕ0) for all x ∈ (−a,a). (20)

On the other hand, by definition of xa in (13) and by convexity and symmetry of ωa
with respect to both variables x and y, it follows that (x,0)∈ ωa for all x ∈ (−xa,xa),
whence

ua(x,0)> 1 > ϕ0(0) for all x ∈ (−xa,xa).

Hence, there is a positive real number γ > 0, independent of a, such that

∥ua(x, ·)−ϕ0∥H1(−1,1) ≥ γ > 0 for all x ∈ (−xa,xa).

By definition of ϕ0 and from the coercivity of the functional J, one infers the exis-
tence of a positive constant δ > 0, independent of a, such that
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J(ua(x, ·))≥ J(ϕ0)+δ for all x ∈ (−xa,xa).

From (19) and (20), one then gets that

Ia(ua)≥ 2δ min(xa,a)+2aJ(ϕ0)−10∥φ∥L∞(−1,1). (21)

Putting together (18) and (21) with the inequality xa −∥φ∥L∞(−1,1) ≤ min(xa,a)
yields

2δ (xa −∥φ∥L∞(−1,1))+2aJ(ϕ0)−10∥φ∥L∞(−1,1) ≤ 2(a−2)J(ϕ0)+β ,

where β > 0 and δ > 0 are independent of a. Hence, there exists a constant Cx > 0,
independent of a, such that 0 ≤ xa < Cx, that is (12). The proof of Lemma 2.1 is
thereby complete. □

The second lemma gives a bound from below of the “vertical” size of the sets
ωa, meaning that the sets ωa are not too thin. We just state the lemma, which is an
immediate consequence of Lemma 2.1 and the definition of Ua.

Lemma 2.2 There exists a constant Cy > 0 such that

0 <Cy < sup
(x,y)∈ωa

|y| (22)

for any a ≥ 1 and for any minimizer ua of Ia in Ua.

Step 4: comparison of ua(x,y) with ϕ0(y) when a is large.

In this step, we prove that the minimizers ua of Ia in Ua are close to the one-
dimensional profile ϕ0(y) = (1− y2)/2 far away from the origin and far away from
the leftmost and rightmost points of Ωa in the direction x.

Lemma 2.3 For all ε > 0, there exist A ≥ 1 and M ∈ [0,A/2] such that

|ua(x,y)−ϕ0(y)|=
∣∣∣ua(x,y)−

1− y2

2

∣∣∣
≤ε in

(
[−a+M,−M]∪ [M,a−M]

)
× [−1,1] (⊂ Ωa),

for all a ≥ A and for any minimizer ua of Ia in Ua.

Proof. Assume that the conclusion does not hold for some ε > 0. Then there are
some sequences (an)n∈N and (xn,yn)n∈N of real numbers and points in R2 such that

an ≥ n,
n
2
≤ |xn| ≤ an−

n
2
, |yn| ≤ 1, |uan(xn,yn)−ϕ0(yn)|> ε for all n∈N, (23)

where uan is a minimizer of the functional Ian in the set Uan . For each n ∈ N, define
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un(x,y)= uan(x+xn,y) for all (x,y)∈Ωan −(xn,0)=
{
(x,y)∈R2; (x+xn,y)∈Ωan

}
.

Each function un satisfies a semilinear elliptic equation of the type (7) in Ωan −
(xn,0) with a nonlinearity fan = 1+ µang′ for some µan ∈ R. Lemma 2.1 and (9)
imply that

0 < uan(x,y)≤ 1 for all n ∈ N and (x,y) ∈ Ωan\(−Cx,Cx)× (−1,1).

Hence, because of (3) and (23), for every fixed C ≥ 0, there holds

0 ≤ un(x,y)≤ 1 and ∆un(x,y)+1 = 0 for all (x,y) ∈ [−C,C]× [−1,1],

for all n large enough. From standard elliptic estimates up to the boundary, it
follows that, up to extraction of a subsequence, the functions un converge in
C2

loc(R× [−1,1]) to a classical solution u∞ of
∆u∞ +1 = 0 in R× [−1,1],
0 ≤ u∞ ≤ 1 in R× [−1,1],

u∞ = 0 on R×{±1}.

Without loss of generality, one can also assume that yn → y∞ ∈ [−1,1] as n →+∞,
whence

|u∞(0,y∞)−ϕ0(y∞)| ≥ ε (24)

from (23).
On the other hand, a standard Liouville-type result implies that u∞ is necessarily

identically equal to the one-dimensional profile ϕ0(y) in R× [−1,1]. Indeed, the
function h(x,y) = u∞(x,y)− ϕ0(y) is bounded and harmonic in R× [−1,1], and it
vanishes on R×{±1}. The maximum principle implies that

|h(x,y)| ≤ η cos
(πy

4

)
cosh

(πx
4

)
for all (x,y) ∈ R× [−1,1] and for all η > 0 (otherwise, the same inequality would
hold in R× [−1,1] for some η∗ > 0, with equality at some point in R× (−1,1),
contradicting the strong maximum principle). Thus, since η > 0 can be arbitrarily
small, one gets that h(x,y) = 0 for all (x,y) ∈ R× [−1,1]. In other words,

u∞(x,y) = ϕ0(y) for all (x,y) ∈ R× [−1,1].

This is in contradiction with (24) and the proof of Lemma 2.3 is thereby complete.
□
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Step 5: the superlevel sets of the minimizers ua cannot be all convex when a is
large enough.

In this last step, we complete the proof of Theorem 1.1. Actually, Lemma 2.2 and
the one-dimensional convergence given in Lemma 2.3 will prevent any minimizer ua
of Ia in Ua from being quasiconcave when a is large enough.

Given Cy > 0 as in Lemma 2.2, let P, Qa and Ra be the points of R2 whose
coordinates are given by

P = (0,Cy), Qa =
(a

4
,
Cy

2

)
and Ra =

(a
2
,0
)

for all a ≥ 1, see Figure 3. From Lemma 2.2 and the convexity and symmetry of ωa
with respect to x and y, there holds P ∈ ωa, that is,

ua(P)> 1

for any minimizer ua of Ia in Ua. On the other hand, the point Ra belongs to Ωa for
all a ≥ 1 by definition (4) of Ωa and the point Qa is at the middle of the segment
[P,Ra] and is thus in Ωa too by convexity of Ωa.

P Q R
a/4 a/2

a a
a

Fig. 3 The aligned points P, Qa and Ra

Furthermore, Lemma 2.3 implies that

ua(Qa)−→
1− (Cy/2)2

2
=

1
2
−

C2
y

8
and ua(Ra)−→

1
2

as a →+∞,

for any minimizer ua of Ia in Ua. As a consequence, given any real number λ such
that

1
2
−

C2
y

8
< λ <

1
2
,

one has
ua(Qa)< λ < ua(Ra)< 1 < ua(P) for all a large enough
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and for any minimizer ua of Ia in Ua. Since the point Qa belongs to the segment
[P,Ra], it follows that, for a large enough, the superlevel set{

(x,y) ∈ Ωa; ua(x,y)> λ
}

(25)

of any minimizer ua of Ia in Ua is not convex, whence ua is not quasiconcave. The
proof of Theorem 1.1 is thereby complete. □

Remark 2.4 By replacing Qa by Q̃a = (εa,(1 − 2ε)Cy) and by choosing ε ∈
(0,1/2) arbitrarily small, it follows from the above arguments that, given any real
number λ such that

1−C2
y

2
< λ <

1
2
,

the superlevel set (25) of any minimizer ua of Ia in Ua is not convex when a is large
enough.

Remark 2.5 We comment on the stability properties of the solution ua previously
constructed. The functions ua minimize the functional∫

Ωa

1
2
|∇ϕ |2 −ϕ −µag(ϕ)

in the set of H1
0 (Ωa) functions ϕ such that∫

Ωa

g(ϕ) = 1.

So the space associated to the negative eigenvalues of the linearized equation

−∆ψ − f ′a(u)ψ =−∆ψ −µag′′(u)ψ

is at most one-dimensional.

References

1. A. Acker, On the nonconvexity of solutions in free-boundary problems arising in plasma
physics and fluid dynamics, Comm. Pure Appl. Math. 42 (1989), 1165-1174. Addendum,
Comm. Pure Appl. Math. 44 (1991), 869-872.

2. A. Acker, On the uniqueness, monotonicity, starlikeness, and convexity of solutions for a
nonlinear boundary value problem in elliptic PDEs, Nonlinear Anal. Theo. Meth. Appl. 22
(1994), 697-705.

3. A. Acker, L.E. Payne, G. Philippin, On the convexity of level lines of the fundamental mode
in the clamped membrane problem, and the existence of convex solutions in a related free
boundary problem, Z. Angew. Math. Phys. 32 (1981), 683-694.

4. O. Alvarez, J.-M. Lasry, P.-L. Lions, Convex viscosity solutions and state constraints, J. Math.
Pures Appl. 76 (1997), 265-288.
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13. X. Cabré, S. Chanillo, Stable solutions of semilinear elliptic problems in convex domains,
Selecta Math. (N.S.) 4 (1998), 1-10.

14. L.A. Caffarelli, A. Friedman, Convexity of solutions of semilinear elliptic equations, Duke
Math. J. 52 (1985), 431-456.

15. L.A. Caffarelli, J. Spruck, Convexity properties of solutions to some classical variational
problems, Comm. Part. Diff. Equations 7 (1982), 1337-1379.

16. A. Colesanti, P. Salani, Quasi-concave envelope of a function and convexity of level sets of
solutions to elliptic equations, Math. Nachr. 258 (2003), 3-15.

17. R. Gabriel, A result concerning convex level surfaces of 3-dimensional harmonic functions,
J. London Math. Soc. 32 (1957), 286-294.

18. B. Gidas, W.N. Ni, L. Nirenberg, Symmetry and related properties via the maximum principle,
Comm. Math. Phys. 68 (1979), 209-243.

19. F. Gladiali, M. Grossi, Strict convexity of level sets of solutions of some nonlinear elliptic
equations, Proc. Royal Soc. Edinburgh A 134 (2004), 363-373.

20. A. Greco, Extremality conditions for the quasi-concavity function and applications, Arch.
Math. 93 (2009), 389-398.

21. A. Greco, G. Porru, Convexity of solutions to some elliptic partial differential equations,
SIAM J. Math. Anal. 24 (1993), 833-839.

22. M. Grossi, R. Molle, On the shape of the solutions of some semilinear elliptic problems,
Comm. Contemp. Math. 5 (2003), 85-99.

23. F. Hamel, N. Nadirashvili, Y. Sire, Convexity of level sets for elliptic problems in convex
domains or convex rings: two counterexamples, Amer. J. Math., forthcoming.

24. K. Ishige, P. Salani, Is quasi-concavity preserved by heat flow? Arch. Math. 90 (2008), 450-
460.

25. B. Kawohl, A geometric property of level sets of solutions to semilinear elliptic Dirichlet
problems, Appl. Anal. 16 (1983), 229-233.

26. B. Kawohl, Rearrangements and Convexity of Level Sets in Partial Differential Equations,
Lect. Notes Math. 1150, Springer-Verlag, 1985.

27. B. Kawohl, When are solutions to nonlinear elliptic boundary value problems convex ?
Comm. Part. Diff. Equations 10 (1985), 1213-1225.

28. B. Kawohl, A remark on N. Korevaar’s concavity maximum principle and on the asymptotic
uniqueness of solutions to the plasma problem, Math. Meth. Appl. Sci. 8 (1986), 93-101.

29. G. Keady, The power concavity of solutions of some semilinear elliptic boundary-value prob-
lems, Bull. Aust. Math. Soc. 31 (1985), 181-184.

30. A.U. Kennington, Power concavity and boundary value problems, Indiana Univ. Math. J. 34
(1985), 687-704.

31. A.U. Kennington, Convexity of level curves for an initial value problem, J. Math. Anal. Appl.
133 (1988), 324-330.



Geometric properties of superlevel sets of semilinear elliptic equations 15

32. N.J. Korevaar, Convex solutions to nonlinear elliptic and parabolic boundary value problems,
Indiana Univ. Math. J. 32 (1983), 603-614.

33. N.J. Korevaar, Convexity of level sets for solutions to elliptic rings problems, Comm. Part.
Diff. Equations 15 (1990), 541-556.

34. N.J. Korevaar, J.L. Lewis, Convex solutions of certain elliptic equations have constant rank
Hessians, Arch. Ration. Mech. Anal. 97 (1987), 19-32.

35. P. Laurence, E. Stredulinsky, Existence of regular solutions with convex level sets for semi-
linear elliptic equations with nonmonotone L1 nonlinearities. II. Passage to the limit, Indiana
Univ. Math. J. 39 (1990), 485-498.

36. C.-S. Lin, Uniqueness of least energy solutions to a semilinear elliptic equations in R2,
Manuscripta Math. 84 (1994), 13-19.

37. P.-L. Lions, Two geometrical properties of solutions of semilinear problems, Appl. Anal. 12
(1981), 267-272.

38. L.G. Makar-Limanov, The solution of the Dirichlet problem for the equation ∆u = −1 in a
convex region, Mat. Zametki 9 (1971), 89-92.

39. R. Monneau, H. Shahgholian, Non-convexity of level sets in convex rings for semilinear ellip-
tic problems, Indiana Univ. Math. J. 54 (2005), 465-471.

40. L.E. Payne, On two conjectures in the fixed membrane eigenvalue problem, Z. Angew. Math.
Phys. 24 (1973), 721-729.

41. P. Salani, Starshapedness of level sets of solutions to elliptic PDEs, Appl. Anal. 84 (2005),
1185-1197.

42. J. Serrin, Removable singularities of solutions of elliptic equations, Arch. Ration. Mech. Anal.
17 (1964), 67-78.

43. R.P. Sperb, Extensions of two theorems of Payne to some nonlinear Dirichlet problems, Z.
Angew. Math. Phys. 26 (1975), 721-726.

44. L. Xu, A microscopic convexity theorem of level sets for solutions to elliptic equations, Calc.
Var. 40 (2011), 51-63.


