Decay estimates in time for classical
and anomalous diffusion

Elisa Affili, Serena Dipierro and Enrico Valdinoci

Abstract We present a series of results focused on the decay in time of solutions of
classical and anomalous diffusive equations in a bounded domain. The size of the
solution is measured in a Lebesgue space, and the setting comprises time-fractional
and space-fractional equations and operators of nonlinear type. We also discuss how
fractional operators may affect long-time asymptotics.

1 Decay estimates, methods, results and perspectives

In this note we present some results, recently obtained in [2, 19], focused on the
long-time behavior of solutions of evolution equations which may exhibit anoma-
lous diffusion, caused by either time-fractional or space-fractional effects (or both).
The case of several nonlinear operators will be also taken into account (and indeed
some of the results that we present are new also for classical diffusion run by non-
linear operators).

The results that we establish give quantitative bounds on the decay in time of
smooth solutions, confined in a smooth bounded set with Dirichlet data. The size
of the solution will be measured in classical Lebesgue spaces, and we will detect
different types of decays according to the different cases that we take into consid-
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eration (the main order of decay being affected by the structure of the diffusion in
time and by the possible nonlinear character of the spatial operator).

The evolution equation that we take into account is very general, and it can be
written as an initial datum problem with homogeneous external Dirichlet condition
of the type

MIFu+ du+ Au =0 inQ x (0,+o),
u=0 in (R"\ Q) x (0,+0e0), e
u(-,0) =up(-) in Q.

In this setting, u = u(x,) is a smooth solution of (1), 2 is a bounded set of R”
with smooth boundary (and we are not trying here to optimize the smoothness as-
sumptions on the solution or on the domain), the convex parameters A;, A, € [0, 1]
are such that A; + A, = 1, the (possibly nonlinear) operator .#” acts on the space
variable x, and the time-fractional parameter o lies in (0, 1).

Also, in our setting, the symbol J%* stands for the so-called Caputo time-
fractional derivative, defined, up to normalizing constants that we omit for sim-

plicity, by
a . d /’ v(t) —v(0)
dtv(t) := 7 Jo 7@_7)“ dar.

Such a time-fractional derivative naturally arises in many context, including geo-
physics [14], neurology [18,36] (see also [29] and the references therein) and vis-
coelasticity [5], and can be seen as a natural consequence of classical models of
diffusion in highly ramified media such as combs [4]. In addition, from the math-
ematical point of view, equations involving the Caputo derivatives can be framed
into the broad line of research devoted to Volterra type integrodifferential operators,
see [28,40].

The operator .4/ in (1) takes into account the diffusion in the space variable, and
can be either of classical or of fractional type, and concrete choices will be made in
what follows. More precisely, our setting always comprises, as particular situations,
the cases of diffusion driven by the Laplacian or by the fractional Laplacian, defined
by

u(x)—u
(—A)u(x) == /Rnb(c—)yw(z“)dy’ with s € (0,1)
where the integral is taken in the principal value sense (to allow cancellations near
the singularity).

In our framework, we also deal with the case in which .4 is nonlinear, studying

the cases of the classical p-Laplacian and porous media diffusion (see [17,39])

Ap™ = div(|Vu™|P2Vi™), with p € (1,400) and m € (0, +o0),

the case of graphical mean curvature, given in formula (13.1) of [23],
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div [ %)
V14 |Vul?

the case of the fractional p-Laplacian (see e.g. [10])

(-t = [ OO )

‘x7y|n+sp

with p € (1,4+0e0) and s € (0,1),
and possibly even the sum of different nonlinear operator of this type, with coeffi-
cients f3; > 0,

N
Y Bi(—4)ju, with p; € (1,+) and s; € (0, 1),
=1

the case of the anisotropic fractional Laplacian, that is the sum of fractional direc-
tional derivatives in the directions of the space e;, given by

(—A Z (=07 )% u(x)
for B; >0, B = (Bi,...,Bs) and 6 = (01,...,0,), where

() [ 1) = ulx+pe)
(~02)ux) = | dp.

p1+26j

considered for example in [20]. The list of possible diffusion operators continues
with two fractional porous media operators (see [13,33])

P s(u) = (=A)'u" with s € (0,1) and m € (0, +o0),
and P (u) := —div(uVZ(u)), where % (u)(x) ::/ b%dy
R [x — Y|
and s € (0,1),

the graphical fractional mean curvature operator (see [6])
' u(x)—u(Hy)) dy
HC° (u)(x ::/ F( -,
( )( ) Jrn |y| |y|n+s
r d
with s € (0,1) and F(r) ::/ L
0 (1+7

n+|+v ’
?) 2

the classical Kirchhoff operator for vibrating strings

H () () = =M (Va2 ) ) Au(),
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and the fractional Kirchhoff operator (see [21])

<//Rann ly— Y|n(+2)szd dY) (—A)’u(x),

with M : [0,+00) — [0,4o0) nondecreasing and s € (0, 1).

The case of complex valued operators is also considered, in view of a classical
(see [26]) and fractional (see [32]) magnetic settings, in which we took into account
the operators

Mu:=—(V —iA)’u,
and Au(x):= /n ulx) =

t(x y)A(Xﬂ )u(

|x_y‘n+25

y)

dy, with s € (0,1),

where A : R" — R" represents the magnetic field.

For further motivations and additional details on these operators, we refer to [2,
19]: here we just mention that, given the general assumptions that we take, the oper-
ator .4 in (1) comprises many cases of interest in both pure and applied mathemat-
ics, with applications in several disciplines, see for instance [11,27,30] for detailed
discussions on anomalous diffusion with several applications in different contexts.

In our setting, we will obtain decay estimates in suitable Lebesgue spaces L' (Q),
for some appropriate exponent £ > 1. The typical estimate that we establish is that
all solutions u of (1) satisfy

Ju0) i) SCOF)  foralls > 1, @

where C* > 0 depends on the structural assumptions of the problem (namely on €2,
Ay Aa, &, A, up and £), and © : [1,+o0) — (0, +o0) is an appropriate decay func-
tion, described here below in concrete situations, possibly depending on another
constant C > 0. The proof of the decay in (2) relies on energy estimates, which
are in turn based on suitable Sobolev embeddings that employ the “parabolic”
structure of the problem, leading to an appropriate ordinary differential inequal-
ity (if A; in (1) is equal to zero), or an appropriate integral inequality (if 4; = 1),
or a mixed differential/integrodifferential inequality (if A; € (0, 1)), for the norm-
map ¢ +— [lu(-,7)||¢(q)-The solutions of the equations related to those inequalities
are used as barrlers and compared to the function ||u(-,)|| 1/(@)» as presented in
Theorem 1.1 of [19] and Theorems 1.1 and 1.2 of [2].

More precisely, the “elliptic” character of the spatial diffusive operator is encoded
in an inequality of the type

|[ee(-,2 )||[ 1+7 C'/_(.Z|u(x,t)|[72§}1€(ﬁ(x,t)JVu(x,t))dx, 3)
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where ¥ and C are positive structural constants, “Re”” denotes the real part and u is
the complex conjugate of u (in case the problem is set in the reals, the inequality
in (3) obviously simplifies).

We observe that (3) becomes more transparent when ¢ = 2 and A4 'u = —Au,
with u real valued: in such a case, after an integration by parts which takes into
account the Dirichlet datum of u, the inequality in (3) boils down to the classical
Sobolev-Poincaré inequality with y = 1.

Once the inequality in (3) is established for the operator .#” under consideration,
one obtains a bound in terms of an ordinary differential equation, or more generally
of a nonlinear integral equation on the variable ¢: depending on 7y and on the type
of time-derivative, this provides an estimate on the decay in ¢ of the norm-map ¢
l|u(-,2)[| ¢ (2> which can be either polynomial or exponential (in particular, different
operators .//” can lead to different values of y and therefore to different asymptotics
in time for the solution ).

This strategy, suitably adapted to the different situations, applies to many oper-
ators: the concrete cases that we comprise are listed explicitly in Tables 1 and 2,
which presents the main results achieved in [2, 19]. For the first table, the theorems
cited in the last column are the ones proving (3) and a decay estimate in the case
A1 =1 and A; = 0 for the operators in their row. Then, combining these results
with Theorem 1.1 and 1.2 of [2], the declared estimates trivially follow. However,
in Table 1 for the first time we apply the estimates for the case A, = 1 of [2] to the
operators analyzed in [19], stating the expected decays in a quantitative way.

Table 1: Results from [19].

Operator ./~ | Values of 1;, A, |Range of /| Decay O (t) Reference
Nonlinear
classical Apit” ﬁ' €O 1 4o ! Thm 1.2 [19]
diffusion 2€[0,1) rmip=1)
Nonlinear
A,u™ 2{1 =0 1
classical . P 1,40 Thm 1.2 [19]
diffusion |V (mp) £ (LD A=1 1) AT
Bi-Laplacian Asu ﬁ‘ :(1) [1,4o0) e T Thm 1.2 [19]
) =
Graphical A
- Vu 1 €(0,1] 1
1,400 5 Thm 1.5 [1
man | () |RER [ pee |4 s
Graphical _ ,
mean div ( ljluv ‘2> %l - (1) [1,+oo) e ¢ Thm 1.5 [19]
curvature ! 2=
Fractional (—A)u A € (0,1] (1, 4o0) 1 Thm 1.6 [19]
p-Laplacian p A €[0,1) ’ = ’

Continued on next page
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Table 1 — Continued from previous page

Operator ./~ | Values of 1;, A, |[Range of /|Decay rate ©®| Reference

Fractional R M=0 1
p-Laplacian | (—A)h P >2 o [1,+oo) = Thm 1.6 [19]
Fractional R M =0 1t
p-Laplacian | (AP <2 1 (1, +c0) et Thm 1.6 [19]
Superposition| Cy 5 s
of fractional Zf:'_lflf( A)(”)‘fu’ i] g f(())’llg [1,4) L Thm 1.7 [19]
p-LaplacianS Wit B, > 2 B} ¢ Pmax —1
Superposition| Y, B;(—A),u, A —0
of fractional|  with ;>0 1 [1,+eo) ! Thm 1.7 [19]
p-Laplacians |  and ppay > 2 2 £ pmax =2
Superposition| Y, B;(—A),u, A )
of fractional|  with §; >0 )Ll _ [1,4-o0) e ¢ Thm 1.7 [19]
p-Laplacians and pmax < 2 ?
Superposition
of anisotropic 1}’:1 Bj(—02)siu A € (0,1] N
fractional with 8; =0 A €10,1) [1,4e0) i@ Thm 1.8 [19]
Laplacians
Superposition
of anisotropic ):inzl Bj(—02)iu, M=0 1
fractional with B; > 0 A —1 [1,+e0) e Thm 1.8 [19]
Laplacians
Fractional

A€ (0,1
porous Py 5(u) 1€(0.1] [1,4o0) 4 Thm 1.9 [19]

. 12 € [O, 1) tm

media I
Fractional A =0
porous Pis(u), m>1 ).1 1 [1,4o0) L Thm 1.9 [19]
media I 2 e
Fractional =0 ,
porous P 5(w),m< 1 - X [1,+o0) et Thm 1.9 [19]
media I 2
Fractional
graphical 5 A€ (0,1] 1,400 € Thm 1.10 [1
mean curva- ) A el0,1) [14=) “ m 110 {19]
ture
Fractional
graphical 5 (u) M [1,+o0) e ¢C Thm 1.10 [19]
mean =1

curvature
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Table 2: Results from [2].

Operator .1 Values of 1, A, |Range of /|Decay rate © | Reference
Fractional
A € (0,1
porous P ;Ll c [(0 1)] [1,4e0) & Thm 1.3 [2]
media IT 2 ’ !
Fractional =0
porous P /ll 1 [1,4o0) % Thm 1.3 [2]
. 2 =
media II
Classical L€ (0,1]
Kirchhoff | J# (i) with M(0) > 0 P= [1,4o0) & Thm 1.4 2]
A €10,1) !
operator
Classical .
. H(u) with M(¢) =bt,| A €(0,1] 1
Kirchhoff b>0andn <4 A €[0,1) [1,+22) ki Thm 1.4 [2]
operator
Classical .
. A (u) with M(t) =bt,| A €(0,1] o 1
Kirchhoff b>0andn> 5 o e01) [1,-24) - Thm 1.4 [2]
operator
Classical A t
Kirchhoff | J# (u) with M(0) >0 /11 1 [1,+o0) e c Thm 1.4 [2]
operator 2
Classical .
.  (u) with M(r) = bt, M= 1
Kirchhoff b>0 A1 [1,4o0) 7 Thm 1.4 [2]
operator
Fractional
. . A € (0,1] 1
Kirchhoff Hs(u) with M(0) >0 [1,4c0) & Thm 1.5 [2]
A€ [07 1) 4
operator
Fractional |\ i M) = br,| A€ (0,1]
. =ot, 1 ) o 1
Kirchhoff b>0andn < 4s Belon) [1,4c0) T Thm 1.5 [2]
operator
Fractional | ) i () =br,| A € (0,1
. 2] ) 2n 1
Kirchhoff b>Oandn>ds | dpelon) | biw) g (ThmlS02
operator
Fractional 1 .
Kirchhoff Hs(u) with M(0) >0 =1 [1,4c0) e T Thm 1.5 [2]
operator 2
Fractional .
. Hy(u) with M(t) = br, M= 1
Kirchhoff b>0 T =1 [1,4o0) i Thm 1.5 [2]
operator

Continued on next page



8 Elisa Affili, Serena Dipierro and Enrico Valdinoci

Table 2 — Continued from previous page

Operator ./ Values of 1;, A, |[Range of /| Decay ©(r) | Reference

Classical
. 1

magnetic A (u) %1 g [(8’1)] [1,4c0) + Thm 1.6 [2]
operator 2 ’
Classical
magnetic M () il - (1) [1,+o0) e Thm 1.6 [2]
operator 2=
Fractional
magnetic Ms(u) il E [(8’]1)] [1,+e0) n Thm 1.7 [2]
operator 2 ’
Fractional
magnetic M(u) i‘ - (1) [1,4-o0) e Thm 1.7 [2]
operator 2=

It would be interesting to detect the optimality of the estimates listed in Tables 1
and 2, and to investigate other cases of interest as well. For related decay estimates,
see [7,22,28]. As a matter of fact, decay estimates for evolutionary problems are a
classical topic of research that has produced a very abundant, and extremely inter-
esting, literature. Without aiming at providing an exhaustive list of all the important
contributions on this topic, we mention that:

e the classical doubly-nonlinear operator A,u™ with A, = 1 has been addressed
in [9],
the classical 1-Laplace operator has been dealt with in [3,24,25],
decay estimates for the fractional p-Laplacian (—A,)* with s € (0,1) and p > 1
with A, := 1 have been first established in Section 6 of [16] (see also [15]),

e the case of the fractional 1-Laplacian, namely (—A,)* with s € (0,1) and p :=1
has been treated in [25],
the porous medium equation for A, = 1 has been deeply analyzed in [7],
some interesting estimates for the Kirchoff equation are given in [22],
see also [35], where several decay estimates have been obtained by using integral
inequalities.

We also remark that the interplay between time derivatives and fractional diffu-
sion produces interesting decay patterns also in nonlinear equations, see e.g. [34].
Furthermore, in general, the fractional aspect of the problem can cause significant
differences, as can be observed also from the time decays of Table 1. For instance,
one may notice that the decay switch from polynomial to exponential in the Kirch-
hoff equations when the time-diffusion changes from fractional to classical, and this
independently on the fact that the space diffusion is of classical or fractional type
(roughly speaking, in this context, it is just the character of the diffusion in time
which detects the time decay, regardless the character of the diffusion in space).

We also point out that classical and fractional operators share several common
properties, but they also exhibit structural differences at a fundamental level. For
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instance, to exhibit an elementary but very interesting feature in which long-time
behaviors are affected by fractional environments, we recall that fractional diffusion
in space, as modeled by the fractional Laplacian (—A)* with s € (0, 1), is related to
Lévy-type and 2s-stable stochastic processes, and in such case the long jumps of the
underlying random walk causes significant differences with respect to the classical
Brownian motion. In particular, fractional processes are typically recurrent only in
dimension 1 and for values of s greater or equal to 1/2 (being transient in dimen-
sion 2 and higher, and also in dimension 1 for values of s smaller than 1/2), and
this is an important difference with respect to the case of Gaussian processes, which
are recurrent in dimensions 1 and 2 (and transient in dimension 3 and higher). See
Example 3.5 in [37] and the references therein for a detailed treatment of recur-
rence and transiency for Lévy-type processes. In this note, in § 2, we present a very
simple, and somewhat heuristic, discussion of the recurrence and transiency proper-
ties related to the long jump random walks, based on PDE methods and completely
accessible to a broad audience.

For a detailed list of other elementary structural differences between classical
and fractional diffusion see also § 2.1 in [1].

2 Recurrence and transiency of long jump random processes

In this section, we discuss a simple PDE approach to the recurrence of the long jump
random walk related to (—A)*® in dimension 1 and for values of s greater or equal
to 1/2 and to its transiency in dimension 2 and higher, and also in dimension 1 for
values of s smaller than 1/2. The treatment will comprise the classical case s = 1 as
well, showing how the structural differences between the different regimes naturally
arise from a PDE analysis.

To this end, for s € (0,1], we denote by %(x,t) the solution of the (possibly
fractional) heat equation with initial datum given by the Dirac’s Delta, namely

Y+ (—A) %, =0 inR"x (0,+c),
Z5(x,0) = So(x).

When s = 1, we have that such function reduces to the classical Gauss kernel for the

heat flow, namely
1 _pP?

se A,
(41)2

In general, when s € (0, 1), the expression of %; is less explicit, except when s = 1/2;
in the latter case, it holds that

gl(x,t):

ct
gl/Z(xat): ntl 0

(2 +[x?) =
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where ¢ > 0 is a normalizing constant — the need of which lying in the general mass
conservation law

/ G(x,t)dx =1, 4)
Rn

see also formula (2.29) in [1] and page 1363 in [12]. Furthermore, see again
page 1363 in [12], we have that

Yy(x,1) >0 for all (x,7) € R" x (0,+o0), ®)

and it enjoys the natural scaling property
1 X
%S(x,t) = T%\‘ Tal . (6)
12 12

See [8], [12], formulas (2.41)—(2.45) in [1] and the references therein for a discus-
sion about the fractional heat kernel and its differences with the classical case.

For every k € {1,2,3,...} and p > 0, we define

qi(s,p) ::/ Yy (x,k) dx. 7
R™\B,
We observe that
0<au(s.p) < [ Flr)de=1, ®
R}l

thanks to (4). Let also

a(s.0) = [[ ax(s.p) € 0.1]
k=1

and - g(s) = limq(s, p)-

)

In view of (8), we can consider ¢(s) as related to the probability of the stochastic
process associated with the operator (—A )* of “drifting away without coming back™.
Namely (see [38]), we know that

/A%(x,t)dx

represents the probability that a particle starting at the origin at time 0 and following
the stochastic process producing (—A)* ends up in the region A C R” at time 7. In
this sense, the quantity g (s, p) in (7) represents the probability that this particle lies
outside B, at time k.

Roughly speaking, for small p, a natural Ansatz is to assume these events to be
more or less independent from each other: indeed, in view of (6), using the substi-
tution y := x/p we have that
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1 X n
Qk(SaP)ZT/ £ <1»1> dx:% %<p?’1> dy
k2s JRM\B, k2s k2s JRM\B k2s

1 / y 7k
= g&‘ 771 dy:/ %<y7 )dy7
(/p?)E Jrn ((k/ph)z's > w TP

representing the probability of a particle to lie outside B; at time k/p>. In view
of this, since the time steps k/p?* are very separated from each other when p is
small, we may think that the quantity ¢(s,p) in (9) is a good approximation of the
probability that the particle does not lie in B; in all the time steps k/p>*, as well
as a good approximation of the probability that the particle does not lie in B, in all
the time steps k € {1,2,3,...}. In this heuristics, the case in which the quantity g(s)
in (9) is equal to O indicates that the particle will come back infinitely often to its
original position at the origin in integer times (with probability 1); conversely, the
case in which the quantity ¢(s) in (9) is equal to 1 indicates that the particle will
return to its original position at the origin in integer times only with probability
Zero.

In this sense, computing ¢(s) gives an interesting indication of the recurrence
properties of the associated stochastic process, and, in our case, this calculation can
be performed as follows. First of all, we notice that

inf 1) :=
xlenBI%(x, ):=1,>0,

thanks to (5), and

sup Zs(x, 1) := Uy < +oo.
xeRn

As a consequence, recalling (4) and (6), if p € (0, 1]

pk(&P) = l—qk(s,p) :/ gs(ka)dx

Bp

1 1, |B . |B
- [ %(f,l)dxe["n"'ﬂ"n"']
k2 JB, ks k2s k2s

This gives that

Cp" cp”
Qk(sap)zl_pk(svp)e |:1_ [;71_ pn:|7
k25 k2s

for some C > ¢ > 0, depending only on n and s, and accordingly

+o0
logg(s,p) = log (H qk(s,P)>
k=1

+oo +oo Cpn> +oo ( Cpn>
=) lo s,p) € log|l—— ), ) log{1——)].
k; 2qk(s,p) LZI g ( pEz k; g s

(10)
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Also, for a fixed Cy € (0,+o0), the convergence of the series

+o0 COP”
1 1-—
2 e ( K )

k=1 g

can be reduced to that of the series

B Joo C()Pn
Pl 23

Y

and consequently

ks —o0 if n < 2s,

g n —Cip" ifn>2
T
k=1

for some C; > 0 depending only on 7, s and Cy. This and (10) lead to

logg(s,p) = —oo if n < 2s,
logq(s,p) € [-C2p",—C3p"] ifn>2s,

for some C; > C3 > 0 depending only on n and s.
Therefore,

q(s,p)=0 if n < 2s,
q(s,p) € [e"OP" e P if n > 2s.

Taking the limit as p — 0, we thereby find that

q(s)=0 if n < 2s,

q(s)=1 if n > 2s. b

When s = 1, we can write (11) as

q(s)=0 ifne{1,2},
q(s)=1 iftn>3,
that is, in our framework, the classical random walk “comes back to the initial” point

in dimensions 1 and 2, and it “drifts away forever” in dimension 3 and higher.
When s € (0, 1), the situation is different, since (11) produces the alternative

q(s)=0 ifn=1andse[1/2,1),
1 ifn>2,and alsoifn=1and s € (0,1/2).
That is, in our setting, the fractional random walk “comes back to the initial” point

only in dimensions 1 and only if the fractional parameter is above a certain threshold
(namely s > 1/2). Conversely, the fractional random walk “drifts away for ever”
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already in dimension 2, and even in dimension 1 if the fractional parameter is too
small (namely s < 1/2).

See e.g. [31] and the references therein for a comprehensive treatment of recur-
rence and transiency of general stochastic processes.
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