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Consider parallel translation along a
spherical triangle

A vector is rotated by an angle equal
to the spherical area of the triangle
(GauB-Bonnet theorem)

The subgroup of Aut(T,S?) of all these
parallel translations is the holonomy group

Hol(S?, g™ =~ SO(2)

Related: the spherical area formula

AA)=a+B+y—m.

CRT= =» «=» =
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Why consider G>-manifolds?
Mathematical motivation

» Only special holonomy group for odd dimensional manifolds

» Only G, and Spin(7) holonomy have no direct relation to algebraic geometry
Hence, new methods are needed

Physical motivation

» In string theory, spacetime takes the form R3! x V, where V is Calabi-Yau
» In M-theory, spacetime takes the form R3! x M, where M is a Go-manifold
» Possible relations to other physical theories

Hence, many fruitful interactions possible



Go-geometry—The Lie group Go 6/34

Characterisations of the Lie group G, give characterisations of Go-manifolds

> Gy — Aut(0)
Hence G, preserves o = (- x -, -) € AAImOQ = AR’



Go-geometry—The Lie group Go 6/34

Characterisations of the Lie group G, give characterisations of Go-manifolds

> G = Aut(0)
Hence G, preserves o = (- x -, -) € AAImOQ = AR’
» The stabiliser of ¢ in GL(7,R) is G
The GL(7,R)-orbit of ¢ € ASR’ is open (not dense)
Forms in this orbit are called positive



Go-geometry—The Lie group Go 6/34

Characterisations of the Lie group G, give characterisations of Go-manifolds

» Go = Aut(0O)
Hence G, preserves o = (- x -, -) € AAImOQ = AR’
» The stabiliser of ¢ in GL(7,R) is G
The GL(7,R)-orbit of ¢ € ASR’ is open (not dense)
Forms in this orbit are called positive
» A positive 3-form on M determines a Go-structure and a metric g,
Call o torsion free if dp = dg_¢ = 0 (nonlinear condition)
Then (M, g,) has Hol(M, g,) C Gy if and only if ¢ is torsion-free



Go-geometry—The Lie group Go 6/34

Characterisations of the Lie group G, give characterisations of Go-manifolds

» Go = Aut(0O)
Hence G preserves p = (- x -, -) e BImO = AR’ and1 € Rc O
» The stabiliser of ¢ in GL(7,R) is G
The GL(7,R)-orbit of ¢ € ASR’ is open (not dense)
Forms in this orbit are called positive
» A positive 3-form on M determines a Go-structure and a metric g,
Call o torsion free if dp = dg_¢ = 0 (nonlinear condition)
Then (M, g,) has Hol(M, g,) C Gy if and only if ¢ is torsion-free
» G» is compact, simply connected, so Go-manifolds are Riemannian and spin
The stabiliser of a nonzero spinor in Spin(7) is Go
A Riemannian 7-manifold (M, g) has Hol(M, g) C Go
if and only if it is spin and there exists a nonzero parallel spinor
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M is oriented and spin and bz(M) = dim H3(M; R) > 1
Hol(M,g) = Go <= #m(M)< o0

Hol(M,g9) = G» = B s negative definite
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Let ¢ € Q3(M) be positive and closed
There exists a bilinear form B on H?(M;R) given for closed forms a, 5 € Q?(M) by

B(al,[8]) = ([o] — [8] — [¢))[M] = /M anBAp

Let pi(TM) € H*(M; R) denote the first Pontryagin class
If M is closed and Hol(M, ¢) C G, then

v

M is oriented and spin and bs(M) = dim H3(M;R) > 1
Hol(M,g) = Go <= #m(M)< o0

Hol(M,g) = G = B s negative definite

Mg =G = (pi(TM)— [¢])IM] <O
M,g)=G, == Misalmostformal

v

v

v

Hol(
Hol(

v

These are all known obstructions against holonomy G,
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Let M be a compact oriented spin 7-manifold and define
X = { e Q¥M) | ¢ is positive and torsion free }
Let D c Diff(M) be the connected component of idy,. Then
M=X/D
is called the G>-moduli space of M
Theorem (Joyce)
The G.-moduli space is a manifold, and the map
M — H3(M;R)  with  [¢] — [¢]
is a local diffeomorphism

Not much is known about the global structure of M
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To construct subsets of the G>-moduli space means to construct deformation
families of Go-manifolds first

» Bryant '87: first non-complete examples

» Bryant and Salamon ’89: first complete examples

» Joyce '96: first closed examples

Joyce’s construction: let a “rich enough” finite subgroup I' ¢ G, act on flat T7 with
“sufficiently many” fixpoints, preserving a parallel positive 3-form o € Q3(T7)

The stabilisers of fixpoints p € T’ are isomorphic to subgroups of SU(2) or SU(3)
By gluing in suitable bundles of noncompact Calabi-Yau manifolds

in place of the singularities, Joyce constructs a desingularisation

M— T7r

The closed Go-structure on M obtained by gluing is close to a torsion-free one
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Let V., V_ be asymptotically cylindrical Calabi-Yau threefolds

with ends asymptotic to ¥ x S' x R, where Y. are K3 surfaces

Glue V_ x S'to V, x S', flipping the circles

The closed Go-structure on M obtained by gluing is close to a torsion-free one
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Let us summarise first

» Only a few obstructions against G»-holonomy are known
» Only a few compact examples are known—only ~ 102 deformation families

» Known compact examples represent points close to the boundary of the
moduli space—
the Go-metric is locally close to metrics with holonomy groups SU(2) or SU(3)

Important open problems / questions

» Find more invariants for / obstructions against G,-metrics
» Construct Go-metrics far away from the boundary of the moduli space
» How can families of Go-metrics become singular?
How far can one deform a given Go-metric?
» Construct Go-metrics with prescribed singularities
Singularities allow massless particles to appear in M-theory
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We want to describe G,-manifolds using differential topology
Definition

A Go-structure on a seven-manifold M is a reduction of the GL(7,R)-frame bundle
to a bundle with structure group G,

Equivalent descriptions

» Positive three form ¢ on M
» Riemannian metric, spin structure, and a unit spinor (up to sign)

Idea. Use nowhere vanishing spinors to describe and distinguish G»-structures
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When we (Diarmuid Crowley, Johannes Nordstrdm and myself) started our project,
we asked the following questions

Can different constructions of Go-holonomy metrics

» lead to the same closed 7-manifold up to diffeomorphism?

» if so, are the underlying Go-structures the same
up to homotopy and spin diffeomorphism?

» if so, do the two metrics belong to the same connected component
of the G>-moduli space?

Diarmuid Crowley and Johannes Nordstrém also asked

» Are there pairs of Go-manifolds that are homeomorphic but not diffeomorphic?
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Assume that M is a simply connected oriented spin 7-manifold with H*(M)
torsion-free

Let d € N be the divisibility of p1(TM), then 4 | d (Wu)

Let d = lcm(4,d/2)

Let s be a nowhere vanishing spinor on M, defining a Go-structure

Relevant differential topological invariants

(M) € 7/ gcd(28, d/4) generalised Eells-Kuiper invariant
£(M,s) e 2/3d
v(M,s) € 7./48 see below

Important relations

&M, s) =7v(M,s) mod 12

§(M, s) ;27V(M7 ) = (M) mod gcd(28, 8/4)
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Let 09, o1 be two nowhere vanishing spinors. Extend to 5 € I'(S™(M x [0, 1]))
A generic ¢ will have nondegenerate isolated zeros because

rkST(Mx[0,1]) = 8 = dim(Mx]0,1])
Orient ST(M x [0, 1]) and count with signs

Av(M;oq,01) =2-#5 1(0)=2- Z sign(dpo)
pea=1(0)

Theorem (Crowley-Nordstrém)

Let F: M — M be a spin diffeomorphism, then

Av(M;o,F*0) € 48Z

Can we write Av(M; 09, 01) = v(M,09) — v(M,o1) € /487
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Idea. If M is spin, then M is the spin boundary of some compact 8-manifold W
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Idea. If M is spin, then M is the spin boundary of some compact 8-manifold W
Extend o to & € (ST W), then #5~1(0) depends on W—not well-defined yet!

» x(W)—Euler characteristic of W

» sign(W)—signature of W

Definition (Crowley-Nordstrom)
Assume that M = OW with W spin, compact. Define
v(M, o) = x(W) — 3sign(W) — 245 '(0) mod 48
Theorem (Crowley-Nordstrém)
Av(M;og,01) =v(M,09) —v(M,o1) €Z/48

Problem. Given M, how to determine W with M = oW?
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The v-invariant—Analytic description

Idea. Use the APS-index theorem and Mathai-Quillen currents

v

P (VM g5M)—Mathai-Quillen form in Q*(SM)
Dy—spin Dirac operator on I'(SM)

By—odd signature operator «d £ d* on Q'(M)
h—dimension of the kernel

v

v

v

v

n—Atiyah-Patodi-Singer n-invariant
Theorem (Crowley-G-Nordstrém)

v(M,o) =2 /M o (VM gSM) — 24(n + h)(Dum) + 3n(Bwm) € Z/48

Proof.
Use  2e(VS'W) = e(V) + 48A(V)IB — 3L(V)El € Q8(W)

17/34
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In the case of Go-holonomy, things simplify
» o is parallel, so oy (VM g5M) = 0
» Harmonic spinors are parallel, so h(Dy) = 1 + by(M)
» 1n(Dum) € Ris smooth on the Gp-moduli space M
Definition (Crowley-G-Nordstrém)

Let (M, g) be a compact manifold with Hol(M, g) C Go. Put

v(M,9) = 3n(Bu) —241(Dn) € Z

» v(M,0) =0(M, g) — 24(1 + by(M)) mod 48
» (M, g) is locally constant on M
» (M, g) = 0if M admits an orientation reversing isometry
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The v-invariant—First examples 19/34

What about the known examples by Joyce and Kovalev?

» (M, g) = 0 for all twisted connected sums
(but £(M, s) # 0 is possible—Wallis, arXiv:1808.09443)

» (M, g) = 0 for some of Joyce’s examples—some are twisted connected
sums, some admit orientation reversing isometries

Question. Is (M, g) = 0 whenever Hol(M, g) = G»?

» If yes, then #(M, g) # 0 or v(M, o) # 24 is a new obstruction against
Go-holonomy

» If no, then 7(M, g) is a non-trivial new invariant

Answer. We will construct examples with 7(M, g) # 0
Using 7(M, g), we will show that for some particular M,
the Go-moduli space M has several connected components
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Recall twisted connected sums

Gluing of tori at angle ¥ = 7 between exterior circles

81

—,ext +,int

. B~

—,int



Extra twisted connected sums—Construction 20/34

Extra twisted connected sums

1
S_7eXt O
X

-y

AT,

X
O Sji—,ext

ext

Assume that '+ = Z/k.. acts both on V. and on S}
The induced action on 9V has to fix X4 pointwise
The actions on S} ;; and S}, have to be free



Extra twisted connected sums—Construction 20/34

Extra twisted connected sums

1
S_7eXt O
X

r_rm»

AT,

X
O Sji—,ext

ext

Assume that '+ = Z/k.. acts both on V. and on S}
The induced action on 9V has to fix X4 pointwise
The actions on S} ;; and S}, have to be free

Then (S1 ;; x SL &)/T+ is again a flat 2-torus



Extra twisted connected sums—Construction 20/34

Extra twisted connected sums

1
S_7eXt O
X

r_rm»

AT,

X
O Sji—,ext

Assume that '+ = Z/k.. acts both on V. and on S}
The induced action on 9V has to fix X4 pointwise
The actions on S} ;; and S}, have to be free
Then (8L % Sk ex)/+ is again a flat 2-torus

If both the tori and the K3 surfaces are isometric,
we can glue My = (Vi x S ,,,)/'+ at various angles

ext



Extra twisted connected sums—Construction 20/34

Extra twisted connected sums

1
S_7eXt O
X

r_rm»

Modified gluing of tori at angle ¥ = 2x
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Extra twisted connected sums

1
S_7eXt O
X

r_rm»

Modified gluing of tori at angle ¥ = 5x
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Extra twisted connected sums

1
S_7eXt O
X

r_rm»

Modified gluing of tori at angle ¢ = arc cos(%)

—,ext

+|nt
_~7/3 . s1 X / [ : . r.~7/4
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The CY structures on V. induce Gp-structures on My andon £ x T2 x R
Then we need an isomorphism of Go-manifolds £ x T2 x R SyY_ xT2xR

Let uy, v be coordinates on the interior and exterior circles, respectively
U_- = —uy cosd + v sind and V_ = U SinY + v4 cosd

Let t = t- = —t, be the coordinate in the cylinder direction

Let wi, wy, wy € Q%*(X) be hyperkahler triples, wi is the Kahler form from V.

¢ =dvi AWy + dus Awy + dty Awy + dis A duy A dvy
wy =cosdw] +sindwy  w, =sindwf —cosdwy  wy =-wy

Both the torus matching and the K3 matching depend on the gluing angle ¥
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Assume that '+ = Z/k. acts on Vi x S|
A torus matching is described by

» Anumber ey € (Z/ky)™ if ky > 1
describing the ' -action

» A gluing matrix G= (7 §)
withdetG= -k k_andmqg<0,np >0

ps.i+q
ks

msii+n

Stlitet

ky

satisfying some extra conditions (only finitely many choices for ¢, G possible)
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Assume that [y 2 Z/k. acts on Vi x S1 o

Sii
A torus matching is described by .
ps+i+tq . msyitn
» Anumber ¢, € (Z/ky)* if ky > 1 ke . - ke
describing the I';.-action ) Spites
» A gluing matrix G= (7 5) 0 1 &

withdetG= -k k_andmqg<0,np >0
satisfying some extra conditions (only finitely many choices for ¢, G possible)

From G, recover

Th i = é(sj*"e“) - nq d _ Z(Sl,ext) _ mn
> e aspect ratios s, = E(Sl. ) ~mp and s_ = s S —pq
,In —,in

» The gluing angle ¥ = arg(ms,. + in) € (—n, 7]
» The fundamental group m1(M) = Z/p
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If M is an extra twisted connect sum, identify ¥ =¥, 2 ¥ _| let
Ny =im(H3(Vy) » HA(XZ)) C L=HAX)=2E?o U®

The pair (N5, N_) of sublattices of L (up to Aut(L)) is called a configuration
We get positive orthonormal triples [wi] € Nig and [w;], [w3] € Nip C Lg
Let Ay, denote the reflections of Lz = R®9 in N . Because

wi]=cosd[wi]+sind[wi] and  [wy]=sind[w]]—cosd[ws] (*)

the classes [w{], [w5] lie in the subspace Lpy C L that Ay, Ay_ rotates through 2¢

Matching Problem. To construct M, find N, N_ C L and positive classes
[wi] € Loy N Nig and [wy] € Loy N Nip of length 1 satisfying (*)

Then find Vi with Z/k.-actions and ¥ that “realise” N, C L and [cu1i y ey [wgf

All this works for “easy” V. if tk Ny =rk N_ and Nir C Loy



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

» Pick deformation types V. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

» Pick deformation types V. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

» Find a configuration (N, N_) for the sublattices Ny C L induced by V.



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

» Pick deformation types V. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

» Find a configuration (N, N_) for the sublattices Ny C L induced by V.

» Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

» Pick deformation types V. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

» Find a configuration (N, N_) for the sublattices Ny C L induced by V.

» Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)

» Finde, € (Z/ky)* if ki > 1 and a gluing matrix G with gluing angle ¢



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

>

Pick deformation types V.. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

Find a configuration (N4, N_) for the sublattices N+ C L induced by V4

Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)

Find ey € (Z/ky)* if k. > 1 and a gluing matrix G with gluing angle v
Determine the asymptotically cylindrical Calabi-Yau metrics on V..



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

>

Pick deformation types V.. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

Find a configuration (N4, N_) for the sublattices N+ C L induced by V4

Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)

Find ey € (Z/ky)* if k. > 1 and a gluing matrix G with gluing angle v
Determine the asymptotically cylindrical Calabi-Yau metrics on V..
Glue (V4 x S&)/Dr to (V- x Sg_)/r_ as specified by the data above



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

>

Pick deformation types V.. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

Find a configuration (N4, N_) for the sublattices N+ C L induced by V4

Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)

Find ey € (Z/ky)* if k. > 1 and a gluing matrix G with gluing angle v
Determine the asymptotically cylindrical Calabi-Yau metrics on V..

Glue (V4 x S&)/Dr to (V- x Sg_)/r_ as specified by the data above

Find a torsion-free Go-structure close to the Go-structure obtained by gluing



Extra twisted connected sums—Summary 24/34

To construct an extra twisted connected sum

>

>

>

Pick deformation types V.. of asymptotically cylindrical Calabi-Yau threefolds
with Z/k.-actions (can be constructed from weak Fano threefolds Z.)

Find a configuration (N4, N_) for the sublattices N+ C L induced by V4

Determine hyperkahler triples with gluing angle ¢ induced by actual
varieties V. (requires knowledge of moduli spaces of ¥ and Z..)

Find ey € (Z/ky)* if k. > 1 and a gluing matrix G with gluing angle v
Determine the asymptotically cylindrical Calabi-Yau metrics on V..

Glue (V4 x S&)/Dr to (V- x Sg_)/r_ as specified by the data above

Find a torsion-free Go-structure close to the Go-structure obtained by gluing

In the following, we will only need the configuration (N,., N_), the gluing matrix G,
and the number ¢
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With respect to modified Atiyah-Patodi-Singer boundary conditions, define

v(My,9) = 3naps(Bm,; Le+) — 24naps(DyyiLp+) € R

The isometry Ay, Ay_ respects the decomposition H?+(X) & H>~(¥)

Letaf, ..., a5, aj, ..., ajg € (—m, ] be the angles through which Ay, Ay ® C
rotates H?* (%, C) and H>~ (X, C), respectively

Assume 9 € (0, 7), put p =m — 29 € (—m, ), and define

my,(L; Ny, N_) = sign p (#{j |af e {m—lpl,m} }—14+2#{j | aj € (m—|p|,7) })
Put sign 0 = 0, then m,(L; N, N_) = 0 for ordinary twisted connected sums

From the gluing formulas for n-invariants by Bunke, Kirk-Lesch and others, we get

Theorem (Crowley-G-Nordstrém)

o(M,g) = 5(M,., g) + #(M_,g) — 72% +3m,(L; N, N)



Computation of the v-invariant—Examples | 26/34

Ifry = {0} orz/2then 7(My,9) =0



Computation of the v-invariant—Examples | 26/34

IfrL ={0}orZz/2thenv(My+,g) =0
Example (Crowley-G-Nordstrém)
There exists a spin 7-manifold M with
H'(M)= H3 (M) =0, HM) =z, divp(TM)=4
admitting three different Go-holonomy metrics g4, g», g3 with
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IfrL ={0}orZz/2thenv(My+,g) =0
Example (Crowley-G-Nordstrém)

There exists a spin 7-manifold M with
H'(M)= H3 (M) =0, HM) =z, divp(TM)=4
admitting three different Go-holonomy metrics g4, g», g3 with
v(M,g1)=0,  ©(M,g)=36,  ©(M,gs)=-36

Hence, the G>-moduli space of M is disconnected
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IfrL ={0}orZz/2thenv(My+,g) =0
Example (Crowley-G-Nordstrém)
There exists a spin 7-manifold M with
H'(M)= H3 (M) =0, HM) =z, divp(TM)=4
admitting three different Go-holonomy metrics g4, g», g3 with
v(M,91)=0, ©v(M,g2)=36, ©(M,g3)=-36

Hence, the G>-moduli space of M is disconnected

The metric g; comes from a rectangular twisted connected sum
For go, g3, take 'y = 7Z/2,T_={0}and ¥ = %
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Example (Crowley-G-Nordstrém)
There exists a spin 7-manifold M with
H' (M) = H3(M) =0,  HYM)=z'%® divp(TM) =4
admitting three different Go-holonomy metrics g1, g, g3 with
P(M.g))=0, ©(M.g)=48, i(M.gs)=—48

In particular, the v-invariants agree and the G»-structures are homotopic
Hence, one homotopy class of G,-structures can give rise to several connected
components of the Go-moduli space
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Example (Crowley-G-Nordstrém)
There exists a spin 7-manifold M with
H' (M) = H3(M) =0,  HYM)=z'%® divp(TM) =4
admitting three different Go-holonomy metrics g1, g, g3 with
P(M.g))=0, ©(M.g)=48, i(M.gs)=—48

In particular, the v-invariants agree and the G»-structures are homotopic
Hence, one homotopy class of G,-structures can give rise to several connected
components of the Go-moduli space

The metric g; comes from a rectangular twisted connected sum
For g», g3, take M =T_=7Z/2and ¥ = %
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Let (M, g) be an extra twisted connected sum with 'y = Z/ky
where ki, k_ € {1,2}and ¥ € {+5%,+5,+3,5
In this case, 3 divides 7(M, g) = =722 + 3m,(L; Ny, N_)
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The v-invariant mod 3 is an isomorphism v : Qéz — Z/3
Hence (M, o) is Go-nullbordant if and only if 3 | (M, o)
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Let (M, g) be an extra twisted connected sum with 'y = Z/ky
where ki, k_ € {1,2}and ¥ € {+5%,+5,+3,5
In this case, 3 divides 7(M, g) = =722 + 3m,(L; Ny, N_)

Note that the G,-bordism group in dimension 7 is Q7G2 ~ 7./3
The v-invariant mod 3 is an isomorphism v : Qé — Z/3
Hence (M, o) is Go-nullbordant if and only if 3 | (M, o)

Question. Is the Go-bordism class of (M, o) an obstruction against holonomy G,?
Answer. No, there are examples with 3 1 v(M, o).
This is our motivation to consider more complicated extra twisted connected sums
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Let (M, g) be an extra twisted connected sum with 'y = Z/ky
where ki, k_ € {1,2}and ¥ € {+5%,+5,+3,5
In this case, 3 divides 7(M, g) = =722 + 3m,(L; Ny, N_)

Note that the G,-bordism group in dimension 7 is Q7G2 ~ 7./3

The v-invariant mod 3 is an isomorphism v : Qé — Z/3
Hence (M, o) is Go-nullbordant if and only if 3 | (M, o)

Question. Is the Go-bordism class of (M, o) an obstruction against holonomy G,?
Answer. No, there are examples with 3 1 v(M, o).
This is our motivation to consider more complicated extra twisted connected sums

Note. Recall that with k. > 3 or k_ > 3, we can get gluing angles ¥ ¢ Q
Because 7(M, g) € Z, expect v(My,g) #0if ky > 2
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Let My = Vi x 81, rescale S1 ., by a>0toget My 5
The limit a — 0 is called adiabatic limit

From the adiabatic limit theorems of Bismut-Cheeger, Dai, G, we deduce

Theorem (G-Nordstrém)

Let~ € 'L be the generator that acts by ,E—I on Sl,ext

Let V. ; be the set of isolated fixpoints of +/ on V.

Let €2i1(P), glej2(P), lv3(P) pe the eigenvalues of v/ on T,V
with o 1 (p) + ajg(p) + aj73(p) = 0. Then

ki‘l

oj.1(P) aj2(p) a;3(p)
Wi cos ~5= cos -5~ cos L5 — 1
I|mz/Mia) § cot E e Q
-0 @1(P) i %, 2(P) o 3(P)
pEViJ sin 5= sin sin =5
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Let My = Vi x 81, rescale S1 ., by a>0toget My 5
The limit a — 0 is called adiabatic limit

From the adiabatic limit theorems of Bismut-Cheeger, Dai, G, we deduce

Theorem (G-Nordstrém)

Let~ € 'L be the generator that acts by ,E—I on Sl,ext

Let V. ; be the set of isolated fixpoints of +/ on V.

Let €2i1(P), glej2(P), lv3(P) pe the eigenvalues of v/ on T,V
with o 1 (p) + ajg(p) + aj73(p) = 0. Then

ki 1 ,1(p) j2(P) 23(p)
Wi cos ~5= cos -5~ cos L5 — 1
I|m v(My g) = § cot E e Q
—0 0 25,1(0) @i 9, 2(P) 2,3(P)
* pev., Sin—z=sin sin =5

We will focus on examples without isolated fixpoints
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By theorems of Bismut-Cheeger, Dai-Freed, the variational formula for the
n-invariant of a Dirac type operator a manifold with boundary consists of

» the integral of a Chern-Simons form over the interior
» the degree-1-component of an n-form on the boundary
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By theorems of Bismut-Cheeger, Dai-Freed, the variational formula for the
n-invariant of a Dirac type operator a manifold with boundary consists of

» the integral of a Chern-Simons form over the interior
» the degree-1-component of an n-form on the boundary

The interior contribution vanishes because M. 5 is locally a product

The boundary contribution can be expressed in terms of the n-form 7j(A) of the
family of tori (S1 ;; x @S} )/« for a € (0, s4)

Theorem (G-Nordstrém)

S+
7(My) — lim 7(Mx2) = Fy, o, (5+) = 288 / fi(A)
a—0 0
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By theorems of Bismut-Cheeger, Dai-Freed, the variational formula for the
n-invariant of a Dirac type operator a manifold with boundary consists of

» the integral of a Chern-Simons form over the interior
» the degree-1-component of an n-form on the boundary

The interior contribution vanishes because M. 5 is locally a product

The boundary contribution can be expressed in terms of the n-form 7j(A) of the
family of tori (S1 ;; x @S} )/« for a € (0, s4)

Theorem (G-Nordstrém)
S+
7(Ms) — lim (M ) = Fi .. (s2) =288 |~ i(4)

Bismut-Cheeger also give a formula for 7j(A) as a sum over Z? depending on a
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Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem
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Representthe torus C/(Z + tZ) by re H={ze C|Im(z) >0}

Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem

Idea. Use the hyperbolic area formula

to compute Fx_ . (5-) + Fk, -, (54)
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Representthe torus C/(Z + tZ) by re H={ze C|Im(z) >0}

Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem

Idea. Use the hyperbolic area formula

to compute Fx_ . (5-) + Fk, -, (54)
£4+Is.
Adiabatic limits—geodesic rays s-—0 o
S \— 0
gxm=n £+ e4pP—gq
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Representthe torus C/(Z + tZ) by re H={ze C|Im(z) >0}

Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem

Idea. Use the hyperbolic area formula

to compute Fx_ . (5-) + Fk, -, (54)

Adiabatic limits—geodesic rays s-—0 S

7j(A) = 0 along families of rectangular

(k = 1) or rhombic (k = 2) tori sA— 0
E4m—n £+ e4p—q
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Representthe torus C/(Z + tZ) by re H={ze C|Im(z) >0}

Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem

Idea. Use the hyperbolic area formula

to compute Fx_ . (s-) + Fk, ., (S4)

Adiabatic limits—geodesic rays s-—0 %

7j(A) = 0 along families of rectangular

(k = 1) or rhombic (k = 2) tori SA— 0

Cusps—families of adiabatic limits

Their contribution can be computed e m—n et e p—q
kim ke Tkip

using a formula by Bunke and Ma
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Representthe torus C/(Z + tZ) by re H={ze C|Im(z) >0}
Then 7j € Q'(H) is SL(2, Z)-invariant and satisfies dij = —z- dAny, by Bismut's
family index theorem

Idea. Use the hyperbolic area formula

to compute Fx_ . (5-) + Fk, -, (54)

Adiabatic limits—geodesic rays s-—0 - %

7j(A) = 0 along families of rectangular

(k = 1) or rhombic (k = 2) tori SA— 0

Cusps—families of adiabatic limits

Their contribution can be computed e m—n et e p—q
kim ke Tkip

using a formula by Bunke and Ma

Compute Fx_ . (s-) + Fg, . (s+) using Stokes’ theorem from the cusp
contributions and the hyperbolic area formula
The angle 24 at the finite corner cancels —72£ in the gluing formula
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The logarithm of the Dedekind 7-function is given by

_ 7”7_ Z Z d 27rin7'

n=1 d|n

Theorem (G-Nordstrém-Zagier)

There exists a constant cx,_ ., € Q such that

Fro s (85) = % </L<Si’kiei) L(%) + cki,ai>
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The logarithm of the Dedekind 7-function is given by

_ 7”7_ Z Z d 27rin7'

n=1 d|n

Theorem (G-Nordstrém-Zagier)

There exists a constant cx,_ ., € Q such that

_144 . (Sl 4 e o (Sl — et
Froculon) = == <IL<ki) () Ckw)

Compute the variational term using the functional equations

T
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Example. The example with cos v = % has v(M, g) = —65
In particular, 3 1 #(M, g), so it is not Go-nullbordant
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» How many different Go-metrics exist on one 7-manifold?
» Are different Go-metrics on a fixed 7-manifold G,-bordant?
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Example. The example with cos v = % has v(M, g) = —65
In particular, 3 1 #(M, g), so it is not Go-nullbordant

Conjecture
All values in 7./48 occur as v-invariants of G>-holonomy metrics
Questions

» How many different Go-metrics exist on one 7-manifold?
» Are different Go-metrics on a fixed 7-manifold G,-bordant?

Construct more examples

» Find more asymptotically cylindrical Calabi-Yau manifolds
» Understand their moduli space, make the K3 surfaces match
» Consider other constructions



Thanks for your attention!



