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@ gis smooth on M
@ On the interior C(F) = (0, 1), x F of a tubular neighborhood of F,

g|C(F) = dx* +x2gF + h,
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Isolated conical singularities

Definition

A compact Riemannian manifold (M"*+!, g) with an isolated conical
singularity is a smooth compact manifold M with boundary oM = F and
M \ F = M such that

@ gis smooth on M
@ On the interior C(F) = (0, 1), x F of a tubular neighborhood of F,

g|C(F) = dx* +x2gF + h,

where |h(x)|z = O(x) as x — 0 for g = dx* + x*gr.

@ (F,gr) is called cross section.
@ Ric, = 0 = Ricy, = (n— 1)gr.
o If (F,gr) = (8"/T,gx), (M,g) is an orbifold.
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Ricci de Turck flow and Ricci flow

Let (M, hy) be a Riemannian manifold. A Ricci de Turck flow g(z), t € I
is a smooth family of metrics satisfying

&(1) = —2Ricy() + Lw(8(1) (1)

where

W ()¢ = g(1)” (TG((1)) — Ti(ho)) - ()
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Ricci de Turck flow and Ricci flow

Let (M, hy) be a Riemannian manifold. A Ricci de Turck flow g(z), t € I
is a smooth family of metrics satisfying

&(t) = —2Ricy() + Ly (ng(?) (1)
where
W(r)* = g(1)7 (Ti(g(1)) — Tii(ho)) - (2)
Under suitable conditions, (1) is equivalent to the Ricci flow
g(1) = —2Ricyy) (3)

via ¢, € Diff(M).
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Ricci de Turck flow and Ricci flow

Let (M, hy) be a Riemannian manifold. A Ricci de Turck flow g(z), t € I
is a smooth family of metrics satisfying

(1) = —2Ric,() + Lyw()8(?) (1)
where
W(r)* = g(1)7 (Ti(g(1)) — Tii(ho)) - (2)
Under suitable conditions, (1) is equivalent to the Ricci flow
g(1) = —2Ricyy) (3)

via ¢, € Diff(M).

Understand the stability of stationary points in the singular setting.
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Ricci flow and conical singularities

Ricci flows that smoothen out the conical singularity:

@ Gianniotis, Schulze '16 (Case F = §"/I" with a nonnegative
curvature metric)
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Ricci flow and conical singularities

Ricci flows that smoothen out the conical singularity:

@ Gianniotis, Schulze '16 (Case F = §"/I" with a nonnegative
curvature metric)

Expanding solitons coming out of cones (with nonnegative curvature
operator):

@ Schulze, Simon 13
@ Siepmann 13
@ Deruelle ’16
@ Conlon, Deruelle 16
Ricci flows that preserve conical singularities:

@ Yin ’10,13: Mazzeo, Rubinstein, Sesum ’15 (surfaces with
prescribed cone angles)

@ Vertman ’16 (higher-dimensional case with tangentially stable
cross section)
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The Lichnerowicz Laplacian

Definition

Let iy be Ricci-flat. Then, the Lichnerowicz Laplacian
Ap:C®(M,S) — C*(M,S) is

Arw = Aw — 2Rw, (Rw)j == Rigjw. (4)
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The Lichnerowicz Laplacian

Definition

Let iy be Ricci-flat. Then, the Lichnerowicz Laplacian
Ap: C®(M,S) = C=>(M,S) is

Arw = Aw — 2Rw, (Rw)j == Rigjw. (4)

If ho is Ricci-flat, (1) can be written for k(t) = g(t) — ho as

k = —Appk + Vk* Vk+ V(k * Vk). (5)
In a neighbourhood of an isolated conical singularity,

82 n 2 DL

A= T im Tt ®)

where [J; is the tangential operator of A;.
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Linear and tangential stability, integrability

Definition
Let (M, hy) be a Ricci-flat manifold with an isolated conical singularity.
It is called

o (strictly) linearly stable, if Ar|y-1(g) >0 (ALly-1(0) > 0).

o (strictly) tangentially stable, if Oz |19y > 0 (CL|—1(0) > 0).

@ integrable, if every h € ker(Ay) is tangent to a family h(r) of
Ricci-flat metrics (in a suitable neighbourhood) on M.

Fact: In the orbifold case, [0, > 0 but O, # 0.
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The main theorem

Theorem 1 (K. -Vertman ’18)
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The main theorem

Theorem 1 (K. -Vertman ’18)

Let (M, hy) be compact Ricci-flat manifold with isolated conical
singularities which is

@ tangentially stable (strictly, if not an orbifold)
@ linearly stable
@ integrable.

Then for every metric gy close enough to kg, there exists a
Ricci-de-Turck flow starting at go, with a change of reference metric at
discrete times, which converges to a Ricci-flat metric 4* with isolated
conical singularities as r — cc.
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The stability program in the compact case

@ Guenther, Isenberg, Knopf '02 (flat metrics on the torus,
Calabi-Yau metrics on the K3-surface)
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The stability program in the compact case

@ Guenther, Isenberg, Knopf '02 (flat metrics on the torus,
Calabi-Yau metrics on the K3-surface)

@ Sesum '06 (linearly stable and integrable Ricci-flat metrics)

@ Haslhofer’12 (linearly stable and integrable Ricci-flat metrics, uses
the A-functional, linear instability implies dynamical instability)

@ Haslhofer-Muller *14 (Ricci-flat metrics, dynamical stability
characterized in terms of \)

@ K. ’13 (Einstein metrics), 15 (Ricci solitons), dynamical stability
characterized in terms of v_,

= The use of entropies ensures optimal results, the compact
situation is now well understood.
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The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnirer-Simon '08 (R"),11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnirer-Simon '08 (R"),11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

@ Deruelle-K. ’17 (Ricci flat ALE manifolds, assumes linear stability
and integrability, uses a suitable notion of strict positivity)

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

@ Deruelle-K. ’17 (Ricci flat ALE manifolds, assumes linear stability
and integrability, uses a suitable notion of strict positivity)

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

@ Deruelle-K. ’17 (Ricci flat ALE manifolds, assumes linear stability
and integrability, uses a suitable notion of strict positivity)

@ We can not use entropies in the noncompact case (so far).

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

@ Deruelle-K. ’17 (Ricci flat ALE manifolds, assumes linear stability
and integrability, uses a suitable notion of strict positivity)

@ We can not use entropies in the noncompact case (so far).
@ No general instability assertion is known.

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 9/21



The stability program in the noncompact case

@ Schulze-Schnarer-Simon '08 (R"), 11 (H"), the special geometry
of the background is used.

@ Bamler’13 (Symmetric spaces of noncompact type, uses strict
linear stability and heat kernel estimates)

@ Deruelle ’15 (Noncompact expanding Ricci solitons, assumes
strict linear stability)

@ Deruelle-K. ’17 (Ricci flat ALE manifolds, assumes linear stability
and integrability, uses a suitable notion of strict positivity)

@ We can not use entropies in the noncompact case (so far).
@ No general instability assertion is known.
@ Many cases are still open.
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Characterizing tangential stability 1

Theorem 2 (K. -Vertman ’18)
Let (F, gr), be a compact Einstein manifold with constant n — 1. Then,
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Let (F, gr), be a compact Einstein manifold with constant n — 1. Then,
@ (F,gr) is tangentially stable < Spec(Ag|rr) > 0 and
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Characterizing tangential stability 1

Theorem 2 (K. -Vertman ’18)

Let (F, gr), be a compact Einstein manifold with constant n — 1. Then,
@ (F,gr) is tangentially stable < Spec(Ag|rr) > 0 and
Spec(A) N (n,2(n+1)) = @.

@ (F,gr) is strictly tangentially stable < Spec(Ag|rr) > 0 and
Spec(A) N [n,2(n+1)] = @.

Here,

@ Ag:= V*V — 2R is the Einstein operator,
@ TT := {w € C=(F,S(F)) |divw = 0, trw = 0}.
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Characterizing tangential stability 2

@ {n}U{2(n+1)} C Spec(As:) and {2(n+ 1)} C Spec(ASn/F)
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Characterizing tangential stability 2

@ {n}U{2(n+1)} C Spec(As:) and {2(n + 1)} C Spec(Agr)
@ The proof uses the decomposition of S(C(F)) established in K.
2017.
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@ {n}U{2(n+1)} C Spec(As:) and {2(n + 1)} C Spec(Agr)
@ The proof uses the decomposition of S(C(F)) established in K.
2017.
@ We determined tangential stability of all symmetric spaces of
compact type, e.g.
e Spin(p) p > 6, p # 7, Es, E7, Eg are strictly tangentially stable,
o S" is tangentially stable but not strictly tangentially stable,
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Characterizing tangential stability 2

@ {n}U{2(n+1)} C Spec(As:) and {2(n+ 1)} C Spec(Asn/F)
@ The proof uses the decomposition of S(C(F)) established in K.
2017.
@ We determined tangential stability of all symmetric spaces of
compact type, e.g.
e Spin(p) p > 6, p # 7, Es, E7, Eg are strictly tangentially stable,
o S" is tangentially stable but not strictly tangentially stable,
o CPP,HIP” are tangentially unstable.
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Sufficient condition for integrability

Theorem 3 (K. -Vertman ’18)

Let (M, hy) be a compact Ricci-flat K&hler manifold with an isolated
conical singularity where the cross section is either strictly tangentially
stable or a space form. Then hy is linearly stable and integrable.
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stable or a space form. Then hy is linearly stable and integrable.

@ Linear stability follows from a classical Bochner argument

@ Orbifold case: Integrability is shown as in the smooth compact
case (Kodaira-Spencer, Tian, ...)

@ Strictly tangentially stable situation: Adopt the proof and use
weighted Sobolev spaces, use that k = O(x¢) as x — 0 for
k € ker(AL) Ntr=1(0).
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Sufficient condition for integrability

Theorem 3 (K. -Vertman ’18)

Let (M, hy) be a compact Ricci-flat K&hler manifold with an isolated
conical singularity where the cross section is either strictly tangentially
stable or a space form. Then hy is linearly stable and integrable.

@ Linear stability follows from a classical Bochner argument

@ Orbifold case: Integrability is shown as in the smooth compact
case (Kodaira-Spencer, Tian, ...)

@ Strictly tangentially stable situation: Adopt the proof and use
weighted Sobolev spaces, use that k = O(x¢) as x — 0 for
k € ker(AL) Ntr=1(0).

@ Integrability also holds in the case of flat orbifolds.
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Hybrid weighted Holder spaces

Let (M, g) be a compact manifold with an isolated conical singularity
which is strictly tangentially stable. Then,

AEM % [0,T),8) 1= Cg™(M x [0,T],S0), @ Cg™(M x [0, 7], 1)}
where

So = trgl(O), Si=Mx (R-g).
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Hybrid weighted Holder spaces

Let (M, g) be a compact manifold with an isolated conical singularity
which is strictly tangentially stable. Then,

HE(M % [0,T),S) := Cike’o‘(M x [0,T],80)y ® Cike’“(M x [0,T],81)%
where
So=tr;'(0), Si=Mx(R-g).
If (M, g) is an orbifold, we set

(0% e k,a
HE(M % [0,T],8) == Cg*(M x [0,T],5)%.
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Hybrid weighted Hblder spaces

Let (M, g) be a compact manifold with an isolated conical singularity
which is strictly tangentially stable. Then,

HE(M % [0,T),S) := Cike""(M x [0,T],80)y ® Cike’“(M x [0,T],81)%
where
So=tr;'(0), Si=Mx(R-g).
If (M, g) is an orbifold, we set

(0% e k,a
HE(M % [0,T],8) == Cg*(M x [0,T],5)%.

0 weC & |VI(Ow)|, = 012 for j + 2 < k.
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Hybrid weighted Hblder spaces

Let (M, g) be a compact manifold with an isolated conical singularity
which is strictly tangentially stable. Then,

A (M % [0,T),8) = CS*(M x [0, T),8)y ® C5*(M x [0,7],81)%
where
So=tr;'(0), Si=Mx(R-g).
If (M, g) is an orbifold, we set
A5 (M x [0,T],8) := Cg* (M x [0,T],8)2.

0 weC & |VI(Ow)|, = 012 for j + 2 < k.

k,o,b

o we (g " & |wl=0(1)forj,I =0, otherwise the same.
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Properties of the spaces

The Friedrichs extension of A;

Let (M, g) be a Ricci-flat manifold with an isolated conical singularity

which is either strictly tangentially stable or an orbifold singularity.
Then the Friedrichs extension of A,
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@ is bounded from below
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Properties of the spaces

The Friedrichs extension of A;

Let (M, g) be a Ricci-flat manifold with an isolated conical singularity
which is either strictly tangentially stable or an orbifold singularity.
Then the Friedrichs extension of A,

@ is bounded from below
@ is discrete

@ ker(AL) C #5%(M x [0,T],S) for any k € Ny and some ~ > 0.

Well-posedness

To prove short time existence and uniqueness for Ricci de Turck flow,
apply the Duhamel principle and a fixed-point argument to

| A\

ko= —Ap ok + Vk * Vk + V(k x VE). (7)

This works for J#%%(M x [0,T],S) (Vertman '16).

Klaus Kroncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019 14/21



The integrability condition again

Definition

We say that hy is integrable if for some v > 0 there exists a smooth
finite-dimensional manifold .%# C .# such that
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@ all Riemannian metrics i € .# are Ricci-flat.
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The integrability condition again

Definition
We say that hy is integrable if for some v > 0 there exists a smooth
finite-dimensional manifold . C 27 such that

@ Ty, # =ker Ay, C A,

@ all Riemannian metrics h € .% are Ricci-flat.

We can show
@ dimker A7, is constant on 7.
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The integrability condition again

Definition
We say that hy is integrable if for some v > 0 there exists a smooth
finite-dimensional manifold .% C # such that

@ Ty, # =ker Ay, C A,

@ all Riemannian metrics h € % are Ricci-flat.

We can show
@ dimker A7, is constant on 7.
@ SpecAry, \ {0} > A > 0 uniformly on .%.

@ Nontrivial Ricci solitons are excluded in a recent preprint.
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The integrability condition again

Definition
We say that hy is integrable if for some v > 0 there exists a smooth
finite-dimensional manifold .% C # such that

@ Ty, # =ker Ay, C A,

@ all Riemannian metrics h € % are Ricci-flat.

We can show
@ dimker A7, is constant on 7.
@ SpecAry, \ {0} > A > 0 uniformly on .%.

@ Nontrivial Ricci solitons are excluded in a recent preprint.
@ We do not assume a fixed gauge condition for the metrics in .%.

February 8, 2019 15/21
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A decomposition of the space of metrics

Let .# be as above. Then there exists a .7-neighbourhood % of hy
and a smooth projection map IT : ¢U — .# such that

g —TI(g) € (ker Aps)t.

The proof uses an implicit function argument.
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Proof of the main theorem 1

Proposition

For any N € N, there exists ¢ > 0 and T = T(¢, N) such that for any
g€ w withh =1l(g) € # N7 and g — h|| < ¢, the Ricci-de-Turck flow
starting at g, with the background metric h, exists for time 7' > 0 and

€
le(T) =l <+ ®)

v
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Proof of the main theorem 1

Proposition

For any N € N, there exists ¢ > 0 and T = T(¢, N) such that for any
g€ % withh =TlI(g) € % N.7 and ||g — h|| < ¢, the Ricci-de-Turck flow
starting at g, with the background metric h, exists for time 7' > 0 and

le(m) —hll < & ®)

v

The proof uses that g(¢) is a fixed point of

D,g(1) := e ALl x 0, (g(1)) + e AL (g — A,

and mapping properties of e AL,
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Proof of the main theorem 2

@ Start at g9 €  the Ricci de Turck flow with iy = TI(go) as
background
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@ Start at g9 €  the Ricci de Turck flow with iy = TI(go) as
background

@ By smoothness of 11

ITg(7) — holl < ellg(T) — holl < (©)
me(r) s < CEL g
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@ By smoothness of 11

ITg(7) — holl < ellg(T) — holl < (©)
me(r) s < CEL g

@ Start at g(T) €  the Ricci de Turck flow with II(7') as background
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Proof of the main theorem 2

@ Start at g9 €  the Ricci de Turck flow with iy = TI(go) as
background

@ By smoothness of 11

ITg(7) — holl < ellg(T) — holl < (©)
e(c+1
me(r) gy < L o)
@ Start at g(T) €  the Ricci de Turck flow with II(7') as background

o lterate!
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Proof of the main theorem 3

80— g(T) 8(2T) 8(37)

Figure: lterative sequence of Ricci de Turck flows.

Klaus Kréncke (Univ. of Hamburg) Stability of singular spaces February 8, 2019



Proof of the main theorem 3

80— g(T) 8(2T) 8(37)

ec(c+1)
N2
Figure: lterative sequence of Ricci de Turck flows.

= II(g(kT)) — h* € # ask — coand g(r) — h* as t — oo.
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Concluding questions

@ Can we descend to the standard Ricci flow?
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Concluding questions

@ Can we descend to the standard Ricci flow?
@ Can we use the \-entropy to improve the stability result?

@ Can we extend to more general situations (edge singularities,
noncompact cones,...)?
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Thank you for your attention!
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