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Abstract In this note, we consider the kinetic derivative nonlinear Schrodinger
equation (KDNLS), which arises as a model of propagation of a plasma taking the
effect of the resonant interaction between the wave modulation and the ions into
account. In contrast to the standard derivative NLS equation, KDNLS does not con-
serve the mass and the energy. Nevertheless, the dissipative structure of KDNLS
enables us to show an a priori bound in the energy space and a lower bound of
the L? norm for its solution, as we see in this note. Combined with the local well-
posedness result, which we plan to show in a forthcoming paper, these bounds will
give a global existence result in the energy space for small initial data.

1 Introduction

We consider the kinetic derivative NLS equation (KDNLS):
Ot = 0 |iuy + atlul?u+ B (|u*)ul, o,BeR, B<O, (1)

where the spatial domain is either R or T = R/27nZ. We write .% to denote the
Fourier transform and use the notation: uy := dyu, S = F ! [ - isgn(é)]ﬁ,
D= (—92)'/? = Z£|.Z = 9.5 The negative constant 3 represents the ra-
tio of plasma pressure to magnetic pressure, which can be positive, negative or zero
according to each physical situation. Equation (1) takes the resonant interaction be-
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tween the wave modulation and the ions into account, while it is ignored in the
derivative NLS, i.e., in the case of B = 0. The word “kinetic” implies that the col-
lective motion of ions in a plasma is modeled by the Vlasov equation and not by the
fluid equation. If Maxwell’s equations and the Euler equations are taken as a model
system, then we have DNLS, i.e., (1) with B = 0. If Maxwell’s equations and the
Vlasov equation are taken as a model system, then we have KDNLS (1) (see Dysthe
and Pécseli [1] and Mjglhus and Wyller [3, 4].

Due to the presence of the Hilbert transform, the mass and the energy corre-
sponding to the standard DNLS (8 = 0 in (1)) are not conserved under the flow
when 8 < 0. However, the nonlinear term 80, (% (|u|*)u) has dissipative structure
when 8 < 0. The aim of this note is to derive an a priori bound in the energy space
H' by using this structure. The main result reads as follows:

Theorem 1. Let u be a smooth solution to (1) on [0,T]| X Z, where Z is either R or
T. Then, it holds that

IIM(I)II§z+|ﬁ|/OtIIDI/Z(IM(T)\Z)IIEsz = [u(O)ll,  re[0.7T).

Moreover, there exist C,,C > 0 depending only on o, (and bounded when 3 — 0)
such that if |u(0) |2 < C;!, then

t . 5
[ZOl +“j—' /O D29 (ju(z) )22 de < 4]u(0) ]2, iz,
lu(®)lz > HM(O)Hizexp{—C||u(0)||H,eCH“(0)Hiz|ﬁ|1/2t1/2}’ (e 0.7,

The proof of the theorem is based on the differential equalities (see Corollary 2)
for the mass ||u(t) ||i2 and the energy functional

Eu = / {Jucl? - %(aw + BA () ) T ) + %a2|u|6}dx.

In a forthcoming paper [2], we will consider the case Z = T and construct local-
in-time solutions to the associated Cauchy problem for small initial data in Sobolev
space H*(T) with s > 1/2. More precisely, we will prove the following result:

Theorem 2. We assume oo =0 and B < 0. Let s > so > 1/2, then there exist 1 =
n(so,s) > 0 and T > 0 such that for any ug € H*(T) with |[ug||gs0 < |B|'/?n, the
Cauchy problem of (1) with u|;—o = ug has a unique solutionu € C([0,T];H*(T)) on
(0,T) x T, which belongs to certain auxiliary spaces. Furthermore, the map ugp — u
is continuous.

The H' a priori bound in Theorem 1 and a standard approximation argument then
show:

Corollary 1. Let a = 0 and B < 0. There exists 1 > 0 such that if uy € H'(T)
satisfies ||uo|| ;1 < |B|'/*n, then the solution u € C([0,T); H'(T)) of (1) on (0,T) x
T with u|,—o = ug constructed in Theorem 2 can be extended to a global-in-time H 1
solution which is bounded and continuous in t.
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2 Energy conservation

In this section, we give a proof of Theorem 1. The next two lemmas follow from a
direct calculation, so we omit their proofs.

Lemma 1. Let u be a smooth solution to (1). Then, it holds that

() = [~ 21mu) + 3 lul*+ Bl ()] + BlulD (),

9, Im (7iuty) = O [%aﬁuuﬁ) 2P+ (a|u|2 +/33f(|u\2)) Im(ﬁux)]

+2Im Ty 8x<oc|u|2+ﬁ<%”(|u\2)>.
Lemma 2. Let u be a smooth solution to (1). Then, it holds that
o [luPdr = =3 [ (alul+ B () 2u(fur ) -+ B[ D20, ()|
) / (T (7, dx
=2 [ uPaulfuPy e+ [ [200u(1ul) +4B Dl iming i,
P / A(|uf?) Im 7y dx
=2 [ A (uf?) ) 2D 2 ) [+ 5 [D200(1)|
[ {5D01") ~ WP D(ul?) + 2 ()2 )} )
4B [ (DU A ul?)] 4+ (P D))+ )D )} ) i,
and that
8t/|u\6dx _ 6/8x(\u|4)lm(ﬁux)dx+2ﬁ/|u|6D(|u|2)dx.

(From these lemmas, we immediately obtain the following:

Corollary 2. Let u be a smooth solution to (1). Then, we have

o [ Par = BlIDY>(u)I:

and
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1
QE[u] = fﬁ]|D'/28X(|u\2)Hiz +3B| D Im(iawy) || +azﬁ/|u\6D(\u|2)dx
=30 [ {3D0u)+ 20, [l ()] + DOl } )

—5/32 / {Dnu\%uwz)}+§ax[(%<\u|2>>2] + 5 [|ul*D(|ul?)] }

x Im(%uy) dx.

We prepare some more lemmas:

Lemma 3. There exists Cy > 0 depending only on ., (and bounded as B — 0)
such that

lullp <G = 27 ulf < Elul+ a7 < 2lullf-
Proof. This follows from the Gagliardo-Nirenberg inequality:

el 72 et 72 (Z=R),

||MHL6(Z)
lal®, + S, (Z=T). O

Lemma 4. The following estimates hold:

IDV2(u)IE2 S Nl D20 ()2, @
17 12 (WP e 1D () < a0 20z, 3)
lulz= 17 [Z D2 (P e < ulla 100wz @)

Proof. We first derive (2). In the non-periodic case, by interpolation we have

1/2 1/2 1/4 1/4
a1 2 S Maal 12 P10 S 19 el 105 el 1257 el

L~

1/6 1/3
< IDY2 ()22l [1)5™ 2,

which implies
1/4 3/2
a2 < 1ID"2 ()15 u) 257

Using this, we have

2/3 4/3
D2 ()12, S (D2 ()2 MuPl1E < 1020 uf) 2 ]2
The above argument also works in the periodic case if |u|? is replaced with |u|? —
S [ |u[? dx. Since we estimate D'/?(|ul?), the same result (2) holds in the periodic
case

In what follows, y =0if Z=Rand y = 1 if Z=T. By interpolation inequalities,
we have
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1/2 1/2
Nl 2 = 1?2 S ol 2+ 10 L) 1257 a2
1/3 2/3
< el = a2+ 1D (|a?) 1357 a5
2/3 1/3 2/3
< el = a2 + [l 722 1DV (fua ) |24l 5,
which implies that
1/2
lull3= < llull?> + 1DV (Jul®) |4 lull .- 5)
The above argument also shows that

_ 1/2
17 (17 (uP) [l S 2llull 22+ 1025 a2 (©)
If Z =R, (3) is obtained from (2) and (6). If Z =T, it suffices to combine (2), (6)
with the trivial estimate ||[D'/?(Ju|?) ;2 < |DY?0(Ju|?)| ;2.
The same argument for (3) but using (5) instead of (6) shows
el 71D ()| 2 S el 22 1D2([u?) 2
Using this and interpolation, we see
_ 12 1/2
=117~ [|Z D2 () ] 1= < Nl =DV () 1,570 20 )4
S ull 21D (juP) | 2,
which shows (4). O

Proof (Proof of Theorem 1). The L? equality follows from the first equality in Corol-
lary 2, so we focus on the H' a priori estimate and the exponential L lower bound.
(From (3), the integrals

/ D(Jul*) Im (@uy) dx, / O |27 (|u[?)] 1m(7ay) dix,
/ D{Ju2 7 (|uf?)] Im(aaw) dix, / A [(A(|u?))?] Im(tiey) dx
are bounded by

17~ (17 () ] 2= 1D () | 21D I (@) | 2
< lll2 11D 20 (jul) |2 | DY Tm(aaw) ||
S lall 21102 (Jul) 172 + lul| 72 1D T ) | 7.

To estimate the integrals

/ 2D (|uf?) Tm(aiw) dx, / 2 [[ul2D(|u]?)] Im (@) dx,
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we denote the frequency variables for |u|2, D(\u|2), and Im(zu,) by ki,ky, and k3,
respectively. Note that k; + k» + k3 = 0. If |k3| 2 |k2|, we can move half a derivative
onto Im(7u,) and argue as before. If |k;| ~ |k2| > |k3|, we apply (4) to estimate
these integrals as

17 |7 D 2 () ] 2= 1D (a2 el = a2
S Nall 211DV () 12 1D () 2 a2
S 721D 20wl 172 + D2 (fuf*) |7 N1 72

Finally, using (3) we have
| [ D) dx| < 17 (17 (uP) ] 102w
S llullf2 11D 20l 172
Combining these estimates and Corollary 2, we verify that
AElu(e)] <~ B D23, ) |2 — 3181 [0 )
+C(lot+BNIBIDY ()72 el 72

+C(a + Jer| + B (72 + ull72)
< |BI(|[D"2au(u)|[7: + [0 1) | 7, )

Hence, there exist C,C, > 0 depending only on @, 8 (bounded as § — 0) such that
if ||u|;2 < C;', then

B 2
GE[u] < *%|\D1/23x(|u|2)||y +CoBIID Y (u*) |12 [ 12

This inequality and Lemma 3, together with the L? equality, imply that if ||u(0) ;2 <
min{C(;1 ,Cfl 1,

A (E)] + o) 22) <~ B 120, (ut) )|

+ 2G| B0 (Jur) P 3 (ELu(0)] + ()]

By the Gronwall inequality, we obtain the desired H'! a priori bound:
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o+ B[ |0 20t P e
<2 (Eluto)] + o)+ B [ D oo [ a2)
< 2(ELu0))+ ()1 ) exp [221B] [ 1D 2(Ju(0)) 2 ]
< 4u(O)] exp 26 Ju(0) 7.

For the lower bound of ||u(7) ||i2, we first note that #(0) = 0 implies u(t) = 0 by

the L? equality. We thus assume u(0) # 0, and consider the differential inequality
for |Ju(r) ||£22. By Corollary 2 and the estimate (2), we see

O llu(e) |2 = Blllu()l| 3| D"/ (|utr) IILz

< CIB|l|u(®)[| |00 (Ju()]*)| -

as long as ||u(t)||;2 > 0. Applying the H' a priori estimate shown above, we have
Julo) 1,2 < (@) Zexp [CIB1 [ 1020, (u(2)) 2 4]
_ 2 1/2
< @)l 2exo [CIBI 22 (18] [ D' ) ]

u 2
< 1u(0) | 2 exp [4C|u(0)]| 5212 | 124112]

This completes the proof of Theorem 1. O
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