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GLOBAL WELL-POSEDNESS FOR THE ZAKHAROV SYSTEM

IN 4D WITH DATA BELOW THE GROUND STATE

TIMOTHY CANDY

In 1972 Zakharov introduced a set of equations modeling the dynamics of Lang-
muir waves in plasma physics. These are rapid oscillations of an electric field in
a conducting plasma. A simplified scalar version of this model, known as the Za-
kharov system, is given by the coupled system of Schrödinger-Wave equations

i∂tu+Δu = vu

1

α
∂2
t v −Δv = Δ|u|2

where u(t, x) : R× R
d → C is the envelope of the electric field, v(t, x) : R× R

d →
R is the ion density, and the ion sound speed α > 0 is a fixed constant. The
well-posedness of the Zakharov system has attracted considerable attention in the
mathematical literature over the past 30 years, in part due to its close relationship
with the cubic nonlinear Schrödinger equation which formally appears by taking
the limit α → ∞.

The Zakharov system is a Hamiltonian system and, in close parallel with the
cubic nonlinear Schrödinger equation, should be thought of as energy critical in
dimension d = 4. The ground state is given by the non-dispersing solution (u, v) =
(W,−W 2) where W : R4 → R is the Aubin-Talenti function. Recent work of Guo-
Nakanishi has shown that the Zakharov system is globally well-posed and scatters
to free solutions as t → ±∞ provided that the initial data is radial and lies below
the ground state. This result is sharp in the radial setting.

In this talk I will present joint work with Sebastian Herr and Kenji Nakan-
ishi where we prove global well-posedness for general (non-radial) data below the
ground state. The main novel ingredient in the proof is the use of bilinear restriction
estimates to deal with the worst case resonant nonlinear interactions. Bilinear re-
striction estimates give a very efficient way to exploit the additional decay given by
transverse interactions of free waves, and were original developed to make progress
on the restriction conjecture. Here we generalise certain bilinear restriction esti-
mates for free Schrödinger waves to a suitable functional framework which allows
for perturbations of free Schrödinger waves. As a consequence, via a concentra-
tion compactness argument, we obtain a uniform Strichartz estimate for the linear
Schrödinger equation with a free wave potential with mass below that of W 2. As
in the previous work of Guo-Nakanishi, the uniform Strichartz estimate forms the
key component in the proof of global well-posedness for the Zakharov system below
the ground state.

Email address: tcandy@maths.otago.ac.nz
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Scattering of the mass-critical nonlinear
Klein-Gordon equations

Xing Cheng (HHU)

In this talk, we will study the scattering of the mass-critical nonlinear
Klein-Gordon equations both in the defocusing and focusing case (below
the ground state). In the real-valued case, we will use the solution of the
mass-critical nonlinear Schrödinger equation to approximate the large scale
profile, and in the complex-valued case, we will use the solution of the mass-
critical nonlinear Schrödinger system to approximate the large scale profile.
Then we can prove the scattering by the concentration-compactness/rigidity
method developed by C. E. Kenig and F. Merle. This is a joint-work with
Z. Guo and S. Masaki.
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ABSTRACT

CHUHEE CHO

Recently I study Guth and Katz’s polynomial partitioning and try to apply
this method to other related problems. First we consider the quadratic surfaces
with strictly negative Gaussian curvature in R

3 and improve the Fourier restriction
estimate for the surfaces. Our proof is based on induction on scare argument
and polynomial partitioning, bilinear estimate. As someone mentioned, bilinear
restriction estimate for the negative quadratic surface is different from that for the
paraboloid. In our case we need a stronger separation condition to obtain bilinear
restriction estimates for hyperbolic surfaces than that for elliptic ones. So, we
divide the cases under the strong separation condition and estimates each parts.

Secondly we consider the pointwise convergence problem for the solutions of the
fractional Schrödinger equations. It was known that the pointwise convergence for
the solution of the Schrödinger equations holds for s > d

2(d+1) due to Du, Guth,

and Li [3] and Du and Zhang [4]. Proofs of these results are based on induction
on scale argument. Unfortunately, after a parabolic rescaling, the solution of the
fractional Schrödinger equation changes to a different one unlike in the Schrödinger
case. Thus, to overcome this problem we define a function class containing our
original phase functions and consider induction steps on this class and establish the
associated maximal for a general class of phase functions, which give the pointwise
convergence for f ∈ Hs(Rd) whenever s > d

2(d+1) . Our arguments are based on

recent works of Du, Guth, and Li [3] and Du and Zhang [4].

References

[1] C. Cho, H. Ko Note on maximal estimates of generalized Schrdinger equation,
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QUADRATIC KLEIN-GORDON EQUATION WITH INVERSE-SQUARE

POTENTIAL

STEPHEN DENG

Our current research concerns the following quadratic Klein-Gordon equation with
inverse-square potential:

(1)

⎧⎪⎪⎨
⎪⎪⎩

utt +

(
−Δ+

a

|x|2
)
u+ u = u2, (x, t) ∈ (Rd,R)

u(x, 0) = u0(x), ut(x, 0) = u1(x)

where a is a real number. The presence of an inverse-square potential is of mathematical
interest because it is critical. There are studies of potentials ∼ a

|x|2+ε with ε > 0 for which

this case is excluded. Indeed, both the Laplacian −Δ :=
∑d

i=1
∂2

∂x2
i
and the inverse-square

potential scale in the same way: they are both homogeneous of degree −2. This means
that the Laplacian and the inverse-square potential are equal strength at every length
scale, and therefore one cannot rely on perturbative methods to study dispersive PDEs
with inverse-square potentials. Generally, the idea to study these kinds of PDEs is to use
analysis adapted to the operator La := −Δ + a

|x|2 in place of the usual analysis adapted

to the operator −Δ (e.g. Sobolev spaces Hs,p
a (Rd) defined with the norm

∥∥∥(1 + La)
s
2u

∥∥∥
L2

instead of the norm
∥∥∥(1 + Δ)

s
2u

∥∥∥
L2
). There is a clearer understanding of the NLS and

NLW with inverse-square potential. Indeed, the behaviour of these models is understood
from the linear setting [1, 5] all the way up to the energy-critical settings [4] , which use in-
duction of energy methods. Through these models, some difficulties can be identified (and
also methods to address these issues). For instance, there is a breakdown of the Morawetz
identity for a < 0, as well as a breakdown of the L1−L∞ estimate for the wave equation [1]

The equation (1) is of interest because of the associated space-time resonance structure (see
[2]). Small energy scattering results were obtained both the 3D radial [3] and d ≥ 2 non-
radial [6] cases without the inverse-square potential (i.e. a = 0), and in both instances, a
certain “non-resonance” property of the solution was central to the proof. Indeed, through
the space-time resonance structure, one is able to define a normal-form transform which
is helpful for the proof. Thus far we have generalised these above scattering results to

a > − (
d−2
2

)2
. The key here is that this resonance structure depends heavily on the con-

volution structure of the Fourier transform for a = 0. To deal with the a > − (
d−2
2

)2
case,

one instead uses the “Hankel transform” [1], for which the convolution structure poses
new challenges. Currently, we are focused on obtaining a large-data scattering result for
(1) in the 4D case. In the a = 0 case, as in [3], one has that under certain conditions on
the radial initial data (u0, u1) one has a blow-up/scattering dichotomy at the ground-state
threshold ‖Q‖2, where Q satisfies −ΔQ + Q = Q2, which also attains the best constant
in the Gagliardo-Nirenberg inequality. As a starting point, we note that Qa satisfying
LaQa +Qa = Q2

a attains the best constant for the analogous inequality

‖u‖p+2
p+2 ≤ Ca‖u‖

4−(d−2)p
2

2 ‖u‖
dp
2

H1
a
.

1



QUADRATIC NLKG WITH INVERSE-SQUARE POTENTIAL 2
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Spectral multipliers of self-adjoint operators on
Besov and Triebel–Lizorkin spaces associated to

operators

Xuan Duong (Macquarie)

Abstract: Let X be a space of homogeneous type and let L be a non-
negative self-adjoint operator on L2(X) which satisfies a Gaussian estimate
on its heat kernel. In this talk we prove a Hörmander type spectral multi-
plier theorem for L on the Besov and Triebel–Lizorkin spaces associated to
L through a new atomic decomposition. Our work also recovers the previ-
ously known results on boundedness of the spectral multipliers on Lp spaces
and Hardy spaces associated to L.

This is joint work with The Anh Bui, to appear in IMRN
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Eigenvalue bounds for Schrödinger and Dirac operators in 
strong external fields 

Luca Fanelli 

Abstract: We will review some recent results concerned with the discrete spectrum of 
scaling critical perturbations of Schrödinger and Dirac operators. The main 
ingredientes are the Birman-Schwinger Principle and some Uniform Resolvent 
Estimates for the free Hamiltonians. 



SCATTERING FOR THE QUADRATIC KLEIN-GORDON EQUATIONS

ZIHUA GUO
SCHOOL OF MATHEMATICS, MONASH UNIVERSITY

Abstract

This is joint work with Jia Shen. We study the Cauchy problems to the quadratic
Klein-Gordon equation

∂2
t u−Δu+ u =u2, (t, x) ∈ R× R

d

u(0, x) = u0, ∂tu(0, x) =u1,
(0.1)

where u(t, x) : R×R
d → R, d = 3, 4. Our main concern is the scattering theory in Sobolev

space. For the power type nonlinearity f(u) = λ|u|pu, there are two special indices for p:
mass-critical index p = 4/d and energy-critical index p = 4/(d− 2). In view of the current
studies, when 4/d < p � 4/(d − 2) (p > 4/d for d = 1, 2), the scattering problems were
better understood in both defocusing and focusing cases. When p � 4/d, there are less
results on the scattering problems in energy space.

We prove the following results:

Theorem 0.1. Let d = 3 or d = 4. Suppose that (u0, u1) is radial, and satisfies

‖(u0, u1)‖H1×L2 	 1,

then there exists a unique global solution u(t, x) and scattering holds, namely, ∃ u±(x) ∈
H1 such that

∥∥u− i〈D〉−1∂tu− eit〈D〉u±
∥∥
H1 → 0, t → ±∞.

Now we turn to the large data problem. On one hand, the quadratic Klein-Gordon
equation (0.1) has a conservation of energy

E(u(t), ut(t)) =

∫
Rd

1

2
|∂tu(t, x)|2 + 1

2
|∇u(t, x)|2 + 1

2
|u(t, x)|2 − 1

3
u(t, x)3 dx.

On the other hand, the ground state Q, that is the unique radial positive solution to the
elliptic equation

−ΔQ+Q = Q2,

is a stationary solution to (0.1), which is non-scattering. It is well known that Q attains
the best constant of Gagliardo-Nirenberg inequality∫

|f(x)| 2(d+2)
d � d+ 2

d

( ‖f‖2
‖Q‖2

) 4
d

‖∇f‖22 .

Theorem 0.2. Let d = 4. Suppose that (u0, u1) is radial, and satisfies

E(u0, u1) < E(Q, 0).

(a) If ‖u0‖2 > ‖Q‖2, the solution to (0.1) must blow up in finite time.
(b) If ‖u0‖2 < ‖Q‖2, there exists a unique global solution u to (0.1) and scattering

holds.

The above theorem was proved using normal form and virial-Morawetz estimates. We
can remove the radial assumption using concentration-compactness/rigidity method.

Open question: Large data scattering in 3D? Is Q the threhold?
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THE TIME DEPENDENT SCHRÖDINGER EQUATION WITH

PRESCRIBED INCOMING DATA

JESSE GELL-REDMAN, ANDREW HASSELL, AND JACOB SHAPIRO

This is work in progress. We consider the nonlinear Schrödinger equation

(1) (Dt +
1

2
Δ)u = |u|p−1u, Dt = −i

∂

∂t

on R
n+1, or more generally for suitable metric perturbations of Rn depending on both space

and time (more general nonlinearities are also possible). Our main aim is to find a solution
to this problem with prescribed incoming data as time t → −∞, and show it has certain
asymptotic expansions as t → ±∞. The point of this approach is to provide a more direct
way of studying nonlinear scattering.

The prescribed data f will lie in some weighted Sobolev space, f ∈ Hk,β(Rn) and should
correspond to an asymptotic of the solution in the sense that

u(t, z) ∼ t−n/2ei|z|
2/2tf(z/t) + o(t−n/2), t → −∞, z ∈ R

n

where z/t lies in a fixed but arbitrary compact subset of Rn.
Our approach is to use Vasy’s Fredholm method. To do that, we consider the linear

problem

(Dt +
1

2
Δ)u = F.

Our first ingredient is the construction of Hilbert spaces X ,Y of functions defined on R
n+1

between which the operator Dt +
1
2Δ acts invertibly:

(2) Dt +
1

2
Δ : X s,l → Ys−1,l+1 is invertible.

Here s is a differential order, and l is a variable spacetime decay order, which varies ‘mi-
crolocally’. The function space Ys−1,l+1 can be taken to be an weighted parabolic Sobolev
space, while X s,l is slightly more complicated. We can also find versions of these spaces
with ‘module regularity’, which imposes some additional regularity at spacetime infinity,
and allows l to be taken fixed, rather than variable.

The second ingredient is finding multiplicative properties of these Y spaces. Given these
two ingredients, we can solve the equation (1), for suitable ranges of p and n, for given f
with sufficiently small norm in Hk,β(Rn) (for suitable k and β depending on (n, p)). This is
done by first finding the linear solution with prescribed incoming data f , and then — using
the inverse of (2) and the multiplicative properties of these spaces — obtaining the solution
as the fixed point of a contraction mapping, using the linear solution as a starting point.

Following this, we will show that u has a similar expansion as t → +∞:

u(t, z) ∼ t−n/2ei|z|
2/2tf̃(z/t) + o(t−n/2), t → +∞, z ∈ R

n

where f̃ lies in a Sobolev space Hk′,β′
(Rn). Moreover, when k and β are sufficiently large

we expect to show that there is an asymptotic expansion to several terms as t → ±∞.

School of Mathematics and Statistics, University of Melbourne
E-mail address: jgell@unimelb.edu.au

Mathematical Sciences Institute, Australian National University
E-mail address: Andrew.Hassell@anu.edu.au

Mathematical Sciences Institute, Australian National University
E-mail address: Jacob.Shapiro@anu.edu.au
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ON THE ZAKHAROV SYSTEM

The classical Zakharov system couples a Schrödinger equation to a
wave equation and was introduced as a model for wave propagation
in a plasma. It has a Hamiltonian structure, in particular there is a
conserved energy. The focusing cubic Schrödinger equation arises as
a formal limiting equation (by sending the wave speed to infinity). In
contrast to the cubic NLS, it is not invariant under rescaling. Well-
posedness (existence of solutions, uniqueness, persistence of initial reg-
ularity, and real-analytic dependence on the initial data) of the Cauchy
problem has been studied thoroughly in the past thirty years. In this
talk, I will present a recent joint work with Timothy Candy and Kenji
Nakanishi, where we determine the sharp range of Sobolev spaces in
which the Zakharov system is well-posed. In addition, under a small-
ness condition on the data for the Schrödinger equation at the lowest
admissible regularity, global well-posedness and scattering is proved.
The results cover energy-critical and energy-supercritical dimensions
d ≥ 4. We construct a function space for the perturbative analysis
which is partly based on endpoint Strichartz norms. One of the chal-
lenges is that in a certain range of regularities it seems impossible to
control the full solution by this endpoint Strichartz norm without de-
rivative loss. We exploit a mechanism of this system that allows to
recover this loss by introducing temporal frequency weights.

1
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SCATTERING FOR QUANTUM ZAKHAROV SYSTEM

CHUNYAN HUANG

1. Abstract

We study the Cauchy problem for the 3D quantum Zakharov system{
iut +Δu− ε2Δ2u = nu,

ntt −Δn+ ε2Δ2n = Δ(|u|2), (1.1)

with initial data

u(0, x) = u0, n(0, x) = n0, nt(0, x) = n1,

where the complex valued function u(t, x) : R1 ×R
3 → C denotes the envelope elec-

tric field and the real valued function n(t, x) : R1 × R
3 → R is the plasma density

fluctuation. The quantum parameter 0 < ε ≤ 1 describes the ratio between the
ion plasmon energy and the electron thermal energy. This model with quantum
effect was introduced by Garcia-Haas-Oliveira-Goedert and Haas-Shukla to describe
the nonlinear interaction between high-frequency quantum Langmuir waves and the
low-frequency quantum ion-acoustic waves.

Inspired by the work of Guo and Nakanishi(IMRN, 2014) on the energy scattering
for Zakharov system, recently we prove that the 3D quantum Zakharov system
scattering in the energy space with small radial initial data basing on the normal
form transform method and radially improved Strichartz estimates.

Theorem 1.1. Let d = 3. Suppose that (u0, n0, n1) are radial and ‖(u0, n0, n1)‖H2×H1×L2

is small enough, then the solution (u, n) scatters in the energy space, namely, there
exists (u±, n±) of the linear system{

iut +Δu− ε2Δ2u = 0,

ntt −Δn+ ε2Δ2n = 0,
(1.2)

satisfying

‖u(t)− u±(t)‖H2 + ‖n(t)− n±(t)‖H1 + ‖∂tn(t)− ∂tn
±(t)‖L2 → 0, t → ±∞.

It is known that the quantum Zakharov system is globally well-posed in the energy
space with large initial data. So it is natural to ask whether the global solution to
the system with large initial data also scatters in the energy space. This is a more
interesting problem. We are currently working in this direction.
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L2

L2

m m ≥ 1
u

z∗ [
u(t, r)− 1

|t|Q
( r

|t|
)
e
−i r2

4|t|
]
eimθ → z∗ H1

t → 0− Q(r)eimθ

u

u(η) 0 ≤ η � 1 u(0) = u η > 0 u(η)

η → 0+

u(η)

(m+ 1

m

)
π

|t| � η

L2

r−(m+2)

m

z
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On the symmetrization of Cauchy-like kernels 

Loredana Lanzani (Syracuse U.) 

In this talk I will present new symmetrization identities for a 
family of Cauchy-like kernels in complex dimension one.  

Symmetrization identities of this kind were first employed 
in geometric measure theory by P. Mattila, M. Melnikov, X. 
Tolsa, J, Verdera et al., to obtain a new proof of 
$L^2(\mu)$ regularity of the Cauchy transform (with 
$\mu$ a positive Radon measure in $\mathbb C$), which 
ultimately led to the a partial resolution of a long-standing 
open problem known as the Vitushkin’s conjecture.  

Here we extend this analysis to a class of integration 
kernels that are more closely related to the holomorphic 
reproducing kernels that arise in complex function theory. 

This is joint work with Malabika Pramanik (U. British 
Columbia). 



Strichartz estimates for orthonormal families of initial data 

This talk concerns the Strichartz estimates for orthonormal families of initial data which generalize 
the classical Strichartz estimates. These estimates have their motivation in understanding a 
system of infinitely many equations describing infinitely many particles.  We prove new estimates 
in the case of the wave, Klein--Gordon and fractional Schr\"odinger equations.  Due to a certain 
technical barrier,  except for the classical Schr\"odinger equation, the Strichartz estimates for 
orthonormal families of initial data  have  not  previously been established up to the sharp 
summability exponents  in the full range of admissible pairs. We obtain the optimal estimates in 
various notable cases and improve the previous results.  The main novelty is the use of  estimates 
for weighted oscillatory integral which we believe to be of wider independent interest. This talk is 
based on joint work  with Neal Bez and Shohei Nakamura.



Hardy space theory, commutators and applications in the multi-
parameter flag setting

Ji Li (Macquarie University)

Abstract:
Multi-parameter flag setting was introduced by Müller, Ricci and Stein when they studied the
Lp boundedness of Marcinkiewicz multipliers m(L, iT ) on the Heisenberg groups, where L is
the sub-Laplacian and T is the central invariant vector field, with m being a multiplier of
Marcinkiewicz-type. This flag structure is not explicit, but only implicit in the sense that one
can not formulate its dilation.
Later, Nagel, Ricci, Stein and Wainger established the Lp theory of singular integrals with

flag kernels in a more general setting of homogeneous groups and proved that such singular
integrals form an algebra.
We established the Hardy space theory by providing the full characterisations via Littlewood–

Paley theory, non-tangential and radial maximal functions, flag Riesz transforms as well as
atomic decompositions. Based on this, we further studied the boundedness of flag commutators,
which gives the flag div-curl lemmas, and has potential links to the Hankel operators in the
complex setting.
This talk is based on recent two joint works with Xuan Thinh Duong, Yongsheng Han,

Mingyi Lee, Yumeng Ou, Jill Pipher and Brett Wick.
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LONG RANGE SCATTERING FOR NONLINEAR DISPERSIVE

EQUATIONS WITH CRITICAL NON-POLYNOMIAL

NONLINEARITY

SATOSHI MASAKI (OSAKA UNIVERSITY)

1. Introduction

In this talk, I consider nonlinear dispersive equation with nonlinearity of critical
order. More specifically, we mainly consider the nonlinear Klein-Gordon equation
with the critical power nonlinearity

(�+ 1)u = |u| 2du.
We specify large time behavior of small solutions by showing a result of long

range scattering type [1, 2]. The behavior is well-studied when the nonlinearity is
a polynomial with respect to u and u. However, it is not when the nonlinearity is
not a polynomial.

One difficulty in the non-polynomial case lies in picking up the resonant term
which has a dominant effect on the behavior. We introduce an expansion of the
nonlinearity and pick up the resonant term from a non-polynomial nonlinearity.
One example of the expansion is

|Reu|Reu =
4

3π
|u|u+

∑
n∈Z,n �=1

4

π
· (−1)n

(2n− 3)(2n− 1)(2n+ 1)
|u|3−2nu2n−1

which will be a key identity to study the above nonlinear Klein-Gordon equation
in two dimensions. This kind of technique can be applicable to other problems [3].
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SCATTERING WITH SOLITONS FOR NONLINEAR
SCHRÖDINGER EQUATIONS

KENJI NAKANISHI

The scattering theory for the linear Schrödinger equation gives decomposition for
general solutions into sum of bound states and radiation or asymptotically free wave.
For the nonlinear Schrödinger equation (NLS), the bound states should correspond to
solitons (solitary waves), but such results are very limited for large solutions. In a
series of two papers (JMSJ, CMP ’17), I studied NLS with the focusing cubic power
and a potential on R

3, classifying global behavior of solutions with radial symmetry
and small L2 but large energy. In particular for energy below the first excited state
solitons, the initial condition leading to scattering with the ground state solitons is
given in an explicit variational formulation. Open questions are: solutions with higher
energy and/or larger mass, scattering with the excited solitons, the non-radial case,
the lower dimensional case, and lower power (mass-subcritical) case.
If the soliton is replaced with a plane wave solution, then the scattering becomes

harder as the interaction is stronger. In a joint paper with Z. Guo and Z. Hani (CMP
’18), we proved the scattering with a plane wave and small energy in the radial case for
the defocusing NLS (the Gross-Pitaevskii). It is an open question if there is any non-
scattering radial solution, but there are many large scattering solutions even without
symmetry. In a joint paper with T. Yamamoto (MRL ’19), we obtained a unique
scattering solution with the plane wave, almost surely after a randomization, for any
given final profile in the energy space (without symmetry). This paper is an extension
of the preceding result by J. Murphy (PAMS ’19) for NLS with a general power, going
slightly below the Strauss critical power (which is 2 in 3D). It would be interesting to
extend it to all short-range powers, as well as to randomization of given initial data.
The situation can be very different if the nonlinear power is lower. In a joint paper

with J. Murphy (arxiv), we consider the case of long-range and sub-quadratic power,
showing non-existence of asymptotic decomposition into a localized part and a non-
trivial free wave (in L2), for general potential (complex-valued and time dependent) and
localized wave component, which may be soliton, multi-solitons, breathers, etc., or even
spreading in space slower than free waves. It is an extension of the classical argument by
Glassey and Strauss, but we encounter a difficulty already for the quadratic power (in
1D and 2D), where we need an additional condition to control possible concentration
of the potential or localized wave in the coordinate of pseudo-conformal inversion.
The next problem is to construct large solutions with solitons (or other non-dispersive
waves) and radiation part whose behavior is modified from the free evolution.

Research Institute for Mathematical Sciences, Kyoto University
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Fixed time Lp estimates for a rough wave equation

Pierre Portal (Australian National University)

For the standard linear wave equation ∂2
t u = Δu, the solution at time t

belongs to Lp(Rd) for initial data u(0, .) ∈ W (d−1)|1/p−1/2|,p, ∂tu(0, .) = 0.
This is a classical result of Peral/Myachi from the 1980’s, which motivated
the development of Fourier Integral Operator theory. It is optimal in terms
of the order of the Sobolev space of initial data. In this talk, we discuss an
extension of this result for the equation ∂2

t u = aΔu, where a is a Lipschitz
function bounded from above and below. The fact that such a result holds
is somewhat surprising, given that other space-time (Strichartz) estimates
typically fail for coefficients rougher than C1,1. The proof is based on an
approach to FIO theory via phase space Hardy spaces (recently developed
by Hassell, P., Rozendaal) combined with abstract operator theoretic meth-
ods. The talk presents the scheme of the proof, focusing on the ideas behind
each of the key steps.

This is joint work with Dorothee Frey (Karlsruhe).
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My recent research concerns wave equations with rough coefficients, and specif-
ically Lp-regularity for such equations.

For the study of wave equations with smooth coefficients one can rely on the
calculus of Fourier integral operators (FIOs), a specific class of oscillatory integral
operators. To do so one uses parametrix constructions that express the solution
operators for such equations in terms of FIOs. Unfortunately the theory of FIOs
is not available when dealing with equations with rough coefficients. Nonetheless,
it has been shown that various results for wave equations with smooth coefficients,
such as Strichartz estimates, spectral cluster estimates and propagation of singu-
larities theorems, extend to wave equations with rough coefficients. More precisely,
many properties of wave equations with smooth coefficients in fact hold as long as
the coefficients of the equation have at least C1,1-regularity in space, and some do
so in a weaker form for less regular coefficients.

To study wave equations with rough coefficients one replaces the calculus of FIOs
by wave packet transform techniques. These wave packet transforms lift functions
on R

n to phase space T ∗(Rn) = R
2n, and they approximately reduce the wave

equation on R
n to an ODE on phase space, the Hamiltonian equations associated

with the wave equation. These Hamiltonian equations are well-posed as long as the
coefficients of the wave equation have at least C1,1 regularity in space (and suitable
regularity in time for time-dependent coefficients), thus providing one with tools to
deal with rough coefficients.

In recent research with Andrew Hassell and Pierre Portal, we have been applying
wave packet transform techniques to study the Lp regularity of wave equations
with rough coefficients. It has long been known that even wave equations with
smooth coefficients are typically not well posed on Lp(Rn) unless p = 2 or n = 1.
This is reflected in the fact that FIOs are typically not bounded on Lp(Rn) unless
p = 2 or n = 1. The best possible result is that an FIO T of order zero, under
standard assumptions, is bounded from W sp,p(Rn) to Lp(Rn) for 1 < p < ∞ and
sp := (n − 1)| 1p − 1

2 |. This fact seemingly poses a considerable obstacle when

using iterative parametrix constructions to approximately solve wave equations; in
each step of the iteration one should typically expect to “lose” a certain number of
derivatives of the initial data, thereby only allowing the techniques to be applied
to infinitely smooth initial data.

To circumvent the apparent loss of derivatives that occurs on Lp we have in-
troduced a scale of Hardy spaces Hp

FIO(R
n), for 1 ≤ p ≤ ∞, on which FIOs of

order zero act boundedly. This builds on work by Hart Smith for p = 1, and these
spaces satisfy Sobolev embeddings that allow one to recover the optimal Lp results.
The Hardy spaces for FIOs can be characterized in various ways, with one being
that they consist of functions that behave well under localization in frequency to
paraboloids.

Having a range of invariant spaces for FIOs available, one can then use an it-
erative parametrix construction to approximate the solution to a wave equation
with rough coefficients via the following procedure: lift to phase space using a wave
packet transform, follow the Hamiltonian flow associated with the equation, project
back to R

n using the adjoint of the wave packet transform. By keeping careful track
of all the errors involved, one is then able to approximately solve the wave equation
on Hardy spaces for FIOs. Finally, the Sobolev embeddings for these spaces then
yield the same optimal Lp regularity that holds in the smooth setting.
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Research abstract for Jacob Shapiro

My research is in microlocal analysis with applications to linear and nonlinear partial differential equations. My
previous and current work uses tools including Carleman estimates, quasimodes, propagation of singularities, and
radial point estimates to analyze semiclassical resolvents, wave decay, and nonlinear Helmholtz equations. Below, I
describe my research to date and future plans in more detail.

Consider the semiclassical Schrödinger operator P (h) ..= −h2Δ + V , with V ∈ L∞(Rn;R). Fixing an energy
E > 0, a radius R � 1, and a parameter s > 1/2, the goal is to bound from above the quantities

g±E,s(h, ε)
..= ‖〈x〉−s(P (h)− E ± iε)−1〈x〉−s‖L2→L2 , (1)

g±E,s,R(h, ε)
..= ‖〈x〉−s1>R(P (h)− E ± iε)−11>R〈x〉−s‖L2→L2 , (2)

for all 0 < h � 1 and 0 < ε � E, where 1>R is the characteristic function of the set {x ∈ R
n : |x| > R}.

Theorem 1. Let V : R2 → R be long range and Lipschitz. There exist R � 1 and C > 0, both independent of h and
ε, so that

g±E,s(h, ε) ≤ exp
(
Ch−1) , (3)

g±E,s,R(h, ε) ≤ Ch−1. (4)

When n = 1, Datchev and I showed one can allow V ∈ L1(R) and get the same h-dependence as in (3) and (4).

Theorem 2. Let V ∈ L1(R). Then

‖m1/2(P − E ± iε)−1m1/2‖L2→L2 ≤ exp

(
2E−1/2h−1

∫
m

)
(5)

for any m ∈ L1(R) such that |V | ≤ m. If V ∈ L1
comp(R) is supported in [−R,R], then

g±E,s,R(h, ε) ≤ 8(1 +R)−δδ−1E−1/2h−1. (6)

In higher dimensions, Galkowski and I showed weaker bounds hold for Hölder continuous and L∞ potentials.

Theorem 3. Suppose V ∈ Cα
comp(R

n), 0 < α < 1, and n ≥ 3. There exists C > 0 independent of α, h and ε such
that

g±E,s(h, ε) ≤ exp

(
Ch−1− 1−α

3+α

(
1− α

3 + α
log(h−1) + 1

))
. (7)

If instead V ∈ L∞
comp(R

n) and n ≥ 2, one may take α = 0 in (7).

The novel aspect of Theorem 1 is that it gives sharp h-dependent resolvent bounds for Lipschitz potentials in the
dimension missing from the work of Datchev. Theorem 2 also gives sharp resolvent bounds, but under the weaker L1

assumption: (5) and (6) appear to be the first semiclassical resolvent estimates for V /∈ L∞. The novelty of Theorem
3 is that the family of estimates (7) are the first to explicitly show how h-dependence scales between Lipschitz and
L∞ regularity. The case α = 0 was proved parallelly and independently by Klopp and Vogel.

There are several open problems in the setting of low-regularity resolvent estimates that I would be eager to discuss
with MATRIX participants. I would like to remove the compact support assumption needed for (6), and to prove

and an analog of (4) for V ∈ L∞ and n ≥ 2. I will also investigate whether there is an ech
−4/3 log(h−1) resolvent lower

bound for L∞ potentials. As a first step, I will study Meshkov’s work on the related question of unique continuation,
and determine whether his method can be adapted to constructing a real-valued potential having quasimodes u such

that (P (h)− E)u = O(e−ch−4/3 log(h−1)).
As an application of Theorem 1, I showed a logarithmic local energy decay rate for solutions to wave equations

(∂2
t − c2(x)Δ)u(x, t) = 0 with a wavespeed that is a compactly supported Lipschitz perturbation of unity. In future

work, I plan to show that versions of this decay hold under weaker conditions, such as only requiring that c be a
short range L∞ perturbation of unity.

Another research program I have pursued is to develop and extend Vasy’s celebrated Fredholm method, a flexible
strategy for finding solutions to wave and Schrödinger equations. Gell-Redman, Hassell, Zhang and I used Vasy’s
method to construct small data solutions to a large class of nonlinear Helmholtz equations. As a follow-up, we will use
the Fredholm method to construct solutions to nonlinear perturbations of the time dependent Schrödinger equation.

Theorem 4. Let λ ∈ R \ {0} be given. Consider the nonlinear Helmholtz equation on R
n, n ≥ 2,

(−Δ− λ2)u = α|u|2q+1u, (8)

where α ∈ C and q = 2p + 1, p ∈ N. Assume (p − 1)(n − 1) > 4. Then if k > (n − 1)/2 is sufficiently large and
f ∈ C∞(Sn−1) has sufficiently small norm in the Sobolev space Hk(Sn−1), there is a solution u to (8) satisfying

u = |x|n−1
2

(
e−iλ|x|f(x/|x|) + eiλ|x|b(x/|x|) +O(|x|−ε)

)
, as x → ∞,

for some b ∈ C∞(Sn−1) and some ε > 0. Furthermore, u is unique in the sense that it is the only solution to (8)

with the property that u− |x|n−1
2 e−iλ|x|f(x/|x|) is small in a certain weighted Sobolev norm.
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HARDY SPACES MEET HARMONIC WEIGHTS

ADAM SIKORA, JOINT WORK WITH MARCIN PREISNER AND LIXIN YAN

The classical notion of Hardy spaces is a mainstream masterpiece in the core of
harmonic analysis, see for example [2]. There are several equivalent definitions of the
real variable Hardy space H1(Rn). For example, H1(Rn) can be defined in terms of
the maximal function associated with the heat semigroup generated by the Laplace
operator Δ on R

n. Recall that a locally integrable function f on R
n is said to be in

H1(Rn) if

MΔf(x) = sup
t>0

∣∣etΔf(x)∣∣(1)

belongs to L1(Rn). If this is the case, then we set

‖f‖H1(Rn) = ‖MΔf‖L1(Rn).

The definition above suggests defining Hardy spaces corresponding to a general self-
adjoint operator L by simply replacing the standard heat propagator by the semigroup
exp(−tL) in (1). Alternatively one can define H1

L using the square function approach.
The theory of Hardy spaces associated with operators has attracted a lot of attention
in last decades and has been a very active research topic in harmonic analysis. Very
systematic and general theory of such Hardy spaces was described in [1].

In our study we investigate H1
L in the case, when there exists an L-harmonic non-

negative function h such that the semigroup exp(−tL), after applying the Doob trans-
form related to h, satisfies the upper and lower Gaussian estimates. In this situation
we are able to obtain a natural characterisation of H1

L in terms of atomic decomposi-
tions in which atoms satisfy the cancellation associated with the harmonic function h.

Our approach also yields a natural characterisation of the BMO-type space corre-
sponding to the operator L and dual to H1

L in the same circumstances.
The applications include surprisingly wide range of operators, such as: Laplace

operators with Dirichlet boundary conditions on some domains in R
d, Schrödinger

operators with certain potentials, and Bessel operators.

References

[1] S. Hofmann, G. Lu, D. Mitrea, M. Mitrea, and L. Yan, Hardy spaces associated to non-negative
self-adjoint operators satisfying Davies-Gaffney estimates, Mem. Amer. Math. Soc. 214 (2011),
no. 1007, vi+78. 1

[2] E.M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals,
Princeton Mathematical Series, vol. 43, Princeton University Press, Princeton, NJ, 1993, With
the assistance of Timothy S. Murphy, Monographs in Harmonic Analysis, III. 1

1



RESEARCH ABSTRACT - TACY

My research lies within the areas of microlocal analysis and semiclassical analysis, particularly their applications to quantum
chaos and harmonic analysis. Below I have highlighted the main lines of my research and outlined some questions of interest
to me.

Connections between semiclassical and harmonic analysis

Many problems in harmonic analysis reduce to understanding the concentration properties of eigenfunctions of differential
of pseudodifferential operators. In particular understanding the Lp theory of quasimodes (approximate eigenfunctions). On
the other hand ideas from harmonic analysis, particularly those that feature analysis/synthesis of functions are under untilised
in semiclassical analysis.

• How can we combine ideas from microlocal analysis with traditional analysis/synthesis systems in harmonic analysis?
• How can we use semiclassical analysis to further understand problems coming from harmonic analysis? Can we
develop existing techniques from semiclassical analysis to the point where they function as a well-defined machine for
approaching problems arising from harmonic analysis.

Concentration of classical observables

One of the major applications of semiclassical analysis is in understanding the link between concentration of eigenstates and
the dynamical properties of the underlying classical system. This is an area of active research for me. For example, recently I
obtained estimates showing the the quantum analogue of normal velocity cannot concentrate on hypersurfaces (even though
quasimodes themselves can have quite large concentrations on the same hypersurfaces).

Questions.

• Can we obtain similar non-concentration type results for the quantisation of other dynamical variables, for example
like acceleration?

• What the correct way to think about concentration on level sets in phase space? For instance how can we talk about
concentration to a level set q(x, ξ) = K?

The random wave model for quantum chaos

It is conjectured (and generally believed within the field) that random waves are a good model for the behaviour of chaotic
quantum states. In this setting a random wave is a function

u =
∑

h−1
i ∈Λ

ciφi(x) where Δφi = −h−2
i φi

where Λ is some interval and the ci are chosen randomly. Then we ask about the expected behaviour of 〈u, p(x, hD)u〉, where
p(x, hD) is a semiclassical pseudodifferential operator. This can be reduced to understanding trace formula asymptotics.
When p(x, ξ) is independent of h these asymptotics are well-known, however we are also interested in the case where p(x, ξ)
is supported in a h dependent region.

Questions.

• Can we develop appropriate small scale trace formulae? Above the square-root Plack scale, h1/2 I would expect that
this would be not much more difficult than the fixed scale trace theorems.

• In the cases where we can sensibly allow p(x, ξ) to be supported at the Planck scale what do we expect to see? There
is evidence (both heuristic and numeric) that we should expect logarithmic growth of objects of the form

h−n |〈u, p(x, hD)u〉|
where p(x, ξ) is supported on a region of phase space with volume of order hn.
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Local Well-posedness of the Cauchy Problem
for the Kinetic DNLS on T

Yoshio TSUTSUMI, Kyoto University

I talk about the local well-posedness of the Cauchy problem for the kinetic
derivative nonlinear Schrödinger equation (for short, KDNLS) on T.

∂tu− i∂2
xu− β∂x

[
H
(|u|2)u] = 0, (t, x) ∈ (0,∞)×T, (1)

u(0, x) = u0(x), x ∈ T, (2)

where β is a non-zero real constant and H is the Hilbert transform. This
equation (1) takes the resonant interaction between the wave modulation and
the ions into account. The word “kinetic” implies that the collective motion
of ions in a plasma is modeled by the Vlasov equation and not by the fluid
equation. Without the Hilbert transform H, the application of the gauge
transfomation converts DNLS to a tamer equation with cubic nonlinearity
u2∂xū instead of ∂x(|u|2u) (see Takaoka [3] for the case of R and Herr [1] for
the case of T). But it does not work for (1) as well as for DNLS because
of the presence of the Hilbert transform H. However, equation (1) has a
dissipative nature when β < 0. I take advantage of this dissipative property
of equation (1) to show the local well-posodness of the Cauchy problem (1)-
(2) under the smallness assumption on initial data for β < 0. This is a joint
work with Nobu Kishimoto, RIMS, Kyoto University.
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Research Abstract

Wenhui Shi

The parabolic Signorini problem concerns solutions to ∂tu − Δu = g in Ω × (0, T ) for a bounded
region Ω ⊂ R

n and for a given function g, with the boundary condition in form of variational inequalities

u ≥ 0, ∂νu ≥ 0, u > 0 ⇒ ∂νu = 0 on ∂Ω× (0, T ).

The interface ∂{u > 0} ∩ (∂Ω × (0, T )) between the Dirichlet and Neumann part is unknown apriori,
which is the so-called free boundary. Such type of problems arise naturally in many applications, like
the problems of semi-permeable membranes and temperature control.

The most important issue for free boundary problems is the regularity of the free boundaries. The
main approach is the so-called blow-up method. Monotonicity formulas are typically used to give the non-
triviality of the blow-up limits, and Liouville type theorems allow one to classify the global solutions.
For the parabolic Signorini problem, those free boundary points whose blow-up limits are 2d model
solutions are the so-called regular free boundary points; and singular free boundary points consist of
those whose blow-up limits are caloric polynomials solutions.

A crucial step to show the free boundary regularity is to understand whether blow-ups are unique
or not, and if so, whether one can obtain a quantitative convergence rate towards the blow-up limit. A
typical method is to establish an epiperimetric inequality. However, the epiperimetric inequality applies
only for (almost) energy minimizers. It is thus still widely open how to make the quantitative asymptotic
analysis (particularly around singular points) for general evolutionary problems or stationary solutions
which are not energy minimizers.

In a recent paper we use a new dynamical system approach to obtain quantitative asymptotic es-
timates around regular and singular points for solutions to the parabolic Signorini problem. The idea
is that, via a conformal change of coordinates the problem at hand is reduced to the long-time asymp-
totic behavior of a gradient flow over a convex set. Then using information on equilibriums and by
studying the convergence rate of the gradient flow to the equilibriums, one obtains information on the
asymptotic expansion of the solution near the free boundary point. Such method does not rely on energy
minimality, thus could be generalized to the elliptic problems which do not come from energy minimizers.

Further questions are:
(1). The convergence rate we obtain at singular points is much worse than the polynomial rate for

the elliptic analogue. The major problem is, blow-ups are Hermite polynomials in the whole space Rn

for the parabolic problem, while for the elliptic problem they are spherical harmonics on the compact
manifold S

n−1. Can one overcome this non-compactness issue and obtain a better convergence rate?
(2). For the proof we use compactness arguments combined with the uniqueness of the blow-up

profiles. Is there a direct argument by exploring the density of the contact set?
(3). What can be said about other free boundary points, which are non-regular and non-singular?

Is there a non-trivial example where the free boundary is degenerate in the blow-up limit?
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Title: Weighted Estimates for the Bergman Projection
Abstract: Using methods of dyadic harmonic analysis we show how it is

possible to obtain weighted estimates of the Bergman projection on Lp(w). We
will discuss this in the case of the unit ball, the Hartogs triangle, and certain
classes of pseudoconvex domains.

Brett Wick
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