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Topological recursion (TR, Chekhov—Eynard—Orantin '04-'07)

Goal: “Count surfaces Sy, ,, of genus g with n boundaries (topology (g,n))." J

Y. Riemann surface
Differential forms

: 3 — CP!
TR: 17 e L S~~~ wgin (21,0, 20), 2 €L,
wo,1 = ydz I-form ( ) recursion on Vg,n > 0.
wo,2 (1,1)-form  ( ) Ix(Sg,n) =29 —2+n
E34
z9 22
z
z1 !
- ZBSS( < X )
zp a€Cr(x) galz Zn oq(z 27

wg,n(215-12n) Ko(21,2) wg—1,n+1(2,0a(2),22,... 2n))
~—)
@ Terms in correspondence with the ways of cutting -C ;
a pair of pants (0,3) from Sy ;. \= )

o Related to many interesting geometric problems: Hurwitz covers, graphs
embedded on surfaces, Gromov—Witten invariants, volumes of moduli spaces,
statistical physics models, knot invariants...
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Presentation of the problem

P € Clz,y] and & = {(z,y) € C* | P(2,y) = 0} plane curve of genus §.

A quantization of X is a differential operator P of the form
P(@,3;h) = Po(3,3) + O(h),

where Z = z-, § = hl, such that Py(z,y) = P(z,y)Q(z,y), for some

Q € Clz, ] (often 1),

o The operators & and § satisfy [§, Z] = h.
o P(&,9)u(x,h) = 0. (724 = R, 1) )o(z0) =0,

WKB asymptotic expansion ~ log 1 (z, k) Z hkSk )enr™ 1(C[[h]]

kE>—1
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Presentation of the problem

P € Clz,y] and & = {(z,y) € C* | P(2,y) = 0} plane curve of genus §.

A quantization of X is a differential operator P of the form
P(@,3;h) = Po(3,3) + O(h),

where Z = z-, § = hl, such that Py(z,y) = P(z,y)Q(z,y), for some

Q € Clz, ] (often 1),

o The operators & and § satisfy [§, Z] = h.
o Pa,g)u(w,h) = 0. (755 — Riw,m)w(zm) = 0.
WKB asymptotic expansion ~ log 1 (z, k) Z hkSk )enr™ 1(C[[h]]

kE>—1

Question: Can we construct the operator P and the solution 1 from P?



Presentation of the problem

P € Clz,y] and & = {(z,y) € C* | P(2,y) = 0} plane curve of genus §.

A quantization of X is a differential operator P of the form

-~

P(z,5;h) = Po(Z,7) + O(h),

where T = z-, § = h%, such that Py(z,y) = P(z,y)Q(z,y), for some

Q € Clz,y] (often 1).

o The operators & and § satisfy [§, Z] = h.
° ﬁ(aﬁ",gj)w(x,h) = 0. Schrodinger equation: (h2$ — R(m,h))w(z,h) =0.

WKB asymptotic expansion ~ log ¢ (z, k) = Z hF Sy (x) € Kt C[R)).

k>—1

Question: Can we construct the operator P and the solution 1 from P?

Both P and 1 can be constructed from ¥ using topological recursion. l




History and literature

o Proved for many particular cases ~» genus § = 0 spectral curves.
o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has

N = #{interior points} = 0 (Fact: § < Np).
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History and literature

o Proved for many particular cases ~ genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N1 = #{interior points} =0 ( g < Nip).

o Marifio—Eynard '08 ~~ Holomorphic, modular and background independent,
non-perturbative partition functions.

o Borot—-Eynard '12 ~» Only non-perturbative wave functions can obey “good”
quantum curves (for g > 0).

o Eynard '17 ~~ General idea to construct integrable systems and their
T-functions from the geometry of the spectral curve.
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History and literature

o Proved for many particular cases ~ genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N1 = #{interior points} =0 ( g < Nip).

o Marifio—Eynard '08 ~~ Holomorphic, modular and background independent,
non-perturbative partition functions.

o Borot—-Eynard '12 ~» Only non-perturbative wave functions can obey “good”
quantum curves (for g > 0).

o Eynard '17 ~~ General idea to construct integrable systems and their
T-functions from the geometry of the spectral curve.

o Chidambaram—-Bouchard—Dauphinee '18 ~~ Elliptic curves, but with
infinitely many A corrections!

o lwaki-Marchal-Saenz '18, Marchal-Orantin '19 (reversed approach) ~» Lax
pairs associated with i-dependent Painlevé equations and any
h0: U (x, h) = L(z, h)¥(z, h), with L(z, k) € slz(C), satisfy the topological
type property from Bergére-Borot—Eynard '15 (§ = 0).

o lwaki-Saenz '16, lwaki '19 ~~ Painlevé | and elliptic curves (§ = 1).
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History and literature

o Proved for many particular cases ~ genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N1 = #{interior points} =0 ( g < Nip).

o Marifio—Eynard '08 ~~ Holomorphic, modular and background independent,
non-perturbative partition functions.

o Borot—-Eynard '12 ~» Only non-perturbative wave functions can obey “good”
quantum curves (for g > 0).

o Eynard '17 ~~ General idea to construct integrable systems and their
T-functions from the geometry of the spectral curve.

o Chidambaram—-Bouchard—Dauphinee '18 ~~ Elliptic curves, but with
infinitely many A corrections!

o lwaki-Marchal-Saenz '18, Marchal-Orantin '19 (reversed approach) ~» Lax
pairs associated with i-dependent Painlevé equations and any
h0: U (x, h) = L(z, h)¥(z, h), with L(z, k) € slz(C), satisfy the topological
type property from Bergére-Borot—Eynard '15 (§ = 0).

o lwaki-Saenz '16, lwaki '19 ~~ Painlevé | and elliptic curves (§ = 1).

o Marchal-Orantin '19, Eynard—GF '19 ~~ Hyperelliptic (any §).
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History and literature

o Proved for many particular cases ~ genus § = 0 spectral curves.

o Bouchard—Eynard '17 ~~ spectral curves whose Newton polygon has
N1 = #{interior points} =0 ( g < Nip).

o Marifio—Eynard '08 ~~ Holomorphic, modular and background independent,
non-perturbative partition functions.

o Borot—-Eynard '12 ~» Only non-perturbative wave functions can obey “good”
quantum curves (for g > 0).

o Eynard '17 ~~ General idea to construct integrable systems and their
T-functions from the geometry of the spectral curve.

o Chidambaram—-Bouchard—Dauphinee '18 ~~ Elliptic curves, but with
infinitely many A corrections!

o lwaki-Marchal-Saenz '18, Marchal-Orantin '19 (reversed approach) ~» Lax
pairs associated with i-dependent Painlevé equations and any
h0: U (x, h) = L(z, h)¥(z, h), with L(z, k) € slz(C), satisfy the topological
type property from Bergére-Borot—Eynard '15 (§ = 0).

o lwaki-Saenz '16, lwaki '19 ~~ Painlevé | and elliptic curves (§ = 1).

o Marchal-Orantin '19, Eynard—GF '19 ~~ Hyperelliptic (any §).

o Eynard—-GF-Marchal-Orantin '21 ~~ any algebraic curve with
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Context
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P(.’IJ, y) =0 ‘ Wyg,n

semi-classical limit
h—0

z

<
= |
ke

Quant Proof? Wave function
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n! o

Determinantal
formulas: Wy

WKB expansion




© Spectral curves
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Input of topological recursion (TR) (Chekhov—Eynard-Orantin, '04-'07)

Input: S = (%, z,ydz, B):
@ X Riemann surface of genus g.
o Two meromorphic functions z,y : ¥ — C = P(z,y) =0, P € C[z,y].
@ Symplectic basis of non-contractible cycles (Ai’Bi)§:1 on X.

@ A symmetric bidifferential B = wp,2 on £ X ¥ such that

dzidzo
w()72(21, 22) ZQ:Zl (z21—22)2

Output: € HO(27, (Kg(+Cr(z)))®")Sn, for all g,n > 0.

+ holomorphic with vanishing A-periods.

For 2g —2+mn > 0, the wy,, are symmetric meromorphic

differentials with poles at ramifications points.

x : 3 — C meromorphic function with finitely many and
simple ramification points (denoted R(x)), and y : ¥ — C holomorphic on a

neighborhood of every a € R(z) and dy(a) # 0 = Existence of a local
involution & around every ramification point: z(z) = z(o(z)).

Future
000




Spectral curves

Fix N distinct points A1,..., Ay € P'\ {oo}. Let Hq(A1,...,An,00) be the
Hurwitz space of degree d ramified coverings z: ¥ — P!, where 3 is the
Riemann surface of genus g:

Si={(\y) | P(\y) =0},

where z(\,y) := X and

d
PO = 1A,

=0

with each coefficient P, being a rational function with possible poles at
ANeP = {A},U{oc} and Py =1.
Classical spectral curve ~ (%, x).



Quantum curves and TR Spectral curves TR and loop equations KZ equations Non-perturbative Isomonodromic Future
00000 [ele] le]e) 0000 000000000 0000000000 00000 [e]e]e]

Spectral curves

Fix N distinct points A1,...,Ax € P\ {oo}. Let Ha(A1,...,AN,c0) be the
Hurwitz space of degree d ramified coverings z: ¥ — P!, where 3 is the
Riemann surface of genus §:

== {(\y) [ POy =0},

where z(\,y) = A and

d

)\yzz lle)

=0

with each coefficient P, being a rational function with possible poles at
ANeP = {A},U{oc} and Py =1.
Classical spectral curve ~ (%, x).

o Local coordinates (in the base): {{,()\)}4ep around ¢ € P are defined by
Vie [1,N] : éa,(A)=(A—A;)  and  &o(N) =N
o Local coordinates (in the cover): near any p € 27'(q), let dp == ord,(&;)

Go(2) = &4(w(2)) %

{dp}pes—1(q) is called the ramification profile of g. We have } dp = d.

pex=1(P)



Admissible spectral curves

Expansion of the 1-form wo,1 = ydx around any pole p € z~* (P):
rp—1

ydx = Z tp,ka_k_ld(p + analytic at p.
k=0

The tp, ks are called the spectral times (or KP times).
Ramification points: Ro := {p € ¥ | 1 + order, dw # +1},
Ri={peX|du(p)=0, z(p) ¢ P} =Ro\z '(P).

Critical values: z(R).



Admissible spectral curves

Expansion of the 1-form wo,1 = ydx around any pole p € z~* (P):
rp—1

ydx = Z tp,ka_k_ld(p + analytic at p.
k=0

The tp, ks are called the spectral times (or KP times).
Ramification points: Ro := {p € ¥ | 1 + order, dw # +1},
Ri={peS|da(p) =0, x(p) ¢ P} =Ro\a " (P).

Critical values: z(R).

Definition (Admissible classical spectral curves)

A classical spectral curve (3, z) is admissible if:
o P(\,y) =0 is an irreducible algebraic curve;
o a € R are simple, i.e. dz has only a simple zero at a € R;
o Y(ai,a;) € R x R with a; # a;, z(a;) # z(a;);
o Va € R, dy(a) #0;

o Vp € 7 (P) ramified, the 1-form ydz has a pole of degree r, > 3 at p
and tp,r,—2 # 0.




Torelli marking and filling fractions

For any symplectic basis (A;, Bi)]_, of Hi(X,Z), let
BB ¢ gO(52 K52(2A))%2 € My (5?)
be the unique symmetric bidifferential on %2 with a unique double pole on the

diagonal A, without residue, bi-residue equal to 1 and normalized on the

A-cycles by
Vie[l,g], BB (21 25) = 0.
z1EA;

Choice of Torelli marking can be thought of as a choice of polarisation from a
geometric quantisation point of view.

Let ((Z, ), (Ai, B;)J_,) be some admissible initial data. We define (¢;)7_, the
tuple of filling fractions by

Vie[l,g], € : ydx
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© Topological recursion and loop equations



Properties of TR

® wy,n are invariant under permutations of their n arguments.

@ wo,1(z1) may only have poles at 27 (P). wo,2(z1, 22) may only have poles
at z; = z2. For (h,n) € Nx N*\ {(0,1),(0,2)}, wh,n(z1,-..,2,) may
only have poles at z; € R, for i € [1,n].

o Forall i € [1,4],

7]

3 wh,n(zh...,zn):}{ Whont1(2,21, -+, Zn)-
€ 2€B;
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Properties of TR

® wy,n are invariant under permutations of their n arguments.

@ wo,1(z1) may only have poles at 27 (P). wo,2(z1, 22) may only have poles
at z; = z2. For (h,n) € Nx N*\ {(0,1),(0,2)}, wh,n(z1,-..,2n) may
only have poles at z; € R, for i € [1,n].

o Forall i € [1, g],

0

a—wh,n(zh...,zn) :74 Whon+1(2, 21, - -« Zn).
€i 2€B;
Ramification points at poles:
o In the definition of TR, residues at a € R = Ro \ ' (P).
o But the points of P could also be ramified (many interesting examples,
like the Airy curve y* = z).
o Bouchard-Eynard ('17) noticed that to derive the quantum curve, one
should also include residues at the ramification points in z='(P).
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Properties of TR

© wy,, are invariant under permutations of their n arguments.

@ wo,1(z1) may only have poles at 27 (P). wo,2(z1, 22) may only have poles
at z; = z2. For (h,n) € Nx N*\ {(0,1),(0,2)}, wh,n(z1,-..,2,) may
only have poles at z; € R, for i € [1,n].

o Forall i € [1,4],

0

wh,n(zl,...,zn):f Whon+1(2, 21, - -« Zn).
Oe; z€EB

i

Ramification points at poles:
o In the definition of TR, residues at a € R = Ro \ ' (P).
o But the points of P could also be ramified (many interesting examples,
like the Airy curve y* = z).
o Bouchard-Eynard ('17) noticed that to derive the quantum curve, one
should also include residues at the ramification points in 27 (P).

Lemma (Ramified poles don't contribute for admissible curves)

Let wy, ,, be the topological recursion differential forms defined by taking
residues at all a € Ro (including a € =*(P)). If¥p € 271 (P), we have r, > 3
and tp r,—2 # 0, then w}, ,, = Wi n, and wh,, with (h,n) # (0,1),(0,2) have
poles only at R = Ro \ 7 *(P).




Loop equations

For (h,n,l) € N3, A € P! and z := (21,...,2n) € 27",

1(p)
l
A= > > 3 > {H wgi,miHuu(m,Ji)] :
BCx—1(X) LES(B) L(n) 1(p) i=1
L U Ji== .§1g¢=h+l(u)—l

differential with possible poles at A € PUz(R), z; € R and z; € z71(\).

th+1()\;z):O, forl >d+1.



Loop equations

For (h,n,l) € N3, A € P! and z := (21,...,2n) € 27",

1(p)
QY = > Y Y > [H ng,|m|+|Ji|(M»Ji)] ;

BCz—1(A) LES(B) U(n) ) i=1
1 U Ji=z 3 gi=h+i(w)-L

differential with possible poles at A € PUz(R), z; € R and z; € z71(\).

Qh n+1()\;z) =0, forl >d+1.
Particular cases:

o Q) = Zoca10n [lees01(2) = A (@)’

1 ~
° Qé,)z(%; 21) = XaCa—1(n) 2ozep w0,2(2,21) H%iﬁ wo,1(2)-
l ZFzZ



Loop equations

For (h,n,l) € N3, A € P! and z := (21,...,2n) € 27",

1(p)
QY = > Y Y > ngi,|m|+|Ji|(M»Ji)] ;

BCz—1(A) LES(B) U(n) ) i=1
l v|:|1Ji=Z .§1g¢=h+l(u)—l
differential with possible poles at A € PUz(R), z; € R and z; € z71(\).
Qh n+1()\;z) =0, forl >d+1.
Particular cases:

o Q) = Zoca10n [lees01(2) = A (@)’

1 ~
° Qé,)z(%; 21) = XaCa—1(n) 2ozep w0,2(2,21) H%iﬁ wo,1(2)-
l ZFzZ

Theorem (Loop equations)

(l)
The function \ %fl') has no poles at A € z(R), Vz € (X \ R)".

d\ d:
° Q;:LH()\ z) Z Whynt1(2,2) = dn,00k,0P1(N)dA + 6n,15h,0)\ﬂ

zex—1(X) (A —x(21))?



Loop equations

L(p)

Al
Ql(i,)n-i-l(Z;z) = Z Z Z Z ngi,\uilﬂhl(“iv‘]i)
z—1(z(z z S(B) 1(w) (1) =1
A (FR AT

i=

Possible poles ~» z with z(2) € 2(R), z € 27 *(P), and z; € RU (z7 ! (z(2)) \ {z}).

Lemma

Forz := (z1,...,2n) € X™ such that x(z;) # x(z;) for any i # j, the functions

QP (2 & 1 QU ia\ {5}
(l) o h,n+1 _
G032 =y~ 5 e @

n
are rational functions of A with no poles at A € (R) and at A € |J {z(z;)}.
i=1

Forz€ £\ (RUz"Y(P)) andz € [E\ (RUz"1(z(2)))]", we have
Qhin+1(@(20:2) = Qi1 41 (512) + Q)42 (5 2,2)

+ Z Z Qg;ﬂ[);H_l(Z;A)wh2,|BH-1(ZaB)'

AUB=z hy+ha=h
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@ Perturbative wave function and KZ equations



Perturbative wave function over a divisor

D= Zaz[pl] a generic divisor (of degree= Y. a; = 0) on Sp, Sp =S\ a1(P).
Perturbatlve wave function ¥ (D, h) =g ;(D, h) associated to D:
hzh 2+n dx(z1)dz(z
exp (XS [ [ (nnlensz) = Boba L ),
h>0n>0 (z(z1) — z(22))

e w00~ [p w01y (D, B) € Cl[H)).



Perturbative wave function over a divisor

D= Zaz[pl] a generic divisor (of degree= Y. a; = 0) on Sp, Sp =S\ z1(P).
Perturbatlve wave function ¥ (D, h) =g ;(D, h) associated to D:
h2h 2+n dx(z1)dz(z2)
n(21,-.,2n) = Onobno— =) .
oxp (0 S [ [ (o) = g )

h>0n>0

e 00k Tpons (D, 1) € Cll)

Vie[Ls],1>1: (D, k) [Z S h2h+n / / th’j;(f“')}/)(f:),h),

h>0n>0

Perturbative partition function Z(h) = ¥(D = 0, h):

Z(h) = exp (Zh%—%hp), with e~ **0.0 Z (1) € C[[A]).

h>0

Wave functions are meant to be solutions to a differential equation; the partition
function is expected to play the role of an associated tau function from the point of

view of isomonodromic or integrable systems.




KZ equations

Theorem (General KZ equations)

Fori € [1,s] andl € [0,d — 1],

h (D, R +(D,h) — (D, Rk
o 71{;; ) ) YD) —h > a i (x( ; _ié’{() )
v jeltsl\{i} PR
h2h+n (l+1)
+ Qjy i1 (x(pi);2) (D, h)
22 /D FIRCs

h2h+"+1/ / dx(p;) ( %c)zz;ff)il;.))] v

(h, n)EN2

If aj = +1,

h diy; (D, h i(D,h) — (D, h
n Wi, . ) _ D=k S Yui( _) 1!’1,3‘( )
oy dx(p;) Jelts]\{i} z(p;) — (ps)

2h+n
+ Z Z h /ZIED / Qg:& (x(p:);2) (D, h).

h>0n>0




Regularised KZ equations

Let z € $p be a generic point and ™' (c0) = {00} net b

When D = [z] — [p2], ¥(D, ) has an essential singularity as ps — 0o(®).
Need to regularise the wave functions: 1;°(D = [2] — [00™], h).
Theorem (KZ equations for regularized wave functions)

For a € [1,£], 1 € [0,d — 1], the regularised wave functions satisfy

h%(z) °8(D = [2] — [00@], ) + ¢ (D = [2] — [00)], )

2h+n
= |:Z Zh Z Z Ep(z(2))” R_?}S:,EP(A)IC71 dép(N)
h>0n>0 - PeP ke S(l+1)
1=z Zn=2 (l+1) pe
/ B (a).../ e h(:t;i;l&lz)]wreg(D: [Z]—[OO(Q)LH),




Generalised cycles and algebra of symbols

Generalized cycles: € == {Cp .k} pex pez U{CH} cx U LA, Bi}{_,, where the
integration of a meromorphic form w along such cycles is defined as:
oVpeX, andVke€Z,

/ : wHResggkw.
C p

P,k

o Let v be a Jordan arc from a point 0 € X to a point p € .

/ :ow—)/w
cy 2l
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Generalised cycles and algebra of symbols

Generalized cycles: € == {Cpx }pex ez U{CE} exs U {Ai, Bi}{_;, where the
integration of a meromorphic form w along such cycles is defined as:
oVpeX andVkeZ,

/ : wHResC;kw.
C p

p,k

o Let v be a Jordan arc from a point 0 € X to a point p € .

/ :w»—)/w
cy 2l

Commutative algebra freely generated by a set of symbols consisting of a pair
(h,n) and a symbol fol' -+ [ . labeled by generalised cycles C; € &:

W=C {/ / wh,n} / (cycle linearity relations).
C1 n h,n>0

Evaluation map:
ev: W —= C
oy doywnn = Lcoy Loec, wnnlz e zn).

W ~~ extension to formal Laurent power series in 7, exponentials and inverses.



KZ equations with linear operators

Operators (Zc) .. acting on W:

v (h,n) e N* : Ip [/Cl---/nwh,n} :=/Cl---/n/cwh,n+1.

Re-writing the RHS of the KZ equations with a multi-linear operator £;(z(z))
that uses Zc, , ~» new system of KZ equations, for o € [1,4], I € [0,d — 1]:
d reg _ (o) reg _ ()
iy () = ) + 4 () = ()

= ev. Eifa(2)) [ (2] - [0 ))).



KZ equations with linear operators

Operators (Zc) .. acting on W:

v (h,n) e N* : Ip [/Cl---/nwh,n} ::/Cl---/n/cwh,nﬂ.

Re-writing the RHS of the KZ equations with a multi-linear operator £;(z(z))
that uses Zc, , ~» new system of KZ equations, for o € [1,4], I € [0,d — 1]:
d reg _ (o) reg _ ()
iy () = ) + 4 () = ()

= ev. Eifa(2)) [ (2] - [0 ))).

Degree 2 case (hyperelliptic):

| P(z,) = R(z) — y* = 0, with R(x) € C(z) |

x: ¥ — CP! is a double cover and we have a global involution

(.’17, y) = (:[77 _y)'

In degree 2, the operators Ic, , can be interpreted as derivatives with respect
to the moduli of the classical spectral curve 0y, , .
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KZ equations for d = 2 ~~ system of PDEs

Theorem (Eynard—GF,'19)

Fork =1,2,
42 d _ d
2 dag, da; _
(g7 + 2 B )0 = (Bl + L) v,

ik

Let Coo € 7 (00) and ¢ € 7 (A;) be poles of wo,1 of orders moo and my,
l=1,...,N, respectively. Let d := ord¢_ (z). The operator
L(z) = Loo(x) + La(z) reads

E
oo = A

7 o

Loo(m)= > teey >, 2(-——-k-2)———!
e D0 ( doo )3t<ooﬁj+doo(k+2>

S I (k+1) 2
L@ =3 (o5 + 2 tas @ = 2 G 1R ).

2w Z ”kzl Otey g1k

In the Airy case, y? = &, we have only one pole, at (; = oo, of degree m; = 3,
with d; = —2. The sum is empty and L(z) =0




Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [#2]:
o PDEs for Airy curve: y* = z. We had £(x) = 0.

d d v = o2

dxzy  dazg

B2 42 dgl - dg2 _

dx? BT v =,
2( a2

h (dz% + T1—x2 )



Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [#2]:
o PDEs for Airy curve: y* = z. We had £(x) = 0.

r]—x2
2( d2 a7 as
] T —
h (Q + 7)#’ = x2¢).

T1—T2

d d
h2 a2 + dzy — dzy 1/] - '(,[)
da? =41

More generally, the admissible curves considered in Bouchard—Eynard, '17
(empty Newton polygon), are those for which £(z) = 0.



Airy and elliptic cases for two-point divisors

Divisor D = [z1] — [#2]:
o PDEs for Airy curve: y* = z. We had £(x) = 0.
4 a
hz(%erW —

r1—x2
d

_d __d_
hz(%+w>w = 29

T1—T2

More generally, the admissible curves considered in Bouchard—Eynard, '17
(empty Newton polygon), are those for which £(z) = 0.

o PDEs for elliptic curve: R(z(2)) = y(2)? = 2® + tx + V, with

-V = wo,1 =
Boo,l

wo,0 = — - Ww0,0

8too,1 ot

= R(z(2))

=2 flx+ %wo,o.
We have L(z) = %.

42 4 4 9
2 4 2 dz;  dzp _ (3 o
(h W A )w (z} +tar +V + (,%)z/),

for k=1,2.



Monodromies of the perturbative wave function ~~ bad monodromies

Problem for genus g > 0: [Z-+ [*wgy n are not invariant after z goes around a
cycle. Very bad monodromies when z goes around a B; (first type cycle).

Lemma

Vp e s (P) ¢ dulle+Crl—[00@], B) = (=1)°pee® e T gy (2] —[00)], B),

Vi€ [L,4] : wilz+ A] — [00)], B) = e~ F g (2] — [00'™)], B),

where Cp, (= Cp0) is a small circle around p, and

N e

(h,n,m)€EN3

Using that the B; period of wp 41 is equal to the variation of wp,, wrt €5,

T /zm.<af) ) =

G481 =00, h) = €75 ([ —[00 )], ) = u(2]—[00 ], by €; — €5+h).

w(D +Bj7h) = exp (

(h,n)eN?




Outline

© Non-perturbative wave functions KZ equations and Lax system



Summing over the lattice

Our KZ equations do not depend on z € S but only on its image x(z) =
For any finite family of ¢, the following sum satisfies the same KZ equations

du([e] = [0, B, {ey}) = > ey u([e] + 7 = [0, B).

yem (B\z=H(P))

Goal: Build solutions to the same KZ equations but with better
monodromies along the B;-cycles.




Summing over the lattice

Our KZ equations do not depend on z € S but only on its image x(z) =
For any finite family of ¢, the following sum satisfies the same KZ equations

(2] = [00"], By {ey}) = > ey u([e] + 7 = [0, B).

yem (B\z=H(P))

Goal: Build solutions to the same KZ equations but with better
monodromies along the B;-cycles.

g
Strategy: Sum over v = > n;B;, i.e. €, — €; + . Formally ~ discrete Fourier
i=1
transform of the perturbative wave function:

.9
(a3 Z
v (2, s e, p) Z e "= (] - (00, By e + Fm).

nez9I




Trans-series with special ordering

Strategy: Sum over v = _Zg:mBi, i.e. ¢, = ¢; + h. Formally ~~ discrete Fourier
transform of the perturb;?ii/e wave function:

;&

U e ) = Y e 5 el - oo™, e+ ).

nez9

Remark (Limitations)

o Filling fraction € = (e1,...,€q4) ~» not a global coordinate on the space of
classical spectral curves with fixed spectral times (only a local coordinate).

o Not a finite sum ~ not necessarily defined in V.




Trans-series with special ordering

Strategy: Sum over v = _Zg:ml')’i, i.e. ¢, = ¢; + h. Formally ~~ discrete Fourier
transform of the perturb;?ii/e wave function:

;&

i e = 3 et 5 (el - o], b+ ).

nez9

Remark (Limitations)

o Filling fraction € = (e1,...,€q4) ~» not a global coordinate on the space of
classical spectral curves with fixed spectral times (only a local coordinate).

o Not a finite sum ~~ not necessarily defined in V.

We need a special ordering of the trans-monomials:
g
1
w2 Mvj
g g Fy . h'e 7=t .
r>0nez9

njvi

1 will give rise to theta functions (through

St
1M

The partial sums > Fn e 7
neZ9
convergent series in the spirit of the trans-asymptotics of Costin—Costin, '10).
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Non-perturbative wave functions

Riemann matrix of periods of X: 7 ; = 5+ [, [z wo.2, V(4,5) € [1,4]°.
i V5

Riemann theta function (analytic function of v € C?) and its derivatives:

g
zmg nv; E niTi,j1
QUL ) (v 7) = ST e =L e GaElar I~

(n1,...,ng)€ELI
For D = [z] — [00'®], we define the

_ _ 1 o
Ynp(Dsh, p) = e Pwo0twr0 g p w(”liE(D ZﬁrG(T)(Dﬂ))a

r=0

where E is the prime form on X,

G(r) D; p) Z Z el ’z’“)(v T)GE;) k)(D)

1,51, €[1,9]F

and where v; = pﬁ-w] + ,u(a)(z), v = (vi,...,v5), with

1 (@) 1
pj = —— wo,1 and py(2) = s wo,2.
2m1 B; 2wt Jp B;



Same KZ equations and good monodromies

@ Non-perturbative wave functions satisfy the same KZ equations as their
perturbative partners.

(@)
hdwl,NP (27 ha p)

dz(z)
SO GreEey. [Ere v Y = hp)]

PEP e gU+D)

oo(@)

+ wH—l,NP (Z7 h7 p) =

o Non-perturbative wave functions ~» simple monodromy properties.
For j € [1, g], we have

27mie;

oo(o‘) -7 oo(a)
Yine (z+Aj b p) =e 7 Yrae (2R, p),

(@) 2mip; (a)

wioNP (Z + Bj7 h7 p) =e wf,ONP (Z, h: p)
and V p € z7(P)

2mity o

col@) S o oo (@)
wl,NP (Z+Cp,h,p) = (_1) pyoo(®) € n wl,NP (Z,h, P)




For I > 0, we define

l
oo (@) 1 symbo
ennme N ([, o
x

ﬂ%(fl(z(z))\{z} j=1



For I > 0, we define

l
oo (@) 1 symbo
Yine (2,0, p) = ev. Z n (H IC,B]-,I> NP ’ I(D;h, p)-
!

BE (s (@(=D\ (=) =1

We use them to define a d x d matrix

~ oo (@)
\I/NP(A, h, p) = [wl—l,NP(z(B) (A), h) p)] 1<1 ﬁ<d7

where (%) (\) denotes the 5™ preimage by = of \.



Lax systems

~ ~ 41
Li(z(2)) = E E ep(x(2) " Lot Lrpi=Lpri— Pé; ),
PEP et

Theorem (ODE and Lax system)

Let L\ B) = —P\) + h Y pep Spen €p" (NAp k(A h). Then,
IR 5 g ),
dX\
where
P\ 1 0 0
—P,(\) 0 1 0
P(\) = : T
—P; 1)) 0 0 ... 1
—P;(A) 0 0 ... 0

Forany P € P, k€N, l € [0,d— 1], one has the auxiliary systems
hlev.Lp gk URE (A B) = Ap g (A ) Txp (A, 1),

where L(X, 1) and A p,k,1(\, 1) are h-trans-series functions that are rational functions
of A\, with no poles at critical values A\ € z(R).
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Lax systems

Theorem (ODE and Lax system)

Let L\ B) = —P\) + h Y pep Spen Ep" (NAp k(A h). Then,

p D) o e (4, ), &)
where
-P(A\) 1 0 ... 0
—P(\) 0 1 0
P\ = : Do
—P;4(A\) 0 0 ... 1
—Pi(N) o 0 ... O

Forany P € P, k € N, 1l € [0,d — 1], one has the auxiliary systems
hlev.Lp e URE (A h) = Ap (A B Unp (A, h),

where L(X, 1) and A p,k,1(X, h) are h-trans-series functions that are rational functions
of A, with no poles at critical values A\ € z(R).

o (1) ~ linear differential system of size d X d whose formal fundamental solution
can be computed by TR, with poles at the poles of the leading WKB term...

o L(),h) has poles only at A € P and at zeros of the Wronskian det Unp (A, h),
apparent singularities of the system (can be computed thanks to the KZ eqns).



bati 1 d
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Lax systems

Theorem (ODE and Lax system)
Let LA B) = —P\) + A Y pep Spen p  (NAp k(A B). Then,

IR _ o3 myBne (M), ()
dX
where

-Pi(\) 1 0 ... 0
—P,(\) 0 1 0

PO = : Do
—Pi () 0 0 ... 1
—P;(\) 0 0 ... 0

Forany P € P,k €N, [ €[0,d— 1], one has the auxiliary systems
h_lev-ﬁp,k,l@f\?’;bd(% h) = A\P,k,lo\a B)Unp (A, ),

where [A/()\, h) and A P,k,1(X, 1) are h-trans-series functions that are rational functions
of A\, with no pole at critical values A\ € (R).

@ Most technical proof ~ by induction on the order of the transseries.

o Proof uses admissibility conditions (distinct critical values, smooth simple
ramification points) ~» should adapt without them but involving more technical
computations.
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4 different interesting gauges

None of the gauge transformations modify the first line of the wave functions
matrix (used to define the quantum curve).

o Gauge T: Natural gauge coming from KZ equations and provides

compatible auxiliary systems (Ep,k,z)P673 le[0,d—1],kesU+D -
JLe[0,d—1],keSE

o Gauge ¥ (h° gauge transformation from \Tf) Leading order in /i of L is
companion-like ~ the classical spectral curve is directly recovered from its
last line.

o Gauge V: Corresponding Lax matrix L is companion-like at all orders in 7
~ both the quantum and classical curves are directly read from the last
line of L and its i — 0 limit. Natural framework for Darboux coordinates
and isomonodromic deformations.

o Gauge U: Lax matrix L has no apparent singularities. This allows to
interpret L(), i)d\ as an h-familly of Higgs fields giving rise to a flow in
the corresponding Hitchin system.



Outline

@ Link with isomonodromic systems



Spectral curves from integrable systems

Definition

Let A2 W(z, h) = L(z,h)¥(z,h) be a (2 x 2) differential system (with
det U = 1). We define the classical spectral curve associated to it by

P(z,y) = ;lil_r)% det(yld — L(z, h)) =0,

which gives a polynomial equation. For a non-zero genus curve, this must be
completed with a choice of symplectic basis of cycles and a bidifferential B.




Spectral curves from integrable systems

Definition

Let A2 W(x, h) = L(z, h)¥(z, h) be a (2 x 2) differential system (with
det U = 1). We define the classical spectral curve associated to it by

P(z,y) = ;lil_r% det(yld — L(z, h)) =0,

which gives a polynomial equation. For a non-zero genus curve, this must be
completed with a choice of symplectic basis of cycles and a bidifferential B.

Different approach:
o h-differential system.
o Define the classical spectral curve associated to it.

o Show that interesting quantities from the point of view of the differential
system may be reconstructed from topological recursion applied to this
classical spectral curve.

o Proof by showing that the differential system satisfies the topological type
property (Bergére-Borot—Eynard '15).



[somonodromic deformations

We consider isomonodromic deformations of the linear differential equation 9, — L(z),
which depend on a number of continuous parameters ¢;, (times):

0
hon Y@ tes h) = L@, ty; W)Y (2, ti; h),
-
0
h—\Il(a:, tk; ﬁ) = Rk($, tk; h)\I/(:E, tr; h)
Oty
We call such a (compatible integrable) system an isomonodromic system.

8?2 __8? AL 5 ORk _ .
W\Ij = m‘ll & hﬂ h=5k 4+ [L,Ry] = 0 (zero-curvature equation).



[somonodromic deformations

We consider isomonodromic deformations of the linear differential equation 9, — L(z),
which depend on a number of continuous parameters ¢;, (times):

0
hon Y@ tes h) = L@, ty; W)Y (2, ti; h),
x
0
h—\Il(a:, tk; ﬁ) = Rk($, tk; h)\I/(:E, tk; ﬁ)
Oty
We call such a (compatible integrable) system an isomonodromic system.
2 2
ﬁ@ = Bthk‘lj & h% - h% + [£,Ry] = 0 (zero-curvature equation).

Consider the deformed spectral curve

m>1
Classical spectral curve ~» Py(z,y) (family of curves parametrized by t's).



[somonodromic deformations

We consider isomonodromic deformations of the linear differential equation 9, — L(z),
which depend on a number of continuous parameters ¢;, (times):

0
hon Y@ tes h) = L@, ty; W)Y (2, ti; h),
-
0
h—\Il(a:, tk; ﬁ) = Rk(x, tk; h)\I/(:E, tr; h)
Oty
We call such a (compatible integrable) system an isomonodromic system.

8?2 __8? AL 5 ORk _ .
W\Ij = M‘I/ & hﬂ h=5k 4+ [L,Ry] = 0 (zero-curvature equation).

Consider the deformed spectral curve

m>1
Classical spectral curve ~» Py(z,y) (family of curves parametrized by t's).

Painlevé equations ~~ Isomonodromic deformations. Painlevé property ~ Solutions
have no movable singularities other than poles. Classification of all second order
differential equations with the Painlevé property ~~ 50 solutions and only 6 which
could not be integrated from already known functions.




Painlevé |

In the family of elliptic curves y? = 3 + tx + V/, taking t = —3u% and V = 2u8,

amounts to pinching the S-cycle (first kind). So in this case, we have genus ¢ = 0 and
the spectral curve admits a rational parametrization:
¥ =CP!, x(2) = 22 — 2ug, y(z) = 23 — 3ugpz,
dzd
ydr = (23 — 3upz)2zdz, B(z1,22) = ﬁ
TR: Witten—Kontsevich intersection numbers ~» wg,n(21,...,2n) =
62729-n 378920 g0 gin S d, uli(2d; 1)1z,

Xty g5 aT (2 Tay  Tan ) o Ilimy et
k3

5-5, §2—29 39—3 5-5g g2—2¢ 39—3
n=0wFg=wg0="1 "’ zg=a (ry? >g =(—t/3) 2 (3973)!<"'2g >g-
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Painlevé |

In the family of elliptic curves y? = x3 + tz + V, taking t = 73u3 and V = 2ug,
amounts to (first kind). So in this case, we have and
the spectral curve admits a rational parametrization:

¥ =CP!, x(2) = 22 — 2ug, y(z) = 23 — 3ugpz,
ydr = (23 — 3upz)2zdz, B(z1,22) = %
TR: ~ wg,’ﬂ(zlv"’vZn) =

uli (2d;+1)1dz;

A A T TR I > o
17 Tdn i=1 2GFT .

Sy, GoFERaT (T2 T

5-5, 229 39—3 59622g 3
n=0~ Fg=wgo=ug ‘7(3g 3),<7'29 > = (—t/3) Go=3)! 3,<7'2g >g.

2 ) . .
Then U(t) = uo + 42? +2 >0 h29 86:;9 satisfies the Painlevé | equation

2 52
h2 gtz U + 3U2 = —t, which is the compatibility equation of the Lax pair

L(z, t; h) 30 T UN and R(x, ) ( 0 1)
T, 13 = . an x, t; = .
(ac—U)(ac+2U)+h -hy z+20 0

(1) R29—24n
nl

From the PDE found we can get that ¢+ (z) = e>a.n IS wgn

(hor = c@um) (5+) =0 (n —R@um) () =0,
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Practical computations to quantise a classical spectral curve

Q Write down the KZ equations satisfied by the non-perturbative wave
function.

Q Expand these KZ equations around each pole A — P € P ~~ expression of
the coefficients of the asymptotic expansion of z/)((;,’;r)) in terms of the
action of the operators Z¢.

© Use the latter expressions to compute the Wronskian of the system thanks
to its expansion around its poles. This allows to compute the position of
the apparent singularities (g; (%)) ;.

@ Write down the linear system and the associated quantum curve, and use
the compatibility of the system to recover its properties.

@ Reconstruction via TR of a 2-parameter family of formal transseries
solutions to Painlevé 2 and quantisation. Classical spectral curve:
y? — PL(\)y + P2(N) = 0, where Py(\) = PL,0% + PO A + P and
PN = PO+ PO + PO+ PO 2+ PO

o Quantisation of a degree 3, genus 1 classical spectral curve with a single
singularity at infinity: 3> — (P X+ PU)y? + (PO,A2 + PE) X +
PS,)O)y - PS,)S)‘g - PS,)Q/\z - PS,)l)‘ - PS,)O =0.




@ Questions and future work
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Future work

o Ongoing: More conceptual proof of the QC conjecture?

o Upgrade to trans-algebraic spectral curves (essential singularities) with the
work of Bouchard—Kramer—Weller?

o Interesting enumerative geometry in higher genus TR problems?

o Get rid of admissibility conditions?

o Explore the connection with summability, exact WKB, Stokes phenomenon
and resurgence. Conjecture: There exist values of € and i making the
transseries involved summable.

o Conjecture: The non-perturbative partition function is a tau function.

o How does the connection built as d — L£(x, h)dz/h depend on the choice
of cycles (A;, B;)?

o Relation to the topological type property approach (can that be proved for
higher genus spectral curves?).

o Extend the result to a ramified covering of surfaces other than CP!.

o Generalization to difference equations? (Subtleties including K> condition
of Gukov—Sutkowski '127). Non-algebraic curves, such as P(e”,e?)
(important for volume conjecture).

o General relation between Virasoro constraints (or even
Kontsevich—-Soibelman '17, ABCD of Andersen—Borot—Chekhov—Orantin
'17) and quantum curves.



Thank you very much for your attention!

Articles:

o From topological recursion to wave functions and PDEs quantizing
hyperelliptic curves, with B. Eynard, arxXiv:1911.07795 (2019)

o Quantizing generic algebraic spectral curves via topological recursion, with
B. Eynard, O. Marchal, N. Orantin, arXiv:2106.04339 (2021)


https://arxiv.org/abs/1911.07795
https://arxiv.org/abs/2106.04339
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