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Ptolemy’s Theorem

Take a quadrilateral inscribed in a circle,
with lengths labelled as in the picture.
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Ptolemy’s Theorem

Take a quadrilateral inscribed in a circle,
with lengths labelled as in the picture.

Then xy = ac + bd.
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Triangulated Polygons
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Triangulated Polygons

For a polygon (inscribed in a circle), let 1

x; = length of diagonal (i, )
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Triangulated Polygons

For a polygon (inscribed in a circle), let 1

x; = length of diagonal (i, )

Fix a triangulation. 2 5
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Triangulated Polygons

For a polygon (inscribed in a circle), let 1

x; = length of diagonal (i, )

Fix a triangulation. 2 5
By repeatedly applying Ptolemy

relations, we can express any x; in terms

of the variables from the triangulation.
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Triangulated Polygons

For a polygon (inscribed in a circle), let

x; = length of diagonal (i, )

Fix a triangulation.

By repeatedly applying Ptolemy
relations, we can express any x; in terms
of the variables from the triangulation.
Example:

X15X23 + X12X35
X13

Xo5 =
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Triangulated Polygons

For a polygon (inscribed in a circle), let 1

x; = length of diagonal (i, )

Fix a triangulation. 2 5
By repeatedly applying Ptolemy

relations, we can express any x; in terms

of the variables from the triangulation.

Example:
_ X15X3 + X12X35
Xp5g = ——————————— 3 4
X13
X15X23 + X12 (X153C54;X1'5X45)

X13
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Triangulated Polygons

For a polygon (inscribed in a circle), let 1

x; = length of diagonal (i, )

Fix a triangulation. 2 5
By repeatedly applying Ptolemy

relations, we can express any x; in terms

of the variables from the triangulation.

Example:
_ X15X3 + X12X35
X5 —_— 3 4
X13
X15X23 + X12 (X153C54;X1'5X45)

X13

_ X14X15X23 + X12X15X34 + X12X13X45

X13X14
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Main Question

Question: How to predict what these expressions will look like after several
iterations?
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Main Question

Question: How to predict what these expressions will look like after several
iterations?

Answer: They are generating functions of “dimer covers” of certain graphs.
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Dimer Covers
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Dimer Covers

A “dimer cover” (or “perfect matching”) of a graph T' is a subset of edges so that every
vertex is incident to one edge.
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Dimer Covers

A “dimer cover” (or “perfect matching”) of a graph T' is a subset of edges so that every
vertex is incident to one edge.

Examples:
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Dimer Covers

A “dimer cover” (or “perfect matching”) of a graph T' is a subset of edges so that every
vertex is incident to one edge.

Examples:

f e

weight = ace

If the edges have weights, then the “weight” of a dimer cover is the product of the
edge weights.
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Snake Graphs

A “snake graph” is a planar graph built out of square tiles, where each tile is attached
to the previous on either the right or top side.
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Snake Graphs

A “snake graph” is a planar graph built out of square tiles, where each tile is attached
to the previous on either the right or top side.

Examples:

| N
1]
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Snake Graphs

A “snake graph” is a planar graph built out of square tiles, where each tile is attached
to the previous on either the right or top side.

Examples:

]

W(G) = URRU W(G) = RURUR

To each snake graph G, we can associate a word W(G) in the alphabet {R, U} (for
“right” and “up”).
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Snake Graph from a Triangulation
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and
last), look at its boundary side ‘
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and
last), look at its boundary side |
@ For 2nd triangle, if right, label R, if !
left, label U R
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R

o If same side, opposite letter
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R

o If same side, opposite letter

e If opposite side, same letter
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R R

o If same side, opposite letter

e If opposite side, same letter
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and U
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R R

o If same side, opposite letter

e If opposite side, same letter
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and U U
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R R

o If same side, opposite letter

e If opposite side, same letter
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Snake Graph from a Triangulation

Given a triangulated polygon, and a diagonal v which is not in the triangulation, we
will construct a snake graph G,. Assume -y crosses all interior edges of the
triangulation (and all triangles).

@ Traverse y

@ For each triangle (except first and U U
last), look at its boundary side |

o For 2" triangle, if right, label R, if :
left, label U R R

o If same side, opposite letter

e If opposite side, same letter
W(G,) = RRUU
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Snake Graph from a Triangulation
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

X3 Va X6

X2 Vo X7
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

Xy X5

X3 Va X6
Y2

3
% X1 X7
X2 X7
Xg

X1 WX&
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

Y5

X: X
3 Va 6 2 3

3
” Xy X7 X2
X2 X7
Xg pzt

X1 wX&
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

Xy X5

X3 Va X6
Y2 V3 X3

3
” X1 X7 X2 Va
X X7
X3 N Y2

X1 wX&
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

Xy X5
X
X3 Ya X6 s s
Y2 V3 X3
3
” X1 X7 X2 Va
X2 Vo X7
Xg pzt V2
»n
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Snake Graph from a Triangulation

To label the snake graph, odd tiles match polygon labels, even tiles have opposite
orientation.

Xy

X4 X5 Ya X5
X

X3 Va X6 yz y3y% . Vs
¢ 3

V3
X1 X7 X2 Va
X2 X7

Xg pzt V2
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The Laurent Formula
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The Laurent Formula

Theorem [Musiker, Schiffler]
5y = _ Z wt(M)

cross(7) ey

where cross(+y) is the product of all edges of the triangulation which 7 crosses.

1Gregg Musiker and Ralf Schiffler. “Cluster expansion formulas and perfect matchings”. In: Journal of
Algebraic Combinatorics 32.2 (2010), pp. 187-209
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The Laurent Formula

Theorem [Musiker, Schiffler]
5y = _ Z wt(M)

cross(7) ey

where cross(+y) is the product of all edges of the triangulation which 7 crosses.

Each x, is a Laurent polynomial in the lengths of the diagonals from any fixed
triangulation.

1Gregg Musiker and Ralf Schiffler. “Cluster expansion formulas and perfect matchings”. In: Journal of
Algebraic Combinatorics 32.2 (2010), pp. 187-209
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Example

1
X14 X45
2 5
X12 X34 X15
X23 X13
3 4
Xo5 = (x14x23x15 + X12X34 %15 + x12X13x45>
X13X14
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Distributive Lattice Structure
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Distributive Lattice Structure

1]

o

/N /N
(IO O [
N NS
O [T

Superimpose the minimal dimer cover (but don’t draw doubled edges) to see this is
isomorphic to a lattice of subsets ordered under inclusion.
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Super Algebras

A “super algebra” is a Z,-graded algebra.
ie. A= Ay @ Ay, (the “even” and “odd” parts) and

Aidj © Ay
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Super Algebras

A “super algebra” is a Z,-graded algebra.
ie. A= Ay @ Ay, (the “even” and “odd” parts) and
Aidj © Ay

A basic example is the algebra generated by x1, . .., xn, 01, ..., 0, subject to the
relations

x,~xj = iji, xi9j = Hjx,-, 9,—9j = —9j9i
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Super Algebras

A “super algebra” is a Z,-graded algebra.
ie. A= Ay @ Ay, (the “even” and “odd” parts) and
Aidj © Ay

A basic example is the algebra generated by x1, . .., xn, 01, ..., 0, subject to the
relations

x,~xj = iji, xi9j = Hjx,-, 9,—9j = —9j9i

in particular, #% = 0
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Super Algebras

A “super algebra” is a Z,-graded algebra.

ie. A= Ay @ Ay, (the “even” and “odd” parts) and

Aidj © Ay
A basic example is the algebra generated by x1, . .., xn, 01, ..., 0, subject to the
relations
x,~xj = iji, xi9j = Hjx,-, 9,—9j = —9j9i

in particular, #% = 0

The x’s are the “even generators” and the 0’s are the “odd generators”.
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Super Algebras

A “super algebra” is a Z,-graded algebra.

ie. A= Ay @ Ay, (the “even” and “odd” parts) and

Aidj © Ay
A basic example is the algebra generated by x1, . .., xn, 01, ..., 0, subject to the
relations
x,~xj = iji, xi9j = Hjx,-, 9,—9j = —9j9i

in particular, #% = 0

The x’s are the “even generators” and the 0’s are the “odd generators”.

In this example, Ay is spanned by monomials with an even number of 0’s, and A, is
spanned by monomials containing an odd number of 6’s.
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Super Algebra from a Triangulation
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Super Algebra from a Triangulation

Given an n-gon, choose: 1
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Super Algebra from a Triangulation

Given an n-gon, choose: 1

@ atriangulation T 2 5
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Super Algebra from a Triangulation

Given an n-gon, choose: 1
@ atriangulation T 2 5

@ an orientation of each edge in T

(We will not draw boundary orientations)
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Super Algebra from a Triangulation

Given an n-gon, choose: 1
@ atriangulation T

@ an orientation of each edge in T

(We will not draw boundary orientations)

Consider the super algebra with one even generator x;; for each diagonal in T, and
one odd generator 0 for each triangle in T.
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Super Algebra from a Triangulation

Given an n-gon, choose: 1
@ atriangulation T

@ an orientation of each edge in T

(We will not draw boundary orientations)

Consider the super algebra with one even generator x;; for each diagonal in T, and
one odd generator 0 for each triangle in T.

The example above would have 7 even generators and 3 odd generators.
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The Super Ptolemy Relation
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The Super Ptolemy Relation

« oy

Given two adjacent triangles, we can “flip” the diagonal:
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The Super Ptolemy Relation

Given two adjacent triangles, we can “flip” the diagonal:

a b
(orientation reversed)
e
d Cc

We define the new variables via the relations!:

Penner and Zeitlin. “Decorated Super-Teichmiiller Space”. In: Journal of Differential Geometry (2019)
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The Super Ptol elation

Given two adjacent triangles, we can “flip” the diagonal:

a b
(orientation reversed)
e
d Cc

We define the new variables via the relations!:

ef = ac+ bd + Vabed 06

Penner and Zeitlin. “Decorated Super-Teichmiiller Space”. In: Journal of Differential Geometry (2019)
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The Super Ptolemy Relation

« oy

Given two adjacent triangles, we can “flip” the diagonal:

We define the new variables via the relations!:

Vbd 0 + \aco

0 =
ef = ac+ bd + Vabed 06 vac+ bd

. Vbdo — \/ach

o =

vac + bd

Penner and Zeitlin. “Decorated Super-Teichmiiller Space”. In: Journal of Differential Geometry (2019)
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The Main Question
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The Main Question

Starting with a fixed triangulation, we can reach any diagonal by a sequence of flips.

Using the super Ptolemy relation, we will get some algebraic expression attached to
this diagonal.
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The Main Question

Starting with a fixed triangulation, we can reach any diagonal by a sequence of flips.

Using the super Ptolemy relation, we will get some algebraic expression attached to
this diagonal.

Question: Can we explicitly describe these algebraic expressions?
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The Main Question

Starting with a fixed triangulation, we can reach any diagonal by a sequence of flips.
Using the super Ptolemy relation, we will get some algebraic expression attached to
this diagonal.

Question: Can we explicitly describe these algebraic expressions?

Answer: Yes! They are generating functions for “double dimer covers” of the snake
graph.
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Double Dimer Covers
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Double Dimer Covers

A double dimer cover of a graph is the union of two dimer covers. It is composed of
cycles and doubled edges.
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Double Dimer Covers

A double dimer cover of a graph is the union of two dimer covers. It is composed of
cycles and doubled edges.

Dimers will be drawn as wavy orange lines, and double dimers will be drawn as
straight blue lines.

Examples:

T -
- - -~
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Double Dimer Covers on Snake Graphs
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Double Dimer Covers on Snake Graphs

Every square tile in a snake graph represents two triangles in the triangulation. We
will label the tiles with the odd variables of those triangles.

0s 06

04 05
0, 05 04

(7‘1 62 63
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Double Dimer Covers on Snake Graphs

Every square tile in a snake graph represents two triangles in the triangulation. We
will label the tiles with the odd variables of those triangles.

0s 06

04 05
0, 05 04

(7‘1 62 63

The weight of a double dimer cover is the product of the square roots of the edge
weights, times the odd variables at the beginning and end of cycles.
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Double Dimer Covers on Snake Graphs

Every square tile in a snake graph represents two triangles in the triangulation. We
will label the tiles with the odd variables of those triangles.

X
0s 0s
b 0 0 Y
C 4 5 .
}”7707””0:} . weight = xyz\/mgﬂ%
aq i d z
}(7‘1 0, }93

The weight of a double dimer cover is the product of the square roots of the edge
weights, times the odd variables at the beginning and end of cycles.
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Laurent Formula
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Laurent Formula

Theorem[Musiker, O., Zhang]!

Given a fixed triangulation (with the default orientation),

1

x,yzm Z wt(M)

MeDD(G,)

Moreover, there is an ordering of the 6’s which makes all terms positive.

10venhouse Musiker and Zhang. “An Expansion Formula for Decorated Super-Teichmiiller Spaces”.
In: arXiv preprint arXiv:2102.09143 (2021)

a
UN
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Laurent Formula

Theorem[Musiker, O., Zhang]'

Given a fixed triangulation (with the default orientation),

x,Y:L Z wt(M)

cross(7) e

Moreover, there is an ordering of the 6’s which makes all terms positive.

Corollary (“Laurent Phenomenon”)

Each term of x, is a Laurent monomial in the square roots of the x’s, times a
monomial in the 6’s.

10venhouse Musiker and Zhang. “An Expansion Formula for Decorated Super-Teichmiiller Spaces”.
In: arXiv preprint arXiv:2102.09143 (2021)
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Example

X12

X14 X45
0, 0
X34
6, 0,
X23 X13

X15




Example

(UMN)

Double Dimq

X14 X45
0, 0
X34
6, 0,
X23 X13

X15




Example

1
X14 X45
2 5 0, 05
X12 X34 X15
6, 0,
X23 X13
3 4

I
J I O B

1
Xp5 = —— <X14xz3x15 + X12X34X15 + X12X13X45
X13X14

+ X154/ X12X14 %23 %34 0102 + X120/ X13X15X34X45 0203
+ V/X12X13 X14 %15 X23 X45 9193)
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Distributive Lattice Structure

[
(RGN
SN /1N
0 O <o
| X X X X
HEORVNARSEN
/NN / \ \ / \
o X OO @ T
N NS AN / \ /




What about odd variables?
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What about odd variables?

Consider an arc « as before.
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What about odd variables?

Consider an arc « as before.

Let o be a triangle with y as a side, and
also a boundary side.
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What about odd variables?

Consider an arc « as before.

Let o be a triangle with y as a side, and
also a boundary side.

Can we express 0, in terms of the initial
triangulation?
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The Toggle Involution
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The Toggle Involution

Recall that snake graphs are labelled with odd variables.

05 3
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The Toggle Involution

Recall that snake graphs are labelled with odd variables.

05 3

If 6, is the label on the upper-right of the last tile, define an involution x — x* on
monomials which adds/removes 6,,.
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The Toggle Involution

Recall that snake graphs are labelled with odd variables.

05 3

If 6, is the label on the upper-right of the last tile, define an involution x — x* on
monomials which adds/removes 6,,.

Examples:
(9192)* = 010,05, (9496)* =0,

Ovenhouse (UMN) Double Dimers Dec 2021



Formula for Odd Variables
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Formula for Odd Variables

Theorem [Musiker, O, Zhang]1

V186, cross( ) \f Z

MEDt

where D is the set of double dimer covers using the top edge of the last tile.

10venhouse Musiker and Zhang. “Double Dimer Covers on Snake Graphs from Super Cluster
Expansions”. In: arXiv preprint arXiv:2110.06497 (2021)
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Example

o

a

o

0,

QU S

0,

05




a b y

0, 05
a d b
6, 0,

e X

D(G): | KN e

o
o
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a b y

0, 0
a d b
Hl 92

e X

D(G): | [ {3 o

S wt(M) = acx + aV'bedx 0,05 + +/abcexy 0,05

MeD(G)

o
o
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a b y c

0, 05
d b
0, 0,

e x
d

D(G): | E N

2. wi(M) =

acx
MED[(G)

o
IS}

o

+ aV'bcdx 0,05 + \/abcexy 6,05
S owt(M)* = acx 05
MeD,(G)

+ aVbcdx6, + +/abcexyb,

Ovenhouse (UMN)
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a b y c

0, 0
a d b
Hl 92

e X

D(G): | [ {3 o

S wt(M) = acx + aV'bedx 0,05 + +/abcexy 0,05

o
o

MeD(G)
Sowt(M)* = acxl;  + avbedx0, + +/abcexyb,
MeD,(G)
% Z Wt(M)* _ ax\/@03 + a\/meg + y@@l
c
MeD,(G)
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a b y c

0, 0
a d b
Hl 92

e X

D(G): | [ {3 o

S wt(M) = acx + aV'bedx 0,05 + +/abcexy 0,05

o
o

MeD(G)
Sowt(M)* = acxl;  + avbedx0, + +/abcexyb,
MeD,(G)
% Z Wt(M)* _ ax\/@03 + a\/meg + y@@l
c
MeD,(G)

ayl, = x ax\/cy 03 + ay/bdxy 0, + yV abex 6,
* " %y
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The Proof




The Proof

Looking at the top-right corner of the last tile of G = G,, there are 3 cases:
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The Proof

Looking at the top-right corner of the last tile of G = G,, there are 3 cases:

So we have DD(G) = Dr(G) U Dg(G) U Dy (G).
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The Proof

Looking at the top-right corner of the last tile of G = G,, there are 3 cases:

So we have DD(G) = Dr(G) U Dg(G) U Dy (G).
The super Ptolemy relation has 3 terms:

f= %(ac—&- bd—l—@a@)
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The Proof

Looking at the top-right corner of the last tile of G = G,, there are 3 cases:

So we have DD(G) = Dr(G) U Dg(G) U Dy (G).
The super Ptolemy relation has 3 terms:

f= %(ac—&- bd—l—@a@)

The strategy of the proof is to show that

L= Y wimy

¢ MeDr(G)

bd _ Z wt(M)

€ MeDg(G)
adeUGZ Z wt(M)

e
MEDy(G)

Ovenhouse (UMN) Double Dimers

Dec 2021



Thank You!




