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Goal 1 Construction of interesting families { Hi }i=
.

Goal 2 a complete set of orthonormal joint
n

eigenfunctions { ¥
,
} for { Hi }i=

.

Often
,

Goal I achieved using quantum groups,
and

Goal 2 using quantum inverse scattering method



We'll explain how to construct a particular

quantum integrable system , the open g-
Toda chain

,

using a different point of view :

using cluster algebras and their symmetries
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differential operators on IR
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Basic
input

to define a cluster algebra :

① a lattice A

② a skew -symmetric bilinear form

( •

,

• ) : A ☒ A → I

③ a basis { e :} for A



The data (A
,

C .
,

. )
,

{ ei } ) defines a

quiver
: ( directed graph without

④ or ¥0 )

vertices <→ { ei }

signed #
arrows

= lei
,

e;)

ei-seje.ge/l--Ze
,
④ Rez

,

(eyez ) =L ,

basis { eyes }

→ 8¥
.



EII ( Glen Toda chain )

P= Ghn weight lattice = ⑤ Z{ e:}
i=l

with standard ( symmetric ! ) Euclidean form { Ei, Ej > = §

n fundamental weights Wi = E. t - - - + Ei

n- l simple roots Li = Ei - Eit ,

Root lattice L= 7194. } C P

E- I

Consider cloublelaltice P' ④ P with skew - form

C .
,

. / such that P
,
P
"

are both isotropic ,

and

ii. µ ) := < I. µ >



We take

A -_ [ ④ LOTZE - w
,

- wi } C P
"

P

with basis { Li
,

di } u { - w
,

-wi }
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The
pair A

,

C .
,

. ) determines a

quantum
torus algebra

T = Z[q±
' ][ A] with product

g"HXiX, = Xxyu .

We'll construct our Hamiltonians { Hi }i? as

elements of T .



T-nourGLNTodaexampk.IT
generated by Xai

,
Xai

,

X - wiwi .

T has a 1- parameter family of representations

on ICP = ① [ Tah ]
,

labelled by 2- c- E?

I

E×¥Hy: action of center

•• XD ; act by multiplication : ICP -3¥ '→ ¥+4.

• Xai act by g-shift-ixa.ir • Y, = gain> 4It
•• X

- w
,

-wi acts by giZX -w,
- X

- wi .



Hilbe-tpae-S-mua.ci/--ELToxn ]
&
,

H := ↳( Tah )
.

If lgl =L and 2- c- IR
, generators X,

act by positive , self-adjoint operators on tl
.



Ide construct a family of unitary

operators Qlz ) that our commuting

self-adjoint { Hi } are recovered from the

g- difference equation

Qlgiz ) Qlzl
"

= EH,<z
"

K

(Rough analogy : unity time evolution
op

.

ÉTÑ in QMJ§¥%t
self-adjoint Hamiltonian It



Construct Qlz ) via cluster mutation

Combinaloialhj the mutation of basis { e :}

in direction ex is the new basis

ei= {
- e . in

ei + Max ( 0
,lei.eu/)eki--K(GLzToda)

- e
,

µ 0
e¥ 0

→÷± oo
ez ez es ezte ,

↳ get ⇐ quiver T
'

= MITI



The G- Ln Toda
quiver

has a symmetry:

a sequence of 2n -1 mutations

f-
= pain , fam ,

- - -

Mi Ya f- a-ai such that

film =P



At the level of operators , each mutation

determines a unitary constructed using Fadden 's

g- dilogarilhm 712-1 : solution of

Ytqzl = 11+42-1712-1
and same with

étih = q<→ of = e'
tilt



Since 41112 ) C S
'

CE
,

✗ a self adjoint ⇒ TIX
, ) unitary

So to mutation in direction ex we associate

the unitary YIXE
.
)

.

Our operator Qfz ) : tf
→ tl is

the composite of uniken.es f- the symmetry
film =P of the Glen Toda quiver .



Their

① [Qnlzl
,

Qlwl ] = 0

② Qnlciyz ) Qnlt )
"

= €-0 " "
open Toda

Hamiltonians



③ Qnlz ) has a complete set of eigenfunctions
given by the Uglgln.IR ) Whittaker functions

{ It , It c- Ri /sn }
,

with eigenvalue

Qnlz ) . ¥ = ( ¥7414.1 ) . ¥



Writing Qnlz ) as an integral transform ,

Qnlt > ¥
,

= 17714.1¥
, becomes

12=1

a

g- analog of a

" Pieri " integral f- classical

Whitaker functions found by Bump & Side
.



Moral : entire construction of g-
Toda

and in eigenfunctions determined by the

symmetry µ LT )
=P

.

Where does this symmetry come from ?



Ananswerfomphy.si#: the
quiver

1? describes

cluster structure on

"

Coulomb branch ring
"

£y[Mc ]

of a 3D SUSY
gauge theory with

G = GL
.

✗ GL
,

and matter M = Not N ;

N -- Hom CE
"

,

El
.



Since M = Not Ñ
,

have duality

N {→ Ñ → automorphism of Eyak]
^

I 1"

konbevich-fo.be/ man
✓

- Donaldson - Thomas
→ Symmetry pi and Baxter operator

transformation
"

Q

The factorization of the KS -DT transformation
into g- diloyanithms encodes BPS spectrum of theory



What about theories with

G = Glen ✗ Ghm
,

N= Homie
,
E) ?

Cluster structure on the <→ quiver Thin

and DT / Tfm ) - symmetry of

(2n -1112m - 1) mutations



Oriyinalproof using
Whittaker functions .

① Construct a unitary Qmm on H=L(TGLnx.am )

satisfying a "

rectangular
"

Bump - Stade identity :

Qnm -1¥
"

☒ -4%1--1791%1 .¥"i☒¥
"

j ,K



② Factor Qmm into product of g- diloyañthms
and read off the corresponding mutations to

obtain the period Tu .

☐



Ageometicproof:

Affine Grassmann ian

Eka - lance} 9 GL.kz]1Graci { Limit
" /
La

y
Gr
"

= { Lc ↳ = ① ftp.0-n/ZLoCLcLo ,dim,d↳k)=k }
= Gr ( K - planes in £

"
= ¥↳ )

.

w . line bundle L = det(%) .



Have similar subvavieh.es Gru
:
= { L / z-LCL.CL }

dim.{%) = K

'

wit = - Wo (Wn )

Braverman-Finkelbeg-Nakajimai-wns.de- a space

R={ ( L , M , Y ) /
" 'M ) c- Gran ✗ Gram

yggylc-Homio.cm/Iz-D}
41L ) C M

1.
pi '
"

:-. fiber over Gr
"

?
Gro

, ,
G=G↳×GLm with line bundles L

, ,
Lz



Bt-N://qq.y.IR ) is a convolution algebra ,

generated by classes

"
minuscule

monopoles
"

f-
:b
= 0 ④ Lief

"

w
,
w

'

Ravi

where 724
"

are fibers over closed orbits in GrGLn×GLm
,

i - e .
w
,
w
' fundamental or dual fundamental ,

and a
,
be 7L

.



In fact , Kaga / R ) is a cluster algebra ,

with two initial dusters (of A- variables )

R'""

µp⑧µ☒&÷

pylwn,0 ) 121Wh,
"

☒ L ,

corresponding to summand

R'Wn , Wmi )

Nc M=N④N
"

R""
"

*iµµ"☒& Flounce:#
: :

Rio , wit ) R'9WF)④ L
,

and the same with all w<→w* .

( corresponding to summand NY



The period Qn
,m

sends the N - cluster

to N
"

one
,

and all intermediate clusters

consist of minuscule monopoles, ie .

classes f-
"
t

conesponding to
W ,W'

Iosedorbi#



The proof is based on construction

of exact triangles
in D. 6h /R )

GIF"
get ,
→ f-

" "

* F''
°

he
* F

" "

ye
* F
"

yet ,
→ Ñ

"

K- ye 1<+1,1+1
,

each corresponding to one of the (2n -1712m -11

mutations in Qn
,m .








