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How do we get pictures from space?



How do I 
encode a digital 
picture? 

• We can represent an 
image in binary – as 
strings of 1’s and 0’s

• The code word for “white” 
is 0.

• The code word for “black” 
is 1.  

Presenter Notes
Presentation Notes
Digital pictures are transmitted as a series of words written in binary code. This means that we break a picture down into squares (called pixels) and assign to every pixel a code word written in terms of 1’s and 0’s.  Let’s take as our first example this very crude picture of a cat: To encode this picture, we pick a code word for white --  0 -- and  a code word for black -- 1 



How do I 
encode a digital 
picture? 

• We can represent an 
image in binary – as 
strings of 1’s and 0’s

• 0 is the code word for 
“white” 

• 1 is the code word for 
“black”

0 1
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1 1 1 1

Presenter Notes
Presentation Notes
If we want to transmit this picture to a friend, I send them the sequence of code words—reading from left to right: 0110000—so forth. In the case that we have perfect transmission, that is, no data gets confused while my signal travels from me to my friend, this is a good enough code to send a black and white image of a cat. 



How do we account for errors? 

Source Transmit Noise Receiver Received 
Signal

In between when our signal is transmitted and 
received it can encounter “noise”  --meaning some 
0’s might get flipped to 1’s and some 1’s might get 

flipped to 0’s. 

0

0

0

0

0

1 1 1 1

Presenter Notes
Presentation Notes
Of course, nothing in life is perfect and we want to be able to account for noise in our lines of transmission. I might say 01100 but you might here 00000 –distorting our image.  We call these distortions noise -- which means any error that flips some of the  1’s  to 0’s and some of the 0’s to 1’s. 



Error Detecting Code

We can add “bits” to our code words: we make the code words more complicated so that errors can 
more easily be detected 

Code Word for 
”White" = 00

Code Word for 
”Black" = 11

00 01 10 11

Presenter Notes
Presentation Notes
So, if we want to account for the fact that the world is not perfect, we need be able to detect errors caused by noise. We do this by adding an extra “bit” to each code word. Now, the code word for white is 00 and the code word for black is 11.  When I transmit my image with this fancier code I send 00 for each white square and 11 for each black square.  You receive a series of 2-bit words – which can one of :  00                            01                              10                                11 If you receive either a 01 or a 10, you know that the noise in our transmission line caused an error because 01 and 10 are not “valid” code words.  This is an example of a 2-bit, 1-error detecting code, because each word is 2-bits long and I can detect a single error. This is an improvement on my previous code, because I can tell if an error occurred. However, I cannot tell you where the error came from: Either a 0 was flipped to a 1 or a 1 was flipped to a 0. As such, I cannot correct the error.  



Error Correcting Code:

"White" = 
000 

"Black" = 
111

000 010 100 001 011 101 110 111

We can add “bits” to our code words: If the 
code words are more complicated, we cannot 
only detect errors but correct those errors 
which are “far enough away” from other code 
words.

Presenter Notes
Presentation Notes
I can improve on this further by adding a third bit to my code words – this means my code word for white will be 000 and the code word for black will be 111. Now, when I transmit my images to my friend, they will receive a series of 3-bit words which might be any of the following:  000     001            010    011               100     101                 110  111 Now if you receive the word 001, you know this is not a good word because it is not one of our code words – but it is close to the code word for white, 000 -- because it only differs only by one bit which has flipped from a 0 to a 1.  So, 001 is “most likely” supposed to be the code word for white and we can correct our code back to white. But if I flip two bits, say to 011, we cannot say that this should be corrected to 000 because it is closer to another code word—namely 111 –the code for black.  So, what I am demonstrating here is a code where each word is 3-bits long and where I can detect an error if a word differs from my code word by two bits are flipped, and I can correct an error if my word differs from a code word by 1 bit.  



Distance between good 
and bad code

• Distance between two points (a,b) and (c,d) in 
the plane is :

d = 𝑐𝑐 − 𝑎𝑎 2 + (𝑑𝑑 − 𝑏𝑏)2

• Distance between code words is the # of bits 
which flipped.
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2 BIT ERROR DETECTING CODE

Presenter Notes
Presentation Notes
To formalize what we are doing – let’s make sense of what it means for a three-bit word to close enough or far enough from a code word. To do this, we think of our words as being points in space and the where the “bits” are giving me directions to that point. Using the example of the 2-bit code, I have taken this seriously and said let “00” – my code word for white—be placed at the point (0,0) in the XY-plane. And let “11” – my code word for black –be placed at the point (1,1) in the XY-plane. We can similarly place our “bad points”–obtained by flipping one bit at coordinates (0,1) and (1,0).  Now, I can say that each bad points is distance 1 from the good points. This depiction allows us to clarify the reason we cannot correct errors in this code – all the bad points are the same distance from all good points – so we cannot distinguish them.  For the mathematicians in the audience, I’m saying that my 2-bit words are vectors in a 2-dimensional vector space over F_2. 



Hamming Distance:= 
How many bits were 
flipped? 

The Hamming distance between the 
code words 000 = Black and 111= 

White is 3. 

A code is k-error detecting if the 
minimum distance between two code 

words is at least k+1

A code is k-error correcting if the 
minimum distance between two code 

words is at least 2k+1

Presenter Notes
Presentation Notes
When we go up a dimension – by adding an extra bit to my code – each 3-bit word is now giving me coordinates in 3-dimensional space. I define a notion of distance so that the distance between my code words and a word in which one bit was flipped is 1 – i.e. the distance between 000 and 100 is 1 bit flipped. If I flip and additional bit, the distance between my original word 000 and my new word 110 to be 2.  The distance between my two code words is 3.  This notion of Hamming distance (called a metric) allows us to use geometry to determine if a code can be corrected.  Explicitly, we say that a code is k- error detecting if the minimum Hamming distance between any two of its codewords is at least k+1.  A code is said to be k-error correcting if the minimum Hamming distance between any two of its codewords is at least 2k+1. In our example, the distance between code words 000 and 111 is 3, we can correct 1 error and detect 2 errors. 



Hamming 
Spheres
A sphere is a collection of points all 
equally distant from a chosen center. 

In symbols an n-dimensional sphere 
of radius r is: 

𝑆𝑆𝑛𝑛(𝑥𝑥) = 𝑦𝑦:𝑑𝑑 𝑥𝑥, 𝑦𝑦 ≤ 𝑟𝑟

The hamming sphere of radius r 
around a code word x is the 
collection of points which differ from 
x by at most r-flipped bits. 

Presenter Notes
Presentation Notes
It might be easier to picture how Hamming distance works, by drawing code words at the center spheres. A sphere is a collection of all points in space equally distant from a chosen center.  Using our notion of Hamming distance on the previous page, we can place our code words in the center of spheres. Words that can be corrected are within a certain radius (in our example that would be radius 1) and words that cannot be corrected are in a larger radius (in our example that would be radius 2). So the goal of writing a good code is to pull the code words in the center of a sphere and then “pull the spheres apart” so that there are no ambiguous words – because the farther apart our code words are, the less likely it is that one message will get mistaken for another. But, this can also become highly inefficient – if our code words are too far apart, we are just wasting computing power to account for errors that are unlikely to be a problem. So the goal is to find the best possible answer – pull the spheres apart so that they don’t overlap, but are as densely packed as possible. 



Sphere Packing: Fill space with non-overlapping spheres

Density of the packing = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴𝐴𝐴 𝑐𝑐𝑜𝑜𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴𝑐𝑐 𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐𝐴𝐴𝑐𝑐𝑐𝑐𝐴𝐴𝑠𝑠
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴𝐴𝐴

=
4 (14 𝜋𝜋𝐴𝐴

2)

(2𝐴𝐴)2
= 𝜋𝜋𝐴𝐴2

4𝐴𝐴2
= 𝜋𝜋

4
≈ .785

Pictures from Quanta Magazine: “The math of social distancing 
is a lesson in Geometry”

Presenter Notes
Presentation Notes
The idea of sphere packing is about trying to find the most efficient way to fill a space with non-overlapping spheres. As a warmup, let’s look at how this works in 2-dimensional space. In the picture you can see one possible arrangement of circles in the plane – think of this as a tiling of the plane with non-overlapping circles—or imagine trying to cover your kitchen counter with coins. In this arrangement, we have aligned the circles – stacking one on top of the other – keeping the centers aligned. This is called a square arrangement because if we connect the centres of the circles, we have a square.  The little gaps between the circles are the inefficiencies in our code. To see how efficient our code is, we zoom in on one of the squares.  To do this precisely we say that the density of the covering is the ratio of the area covered by the partial circles and the area of the square. Now to recall those formulas you thought you’d never use again --   If our circle has radius r, this means that the square has side length 2r and the area of the the square is then (2r)^2.  Each of the four vertices of the square is covered by 1/4th of the circle and the area of a circle is given by \pir^2.  Working out the math, we see that the percentage of each square covered is about 78.5%.  This means that our arrangement of circles is 78.5% effective at filling the space. Can we do better? 



Sphere Packing: Fill space with non-overlapping spheres

Density of the packing = 𝑃𝑃𝑜𝑜𝐴𝐴𝑡𝑡𝑐𝑐𝑜𝑜𝑛𝑛 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑡𝐴𝐴𝑒𝑒𝐴𝐴𝑒𝑒𝑜𝑜𝑛𝑛 𝑐𝑐𝑜𝑜𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴𝑐𝑐 𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐𝐴𝐴𝑐𝑐𝑐𝑐𝐴𝐴𝑠𝑠
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑡𝐴𝐴𝑒𝑒𝐴𝐴𝑒𝑒𝑜𝑜𝑛𝑛

=  3(𝜋𝜋𝐴𝐴2)
3(2𝑟𝑟)2 3

4

= 3𝜋𝜋
6 3

= 𝜋𝜋
2 3

≈ .907

Presenter Notes
Presentation Notes
Most of you probably already have an idea of how we can do better – by aligning rows of circles so that each row tries to “fill in the gaps” left by the row below. In this arrangement, we see that the centers of the circles form a hexagon, and thus we call this a hexagonal packing.  As before, we can check if this arrangement is more effective by zooming in on a single hexagon. Now, we see that the hexagon is about 90.69% covered by the circles – meaning that our intuition is correct, and this is a more efficient way to fill the space with circles.  



Lattice Packings

• A lattice is collection of points in space with a well-
defined relation between them. Formally: 
• a lattice in ℝ𝑛𝑛 is a discreet subgroup of rank n. 
• If a sphere packing can be associated to a 
translationally invariant lattice – we can compute its 
density 

Density of lattice packing =
𝑃𝑃𝑜𝑜𝐴𝐴𝑡𝑡𝑐𝑐𝑜𝑜𝑛𝑛 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑝𝑝𝑜𝑜𝑐𝑐𝑏𝑏𝑡𝑡𝑜𝑜𝑝𝑝𝐴𝐴 𝑐𝑐𝑜𝑜𝑐𝑐𝐴𝐴𝐴𝐴𝐴𝐴𝑐𝑐 𝑏𝑏𝑏𝑏 𝑐𝑐𝑐𝑐𝐴𝐴𝑐𝑐𝑐𝑐𝐴𝐴𝑠𝑠

𝑐𝑐𝑜𝑜𝑐𝑐𝑠𝑠𝑣𝑣𝐴𝐴 𝑜𝑜𝑜𝑜 𝑡𝑡𝑡𝐴𝐴 𝑝𝑝𝑜𝑜𝑐𝑐𝑏𝑏𝑡𝑡𝑜𝑜𝑝𝑝𝐴𝐴

Top Image from Quanta Magazine: “The math of social 
distancing is a lesson in geometry”. 

Presenter Notes
Presentation Notes
In fact, this hexagonal arrangement is the most efficient way to pack circles into the plane. But proving it isn’t easy to do so and I won’t be able to do so tonight, but let me give you some idea of how we think about the proof. Don’t worry if this all sounded like gibberish – we will come back to it again.  The centres of our circles form what is called a lattice – formally a lattice in n-dimensional space is a discreet subgroup of rank n – but we can think of a bunch of evenly distributed points connected by some relation. If, we can assign a sphere packing to a lattice in such a way that it is translationally invariant – meaning when I move from one lattice point to the next, I land on the centre of another sphere, then we can compute the density of the sphere packing and compare it to other known packings – just like have done here the hexagons and squares – because in this case the lattice is just giving us a tiling of space by certain polytopes – basically the higher dimensional version of the hexagonal tiling seen here. 



Dimension 3

Our first layer should be arranged so 
that the 2D “shadow” is our 
hexagonal arrangement. 

For the second layer: we nestle the 
spheres in the gaps left by the 
previous layer



Sphere Packing in 
Dimension 3

For the third layer choices-- if we duplicate the 
first level the result is a stack with gaps– each of 
which is shaped like a hexagon.
• This is a hexagonal close packing – an 
arrangement shared by the atoms in metals such 
as titanium and zinc. 
• The hexagonal close packing gives you a 
density of ≈ 74%. 

Presenter Notes
Presentation Notes
Let’s see how the intuition we built up from 2-dimensional sphere packings holds up in dimension 3.  Now imagine we are trying to pack a crate full of oranges – we can use what we learned in dimension 2 to get started and so our first layer should be packed so that its 2-dimensional shadow follows our hexagonal pattern. The second layer should be laid on so that we nestle each orange into the gap created by other oranges.  When we put on the third layer, we have choices. The first is to repeat the first layer – this leaves little gaps between the spheres open and those little gaps are in the shape of hexagons.  This type of arrangement is called a hexagonal close packing – and we see these types of arrangements a lot when studying the chemical arrangement of atoms in materials. 



Sphere Packing in 
Dimension 3

Alternatively, we could try to close the gaps with 
our third layer.

• This is a cubic close packing – an arrangement 
shared by the atoms in metals such as silver and 
gold. 

• The cubic close packing  also gives you a 
density of ≈ 74%. 

• Both packings are equally dense, and this is 
the best you can do! (Proved by Hales in 1998)

Presenter Notes
Presentation Notes
My other choice for putting on the third layer is to fill all the gaps left by the first two layers of spheres – this is called a cubic close packing –because if we look at the way the centers of the spheres are arranged, we will see cubes. This type of arrangement often arises in nature in – like the atomic arrangement for metals such as silver and gold.  As with the hexagonal close packing – this packing gives us a density of around 74% -- and it turns out that this is the best we can do in 3 dimensions. 



Why is packing in higher 
dimensions less effective? 
• In 2-dimensions a circle inscribed inside a square 

covers
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑐𝑐𝑐𝑐𝐴𝐴𝑐𝑐𝑐𝑐𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝑜𝑜𝑜𝑜 𝑠𝑠𝑠𝑠𝑠𝑠𝐴𝐴𝐴𝐴𝐴𝐴

= 𝜋𝜋𝐴𝐴2

(2𝐴𝐴)2
= 𝜋𝜋
4
≈ .785

• In 3-dimensions a sphere inscribed inside a cube 
covers

𝑐𝑐𝑜𝑜𝑐𝑐𝑠𝑠𝑣𝑣𝐴𝐴 𝑜𝑜𝑜𝑜 𝑠𝑠𝑝𝑝𝑡𝐴𝐴𝐴𝐴𝐴𝐴
𝑐𝑐𝑜𝑜𝑐𝑐𝑠𝑠𝑣𝑣𝐴𝐴 𝑜𝑜𝑜𝑜 𝑐𝑐𝑠𝑠𝑏𝑏𝐴𝐴

=
4
3𝜋𝜋𝐴𝐴

3

(2𝐴𝐴)3
= 𝜋𝜋
6
≈ .523

Presenter Notes
Presentation Notes
In dimension 2, we were able to find a packing with efficiency of more than 90%, but in dimension 3 the best we could do was 74%.  This is happening because spheres shrink in higher dimensions! Let’s take the example of the circle (the 2 dimensional sphere) inscribed inside the 2-dimensional square. In this case, the circle covers around 78.5% of the square. But just going up to three dimensions – inscribing a sphere inside a cube, we see that the sphere only covers around 52% of the cube?  In fact, this trend continues if we inscribe an n-dimensional sphere inside of an n-dimensional cube – i.e. draw the sphere inside the cube so that it just touches all 2^n sides –the portion of the cube taken up by the sphere gets smaller as n-gets larger 



Higher dimensional 
spheres get “spikey”

• If you inscribe an n-dimensional sphere inside of 
an n-dimensional cube: 

𝑐𝑐𝑜𝑜𝑐𝑐𝑠𝑠𝑣𝑣𝐴𝐴 𝑜𝑜𝑜𝑜 𝑠𝑠𝑝𝑝𝑡𝐴𝐴𝐴𝐴𝐴𝐴
𝑐𝑐𝑜𝑜𝑐𝑐𝑠𝑠𝑣𝑣𝐴𝐴 𝑜𝑜𝑜𝑜 𝑐𝑐𝑠𝑠𝑏𝑏𝐴𝐴

→ 0 𝑎𝑎𝑎𝑎 𝑛𝑛 → ∞.

• In dimension 30, the volume of the sphere is 

10−13 = 0.0000000000001

of the volume of the cube. 

• This is roughly how large a grain of sand is relative 
to the the MCG ! 

Presenter Notes
Presentation Notes
 As one example, in dimension 30 the sphere is 10^{-13} th the size of the cube – if we scale that up – that’s about the proportion of a grain of sand inside of a square version of the MCG. But in this analogy, the grain of sand is touching all sides of the stadium. The spheres are “spikey” 



We know almost 
nothing about sphere 
packing in higher 
dimensions! 

• In dimensions 8 and 24 we have 
special lattices: The 𝐸𝐸8-lattice and 
the Leech lattice. 

• We can build sphere packings 
around these lattices –just like 
we did in dimensions 2 and 3!

Presenter Notes
Presentation Notes
Because our intuition starts to fail us, we know almost nothing about sphere packings in higher dimensions.  However, in dimensions 8 and 24 something amazing happens – the volume of the spheres relative to the volume of the cubes shrinks precisely enough so that we can stick another sphere in each gap.  We know this impossible to visualize structure arises because of lattices – remember lattices – arrangements of points in the plane which tile the plane by polytopes. So here is the tiling of the 2D plane by circles centered at the points in a square lattice.  In dimension 8 we have the E_8 lattice and in dimension 24 we have the Leech lattice – and we and use these lattices to define a sphere packing of dimensions 8 and 24. 



We know almost nothing 
about sphere packing in 
higher dimensions! 
• Points in the 𝐸𝐸8-lattice are exactly 2

apart – we can surround each point by 
a sphere of radius 2

2
.

• This sphere packing has a density of ≈
25.36%.

• In her 2016 paper, Maryna Viazovska
showed that this was the best possible 
sphere packing in dimension 8.  

Presenter Notes
Presentation Notes
The E_8 lattice is an exceptional object in mathematics and it arises. Of particular importance to this talk --  we know that the E_8 lattice tiles 8 dimensional space and each point in the E_8 lattice is \sqrt(2) away from every other point – so we can form a packing of eight dimensional space with spheres of radius \sqrt(2)/2. When we compute –we see that the density of  this packing is approximately 25.36 % -- much less dense than in lower dimensions! In her 2016 paper, Maryna Viazovska showed that the sphere packing based on the E_8 lattice is the best possible sphere packing in dimension 8. This was the paper that resulted in her winning the fields medal this year. 



Wait, weren’t we 
talking about codes ? 
In 1971, Leech and Sloane built a sphere 
packing from a 24-dimensional lattice – now 
called the Leech lattice.

• The Leech lattice is very similar to the 𝐸𝐸8-
lattice, but more elaborate. 

• This sphere packing was used to construct 
the 24-bit error correcting Golay code. 

• This encodes 12-bit code words in 24-bit 
sequences.

• It can correct 3-bit errors and detect 7-bit 
errors. 

• The Voyager space craft used the Golay
code! 

Presenter Notes
Presentation Notes
In a 1971 paper, Leech and Sloane showed that one could use the sphere packing built from a 24-dimensional lattice –now called the Leech lattice to produce a 24-bit error correcting code called the Golay code.   This encodes 12 bits code words in 24-bit sequences in such a way that any 3-bit errors can be corrected, and any 7-bit errors can be detected. This was the code used to transmit the pictures of the voyager spacecraft. Building on the dimension 8 proof of Viazovska, a team of mathematicians recently showed that the the sphere packing based on the Leech lattice is the best possible sphere packing in dimension 24. What’s interesting and mysterious is that  nobody expects Viazovska’s proof to generalize to any other dimensions aside from 8 and 24. Why just 8 and 24? At one level, we really don’t know why. Nobody has been able to find a proof, or even a compelling heuristic argument, that rules out similar phenomena in higher dimensions. the special role of eight and twenty-four dimensions aligns with our experience elsewhere in mathematics. 



Want to Learn More? 

• The article “A conceptual breakthrough in sphere packing” by Henry Cohn 
in the Notices of the AMS is great for mathematicians wanting to know 
more about the fine print (and are not experts in modular forms): 
https://arxiv.org/abs/1611.01685

• This is a great video introducing higher dimensional spheres: 
https://www.youtube.com/watch?v=ciM6wigZK0w&t=318s

• This is an interesting series on error correcting codes: 
https://www.youtube.com/watch?v=5sskbSvha9M

• A good video introducing the construction of the Leech lattice: 
https://www.youtube.com/watch?v=ycpmMnO3-Uk 

https://arxiv.org/abs/1611.01685
https://www.youtube.com/watch?v=ciM6wigZK0w&t=318s
https://www.youtube.com/watch?v=5sskbSvha9M
https://www.youtube.com/watch?v=ycpmMnO3-Uk
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