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Abstract We consider the relationship between the higher symmetry and the dy-
namical decomposition in supersymmetric gauge theory in various dimensions by
studying the semi-classical potential energy. We observe that besides the scalar mod-
uli we shall also include the field strength F0···d in the vacuum moduli in the 1+d
dimensional theory along with a Zp d-form symmetry. In gauge theory for charge-
p matters with this symmetry, we find that the vacua decompose into p different
universes at an intermediate scale, which means no dynamical domain wall can in-
terpolate between them. In our setup, we re-derive the existing results on the decom-
position in various dimensions. In four dimensions, we propose a UV gauge theory
for the generalized super Yang-Mills theory, whose instanton sectors are restricted
to the topological number with integer multiples of p.

1 Introduction

This note discusses the vacuum structure of supersymmetric gauge theory in various
dimensions, and we only focus on the theory with a Lagrangian description.

Our analysis was motivated by the consideration of the relationship between
the higher symmetry [1] and the emergent dynamical decomposition in field the-
ory, which was first observed in two-dimensions [2–5], and then in other dimen-
sions [6,7]. Certainly, they can be defined independently. The definition of a q-form
symmetry in 1+ d dimensions can be made abstractly, which is implemented by
an operator associated with a codimension q+ 1 closed manifold M

d−q
. The con-

served current is a q+ 1-form, and in this note, we are primarily interested in the
d-form symmetry. One of the fundamental new insights of [1] is the explanation
of the Higgs mechanism in those “generalized global symmetries.” While the de-
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composition can be made even in quantum mechanics, for example, consider the
double-well potential energy,

V (x) = λ
(
x2−a2)2

.

There are two interesting limits we can think about. The first one is to take a goes
to infinity while λ is a finite value, one can, then, compute the fluctuation from the
configuration at x = −a to x = a is zero because the energy barrier is infinity. The
other limit is to let λ goes to infinity while a is a non-vanishing small value. One
can easily observe that the wave function must be localized at x = −a or x = a.
Furthermore, the fluctuation between them is zero because of the same reason.

In quantum field theory, we can have a similar story, if we replace x and V (x)
by a scalar field φ and the semi-classical potential energy density function U(φ)
respectively. It is well-known that parameters in quantum field theory depend on the
physical scale. The first limit in the quantum mechanics example has a cousin in the
quantum field theory called the “cluster decomposition.” It is a far-infrared behavior.
The second one is much more interesting in quantum field theory, if it started at an
intermediate physical scale. We denote it as the “dynamical decomposition.” This
decomposition is not only physically nontrivial 1 but also could lead to interesting
mathematical statements reviewed in section 2.3.

As mentioned, the higher symmetry, in general, does not have to be related to the
dynamical decomposition directly 2. However, there is a special one called d-form
symmetry that enters our story. In previous studies of the vacuum configuration from
the semi-classical potential, people only used scalar fields to parameterize the vac-
uum because of the Lorentz symmetry in quantum field theory. Now, if we have the
d-form gauge field, we could also have an extra Lorentz invariant field to label the
vacuum configuration. This note includes this in a region where the semi-classical
analysis can be trusted. More specifically, we consider the semi-classical potential
energy as a function in terms of both scalar fields and field strength F0···d of the
d-form gauge field,

U (φ ,F0···d) .

The expectation value of F0···d could teach us the nontrivial information of vacuum
configuration, even though it is vanishing 3. In this context, we will find the dynam-
ical decomposition phenomenon in the effective theory with a Zp d-form symmetry.

We begin in section 2 by re-discussing the known observations in two dimensions
in our context. We try to clarify two points. The first one is where the dynamical de-
composition can happen, and the second is why it is different from the “cluster
decomposition” associated with the super-selection rule. Our motivation is to focus

1 In [7, 8], they used the terminology “universe” in describing this structure to distinguish it from
the usual vacua.
2 If the quantum theory has symmetry, one can use it to label the Hilbert space and observables
by this symmetry. However, this is a trivial “decomposition” of the vector space, which is not our
interest in this note.
3 In contrast, the vanishing of non-scalars is simply because of the Lorentz symmetry.
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on the explanation rather than to produce new results in this section. It can be re-
garded as a warmup to the more interesting four-dimensional quantum field theory
with a three-form Zp symmetry.

In section 3, we discuss the three-dimensional N =2 Chern-Simons matter the-
ories. We first re-analyze the dynamical decomposition in the KK-reduction from
the three-dimensional gauge theory to the two-dimensional one discussed in [6] via
semi-classical potential energy. Then we comment on why there was no decompo-
sition in the three-dimensional gauge theory. However, we do not claim we have
physical proof.

In section 4, we briefly review the four-dimensional generalized super Yang-
Mills theory. Then we propose a UV-fundamental theory for the generalized SYM
theory with a Zp 3-form symmetry. Finally, we observe the dynamical decompo-
sition from the semi-classical approximation of the UV theory at an intermediate
scale. It is similar to the two dimensions.

Our last section is devoted to conclusions and future directions.

2 Linear Sigma Models Revisited

This section investigates the dynamical decomposition in two-dimensional quantum
field theory. We do not claim that our results are new, rather, we focus on the physical
explanation of decomposition in our setup. The observations found in [2–5] relied
on the computation of massless spectrums and other RG-protected quantities, see
also [9–11] for more. The interested reader can refer to them for the calculation.
Our approach is different, and it supports most observations found in them.

2.1 Charge-p CPN−1 Model

The N = (2,2) linear sigma model for charge-p CPN−1 is a U(1) gauge theory
with N gauge charge p chiral superfields, see [2,13] for more details. As mentioned
in the introduction, if we have a nontrivial vacuum configuration of F01, besides the
scalar fields considered in the previous studies, the flowing relevant terms are not
necessary vanishing in a vacuum, and they are

L =
1

2e2 F2
01 +(θ +2nπ)F01−

N

∑
i=1
| φi |2

(
∂µ ϕ + pAµ

)2
, (1)

where we have written each φi in the polar variables (| φi |,ϕi) defined by φi =| φi |
eiϕi . We keep the term 2nπF01 in our Lagrangian because of the Dirac quantization
of the abelian group U(1), so n is an integer. Focus on
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Lϕ =−∑
i
| φi |2

(
∂µ ϕi + pAµ

)2
, (2)

unfortunately, the factor ∂µ ϕi + pAµ in equation (1) does not simply depend on the
scalar F01, although it is gauge-invariant. To see how it relates to the F01, we first
introduce the auxiliary one-form variables λi,µ , and then we have

−∑
i

1
4 | φi |2

(
λi,µ
)2

+ ε
µν

λi,µ (∂ν ϕi + pAν) . (3)

It is easy to see that integrating out λi,µ in the above formula will give us the La-
grangian Lϕ . Now, instead, we integrate out ϕi first which gives the constraint
λi,µ = ∂µ ϑi, where each ϑi is a 2π periodic variable. Plugging this back into the
formula (3), we obtain the new Lagrangian4

Lϑ =−∑
i

1
4 | φi |2

(
∂µ ϑi

)2− pϑiF01,

where the dual variable ϑ is coupled to the gauge field Aµ as a dynamical theta
angle. The procedure we performed is called the abelian duality [14]. So we replace
the Lagrangian in equation (1) by a new one

L̃ =
1

2e2 F2
01 +

(
θ +2nπ− p

N

∑
i=1

ϑi

)
F01−∑

i

1
4 | φi |2

(
∂µ ϑi

)2
. (4)

The Lorentz symmetry does not require the first two terms to vanish in a vacuum.
Furthermore, the vacuum configuration, of course, does not depend on the field
variables we use. The 2π periodicity of each ϑi is beautiful connected to the pair
creation of heavy particles in the two-dimensional gauge theory [12] that changes θ

by 2l pπ for some integer l, so we can restrict n ∈ [0, p−1]. Now, we can write out
the semi-classical potential energy

U(φi,F01) =
e2

eff
2

(
N

∑
i=1

p | φi |2 −r

)2

+
N

∑
i=1

p2 | φi |2| σ |2 +
1

2e2
eff

F2
01, (5)

where we read off the potential energy density in the Hamiltonian formulation. The
complex scalar σ is the lowest component of the super-field-strength5, and r is the
FI parameter at the physical scale. The last term in equation (5) was usually omitted
in the previous papers because the gauge field is not a scalar field. In order to find
the ground state, i.e. the vanishing configuration of potential energy, the quadratic
terms in the potential energy must be vanishing separately because | φi |2 and F01

4 We assume all of the | φi |2 are nonzero, and if some of them vanished, we only take a dual
expression for the remaining variables.
5 The complex scalars σ and σ̄ can be understood from the KK-reduction of the four-dimensional
gauge field in 4d N = 1 gauge theory, see [13, sec. 2] for more details.
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are all gauge-invariant Hermitian operators. This suggests that

〈F01〉= 0. (6)

It looks like we were doing something trivial. However, this is too quick. Let us first
look at what is F01 in the vacuum. From equation (4), we can observe that

F01 = e2

(
p

N

∑
i=1

ϑi−θ −2nπ

)
.

Then the semi-classical potential energy can be rewritten as

U(φi,ϑi)=
e2

eff
2

(
N

∑
i=1

p | φi |2 −r

)2

+
N

∑
i=1

p2 | φi |2|σ |2 +
e2

eff
2

(
p

N

∑
i=1

ϑi−θ −2nπ

)2

,

(7)
The parameters e2 and r are both running under the RG-flow. Although we do not
know the exact expression of e2

eff, it becomes the strong coupling in the low energy
physics because its mass dimension is two. While the RG-flow of parameter r can
be computed exactly which is

r = pN log
µ

Λ
, (8)

where µ is a physical scale and Λ is the dynamical scale. In order to make sense of
the perturbative low energy effective theory NLSM, we restrict our physical scale

Λ � µ � eeff
√

r. (9)

We call this the intermediate scale in our note. At this scale, the parameter r is very
large suggesting the couplings in NLSM are very small such that the perturbative
computation can be trusted. Furthermore, the procedure in integrating out massive
modes in the linear sigma model around the vacuum configuration is also reasonable
because their masses are proportional to eeff

√
r which are heavy objects compared to

the physical scale. Finally, from equation (9), we can find that e2
eff approaches infin-

ity at the intermediate scale. This would introduce some nontrivial physics defined
in the introduction section called the dynamical decomposition. Let us investigate
this by studying the vacuum configuration which can be read off from equation (7)〈

N

∑
i=1
| φi |2

〉
=

r
p
,

〈
ei∑

N
i=1 ϑi

〉
= ei θ

p +i 2πn
p , (10)

for n = 1,2, . . . p−1. We have used the fact that all of the variables ϑi commute to
each other, and only a single-valued field can be the physical observable. We see that
different n label different universes, and the energy barrier between them is infinity
because the parameter e2

eff goes to infinity. Each universe is a CPN−1, and there is
no dynamics that connects one universe to others. Now consider the observable
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eil∗∑N
i=1 ϑi ,

with an integer l. If l 6= 0 mod p, then it is charged by a finiteZp one-form symmetry
with the charge l. The operation of this symmetry is to shift ∑

N
i=1 ϑi by a 2π . We also

call these observables as external probes that connect different universes. If l = 0
mod p, then it is neutral under the one-form symmetry and only acts on a particular
universe. The vacua in each universe can be connected by dynamical domain walls
or called solitons associated with the superselection rule in a local quantum field
theory.

We would like to make several comments:

• The vacuum configuration obtained in equation (10) is not in the far-infrared.
Therefore, we do not expect any massless Goldstone particle appeared in the
usual Higgs mechanism6. However, the expectation value of ∑

N
i=1 p | φi |2 tells us

that two bosons, σ , and Aµ , in the vector multiples are massive. This is because
there are terms such as e2 | φ |2|σ |2 and e2 | φ |2 Aµ Aµ in the Lagrangian, so their
masses are proportional to eeff

√
r. A similar argument can apply to gauginos.

• The non-vanishing expectation value of ei∑
N
i=1 ϑi does not suggest that the flavor

symmetry is broken. We still have N−1 free field variables which are generators
of the group U(1)N−1, and this group is the max-torus of the flavor symmetry of
the target.

• We can also consider the linear sigma model with a superpotential, and the dy-
namical decomposition would not be changed. Because this phenomenon is due
to the existence of the Zp one-form symmetry and the strong coupling limit of
the gauge coupling e2

eff. Furthermore, the superpotential only introduces the usual
F-term which, of course, does not affect the story that happened in the D-term.

• One may also worry that the full nonperturbative quantum correction would af-
fect our statement on dynamical decomposition found in the semi-classical po-
tential energy. However, one can easily estimate that the contribution of the de-
gree one instanton is proportional to q = e−r+iθ , which is close to zero, and the
higher degrees instantons are higher-order power of q. So one can expect that the
summation of nonperturbative correction gives a finite convergence series, and
this is what Hori and Vafa [14] originally performed in deriving the abelian mir-
ror symmetry. An expert would already notice that our dual variables ϑi are the
usual field variables in the mirror. A beautiful story of mirror symmetry is that the
potential energy in the mirror is exact, so it is better to discuss the decomposition
in the mirror. See section 2.2.

• Our last comment in this section is whether we have a dynamical decomposition
in the linear sigma model. Our answer would be no. This follows our definition
of dynamical decomposition because, in the UV, the gauge coupling is a small
parameter. One can still have an extra label on the physical observables and state
spaces because of the one-form symmetry, and we call them sectors. However,

6 In fact, there is no Goldstone particle even in the infinity volume limit in two-dimensional quan-
tum field theory [15, 16].
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this is a trivial vector space decomposition in a quantum theory7. Furthermore,
the physical operators in the gauge theory do not depend on the gauge coupling,
which means we can compute the NLSM correlation functions in the linear sigma
model. The decomposition of correlation functions only follows the decomposi-
tion of the nonlinear sigma model that does not imply we have a decomposition in
the linear sigma model. Finally, we want to mention two different field configura-
tions which connect sectors. The first one, in the UV, is the non-BPS domain wall
configuration that fluctuates from one vacuum in one sector to another vacuum
in a different sector8. The tension is approximately proportional to 2π2e2

eff, and
one can notice that they are infinity heavy in the infrared. The second field con-
figuration that appeared in the UV gauge theory is the point-like instanton [13],
and one can show that they can not be decomposed into different sectors. How-
ever, because they are positive codimension objects [17], they do not affect the
correlation functions of NLSM on charge-p projective space. Furthermore, the
masses of point-like instantons are ∼ eeff

√
r, which means they are also infinity

massive in the low energy physics. All these objects suggest that we do not have
a decomposition in the extreme UV, but we have a perfect decomposition at the
intermediate scale.

2.2 Mirror of NLSM on Charge-p CPN−1 Model

As commented in the previous section, it is better to discuss the dynamical decom-
position in the mirror. Following [14], we first define the mirror Landau-Ginzburg
model: the target space (C∗)N×C with the superpotential

W = Σ

(
p

N

∑
i=1

Yi− t

)
+

N

∑
i=1

e−Yi .

The Kähler potential is

K
(
Yi,Σ ;Ȳi, Σ̄

)
=− 1

2e2 Σ̄Σ −
N

∑
i=1

1
2
(Yi + Ȳi) log(Yi + Ȳi) .

Writing the Lagrangian in terms of the component fields of chiral super fields Y and
Σ , there is a term like

pϑiF01,

7 In quantum mechanics, we usually find a complete set of commuting operators to label the Hilbert
space.
8 The origin of scalar field spaces is the bridge in connecting different universes because there is
no order parameter here to label the different “universe.”
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in the Lagrangian.9 Because of the 2π periodicity of ϑi, we have the Dirac quanti-
zation condition

p
2π

∫
F ∈ Z.

Now, we can write out the exact potential energy

U(yi,σ) =
e2

2

∣∣∣∣∣p N

∑
i=1

yi− t +2iπn

∣∣∣∣∣
2

+
N

∑
i=1

∣∣pσ − e−yi
∣∣2 ,

where σ is the lowest component of the chiral superfield Σ , while yi is the lowest
component of the chiral superfield Yi,

yi = ρi− iϑi.

One may already notice that ρi is equal to the dual variable | φi |2 in the linear
sigma model. Then, from the exact potential, we can observe the same dynamical
decomposition found in the gauge theory. Although we only have F-terms in the
mirror, however, the Kähler potential of Σ -field provides the coefficient e2 in the
potential energy. The full nonperturbative correction only changes the expectation
value of σ field and does not affect the decomposition conclusion. See also [18–20]
for the dynamical decomposition in the nonabelian mirrors and [7, 8, 21–26] for the
dynamical decomposition in the charge-p Schwinger model. Finally, we want to
comment that if e2 is very large, the Σ -field’s Kähler potential is suppressed, which
can be treated as an auxiliary field. Then we can integrate out it to introduce delta
functions in the Y -field space, there are p different sectors. They can not talk to each
other, because they localize at different delta functions. In the next section, we will
give a brief review of the application of decomposition to math.

2.3 Mathematical Applications

In the previous two sections, we have reviewed a finer vacuum structure called the
dynamical decomposition. Certainly, it is a nontrivial physical statement, which re-
lates to several quantum field theoretic aspects such as higher symmetry, ’t Hooft
anomaly, etc. Furthermore, it can be applied to the string compactification [5]. How-
ever, in this section, we mainly focus on its applications to math.

The dynamical decomposition is a statement of the physical two-dimensional
nonlinear sigma model. So the Witten-type topological quantum field theories, A-
twisted or B-twisted of the physical NLSM, shall share the same conclusion. On
the one hand, the topological A-model in math is related to the Gromov-Witten
theory and Fukaya category. The dynamical decomposition nontrivially suggests
that Gromov-Witten invariants [27, 28] and Fukaya categories have decomposition

9 In the mirror, the component field F01 in the chiral superfield Σ is not a gauge field strength,
although we use the same notation.
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properties if the target space manifold has a Zp one-form symmetry. The Gromov-
Witten theory is concerned with intersection numbers on the moduli space of stable
map (from the genus-zero curve to the variety), and these invariants can be encoded
into a Q series

∑
d=0

ndQd , (11)

where the rational number nd is related to the Gromov-Witten invariants. The de-
composition, in this context, means the moduli space of stable map can be decom-
posed into the stable map from the genus-zero curve to p same target manifold
but with p different Novikov variables, and they are Q

1
p e

i2nπ
p , for n ∈ [0, . . . , p−1].

Therefore, only the map with a degree pd (d is a non-negative integer) can con-
tribute to the invariants. While the categories, in mathematics, consists of a collec-
tion of “objects” that are linked by “morphisms.” The decomposition of a category
means that objects in this category can be decomposed into p sets, and the “mor-
phisms” only link the objects in the same set. On the other hand, the topological
B-model in math is related to the Picard-Fuchs equation and derived category of
coherent sheaves. The decomposition of a Picard-Fuchs system says the solution
space of this PF-equation with an order pn can be decomposed into p sectors, and
each sector consists of the n-dimensional solution space of an order n Picard-Fuchs
equation. Some studies of derived categories of coherent sheaves of weighted pro-
jective space can be found in the math literature [29]. However, a complete survey
of the decomposition in categories is still worth pursuing in math.

We close this section by mentioning that we can also construct the A-twisted/B-
twisted linear sigma model. The observables in the A-model do not depend on e2, so
the Gromov-Witten invariant can be computed in the A-twisted linear sigma model,
which could have a decomposition phenomenon. There is no definition of Fukaya
categories of linear sigma model in the literature yet, however, one may expect they
do not depend on the parameter e2, so they could have a dynamical decomposition
if the theory has a nontrivial one-form symmetry. The topological B-model of linear
sigma model is also interesting. First, we still do not have a definition of B-twisted
closed string linear sigma model yet, however, the B-twisted boundary in the linear
sigma model has been studied in [30–34] and its math theory, the derived category
of a GIT quotient and its quotient stack10, has been built in [35]. Furthermore, one
lesson from these studies is that the derived category is not RG-protected, see also
[36]. Thus from the physical reason, we should not expect the derived category
of gauge theory has the decomposition feature 11, although its stable part can be
decomposed because it corresponds to B-branes dynamics of the nonlinear sigma
model. We leave this proof to the interested mathematician.

10 We thank Ming Zhang for pointing out the correct terminology we should use here.
11 Consider, for example, the linear sigma model for a projective space. The derived category of
this GLSM, (in math terminology it is the derived category of stack quotient [CN/U(1)]), consists
of, besides the data from the projective space, an extra part from the unstable locus where all of the
coordinates are vanishing.
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3 3d N = 2 Chern-Simons Matter Theories

In this section, we discuss the vacuum structure in the three-dimensional gauge the-
ory, and we mainly focus on the N = 2 Chern-Simons matter theories. However,
we expect that there should be a similar story in other 3d gauge theories.

As discussed in the introduction, the vacuum configuration is, not only, labeled
by the scalar moduli, but also the field strength due to the two-form symmetry. So
in 3d N = 2 gauge theory for charge-p CPN−1, we do not expect the Zp one-form
symmetry causes any nontrivial dynamical decomposition of vacua. However, as
first discussed in [6], the 3d gauge theory for charge-p CPN−1 will decompose into
p 2d linear sigma models for the same target via the study of the KK-reduction
of the exact twisted superpotential. In this note, we review this fact by using the
semi-classical potential energy.

Following [37] we relate the 3d data to the 2d’s by KK-reduction. We first com-
pactified the spacetime on R2×S1, and the circle S1 has the 2πR periodic. Then the
2d matter field can be defined from the 3d one’s as

Φ2d =
√

2πRΦ3d ,

with twisted masses given by in
R , for integer n. While the complex scalar field σ =

σ1+ iσ2 in the two-dimensional vector multiplet can be descended from the scalar φ̃

and the circle component of gauge field vµ in the three-dimensional abelian vector
multiplet:

σ1 =
1

2πR

∫
S1

φ̃ , σ2 =
1

2πR

∫
S1

v2 ≡ σ2 +
1
R
,

where the periodicity of the Wilson line σ2 arises from large gauge transformations.
The 2d bare couplings also can be reduced from 3d’s by

2πR
e2

3d
=

1
e2

2d
, r2d = 2πRr3d .

Now, we can write out the potential energy of the three-dimensional gauge theory

U (φi,ϑi) =
e2

3d
4πR

(
N

∑
i=1

p | φi |2 −r

)2

+
e2

3d
4πR

(
p

N

∑
i=1

ϑi−θ −2nπ

)2

(1)

+
N

∑
i=1
| φi |2

∣∣∣pσ1 + i
(

pσ2 +
n
R

)∣∣∣2 ,
where we have suppressed the information of the Chern-Simons level, but we have
already chosen a proper one such that there is no topological vacuum in the Higgs
phase [6, 38]. From equation (1), we can find the vacuum configuration〈

N

∑
i=1

p | φi |2
〉

= r, 〈σ1〉= 0,
〈
e2iπRσ2

〉
= e2iπ n

p .
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Besides the charged-p projective space moduli, we have an extra label due to the
Wilson loop e2iπRσ2 [39, 40]. Furthermore, one can show that

el∗2iπRσ2

is a representation of the Zp one-form symmetry with the charge l mod p [1, 39].
Now, take the vanishing limit of radius R and keep the gauge coupling e2

2d small,
then we can observe that the 3d gauge theory decomposes into p universes, and each
of them is a 2d linear sigma model for charge-p CPN−1. Furthermore, following
section 2, each universe will further decompose into p universes when the gauge
coupling becomes large.

Now, come back to the question mentioned at the beginning: do we have a dy-
namical decomposition in the 3d gauge theory? We suspect there is no decompo-
sition in the three-dimensional gauge theory, however, we do not claim we have
physical proof. The reason we expect this is we do not have theta angle in three-
dimensional gauge theory12. Mathematically, it is because the second homotopy
group of any gauge group is trivial.

4 Four-dimensional N = 1 Generalized Super Yang-Mills
Theory

The generalized four-dimensional Yang-Mills theory with 3-form symmetry was
first proposed in [21], where Seiberg modified the instanton sectors to be a multiple
of p by adding to the Lagrangian

iϑ
(

1
8π2 tr [F (a)∧F (a)]− p

2π
F(4)

)
,

where ϑ is a Lagrange multiplier and F(4) = dA(3). This theory has not only the
ZN one-form symmetry but also a Zp 3-form symmetry. The systematical study of
this generalization can be found in [25]. Furthermore, the authors in [25] extended
the story to the generalized N = 1 SYM theory. They uncover the dynamical de-
composition in this system by computing ’t Hooft anomaly incorporated with the
intriguing higher-group structure. They observed that the N p vacua split into p uni-
verses with N vacua in each. Furthermore, they found there are dynamical domain
walls in between two vacua of a universe, but no dynamical domain wall connects
two different universes. The remaining question is whether the auxiliary field ϑ can
be descended from a dynamical field. Following the same idea used in two dimen-
sions in section 2, we propose a 4d UV N = 1 generalized super Yang-Mills theory
that all of the fields are dynamical fields.

12 One can certainly turn on the two-form symmetry in the three dimensions. However, even it has
the decomposition feature due to this two-form symmetry, we expect that it would not talk to our
Chern-Simons matter theories.
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We first write out the known Lagrangian of N = 1 super Yang-Mills theory

SSYM =
1

2g2

∫
tr [F(a)∧?F(a)]+

iθYM

8π2

∫
tr [F(a)∧F(a)] (1)

+ λσ
µ
(
∂µ λ + i

[
aµ ,λ

])
.

The system has a ZN one-form symmetry. The ZN two-form gauge field can be
realized as a pair of U(1) one-form and two-form gauge fields, B(1), B(2), with the
constraint,

NB(2) = dB(1),

where the one-form symmetric transformation is

B(2) 7→ B(2)+dΛ
(1),B(1) 7→ B(1)+NΛ

(1).

In order to see this symmetry from the Lagrangian, following [1, 41], we introduce
the U(N) gauge field, ã, and relate it to the dynamical SU(N) gauge field locally as

ã = a+
1
N

B(1).

Then we replace the SU(N) field strength with the gauge-invariant combination of
the U(N) field strength F (ã) and B(2):

F(a)≡ F (ã)−B(2).

One can show that F(a) is manifestly invariant under the one-form symmetric trans-
formation. However, this system has a mixed anomaly between θ -angle periodicity
and ZN one-form symmetry. More specifically, the partition function is not a single-
valued function under the shifting of θYM by a 2π , i.e,

ZSYM (θYM +2π) = exp
(

i
N
4π

∫
B(2)∧B(2)

)
ZSYM (θYM) ,

where we have the non-trivial ’t Hooft flux

N
8π2

∫
B(2)∧B(2) ∈ 1

N
Z. (2)

It was observed in [21] that in the generalized Yang-Mills theory, the instanton sec-
tors have been modified to(

1
8π2 tr [F (a)∧F (a)]− p

2π
F(4)

)
= 0,

where F(4) is a four-form field strength with the normalization condition
∫

F(4) ∈
2πZ. This suggests that

N
8π2

∫
B(2)∧B(2) ∈ Z, (3)
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which does not agree with the quantization condition in (2). Hence, we can not
gauge the ZN one-form symmetry solely in the generalized super Yang-Mills theory.
This puzzle has been resolved in [25] by gauging the Zp three-form symmetry at the
same time, and a general statement for the d +1 group structure in 1+d-dim QFT
has been proved in [42]. The interested reader can read them for more details. In
the remaining section, we propose a UV model that reduces to the generalized super
Yang-Mills at the intermediate scale.

We first make the three-form gauge field dynamics by introducing a kinetic term

1
2e2

4d
F(4)∧?F(4). (4)

The mass dimension of e2
4d is 4, so it is a weak coupling in the UV and becomes the

strong coupling in the IR. Following the discussion of the one-form symmetry in
the four-dimensional Maxwell theory in [41], one can observe that our generalized
Maxwell equation has a three-forms U(1) global symmetry. In order to have the
correct degrees of freedom at the low energy physics, we also need to introduce
a matter field φ charged by the two-forms U(1) symmetry with the charge p 13,
such that the symmetry in low energies is a three-forms Zp global symmetry. The
Lagrangian of the charged matter is ∣∣Dµ φ

∣∣2 . (5)

Since this “magnetic” charged matter has not appeared in the previous studies com-
pared to the usual “electronic” charge matters, we would like to give more details
about the gauging process.

To start, let us consider a free complex scalar φ in 1+d dimensions. We can write
the field in polar coordinates φ = |φ |eiϕ except at the origin. Without losing the
generality, we restrict to the Lagrangian of the phase factor ϕ:

−dϕ ∧?dϕ. (6)

This has a manifest global zero-form symmetry ϕ 7→ ϕ + pα for a constant α . Then
perform a local variation, we can find the conserved current of this zero-form sym-
metry

−2p?dϕ. (7)

To gauge this zero-form symmetry, we couple to a one-form U(1) gauge field A
with the gauge-invariant action

− (dϕ + pA)∧?(dϕ + pA) . (8)

In 1+1 dimensions, the above procedure gives the same expression as equation (2)
up to an overall radial variable.

13 It is consistent with the fact the instantons are classified by degree 4 cohomology.
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The free theory actually has an extra (d-1)-form global symmetry with the con-
served current:

(−)d2pdϕ. (9)

It is difficult to see this symmetry manifest in the “electronic” description; instead,
it shifts the dual (d−1)-form variable by a (d−1)-form flat “connection”: C(d−1).
However, we still can gauge this symmetry as usual in the electronic variable. We
first couple the current to a d-form field A(d):

(−)d2pA(d)∧dϕ. (10)

This action is not yet gauge-invariant for a local gauge transformation. To get the
gauge invariant one, we should introduce an extra term p2A(d) ∧ ?A(d) in the La-
grangian. If we put it all together we obtain

−
(

dϕ + p(−)d ?A(d)
)
∧?
(

dϕ + p(−)d ?A(d)
)
. (11)

This section mainly focuses on the d = 3 case, which means we are gauging the
two-form U(1) global symmetry. Furthermore, we are interested in a theory with
the nontrivial instanton sector which means the mass dimension of our gauge field
strength F0123 is four. Therefore, we expect the mass dimension of the radial part,
|φ |, is vanishing from equation (10). This also indicates, from the current (9), that
the non-vanishing two-form conserved charge is infinity heavy in the far infrared.
Thus, it does affect our usual infrared scattering amplitudes. Our gauge theory is, of
course, a UV-fundamental theory. However, the matter has an unusual kinetic term

d |φ |∧?d |φ | ,

which has mass dimension two. Therefore, the coefficient of this kinetic term is not
actually a dimensionless constant, rather, it has the mass dimension two. This means
the only finite energy fluctuation in the far-infrared is the constant mode. One can
compute the one-point correlation function of |φ |2 at the physical scale µ:〈

|φ |2
〉
∼=
∫

µ≤|k|≤ΛUV

d4k
(2π)4

1
k4
∼= log

(
ΛUV

µ

)
. (12)

The propagator k−4 in momentum space is an unusual one. It can be understood by
replacing our variable |φ | with

∣∣∣∂−1
µ φ̃

∣∣∣, where the field |̃φ | has the usual propagator

k−2. There could be an overall constant off. However, the sign of this constant can
be absorbed into the sign of charge p, while the absolute value of this constant can
be absorbed into the scales.

We can, furthermore, turn on the FI parameter of this higher U(1) symmetry

− r4d ·D, (13)

where D is an auxiliary field. The D-term coupling is
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D
(

p |φ |2Bare− rUV
4d

)
. (14)

Because of SUSY, we claim the RG-flow of r4d only receive a one-loop correc-
tion:

r4d (µ) = rUV
4d + p log

(
µ

ΛUV

)
. (15)

This correction can be understood from the calculation in equation (12).
The last term we introduce is(

θ̃

2π
+n

)∫
F(4). (16)

The integer n follows the Dirac quantization of the flux F(4). To affect the instanton
sectors of the super Yang-Mills theory, we must impose a condition on theta angles:

θ̃ ≡ pθYM. (17)

Therefore, besides the dynamical scale in Yang-Mills theory Λ , here we have the
second RG-invariant dynamical scale defined by

Λ̃ ≡ΛUV exp
(
−rUV

4d + iθ̃
)
�Λ . (18)

Hence, it is possible that the theory still stays at the perturbative region of Yang-
Mills theory even though the coupling e2

4d is large. After gauging the one-form ZN
symmetry, the theory shall have nontrivial ’t Hooft flux (2). In order to make this
possible, we require that A(3) transforms under the one-form gauge transformation
as [1, 25, 41]

pA(3) 7→ pA(3)− i
(

N
2π

B(2)∧Λ
(1)+

N
4π

Λ
(1)∧dΛ

(1)
)
. (19)

One can find that i
4π

∫
trF(ã)∧F(ã)+ p

∫
F(4) is gauge-invariant under the one-form

symmetry. This means the nontrivial ’t Hooft flux is physically reasonable.
The vacuum structure, besides the D-term, also depends on the following three

terms
1

2e2
4d

F(4)∧?F(4)+

(
θ̃

2π
+n

)
F(4)+

∣∣Dµ φ
∣∣2 . (20)

Following section 2, we use a dual variable to rewrite the formula as

1
2e2

4d
F(4)∧?F(4)+

(
θ̃ − pϑ

2π
+n

)
F(4)− 1

4 | φ |2
?dϑ ∧dϑ . (21)

From the equation of motion, we have
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?F(4) = e2
4d

(
pϑ − θ̃

2π
−n

)
. (22)

Finally, the semi-classical potential energy of our UV gauge theory is

U
(
?F(4),φ

)
=

e2
4d,eff

2
(

p | φ |2 −r4d
)2

+
2π2

e2
4d,eff

(
?F(4)

)2
, (23)

where r4d = p log µ

Λ̃
. Now, consider the intermediate physical scale that

e4d
√

r4d � µ � Λ̃ �Λ , (24)

where our perturbative theory is physics reasonable. The vacuum configuration from
(23) is 〈

| φ |2
〉
=

r4d

p
,

〈
eiϑ
〉
= ei 2nπ+θ̃

p , (25)

for n = 0, . . . , p− 1. One can easily find that the theory has p different universes
labeled by the integer n. The operator

eil∗ϑ

is charged under the Z(3)
p symmetry with the charge l mod p. The dynamical de-

composition can be easily seen from our semi-classical analysis of the UV gauge
theory we proposed. However, one drawback is that we could not see all N p vacua
explicitly in the semi-classical analysis. For this purpose, we must include the full
nonperturbative quantum correction in the potential energy to see the entire vacuum
configuration. However, we do not perform this calculation in this note as this would
not bring any new insight into the dynamical decomposition. Rather, we see that the
radial direction of φ is heavy that can be integrated out. Furthermore, the kinetic
term of ϑ is suppressed, which means it is an auxiliary field at the intermediate
scale. Finally, we can estimate the tension of the non-BPS domain wall between
different sectors is proportional to e2

4d which suggests that the domain wall becomes
infinity heavy even at the intermediate scale. Therefore, our 4d UV gauge theory is
correctly reduced to the effective theory proposed in [21] and studied in [25]. The
vacua of the UV gauge theory can, then, be described explicitly in terms of the low
energy degrees of freedom.

Although it is not crucial for our decomposition story; however, we end this
section by proposing the full supersymmetric Lagrangian of our UV gauge theory.
We first start with the chiral superfield defined as usual

Φ = φ (y)+Θ
√

2ψ (y)+ΘΘF(y), (26)

where Θ is the Grassmann odd coordinate in the superspace, and yµ = xµ + iΘσ µΘ̄ .
Our notation follows the book by Wess and Bagger [43]. It turns out that the most
difficult technical part of defining our Lagrangian is the super p-form vector multi-
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plet; however, it has been already systematically studied in the context of 4d N = 1
theory four decades ago [44]. We only focus on the super three-form vector mul-
tiplet in this note, let us denote the scalar vector multiplet to be V , then follow-
ing [44, equation(3.12)], we define the super-field strength

Σ̄ =
1
4

D2V = σ̄ + i
√

2Θ̄ λ̄ +Θ̄Θ̄ (D+ iF0123) , (27)

where we use a different notation and possibly a different normalization of each
component field. Furthermore, the mass dimensions of fields are also different. For
example, we require the σ -field to have the mass dimension three. The kinetic term
of gauge field is

Lvector =
1

2e2
4d

∫
d2

Θd2
Θ̄ Σ̄Σ (28)

=
1

2e2
4d

(
∂

µ
σ̄∂µ σ + i∂µ λ̄ σ̄

µ
λ +D2 +F(4)∧?F(4)

)
,

where σ µ is the Pauli matrix. The kinetic term of the charged matter is also straight-
forward

Lmatter =
∫

d2
Θd2

Θ̄ Φ̄epV
Φ (29)

= |Dµ φ |2− iψ̄σ̄
µ Dµ ψ

+Dp|φ |2 + |pσ |2|φ |2 + |F |2 + pσ̄ F̄φ + pFσφ̄ + ipψ̄λ̄φ + ipφ̄λψ.

The last term we can add is the complexified FI-parameter (t = r− iθ̃ ) term:

LFI =−
1
2

∫
d2

Θ tΣ +h.c. (30)

Finally, we would like to comment that the two-forms charged matters and the
three-forms super gauge field are both heavy in low energies, thus there is no gauge
anomaly to worry about. Although our UV “magnetic” matter theory only affects
the topological sectors of super Yang-Mills theory; however, its UV dynamics are
still very interesting, and we leave the complete investigation of this theory and its
applications to future work [45].

5 Conclusions and Outlooks

The main observation in this note is to include the field strength F0···d , apart from the
scalars, to parameterize the vacuum configuration in a 1+d gauge theory. The field
strength F0···d is Lorentz-invariant, so even the vanishing expectation value of this
field could teach us the nontrivial information of vacua. For example, when a gauge



18 Wei Gu

theory has a d-form Zp symmetry. One can observe, by the flux, its effective theory
decomposes into p different universes at the intermediate scale. This is a stronger
selection rule than we usually think of in the local quantum field theory. Following
this setup, we reviewed the existing results in the two-dimensional quantum field
theory from our perspective. Furthermore, we re-studied the dynamical decompo-
sition in the KK-reduction of three-dimensional Chern-Simons matter theory and
conjectured there is no decomposition in three dimensions. Finally, we propose a
four-dimensional UV gauge theory which reduces to the generalized Yang-Mills
theory in the low energy. This generalized Yang-Mills was first proposed in [21]
and systematically investigated in [25], where Tanizaki and Ünsal observed the de-
composition feature in the generalized Yang-Mills theory. Our proposed UV gauge
theory gives a dynamical understanding.

So far, our discussions are limited to the theory with a Lagrangian description.
However, it is known that there are many non-Lagrangian theories. Thus, it would
be interesting to study how the d-form symmetry affects the vacuum configuration
of these theories. Furthermore, we mainly focus on the continuous gauge theories
in this note. However, we know many orbifolded theories can not be embedded into
continuous gauge theories, so the decomposition of these orbifolded theories should
be understood in a different approach. Finally, quantum field theories in more than
four dimensions might also have the dynamical decomposition, which we missed in
this note. We leave all these to future work.
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