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Abstract We present a survey of some of our recent results on Bayesian nonpara-
metric inference for a multitude of stochastic processes. The common feature is that
the prior distribution in the cases considered is on suitable sets of piecewise constant
or piecewise linear functions, that differ for the specific situations at hand. Poste-
rior consistency and in most cases contraction rates for the estimators are presented.
Numerical studies on simulated and real data accompany the theoretical results.
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1 Introduction

This paper is a survey of our recent results, obtained with collaborators, in Bayesian
nonparametric function estimation. Although the settings and corresponding mod-
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els that we consider exhibit a large variety (volatility estimation in diffusion mod-
els, Poisson intensity estimation, estimation for gamma-driven stochastic differen-
tial equations, estimation in the presence of microstructure noise, and Lévy density
estimation for Gamma-type subordinators), they all share the following common
property. The function to be estimated, which can be a function of time or space, is
approximated by piecewise constant functions (with one exception that deals with
piecewise linear functions). This assumption is one of the possibilities to reduce the
estimation of an infinite dimensional parameter to the estimation of only finitely
many parameters, this being inevitable if one has to compute estimators.

We adopt the Bayesian approach by specifying a prior distribution supported on
piecewise constant functions. The goal is then to compute the posterior distribution
and show it has good properties, when considered from a frequentist point of view.
In this work, the first goal is either accomplished by using conjugate priors or us-
ing Markov Chain Monte Carlo to obtain samples from the posterior. The second
goal is achieved by showing posterior consistency and quantification of posterior
contraction rates. A thorough introduction to these concepts is given in [13]. Infor-
mally, posterior consistency means that the posterior mass of a fixed ε-ball around
the “true” function tends to 1 as the sample size increases. The contraction rates
quantifies the rate at which we can shrink the radius of these balls with increasing
sample size while still asymptotically having posterior mass 1.

It turns out that this procedure is feasible in all cases that we consider. It is intu-
itively clear that rougher (continuous) functions are more difficult to estimate than
smoother ones. The degree of smoothness is measured by the Hölder exponent in
our approach. We assume in all cases that the functions to be estimated are Hölder
continuous. We obtain contraction rates that depend on the Hölder exponent, and
the smoother the function, the better the estimation procedure’s contraction rate. As
we will demonstrate, despite the entirely different settings, the contraction rates are
identical in all cases.

For theoretical and numerical implementations, one has to specify priors on the
approximating piecewise continuous functions. We will assume a fixed set of bins,
reflecting the resolution at which we aim to learn the unknown function. In a first
approach, we will a priori take the (finitely many) values on the bins as indepen-
dent random variables with distributions from an appropriate chosen class (mostly
gamma or inverse gamma distributions), such that the prior is (partially) conjugate.
These specifications lead to the theoretical results on the posterior distributions men-
tioned above.

It also appeared that better numerical results, clearly visible in the figures we
provide and less sensitive to the chosen set of bins, can be obtained by relaxing the
independence assumption on the prior distribution. We accomplish this observation
by using appropriate Markov chain priors on the levels of the piecewise constant
functions. A principal motivation is that such a prior introduces dependence be-
tween the adjacent levels of the piecewise constant approximating functions, which
is a rather natural property if one realizes that values of continuous functions tend to
be close to each other on adjacent intervals. The theoretical results on the contrac-
tion rates we show in several cases coincide with the minimax convergence rates
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in frequentist estimation. From that asymptotic point of view, the estimators with
the Markov chain prior cannot be better than the ones with the independent priors.
Nevertheless, in practical situations, they turn out to be more accurate.

A great variety of numerical examples in all settings are presented. They include
results from simulated examples to illustrate the theoretical properties and from real
data to derive some conclusions based on our methods.

The paper is organized as follows. Section 2 details the results on volatility esti-
mation for stochastic differential equations driven by a Brownian motion, Section 3
is devoted to estimation for partial observations of diffusion processes in presence
of microstructure noise, Section 4 treats intensity estimation for Poisson processes,
Section 5 gives results on estimation of the volatility function in gamma-driven
stochastic differential equations, Section 6 is on estimation of the Lévy density for
Gamma-type subordinators. Finally Section 7 summarizes and concludes.

A remark on the notation throughout the paper: for two sequences (an) and (bn)
of real numbers we write an � bn if there are constants c and C in (0,∞) such that
eventually cbn ≤ an ≤Cbn.

2 Volatility estimation

In this section, we consider the nonparametric Bayesian estimation of a volatility
function, also synonymously referred to as the dispersion coefficient, that arises in
diffusion models. This function may be a smooth function of the time parameter,
but it may also happen that it is a realization of another diffusion process, like a
Brownian motion. Hence the function to be estimated may have various orders of
regularity, which we characterize by their degree of Hölder continuity. This section
is based on [15], [17], which also contain many references to related literature.

2.1 Problem formulation

Stochastic differential equations (SDEs) driven by a Brownian motion have been
widely used as models in numerous applications ranging from physics to engineer-
ing and to finance. Their solutions, weak or strong, are diffusion processes. In this
section we consider a one-dimensional diffusion process X satisfying the stochastic
differential equation (SDE)

dXt = a(t,Xt)dt + s(t)dWt , X0 = x0, t ∈ [0,1]. (1)

Here W is a standard Wiener process, and a and s are the drift function and volatility
function, respectively. Note that s is a function of time only. It is further assumed
that b and s are such that (1) admits a weak solution that is unique in law. We assume
that observations
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Xn = {Xt0,n , . . . ,Xtn,n}

from the solution X to (1) are available, where ti,n = i
n , i = 0, . . . ,n. In the statistical

set-up, we denote the true drift and diffusion coefficient by a0 and s0, Our aim is
to estimate s0 nonparametrically within the Bayesian setup. We note that nonpara-
metric Bayesian estimation of volatility is very different from the drift coefficient
estimation: the latter fundamentally relies on the equivalence of laws of continu-
ously observed diffusion processes that have the same diffusion coefficient. This is
not applicable when the diffusion coefficient itself is unknown and is a parameter to
be estimated when a continuous record of observations is available. In the current
set-up on the contrary, with discrete time observations, there is equivalence of laws
and it is therefore possible to derive a likelihood, at least theoretically, a fundamen-
tal tool for Bayesian inference. An implementable version of such a likelihood is
obtained by intentionally misspecifying the drift coefficient a by taking it equal to
zero, and employing a (conjugate) histogram-type prior on the diffusion coefficient,
that has piecewise constant realisations on bins forming a partition of [0,1]. Due to
this, our nonparametric Bayesian method to estimate the dispersion coefficient s0
in (1) is easily implemented. Theoretical asymptotic results for estimating s will be
obtained in the case when n→ ∞ (high frequency observations), keeping the ob-
servation interval [0,1] fixed. For simplicity, we take x0 = 0. Because of the fixed
interval [0,1], consistent estimation of the drift is impossible, but the high frequency
observations make it possible to ignore the drift if the aim is to (consistently) esti-
mate the volatility. We will make this precise in Proposition 2.3.

2.2 Likelihood, prior and posterior

Under the assumption that the drift in (1) is zero, the (pseudo-)likelihood is that of
a Gaussian sample and is given by

Ln(s) =
n

∏
i=1

 1√
2π
∫ ti,n

ti−1,n
s2(u)du

φ0

 Yi,n√∫ ti,n
ti−1,n

s2(u)du

 , (2)

where Yi,n = Xti,n−Xti−1,n and φ0(u) = exp(−u2/2). With Πn denoting a prior on the
dispersion coefficient, provided all the involved quantities are suitably measurable,
Bayes’ theorem gives that the posterior probability of any measurable subset S⊂S
of dispersion coefficients is given by

Πn(S | Xt0,n . . . ,Xtn,n) =

∫
S Ln(s)Πn(ds)∫
S Ln(s)Πn(ds)

,

where S denotes a space on which the prior Πn is defined.
It follows from (2) that the likelihood depends on the parameter of interest only

through the integrals
∫ ti,n

ti−1,n
s2(u)du. Consequently, it appears natural to a priori
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model the diffusion coefficient as piecewise constant on intervals [ti−1,n, ti,n]. How-
ever, some smoothing should also be performed, and this can be achieved by ag-
gregated several neighbouring intervals [ti−1,n, ti,n]. Thus, to construct the prior, we
proceed as follows: Let m be an integer smaller than n. Then we can uniquely write
n=mN+r with 0≤ r <m, and in fact N = b n

mc. Both m and N will depend on n (and
we also write mn and Nn to emphasize this when appropriate). With this assumption
we have bins Bk = [tm(k−1),n, tmk,n), k = 1, . . . ,N−1 and BN = [tm(N−1),n,1].

Let Sn be the set of functions s that can be represented as s = ∑
Nn
k=1 ξk1Bk . The

prior Πn on the dispersion coefficient s ∈ Sn is defined by putting a prior on the
coefficients ξk’s. Since

s2 =
Nn

∑
k=1

ξ
2
k 1Bk =

Nn

∑
k=1

θk1Bk , (3)

where we have put θk = ξ 2
k , equivalently one can place the prior on the coefficients

θk’s of the diffusion coefficient s2. We call the prior Πn a histogram-type prior.
As a result of choosing Πn such that the θi are independent having an inverse

gamma distribution, we can explicitly compute the conjugate posterior of the θi,
again of inverse gamma type.

Lemma 2.1. Assume θ1, . . . ,θN are independent with the inverse gamma IG(α,β )
distribution. Then θ1, . . . ,θN are a posteriori independent and, for k = 1, . . . ,N−1,

θk |Xn ∼ IG(α +m/2,β +nZk/2) .

with

Zk =
km

∑
i=(k−1)m+1

Y 2
i,n,

whereas
θN |Xn ∼ IG(α +(m+ r)/2,β +nZN/2) ,

with

ZN =
n

∑
i=(N−1)m+1

Y 2
i,n.

2.3 Asymptotics

We let Pa0,s0 denote the law of the path (Xt : t ∈ [0,1]) from (1) under the true
parameter values (a0,s0). In particular the notation P0,s0 is used for such a law when
the drift coefficient is equal to zero. For expectation we use the same subscripts. We
denote the prior distribution on the dispersion coefficient by Πn (with n the number
of observations) and write the posterior as Πn( · |Xn). By ‖ · ‖2 we denote the L2-
norm with respect to the Lebesgue measure on the Borel sets of [0,1].

The standing assumption on the volatility in this section is the following.
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Assumption 2.2 Assume that the true volatility function s0 is Hölder continuous
on [0,1] with Hölder constant L and Hölder exponent λ ∈ (0,1], |s0(u)− s0(v)| ≤
L|u− v|λ for all u,v ∈ [0,1], and is bounded away from zero.

The first result formalises that under our asymptotic regime, we can safely ignore
the drift by, erroneously in general, putting it equal to zero.

Proposition 2.3. Let, for ε > 0,

Us0,ε = {s ∈Sn : ‖s− s0‖2 < ε}

be the L2-neighbourhood of s0 of radius ε . Let Assumption 2.2 hold and assume that
there exists a sequence εn→ 0

E0,s0 [Πn(Uc
s0,εn |Xn)]→ 0

as n→ ∞. Then also
Ea0,s0 [Πn(Uc

s0,εn |Xn)]→ 0.

As we consider the asymptotics n→ ∞, we take the number of bins N to depend
on the sample size n, and indicate this in our notation by writing Nn. The next re-
sult gives the posterior contraction rate n−λ/(2λ+1) for the L2-norm. Establishing
posterior contraction in the L2-metric is rather natural, as

∫ 1
0 s2

0(t)dt is the quadratic
variation of the process (Xt : t ∈ [0,1]) over the interval [0,1].

Theorem 2.4. Assume that Assumption 2.2 holds. Assume Nn � n1/(2λ+1). If we let
εn � n−λ/(2λ+1), then for any sequence hn tending to infinity (as n→ ∞) we have

Ea0,s0

[
Πn(‖s2− s2

0‖2 ≥ hnεn |Xn)
]
→ 0

as n→ ∞.

A comparison with the frequentist minimax convergence rate in [20] shows that
the posterior for the diffusion coefficient contracts at the optimal rate in the L2-
metric. With histogram-type priors considered in this work no further improvement
in the posterior contraction rate, when λ = 1, is possible beyond n−1/3, even if the
function s0 is smoother than a Lipschitz function. An intuitive reason for this is that
realisations of our histogram-type priors are too rough for this; cf. p. 629 in [37].

2.4 Numerical results

In this section we illustrate the theoretical results of Section 2.3 with a number of
numerical examples. For an implementation of our Bayesian analysis a judicious
choice of the number of bins N is crucial. For obtaining such a choice there are var-
ious methodologies. For instance one can use the Deviance Information Criterion
(DIC) of [38] to select N, or choose N as the maximizer of the marginal likelihood
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n 7→
∫
S Ln(s)Πn(ds). We refer to [15] for details. We use simulations of diffusion

processes with known drift and diffusion coefficient to gain insight into the nu-
merical performance of our method. We are particularly interested in the practical
consequence of using a pseudo-likelihood ignoring the drift.

First we simulate realisations from the model for different dispersion and drift
coefficients. Given subsamples of those realisations sampled at different rates we
compute the posterior distribution of the dispersion function using the piecewise
constant prior (histogram-type prior) of Lemma 2.1 with varying numbers of bins.
As an illustration, plots of marginal posterior bands are compared with the true
dispersion function. The marginal posterior bands are obtained by computing 1−
α central posterior intervals (see [11], p. 33) separately for the coefficients θk’s
using Lemma 2.1. This way of computing the posterior intervals will also be used
in later sections. By Proposition 2.3, assuming that there is no drift still leads to
consistent Bayesian estimation of the dispersion coefficient, even if the data are
from a diffusion process with nonzero drift. This is illustrated by our simulation
results of this section.

We simulated sample paths of the diffusion (Xt : t ∈ [0,1]) where the true disper-
sion coefficient is given by one of

s1(t) = 3/2+ sin(2(4t−2))+2exp(−16(4t−2)2),

s2(t) = Bt(ω0)+1,

and the drift is given by one of

a1(x) = 0,
a2(x) =−10x+20.

Note the change of notation in these examples, true dispersion and drift are not
denoted s0 and a0 here, but differently to distinguish these special choices from the
general case. The function s1 is a benchmark function used in [10] in the context of
nonparametric regression, up to a vertical shift to ensure positivity. To define s2(t),
we took a fixed realisation of a Brownian motion B, indicated by ω0, starting at 1
with Bt(ω0) > −1 for t ∈ [0,1]. The function s1 is Lipschitz continuous, while s2
is Hölder continuous with exponent essentially 1

2 . As the prior on the coefficients
on the individual bins we used IG(0.1,0.1) distributions and the coefficients were
assumed to be independent.

Figures 1 and 3 show marginal 98% posterior bands for different combinations of
bin number and observation regime for both dispersion coefficients when the drift
is zero. Figure 2 shows the marginal posterior bands for s1 which are obtained if
an affine drift term a2(x) = −10x+ 20 is present, but neglected in the estimation
procedure. Comparison with Figure 1 shows that presence of a strong nonzero drift
hardly affects the obtained credible bands. Note that credible bands successfully re-
cover the overall shape of the functions si, although the recovery is not too refined.
The recovery is somewhat less accurate for function s2, see Figure 3, than for func-
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tion s1, see Figure 1. This is in perfect agreement with our theoretical results from
Theorem 2.4, that give a slower posterior contraction rate for less smooth functions.

N = 40 N = 80 N = 160

n
=

8001
n
=

16
001

n
=

32
001

Fig. 1 Estimation results for s1 with varying number of observations and bins, no drift. The solid
curve is the true dispersion coefficient while the light blue areas are 98% marginal posterior bands.
n is the number of observations, N is the number of bins.

2.5 Inverse Gamma Chain Markov prior

In this section we postulate another prior on the values of the bins. Rather than
assuming independent inverse Gamma distributions as in Section 2.2, we take an
inverse Gamma Markov chain (IGMC) prior. Posterior inference is still straight-
forward to implement via Gibbs sampling, as the full conditional distributions are
available explicitly and turn out to be inverse Gamma again. We will compare the
performance of under both priors. The results of this section are based on [17].

We still consider the diffusion process that solves the SDE (1), with the obser-
vations Xn = {Xt0,n , . . . ,Xtn,n}. We also keep on taking the drift equal to zero in our
statistical analysis. A main reason to depart from the independent prior setting is that
this has only limited possibility for adaptation to the local structure of the volatil-
ity coefficient, which may become an issue if the volatility has a wildly varying
curvature on the time interval [0,1].

The alternative, fundamentally different, approach, we undertake here, is inspired
by ideas in [4] in the context of audio signal modelling, see also [7] and [30], differ-
ent from the SDE setting that we consider. Instead of using a prior on the (squared)
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N = 40 N = 80 N = 160

n
=

8001
n
=

16
001

n
=

32
001

Fig. 2 Estimation for s1 with varying number of observations and bins and drift a2(x) = −10x+
20. The solid curve is the true dispersion coefficient while the light red areas are 98% marginal
posterior bands. n is the number of observations, N is the number of bins.

N = 40 N = 80 N = 160

n
=

8001
n
=

16
001

n
=

32
001

Fig. 3 Estimation results for s2 with varying number of observations and bins, no drift. The solid
curve is the true dispersion coefficient while the light blue areas are 98 % marginal posterior bands.
n is the number of observations, N is the number of bins.
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volatility that has piecewise constant realisations on [0,1] with independent coef-
ficients θk’s, as in Section 2.2, we will assume that the sequence {θk} forms a
suitably defined Markov chain. An immediately apparent advantage of using such
an approach is that it induces extra smoothing via dependence in prior realisations
of the volatility function across different bins. Specifically, we proceed as follows,
first specifying the piecewise constant prior on the levels on the bins, now being
a Markov chain. The bins Bk are the same as before. We again model s as piece-
wise constant on bins Bk, thus s = ∑

N
k=1 ξk1Bk , and with θk = ξ 2

k it follows that
s2 = ∑

N
k=1 θk1Bk .

Introduce auxiliary variables ζk, k = 2, . . . ,N, and define a Markov chain us-
ing the time ordering θ1,ζ2,θ2, . . . ,ζk,θk, . . . ,ζN ,θN . Transition distributions of this
chain are defined as follows: fix hyperparameters α1, αζ and α , and set

θ1 ∼ IG(α1,α1), ζk+1|θk ∼ IG(αζ ,αζ θ
−1
k ), θk+1|ζk+1 ∼ IG(α,αζ

−1
k+1). (4)

The prior is referred to as an inverse Gamma Markov chain (IGMC) prior, which
reflects the fact that the distributions in (4) are inverse Gamma. In fact, it can even
be verified by direct computations employing (4) that the full conditional distribu-
tions of θk’s and ζk’s are inverse gamma too, see [17] for details, which facilitates
Gibbs sampling. As observed in [4], there are various ways of defining an inverse
Gamma Markov chain. The point to be kept in mind is that the resulting posterior
should be computationally tractable, and the prior on θk’s should have a capabil-
ity of producing realisations with positive correlation structures, as this introduces
smoothing among the θk’s in adjacent bins. The definition of the IGMC prior in
the present work, that employs the latent variables ζk’s, takes care of both these
important points. For an additional discussion see [4].

In the practical examples presented below, both the number of bins, N, and the
parametes α,α1,αζ are considered as hyperparameters. Assigning values to them
can be done in multiple ways, see [17], but it has been observed in our simulation
examples that inferential conclusions with the IGMC prior are quite robust with re-
spect to the choice of N. This is because through the hyperparameters α and αζ , the
IGMC prior has an additional layer for controlling the amount of applied smooth-
ness; when α and αζ are equipped with a prior (as we do), they can in fact be learned
from the data.

The test function to be estimated is the blocks function from [8] visualized in
Figure 4. With a vertical shift for positivity, this is defined as follows:

s(t) = 10+3.655606×
11

∑
j=1

h jK(t− t j), t ∈ [0,1], (5)

where K(t) = (1+ sgn(t))/2, and

{t j}= (0.1,0.13,0.15,0.23,0.25,0.4,0.44,0.65,0.76,0.78,0.81),
{h j}= (4,−5,3,−4,5,−4.2,2.1,4.3,−3.1,2.1,−4.2).
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Our main goal here was to compare the performance of the IGMC prior-based ap-
proach to the IIG prior-based one from Section 2.2. To complete the SDE spec-
ification, the true drift coefficient was chosen to be a rather strong linear drift
a2(x) =−10x+20.

0.0 0.2 0.4 0.6 0.8 1.0
0

10

20

30 s3

Fig. 4 The blocks function s from Equation (5).

The top left and top right panels of Figure 5 give estimation results obtained with
the IIG prior-based approach from Section 2.2. The number of bins was N = 160
or N = 320, and in both these cases we used diffuse independent IG(0.1,0.1) priors
on the coefficients of the (squared) volatility function (see [15] for details). These
results have to be contrasted to those obtained with the IGMC prior, plotted in the
bottom left and bottom right panels of Figure 5, where we assumed α1 = 0.1 and
α = αζ ∼ IG(0.3,0.3). The following conclusions emerge from Figure 5:

• Although both the IGMC and IIG approaches recover globally the shape of the
volatility function, the IIG approach results in much greater uncertainty in infer-
ential conclusions, as reflected in wider marginal confidence bands. The effect is
especially pronounced in the case N = 320, where the width of the band for the
IIG prior renders it almost useless for inference.

• The bands based on the IGMC prior look more ‘regular’ than the ones for the IIG
prior.

• The method based on the IIG prior is sensitive to the bin number selection: com-
pare the top left panel of Figure 5 using N = 160 bins to the top right panel
using N = 320 bins, where the credible band is much wider. On the other hand,
the method based on the IGMC prior automatically rebalances the amount of
smoothing it uses with different numbers of bins N, thanks to the hyperprior on
the parameters α,αζ ; in fact, the bottom two plots in Figure 5 look similar to
each other.

We have shown more pronounced results when using the IGMC prior than by
using the IIG prior, although the latter already shows optimal asymptotic properties,
as reported in Section 2.3. We will see similar behaviour in Section 4.6.
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Fig. 5 Volatility function s with superimposed 95% marginal credible band for the IIG prior
IG(0.1,0.1), using N = 160 (top left panel) and N = 320 bins (top right panel). Volatility func-
tion s from (5) with superimposed 95% marginal credible band for the IGMC prior, using
N = 160 (bottom left panel) and N = 320 bins (bottom right panel); in both cases, α1 = 0.1 and
α = αζ ∼ IG(0.3,0.3).

2.6 Closing remarks

We have studied nonparametric Bayesian estimation of a volatility function, and
presented posterior contraction results when the prior was of independent inverse
gamma type. We have given numerical results and have also illustrated that the
performance of the statistical procedure had increased when switching from inde-
pendent priors on the coefficients to a Markov chain prior. The theoretical results
can also be applied to real data, see [15] for an example with exchange rate data and
Section 3 for a follow up with partial observations.

3 Volatility estimation in presence of microstructure noise

The goal of this section is nonparametric Bayesian estimation of the volatility in
presence of market microstructure noise. The exposition is based on [16], which in
turn uses some ideas from [17], whose findings have also been used in Section 2.5.
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3.1 Problem formulation

As in Section 2, let X solve the one-dimensional stochastic differential equation
(SDE) (1). Assume (not necessarily uniformly spaced) observation times {ti : 1 ≤
i≤ n} and suppose our observations are Yn = {Y1, . . . ,Yn}. Here

Yi = Xti +Vi, 0 < t1 < · · ·< tn = 1, (6)

and {Vi} is a sequence of independent and identically distributed random variables,
independent of the Wiener process W driving (1). The measurement errors {Vi} are
referred to as microstructure noise. They model such features of financial time series
as their discreteness or approximations due to market friction. For widely spaced
data in time, microstructure noise can be ignored without great consequences for
inferring the volatility function. However, for densely spaced data in time (the so-
called high-frequency data regime), this ceases to be true and even small amount of
the microstructure noise adversely affects the volatility estimates.

As referenced in [16], there exists a large body of literature on nonparametric
volatility estimation under microstructure noise. The existing work mainly focusses
on estimation of the integrated volatility and is frequentist in its nature. Here we take
a Bayesian approach instead. General advantages of the latter have been sufficiently
highlighted in the preceding sections.

The key steps of our approach are as follows: we first reduce our model to the
Gaussian linear state space model, which is computationally convenient. Next we
specify an inverse Gamma Markov chain prior on the volatility function s. This al-
lows us to employ for posterior inference the Gibbs sampler. The latter incorporates
a classic Forward Filtering Backward Simulation (FFBS) step.

After detailing the algorithm, we demonstrate the performance of our method
on simulated and real data examples, and also provide a theoretical result on the
limiting behaviour of the Gamma Markov chain prior.

3.2 Linear state space model

We rigorously derive our Bayesian algorithm in the case when the “true”, data-
generating volatility s is a deterministic function of time t. Next, if the “true” s is
in fact a stochastic process, we simply apply the algorithm without further changes,
as if s were deterministic. The intuition is as follows: first the stochastic volatil-
ity is generated, and given a realisation of it, the observations are generated by an
independent Brownian motion W .

Denote t0 = 0. From equation (1),

Xti = Xti−1 +
∫ ti

ti−1

a(t,Xt)dt +
∫ ti

ti−1

s(t)dWt . (7)



14 Belomestny, van der Meulen, Spreij

Due to the properties of the Wiener process paths, over short time intervals
[ti−1, ti] the term

∫ ti
ti−1

s(t)dWt in (7) dominates the term
∫ ti

ti−1
a(t,Xt)dt. Indeed, the

latter scales as ∆ ti, whereas the former as
√

∆ ti. Following [15], as in Section 2, we
act as if the process X had a zero drift, a≡ 0.

We thus assume Xti = Xti−1 +Ui, where Ui =
∫ ti

ti−1
s(t)dWt . This implies that

Ui ∼ N(0,wi) with wi =
∫ ti

ti−1

s2(t)dt. (8)

Furthermore, {Ui} is a sequence of independent random variables, for so are the
increments of a Wiener process over disjoint time intervals. To lighten the notation,
in the sequel we will write xi = Xti , yi = Yi, ui = Ui, vi = Vi. Our model reduces to
the linear state space model

xi = xi−1 +ui,

yi = xi + vi,
(9)

where i = 1, . . . ,n. In the time series literature, the first equation in (9) is called
the state equation, whereas the second equation is referred to as the observation
equation. We assume that {vi} is a sequence of independent N(0,ηv) distributed
random variables, also independent of the Wiener process W in (1). As a result,
{vi} is independent of {ui}. We equip the initial state x0 with the N(µ0,C0) prior
distribution. Then (9) turns into a Gaussian linear state space model. The latter is
most convenient computationally, as one does not have to deal with an intractable
likelihood. The latter constitutes the main computational bottleneck for Bayesian
inference in SDE models.

3.3 Prior

For the measurement error variance ηv, we assume a priori an inverse Gamma dis-
tribution, ηv ∼ IG(αv,βv). This choice is dictated by conjugacy considerations. In
general, the inverse gamma prior on the variance parameter in Gaussian models is
common practice in Bayesian statistics.

The construction of the prior for s is more involved. Fix an integer m < n. Then
we can write n = mN + r with 0 ≤ r < m, where N = bn/mc. Define bins Bk =
[tm(k−1), tmk), k = 1, . . . ,N−1, and BN = [tm(N−1),1]. Assume a priori

s =
N

∑
k=1

ξk1Bk , (10)

where N (the number of bins) is a hyperparameter. Then s2 = ∑
N
k=1 θk1Bk , where

θk = ξ 2
k . The prior specification for s is completed by assigning a prior distribution

to the coefficients θ1:N as in Section 2.5, which we repeat here. We introduce auxil-
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iary variables ζ2:N , and suppose the sequence θ1,ζ2,θ2, . . . ,ζk,θk, . . . ,ζN ,θN forms
a Markov chain (in this order of variables). The transition distributions of the chain
are defined by

θ1 ∼ IG(α1,β1), ζk+1|θk ∼ IG(α,αθ
−1
k ), θk+1|ζk+1 ∼ IG(α,αζ

−1
k+1), (11)

where α1,β1,α are hyperparameters. We refer to this chain as an inverse Gamma
Markov chain, see [4]. The variables θ1, . . . ,θN are positively correlated, which im-
poses smoothing across different bins Bk: under the prior, the small or large values
of θ ’s on adjacent bins tend to go together. At the same time, we attain partial con-
jugacy in the Gibbs sampler that we derive below. This leads to simple and tractable
MCMC inference.

An uninformative choice α1,β1 → 0 performs well in practice. The parameter
α plays the role of the smoothing parameter. We equip it with a log-normal prior
logα ∼ N(a,b). The hyperparameters a ∈ R,b > 0 are chosen so as to render the
hyperprior on α diffuse. The interpretation of hyperparameter N (or equivalently m)
is somewhat different than merely a smoothing parameter. It can also be considered
as the resolution at which one wants to infer the volatility function. Under finite
amounts of data, this resolution cannot be made arbitrarily fine. On the other hand,
inference with the IGMC prior is robust with respect to a wide range of values of N
due to the fact that the corresponding Bayesian procedure has an additional regular-
isation parameter α that is estimated from the data. See also the earlier Section 2.5
and Section 4 for related phenomena.

3.4 Gibbs sampler for sampling from the posterior

An expression for the posterior of s can be written down in closed form, but does
not scale up computationally. The problem is circumvented by following a data aug-
mentation approach: we treat x0:n as missing data, whereas the y1:n are the observed
data; cf. [39]. An expression for the joint density of all the quantities involved in the
model is easily obtained as

p(y1:n,x0:n,θ1:N ,ζ2:N ,α,ηv) =(
n

∏
k=1

p(yk | xk,ηv)

)
p(x0:n | θ1:N)

× p(θ1)
N−1

∏
k=1

[p(ζk+1 | θk,α)p(θk+1 | ζk+1,α)] p(α)p(ηv).

Except for p(x0:n | θ1:N), all the densities have been given in the previous subsection.
To obtain an expression for the latter, define (with ∆i ≡ ∆ ti)
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Zk =
km

∑
i=(k−1)m+1

(xi− xi−1)
2

∆i
, k = 1, . . . ,N−1,

ZN =
n

∑
i=(N−1)m+1

(xi− xi−1)
2

∆i
.

Next set mk = m for k = 1, . . . ,N−1, and let mN = m+ r. It follows that

p(x0:N | θ1:N) ∝ e(x0−µ0)
2/(2C0)

N

∏
k=1

θ
−mk/2
k exp

(
− Zk

2θk

)
.

Now we can use the Gibbs sampler to sample from the joint conditional dis-
tribution of (x0:n,θ1:N ,ζ2:N ,ηv,α) given observations y1:n. The full conditionals of
θ1:N , ζ2:N , ηv required in the Gibbs sampler are easy to derive and are of the inverse
Gamma type. Furthermore, the parameter α is updated via a Metropolis-Hastings
step; see [16] for all the details. This is quite similar conceptually to Section 4.5 be-
low. On the other hand, for updating x0:N , conditional on all other quantities in the
model, we use the classical Forward Filtering Backward Simulation (FFBS) algo-
rithm for Gaussian state space models (cf. Section 4.4.3 in [31]). The Gibbs sampler
that results from these steps is summarized in Algorithm 1. For details, see [16].

Algorithm 1: Gibbs sampler for volatility learning
Data: Observations y1:n
Hyperparameters α1, β1, αv, βv, a, b, N;
Result: Posterior samples θ i

1:N : i = 1, . . . ,M
Initialization θ 0

1:N , ζ 0
1:N , η0

v , α0;
while i≤M do

sample xi
0:n via FFBS;

sample θ i
1:N from the inverse Gamma full conditionals;

sample ζ i
2:N from the inverse Gamma full conditionals;

sample η i
v from the inverse Gamma full conditional;

sample α i via a Metropolis-Hastings step;
set i = i+1.

end

3.5 Asymptotics

In this section we provide some results on the limit behaviour of the Gamma Markov
Chain prior. They shed additional light on the prior and are expected to be of use
when establishing frequentist asymptotic properties of our nonparametric Bayesian
volatility estimation procedure.
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We start with results on the prior conditional mean and variance of the θk. These
results will be exploited to find an asymptotic regime for the θk when the number
of bins tends to infinity. To simplify the exposition, in this section we depart from
the setting with α as a random hyperparameter, but instead we assume it to be a
deterministic sequence. The proof of the following proposition is in [16].

Proposition 3.1. If α > 2 is a fixed parameter then the IGMC prior satisfies

Ek[θk+1−θk] =
1

α−1
θk, (12)

Vk(θk+1−θk) =
α(2α−1)

(α−1)2(α−2)
θ

2
k , (13)

where Ek and Vk respectively denote expectation and variance, conditional on θk.

Hence, the conditional mean squared error Ek(θk+1−θk)
2 equals 2(α+1)θ 2

k
(α−1)(α−2) .

As seen from Proposition 3.1, the conditional mean squared error in Proposi-
tion 3.1 decreases in α . This, in turn, illustrates the regularising property of this
parameter.

We are interested in the behaviour of the prior distribution on the θk for large
values of α . We will suitably scale α with the number of bins N to obtain a limit
result by applying Donsker’s theorem (cf. Corollary VII.3.11 in [23]). Take α = γN,
where γ is a positive scaling factor. We are thus interested in the law of θk for
N → ∞. This entails simultaneously increasing the number of bins, as well as the
dependence of the values on the bins. Then, as shown in [16], with θ1 fixed, the
process t 7→ s2(t), with s2(t) = ∑

N
k=1 θk1Bk(t), converges weakly to the continuous

time process t 7→ θ1Zt , where

logZt =

√
2
γ

Wt −
1
γ

t. (14)

As a result, the continuous time approximation Z of the process θk/θ1, with Z as in

(14), is the Doléans exponential E (
√

2
γ
W ), which satisfies the stochastic differential

equation

dZt =

√
2
γ

Zt dWt . (15)

3.6 Numerical results for the Heston model

The Heston model (see [19]) is a popular stochastic volatility model. According to
Heston’s model, the asset price process, denoted by S, is governed by the SDE

dSt = µStdt +
√

ZtStdWt ,
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where the process Z follows the CIR or square root process (see [6]),

dZt = κ(θ −Zt)dt +σ
√

ZtdBt . (16)

The driving Wiener processes W and B are correlated with correlation ρ . A common
approach in quantitative finance is to log transform S to Xt = logSt . Then X obeys a
diffusion equation with volatility s(t) =

√
Zt ,

dXt = (µ− 1
2

Zt)dt +
√

ZtdWt ,

which can verified by Itô’s formula.
Assume high-frequency observations on the log-price process X with additive

noise Vi ∼ N(0,ηv) are available. Note that the volatility s is a random function.
No further knowledge of the data generation mechanism is assumed. The Heston
model setting is challenging for any nonparametric volatility estimation method and
as such serves as a good test example. To generate synthetic data, we used the pa-
rameter values µ = 0.05, κ = 7, θ = 0.04, σ = 0.6, ρ =−0.6. These are similar to
the ones obtained via fitting the Heston model to real data (see Table 5.2 in [32]).
Furthermore, the noise variance was ηv = 10−6. This guarantees a large enough
signal-to-noise ratio in the model (9), which is a prerequisite for successful estima-
tion of volatility. Finally, the parameter choice µ = 0.04 corresponds to a realistic
4% log-return rate.

Inference results with N = 80 bins are given in Figure 6. These are surprisingly
accurate, despite the general difficulty of the problem and the amount of assump-
tions that went into our estimation procedure. Indeed, the Heston model does not
formally satisfy assumptions under which our Bayesian method was derived; this
concerns specifically the non-deterministic character of the volatility function s.

0.0
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0.00 0.25 0.50 0.75 1.00

Fig. 6 Posterior mean and pointwise 95% credible band for the Heston model. The true volatility
function is plotted in red, the black step function gives the posterior mean, and the credible band is
shaded in blue.

We also performed experiments for a variation of the above Heston model, where
we replaced the squared volatility process with the limit process θ1Z, where Z is
as in (14), or, which is the same, as in (15), with

√
2
γ
= 0.6. These experiments
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illustrate the influence of the number of bins N and the starting values, see Figures 7
and 8. Here the results with a smaller number of bins N = 40 combined with a low
initial value are less satisfactory than with N = 80 and higher starting value.
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Fig. 7 Posterior results for the Heston model where the CIR volatility is replaced by the root of the
continuous time limit of the prior, N = 40, starting value of the volatility is 0.1. The colors have
the same meaning as in Figure 6.
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Fig. 8 Posterior results for the Heston model where the CIR volatility is replaced by the root of
the continuous time limit of the prior, N = 80, starting value of the volatility is 2.0.

f

3.7 Exchange rate data

In this section, we infer volatility of the high frequency foreign exchange rate data
made available by Pepperstone Limited, the London based forex broker.1 As we
shall show shortly, the inferred volatility looks realistic, however there is substan-
tial uncertainty surrounding the inferential results (as demonstrated by the wide
marginal credible band).

1 Note that the data are not available from the Pepperstone website any longer, but can be obtained
directly from the present authors.
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In greater detail, we use the EUR/USD tick data (bid prices) for 2 March 2015.
Note that the independent additive measurement error model (6) becomes harder to
justify for highly densely spaced data in time. Therefore we opted to subsample the
data, retaining every 10th observation. Subsampling is a common strategy in this
context; see, e.g., Section 5 in [28]. In our case subsampling results in a total of
n = 13025 observations over one day, about 9 per minute. As in the case of Heston
model, we infer the volatility from the log of the observed time series. We did not
apply any other data preprocessing steps (such as detection and removal of jumps
from the observed data), because we wanted to focus on our Bayesian procedure
itself. The data are shown in Figure 9, top panel. Note that time is rescaled to the
interval [0,1], so that t = 0 corresponds to the midnight and t = 0.5 to noon.
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Fig. 9 Top: Natural logarithm of the EUR/USD exchange rate data for 2 March 2015 analysed in
Section 3.7. Bottom: Posterior mean (black curve) and pointwise 95% credible band (blue band)
for the volatility function. The time axis is rescaled to [0,1].

The inference results are given in the bottom panel of Figure 9. We used N = 96
bins, which corresponds to updating volatility every 15 minutes. There is consider-
able uncertainty in the inferred volatility. Reassuringly, the volatility is lower during
the night hours. It also displays two peaks corresponding to the early morning and
late afternoon hours of the day. In Figure 10 we give inference results obtained via
further subsampling of the data, retaining 50% of the already subsampled obser-
vations. The posterior mean is quite similar to that in Figure 9, whereas the wider
credible band reflects greater inferential uncertainty due to a smaller sample size.
The stability of the inferred volatility across different observation frequency regimes
partially validates the model and the approach that we use.
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Fig. 10 Posterior mean (black curve) and pointwise 95% credible band (blue band) for the volatil-
ity of the further subsampled EUR/USD exchange rate data analysed in Section 3.7. The time axis
is rescaled to [0,1].

3.8 Conclusions

Volatility estimation under the presence of microstructure noise is much more chal-
lenging than the same task under noiseless observations. As such, accurate inference
on volatility under microstructure noise requires large amounts of data. These, how-
ever, are readily available in financial applications. In turn, this necessitates finding
a volatility estimation method that scales well with data.

The prior that we employ together with and a deliberate, but asymptotically
harmless misspecification of the drift (by taking b ≡ 0) enable us to combine our
earlier work in [17], partially reproduced here in Section 2.5, with the FFBS algo-
rithm for Gaussian linear state space models. This results in an intuitive and fast
algorithm to obtain samples from the posterior.

An interesting future research topic in this context is to explicitly account for the
possible presence of jumps in financial time series.

4 Poisson intensity estimation

This section is based on [14]. Consider a Poisson point process X on an interval
[0,T ] of the real line R, which we equip with the Borel σ -field B([0,T ]). Such
Poisson point processes are also often called non-homogeneous Poisson processes.
The process X is a random integer-valued measure on [0,T ] (we assume the under-
lying (complete) probability space (Ω ,F ,Q) in the background), such that

1. for any disjoint subsets B1,B2, . . . ,Bm ∈B([0,T ]), the random variables X(B1),
X(B2), . . . ,X(Bm) are independent, and

2. for any B ∈ B([0,T ]), the random variable X(B) is Poisson distributed with
parameter Λ(B). Here Λ is a finite measure on ([0,T ],B([0,T ])), called the
intensity measure of the process X . Moreover, it is assumed that Λ admits a
density λ with respect to the Lebesgue measure on B([0,T ]).
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Intuitively, the process X can be thought of as random scattering of points in [0,T ],
where the way the scattering occurs is determined by properties (i)–(ii).

A popular assumption in the statistical literature (see, e.g., [25] and [26]) is that
one observes independent copies X1, . . . ,Xn of the process X . Based on these obser-
vations, we aim to construct an estimator of the intensity function λ .

4.1 Likelihood

By Proposition 6.11 in [25] or Theorem 1.3 in [26], the law of X under the parameter
value λ admits a density p(· ;λ ) with respect to the measure induced by a standard
Poisson point process of rate 1. This density is given by

p(ξ ;λ ) = exp
(∫

[0,T ]
logλ (x)dξ (x)−

∫
[0,T ]

(λ (x)−1)dx
)
,

where ξ = ∑
m
i=1 δxi is a realisation of X (here δxi denotes the Dirac measure at xi).

We assume independent observations X1, . . . ,Xn with the same distribution as X and
write X j = ∑

m j
i=1 δXi j for j = 1, . . . ,n. If we define X (n) = (X1,X2, . . . ,Xn), then it

follows that the likelihood L(X (n);λ ) can be written as

L(X (n);λ ) =
n

∏
j=1

exp
(∫

[0,T ]
logλ (x)dX j(x)−

∫
[0,T ]

(λ (x)−1)dx
)
. (17)

4.2 Prior

Fix a positive integer N. Let 0 = b0 < b1 < · · ·< bN−1 < bN = T be a grid of points
on the interval X = [b0,bN ], for instance a uniform grid. Using this grid, define the
bins Bk = [bk−1,bk), k = 1, . . . ,N−1, with the last bin BN = [bN−1,bN ]. In order to
define a prior on λ , introduce a collection of piecewise constant functions λ on bins
Bk,

λ (x) =
N

∑
k=1

ψk1Bk(x), x ∈ [0,T ]. (18)

We assume ψk
i.i.d.∼ G(α,β ) and define the prior ΠN on λ to be the law of the random

function (18). We will refer to the prior ΠN as the independent gamma prior. If the
grid on X = [0,T ] is taken to be uniform, the prior has three hyperparameters:
α, β , and N. Depending on the amount of available data and the degree of prior
knowledge on λ , the hyperparameters α,β can for instance be chosen to render the
G(α,β ) prior diffuse (non-informative). This corresponds to the case when one has
little information on the magnitude and shape of λ . The hyperparameter N can be
viewed as a smoothing parameter and tuned using an empirical Bayes procedure.
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Using a prior with piecewise constant realisations as in (18) is not unnatural. In
fact, in practical applications it is often the case that Poisson point processes are
only partially observed through aggregate counts of points over successive intervals
(cf. [18]). The intensity function cannot be learned beyond the resolution of these
intervals, which lends support to using priors with piecewise constant realisations
to model the intensity function.

4.3 Posterior

Since the function λ in our case is parametrised by the coefficients ψ1, . . . ,ψN , the
posterior distribution of the intensity function λ given the data X (n) can be equiva-
lently described through the posterior distribution of ψ1, . . . ,ψN given X (n). Transi-
tion from the prior to the posterior can be thought of as updating our prior opinion
on λ upon seeing the data X (n).

Lemma 4.1. Define

Hk =
n

∑
j=1

m j

∑
i=1

1{Xi j∈Bk} (19)

and ∆k = bk−bk−1 for k = 1, . . . ,N. Then ψ1, . . . ,ψN are a posteriori independent
and

ψk | X (n) ∼ G(α +Hk,β +n∆k), k = 1, . . . ,N. (20)

Thus, the posterior for λ is known in closed form. The posterior mean is given by
λ̂ (x) = ∑

N
k=1 ψ̂k1Bk(x), x ∈ [0,T ], with

ψ̂k =
Hk +α

n∆k +β
, k = 1, . . . ,N. (21)

Marginal 1− γ credible bands for λ can be obtained by producing 1− γ credible
intervals for ψk, using the lower and upper γ/2-quantiles of the gamma distribution.
This gives Bayesian uncertainty quantification for estimation of λ .

4.4 Asymptotics

In this subsection we perform the asymptotic frequentist analysis of the Bayesian
procedure we introduced above. This concerns the study of the asymptotic proper-
ties of the posterior measure as the sample size n→ ∞.

For simplicity in the proofs, we assume that the grid {bk} defining the bins Bk is
uniform: bk = T k/N, k = 0, . . . ,N, so that the bins are of equal width ∆k =∆ = T/N.
Our first result shows that the posterior mean λ̂ is a consistent estimator of λ0,
and establishes its convergence rate. The expectation E[ · ] here and in the sequel is
always under the law of the observations with the “true” parameter value λ0.
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Theorem 4.2. Assume the intensity function λ0 : [0,T ]→ (0,∞) is Hölder continu-
ous: there exist constants L > 0 and 0 < h≤ 1, such that

|λ0(x)−λ0(y)| ≤ L|x− y|h, ∀x,y ∈ [0,T ].

If N � n1/(2h+1), then
E[‖λ̂ −λ0‖2

2]. n−2h/(2h+1).

The right-hand side is the optimal rate for estimating an h-Hölder-regular intensity
function, see [26].

The next result gives a posterior contraction rate in the L2-metric. Whereas Theo-
rem 4.2 dealt with the ‘centre’ of the posterior distribution, the theorem below deals
with the entire posterior distribution.

Theorem 4.3. Let the assumptions of Theorem 4.2 hold, and let εn � n−h/(2h+1).
Then, for any sequence Mn→ ∞,

E[ΠN(‖λ −λ0‖2 ≥Mnεn | X (n))]→ 0

as n→ ∞.

The first conclusion that follows from Theorem 4.3 is that the proposed Bayesian
procedure is consistent: as the sample size n→ ∞, the posterior puts most of its
mass on (shrinking) L2-neighbourhoods around the true parameter λ0. Furthermore,
the rate εn � n−h/(2h+1) in Theorem 4.3 is the optimal posterior contraction rate for
h-Hölder-regular intensity functions.

4.5 Gamma Markov chain prior

The assumption that the coefficients ψk of the intensity function λ are a priori in-
dependent and gamma distributed can be relaxed. For this we use ideas that have
appeared in various works in the audio signal modelling literature (see, e.g., [4],
[7] and [30]). This is similar to the approach taken in Section 2.5. Specifically, we
postulate that the {ψk} form a gamma Markov chain (GMC). This chain is de-
fined as follows: introduce auxiliary variables ζk,k = 2, . . . ,N, use the time ordering
ψ1,ζ2,ψ2, . . . ,ζN ,ψN , and set

ψ1 ∼ G(α1,β1), ζk | ψk−1 ∼ IG(αζ ,αζ ψk−1), ψk | ζk ∼ G
(

αψ ,
αψ

ζk

)
, (22)

where k ∈ {2, . . . ,N}. The name of the chain reflects the fact that its transition dis-
tributions are (inverse) gamma. The parameters α1, β1, αζ and αψ are the hyperpa-
rameters of the GMC prior. The hyperparameters α1,β1 allow one to ‘release’ the
chain at the origin. This is important to avoid possible edge effects in nonparamet-
ric estimation due to a strong specification of the prior at the time origin t = 0. A
principal aim in using latent variables ζk’s in (22) is to attain positive correlation
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between ψk’s. In the intensity function modelling context this induces smoothing
across different bins.

The posterior distribution with the GMC prior is not available in closed form.
However, “full” conditional distributions are known in closed form which facilitates
Gibbs sampling. The full conditional distributions of ψk, ζk are

ζk | ψk,ψk−1 ∼ IG
(
αζ +αψ ,αζ ψk−1 +αψ ψk

)
, k = 2, . . . ,N, (23)

ψk | ζk+1,ζk,X (n) ∼ G
(

αψ +αζ +Hk,
αψ

ζk
+

αζ

ζk+1
+n∆k

)
, k = 2, . . . ,N−1,

(24)

ψ1 | ζ2,X (n) ∼ G
(

α1 +αζ +H1,β1 +
αζ

ζ2
+n∆1

)
, (25)

ψN | ζN ,X (n) ∼ G
(

αψ +HN ,
αψ

ζN
+n∆N

)
. (26)

The Gibbs sampler cycles through formulae (23)–(26) to generate samples from
the posterior distribution of {ψk}, {ζk} given the data X (n). One can initialize the
sampler e.g. by providing values for ψ1, . . . ,ψN .

4.6 Numerical results

Consider
λ0(x) = 2e−x/5(5+4cos(x)), x ∈ [0,10].

A principal challenge in inferring this function consists in the fact that it takes small
values in the middle part of its domain and has a slope of changing sign. In Figure 11
the posterior mean and marginal 95% posterior credible bands are shown. From the
lower panels one can clearly see the beneficial smoothing effect of the GMC-prior.

We refer to [35] for an application of the proposed methods in estimating heart
rate variability.

4.7 Closing remarks

The presented approach is computationally appealing, as it scales with the number
of bins and not the sample size. One can think of the chosen number of bins as the
resolution at which one estimates the intensity function. If this resolution is too fine,
the independent Gamma prior results in overfitting. This can be avoided by using
the GMC-prior, which induces a smoothing effect on neighbouring bins.
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Fig. 11 Estimation results for the oscillating exponential function λ0(x) = 2e−x/5(5+ 4cos(x))
with n = 5 replicates. The top plot corresponds to the method based on the independent gamma
prior, with N = 7 chosen via the empirical Bayes method (details are in Section 3.3 of [14]). The
bottom plot corresponds to the method based on the GMC prior with N = 50 bins.

5 Estimation for gamma-driven stochastic differential equations

The goal of the present section, based on [2], is Bayesian nonparametric estimation
of the positive local scale function σ that appears in the Lévy-driven stochastic
differential equation

dXt = σ(Xt−)dLt , X0 = 0, (27)

from observations of the solution X . Here L is a gamma process with L0 = 0 and
therefore L is a subordinator, i.e. a stochastic process with monotonous sample
paths. Furthermore, L has a Lévy measure ν admitting the Lévy density

v(x) = αx−1 exp(−βx), x > 0, (28)
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where α and β are two positive constants. The process L has independent incre-
ments, and Lt −Ls has the Gamma(α(t− s),β ) distribution for t > s, i.e. the distri-

bution with density p(x) = β α(t−s)

Γ (α(t−s))xα(t−s)−1 exp(−βx), x≥ 0.

5.1 Preliminaries

Under the assumption that the function σ (in view of financial applications we refer
to it as volatility function) is measurable and satisfies a linear growth condition, it
has been shown in [3] that Equation (27) admits a weak solution that is unique in
law. Note that X is a Markov process. Under the stronger condition that σ is Lip-
schitz continuous, Equation (27) even has a unique strong solution, see [33, Theo-
rem V.6].

We are ultimately interested in asymptotic properties of our Bayesian procedure,
detailed below, for estimating the volatility function σ . To that end, we need a suffi-
ciently rich set of observations and this can be accomplished by the scaled observa-
tion process in (29) below, instead of X satisfying (27). So we consider the process
Xn given as the solution to

dXn
t =

1
n

σ(Xn
t−)dLt , Xn

0 = 0. (29)

The scaling factor 1
n causes, for large values of n, a ‘slow growth’ of the process

Xn and ‘long times’ to stay around certain levels. We will thus assume that Xn is
observed on a long time interval [0,T n], where T n → ∞. In Section 5.4 we will
specify T n and derive asymptotic results for n→ ∞.

5.2 Likelihood

For a Bayesian analysis we need to convert a prior distribution into a posterior one,
and for this a likelihood ratio is needed. Let us first sketch the set-up.

Let (Ω ,F ,F,P) be a filtered probability space and let (Lt)t≥0 be a gamma pro-
cess adapted to F, whose Lévy measure admits the density v given by (28). Assume
that X is a (weak) solution to (27), and assume that X is observed on an interval
[0,T ]. We denote by Pσ

T its law, a probability measure on the Skorohod space D[0,T ]
with the Skorohod J1-topology and the σ -algebra generated by it. In agreement with
this notation we let P1

T be the law of X when σ ≡ 1, in which case Xt = Lt , t ∈ [0,T ].
The measure P1

T will serve as a reference measure. Recall (28) and let

Y (t,x) :=
1

σ(Xt−)
v
( x

σ(Xt−)

)
/v(x).

In [3] the following proposition has been proven.
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Proposition 5.1. Let σ be a positive locally bounded measurable function on [0,∞)
such that (27) admits a weak solution that is unique in law. Assume moreover that
σ is lower bounded by a strictly positive constant. Let T be a finite (stopping) time
T > 0. Then the laws Pσ

T and P1
T are equivalent on F X

T and the corresponding
Radon-Nikodym derivative ZT has the explicit representation:

ZT = exp
(∫ T

0

∫
∞

0
logY (t,x)µ

X (dx,dt)−
∫ T

0

∫
∞

0
(Y (t,x)−1)v(x)dxdt

)
, (30)

where µX is the jump measure of X and both double integrals are a.s. finite.

In the next section we will present, under additional assumptions, an explicit ex-
pression for ZT .

5.3 Prior and posterior

We model σ as a piecewise constant function:

σ(x) =
K

∑
k=1

ξk1Bk(x) (31)

for bins B1 = [0,b1], Bk = (bk−1,bk],k = 2, . . . ,K− 1, and BK = (bK−1,bK), with
appropriately chosen increasing sequence of bin endpoints {bk} and the bin number
K. The {ξk} are positive numbers (later on positive random variables). Although we
use (31) for our model, we emphasize that the ‘true’ σ does not need to be piecewise
constant. As a final remark we note that when σ is given by (31), (29) still has a
unique solution, obtained as a concatenation of stopped gamma processes. Under
the specification (31), the general likelihood ratio ZT of (30) gets an explicit form.

Proposition 5.2. Suppose that Xn is given by (29) with σ given by (31). Let τn
k =

inf{t ≥ 0 : Xn
t ≥ bk}, k = 1, . . . ,K, and write T = τn

K . Then

dPσ
T

dP1
T
= exp

{
β

K

∑
k=1

[
1−nξ

−1
k

]
(Xn

τn
k
−Xn

τn
k−1

)−α

K

∑
k=1

(
τ

n
k − τ

n
k−1
)

log(ξk/n)

}
.

To assign a prior distribution, we take the ξk to be independent random variables
with an inverse gamma distributions for each of them, that is ξk ∼ IG(αk,βk), and
thus have marginal densities pk(x) = β

αk
k Γ (αk)

−1x−αk−1 exp(−βk/x). Therefore,
we possibly have to extend the original probability space to carry the ξk as well,
taking into account that L and the ξk have to be independent. We can then use Propo-
sition 5.2, where Pσ

T is to be interpreted as the conditional law of Xn on [0,T ] given
the ξk. It turns out that the posterior distributions of the ξk are again of inverse
gamma type.
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Lemma 5.3. Let x1, . . . ,xK denote realisations of ξ1, . . .ξK and let Xn stand for the
path Xn

t , t ∈ [0,T ]. With T = τn
K , we then have from Proposition 5.2 that the posterior

joint density of (ξ1, . . . ,ξK) is given by

Π(x1, . . . ,xK | Xn) ∝

K

∏
k=1

exp
(
−(nβ (Xn

τn
k
−Xn

τn
k−1

)+βk)x−1
k

)
x
−α(τn

k−τn
k−1)−αk−1

k .

It follows that the ξk are independent under the posterior distribution, and

ξk | Xn ∼ IG(α∆τ
n
k +αk,nβ∆Xn

τn
k
+βk), (32)

where ∆τn
k = τn

k − τn
k−1, ∆Xn

τn
k
= Xn

τn
k
−Xn

τn
k−1

.

5.4 Asymptotics

We consider the process Xn satisfying (29), but the standing assumption from here
on is that σ : [0,∞)→ [0,∞) is Hölder continuous, that is, there are constants H ≥ 0
and 0 < λ ≤ 1 such that for all x,y > 0 it holds that |σ(x)−σ(y)| ≤ H|x− y|λ .
Moreover, σ is assumed to be bounded from below by a positive constant σ . Here
are some further assumptions.

• The number of bins and their width depend on n. So we write Bn
k = (bn

k−1,b
n
k ],

k = 1, . . . ,K, K = Kn. We assume equidistant bins. Let bK be the endpoint of the
last bin, assumed to be fixed. We take the other bin boundaries bn

k as bn
k =

bKk
K ,

k = 1, . . . ,K. A given x ∈ (0,bK ] then belongs to bin Bn
k with k = kn(x) = dKx

bK
e.

• We assume the number of bins K = Kn � nκ for 0 < κ < 1. Then, given also the
above assumption on the bn

k , one has ∆bn
k := bn

k−bn
k−1 � n−κ for all k and x∈ Bk.

Note that the bin widths decrease to zero and that the number of bins increases to
infinity, with a rate depending on the parameter κ (to be specified below). This
behaviour is needed to have better and better approximations of the true function
σ with piecewise constant functions.

• We observe the process Xn until it crosses the last bin, i.e. until time T n = τn
K . In

[2] it has been shown that the random time T n is roughly proportional to n.

Although σ is continuous, we assume it to be apriori piecewise constant. That is,
parallel to (31) but note that the bins now depend on n, as

ξ
n(x) =

K

∑
k=0

ξk1Bn
k
(x), (33)

where the ξk are assigned the inverse gamma prior distributions as in Section 5.3.
Consequently, the posterior distributions of the ξk are as in (32).

Here is the main result, it says that the contraction rate of the posterior distri-
bution is n−λ/(2λ+1), λ being the Hölder exponent of σ . We use the notation Πn
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to denote posterior probabilities given the observations of Xn on the time interval
[0,T n].

Theorem 5.4. Assume the model with volatility (33) whereas the true volatility func-
tion x 7→ σ(x) is Hölder continuous of order λ ≤ 1 and bounded from below. Let

the bin sizes shrink proportional to n−
1

2λ+1 (i.e. κ = 1
2λ+1 ), and let (mn) be any

sequence of real numbers diverging to infinity. Then, for n→ ∞

sup
x∈[0,bK ]

Πn

(
|ξ n(x)−σ(x)|> mnn−

λ

2λ+1

)
→ 0 in Pσ

T n -probability.

Moreover, this contraction rate is minimax optimal.

5.5 Numerical illustration

Here we graphically illustrate our inferential results. In agreement with the notation
pertaining to the asymptotic regime detailed in (29) we took Xn as the solution to
the Lévy SDE (27) with the volatility function

σ0(x) =
3
2
+ sin(2πx) (34)

and scaled it with 1/n, n = 500. We have partitioned the unit interval into 10 bins
setting bk = kδx, δx = 0.1, k = 1, . . . ,10, and used the piecewise constant prior of
the form σ(x) = ∑k ξk1Bk(x), where ξ1, . . . ,ξ10 are i.i.d. random variables with the
inverse gamma IG(αk,βk) distribution with αk = βk = 0.1. The posterior is given in
closed form by (32). Figure 12 contrasts the corresponding marginal 90%-posterior
credible bands for σ with the true volatility function σ0 from (34).

5.6 Closing remarks

There are many extensions conceivable. The inclusion of a drift in Equation (27) is
one possibility, another one is to move from a continuous record of observations to
a discrete time setting. See [2] for short discussions of such possible extensions and
also for an extensive treatment of an application to real data obtained from the North
Greenland Ice Core Project. The present section concentrated on the theoretical side.
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Fig. 12 Red: true volatility σ0 as a function of x. Shaded: marginal 90%-posterior credible band
for the piecewise constant posterior σ . Black: marginal posterior median.

6 Gamma-type Lévy subordinators

Given discrete time observations over a growing time interval, we consider in this
section a nonparametric Bayesian approach to estimation of the Lévy density of
a Lévy process belonging to a flexible class of infinite activity subordinators. We
establish that our nonparametric Bayesian procedure is consistent: in the low fre-
quency data setting, with equispaced in time observations and intervals between
successive observations remaining fixed, the posterior asymptotically, as the sample
size n→ ∞, concentrates around the Lévy density under which the data have been
generated. Finally, we test our method on a classical insurance dataset. This section
is based on [1].

6.1 Problem formulation

Consider a univariate Lévy process X = (Xt : t ≥ 0) with Lévy triplet (γ,A,ν). By
the Lévy-Khintchine formula, see Theorem 8.1 in [36], the characteristic function
φX1 of X1 admits the unique representation of the type

φX1(z) = exp
(

iγz− 1
2

Az2 +
∫
R

(
eizx−1− izx1|x|≤1

)
ν(dx)

)
,

and the triplet (γ,A,ν) uniquely determines the law of the process X . We assume
that the Lévy measure ν admits the representation

ν(dx) =
β

x
e−αx−θ(x)dx, x > 0, (35)
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where α and θ : [0,∞)→ R are parameters to be estimated, while β is a known or
unknown parameter. This entails that θ and α are such that ν([1,∞)) is finite. We
also assume that A = 0 and

γ =
∫

0≤x≤1
xν(dx)< ∞. (36)

It follows that X is a pure jump process with non-decreasing sample paths, or put
another way, a subordinator with zero drift, cf. Sections 2.6.1–2.6.2 in [27]. As in
our case the Lévy triplet (γ,A,ν) is entirely determined by ν , we will write Pν for
the law of X . One may call this class of Lévy processes Gamma-type subordinators,
because X is a Gamma process when θ ≡ 0, but we prefer to simply refer to it as
θ -subordinators.

Assume that the process X is observed at discrete time instances 0 = t0 < t1 <
· · ·< tn = T, so our observations are X (n) = (Xti : i∈ {0, . . . ,n}). Our aim is nonpara-
metric Bayesian estimation for the parameter triple (α,β ,θ). This requires speci-
fication of the likelihood and the prior in our model, that are next combined via
Bayes’ formula to form the posterior distribution. This latter encodes all the neces-
sary inferential information within the Bayesian setup.

6.2 Likelihood

We consider the problem with β known and fixed in the present treatment. This
choice has been made because of two reasons. First, the parameter β plays a role
similar to the diffusion coefficient σ in a stochastic differential equation driven by a
Wiener process; different values of σ there result in mutually singular laws of a con-
tinuous record of observations, and similar singularity is valid for θ -subordinators.
Derivation of nonparametric Bayesian asymptotics for the stochastic differential
equations (all of which is a recent work) historically proceeded from the assump-
tion of a known σ to the one where σ is unknown and has to be estimated. In that
sense, the fact that we assume β is known at this stage does not appear unexpected
or unnatural. There is also a technical reason to assume β to be known. It assists
in deriving useful bounds on the Kullback-Leibler and Hellinger distances between
marginals of θ -subordinators under different Lévy triplets, which in general, is the
key to establishing consistency properties of nonparametric Bayesian procedures.
For a treatment of the statistical problem with observations in discrete time when
also θ is unknown, we refer to [1, Section 6], and for now, we maintain the assump-
tion of known β .

All processes and their laws in this section are restricted to the time interval [0,T ]
for a fixed T > 0. Note that for any two Lévy measures ν and ν0 given by (35) with
parameters β ,α,θ and β ,α0,θ0, respectively, provided θ(0) = θ0(0) = 0 and both
functions θ and θ0 are Lipschitz continuous in some neighbourhood of zero, we
have ν and ν0 are equivalent. Moreover,
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d2
H (ν ,ν0) =

1
2

∫
(0,∞)

(
√

dν−
√

dν0)
2 < ∞, (37)

where dH (·, ·) is the Hellinger distance between two (infinite) measures. By as-
sumption (36) and property (37), together with Theorem 33.1 in [36], it follows
that the laws Pν and Pν0 of X = (Xt : t ∈ [0,T ]) are equivalent. Furthermore, Theo-
rem 33.2 in [36] implies that a.s.

UT = log
(

dPν

dPν0

(
X
))

= ∑
(s,∆Xs)∈(0,T ]×{∆Xs>0}

φ(∆Xs)−T
∫

(0,∞)

(eφ(x)−1)ν0(dx),

where ∆Xs = Xs−Xs−, and

φ(x) = log
(

dν

dν0
(x)
)
=−(αx+θ(x)−α0x−θ0(x)), x > 0.

We can also write the log-likelihood ratio UT as

UT =
∫
(0,T ]

∫
(0,∞)

φ(x)µ(ds,dx)−T
∫

(0,∞)

(ν−ν0)(dx),

where the jump measure µ is defined by

µ((0, t]×B) = #{s : (s,∆Xs) ∈ (0, t]×B}

for any Borel subset B of (0,∞). We can view Pν0 as the dominating measure for Pν .
From an inferential point of view the specific choice of the dominating measure is
immaterial. A convenient choice of ν0 for the theoretical development in Section 6.4
is to actually take ν0 to be the ‘true’ Lévy measure ν0 with parameters α0 and θ0.

6.3 Prior

To define the prior, we consider a subclass of processes defined in (35), where the
parameter θ in the Lévy measure ν has the following form. Fix a sequence 0 < b1 <
· · ·< bN < ∞, set for convenience b0 = 0 and bN+1 = ∞, and define bins Bk by

Bk = [bk,bk+1), k = 0, . . . ,N.

Given bins Bk, assume the function θ is, unlike those in previous sections, piecewise
linear, i.e.,

θ(x) =
N

∑
k=1

(ρk +θkx)1Bk , (38)
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where ρk ∈ R, k = 1, . . . ,N, θk ∈ R, k = 1, . . . ,N, and θN > −α. Together with α,
the parameter θk determines the slope of the function θ(x)+αx on the bin Bk, while
ρk gives the intercept. The process X with the law Pν can be viewed as a Gamma
process with rate parameter α and shape parameter β , subjected to local deviations
in the behaviour of jumps of sizes falling in bins Bk compared to that of a Gamma
process. The parameters θk,ρk quantify the extent of these local deviations on the
bin Bk.

We model α,θk,ρk as independent under the prior distribution. Note such a prior
on α,θk,ρk implicitly defines a prior on the Lévy measure ν as well. The specific
form of the prior is not crucial for many arguments that follow, but is convenient
computationally. In fact, theoretical results in Section 6.4 can be derived for other
series priors as well. However, the local linear structure in (38) (which also means
that the prior could be rewritten as a series prior with basis functions having compact
support) is important to derive some simple update formulae below. For a realisation
ν from the implicit prior on ν as above in the present section, let us work out the
integral

ν(Bk) =
∫ bk+1

bk

β

x
e−(α+θk)x−ρk dx,

which enters the expression for the likelihood. To that end, remember the definition
of the exponential integral, E1(z) =

∫
∞

z t−1e−tdt, see, e.g., §15.09 in [24] for its basic
properties. Then a change of the integration variable gives

ν(Bk) = βe−ρk{E1((θk +α)bk)−E1((θk +α)bk+1)}, k = 1, . . . ,N. (39)

Observe that ν(BN) = βe−ρN E1((θk +α)bN). Similar to the case of ν ,

ν0(Bk) = β{E1(α0 bk)−E1(α0 bk+1)}, k = 1, . . . ,N.

Also here remark that ν0(BN) = βE1(α0 bN). For future reference, note that for any
α,α ′,

lim
x→0
{E1(αx)−E1(α

′x)}= log
(

α ′

α

)
, (40)

which follows from the formula for Frullani’s integral, see §12.16 in [24].

6.4 Asymptotics

Let the process X be observed at equidistant times ti, i = 1, . . . ,n. Without loss of
generality we assume that the observations are X1, . . . ,Xn. We pass to the increments
Zi = Xi−Xi−1, i = 1, . . . ,n, and denote our observations by Zn = {Z1, . . . ,Zn}. We
assume that under the true Lévy density v0, Z1 ∼Qv0 . In general, Qv will stand for
the law of the increment Z1 under the Lévy density v. Furthermore, we introduce the
law (Xt : t ∈ [0,1])∼Rv0 under the true Lévy density v0. The law of this path under
the Lévy density v will be denoted by Rv. For asymptotic results, we will let the
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number of bins N depend on the sample size n, and write Nn instead. We postulate
a condition on the underlying model and on the chosen prior distribution.

Condition 1 Let the function θ0 have a compact support on the interval [b,b] where
the boundary points 0 < b < b < ∞ are known, ‖θ0‖∞ < θ̄ , and suppose θ0 is λ -
Hölder continuous, that is, |θ0(x)−θ0(y)| ≤ L|x− y|λ (λ ∈ (0,1], L > 0). Suppose
also that α0 ∈ [α,α] with known boundary points 0 < α < α < ∞. Finally, assume
that the parameter β0 is known (and, without loss of generality, equal to 1.

Condition 2 The prior Πn is defined on a special class of Lévy densities, Vn. These
are the densities that on the bins Bk = (bk−1,bk], k = 1, . . . ,N, b0 = 0, b1 = b, bN = b,
have the form v(x) = β0

x exp(−αx−θk(x)), with θk(x) = ρk +θkx, with the special
choice ρ0 = θ0 = 0 and β0 = 1. So, with the above notation,

Vn =

{
v : v|Bk

(x) =
β0

x
exp(−αx−θk(x)), k = 1, . . . ,N

}
.

Under the prior distribution, the coefficients θi, i = 1, . . .N−1, are independent and
uniformly distributed on the known interval [−θ ,θ ], θ > 0. Likewise, the coeffi-
cients ρi, i = 1, . . . ,N−1, are independent uniform on the interval [−θ ,θ ], whereas
α is uniform on [α,α], α > 0. We assume a priori independence of all ρi, θi and
α . Implicitly, this defines a prior Πn on the class of Lévy densities Vn, which are
realisations from the prior.

Theorem 6.1 below implies that our Bayesian procedure is consistent in probability;
this in turn implies the existence of consistent Bayesian point estimates, see, e.g.,
[12], pp. 506–507. We use the notation Πn(dv |Zn) for the posterior measure. Also,
Qn

v0
denotes the law of the sample Zn under the true Lévy density v0.

Theorem 6.1. Assume that Conditions 1 and 2 hold and that Nn→∞ and Nn/n→ 0
as n→ ∞. Let dH be the Hellinger metric. Then, for any fixed ε,ε ′ > 0,

Qn
v0

(
Πn(v : dH (Qv0 ,Qv)> ε |Zn)> ε

′)→ 0

as n→ ∞.

6.5 Numerical results

Over the last two decades there has been an increasing interest in applying Bayesian
methods to insurance problems, see, e.g., [21] and references therein. [22] apply a
Dirichlet process mixture prior to model the density of insurance claim sizes, and
provide motivation for using a nonparametric Bayesian approach in the actuarial
science. In this section we will apply our Bayesian approach to the Danish data on
large fire losses. This dataset is a standard test example in extreme value theory, and
from that point of view it has been a subject of several deep studies, such as [29]
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and [34]. Our goals here are more modest, and aim at demonstrating the facts that
firstly, θ -subordinators can be potentially used to capture some aggregate features of
the Danish data on large fire losses, and secondly, statistical inference for real data
modelled through such processes can be successfully performed using the Bayesian
methodology developed here.

Data description and visualisation

A succinct description of the Danish data on large fire losses can be found on p. 298
in [9]. The dataset (scaled for privacy reasons) comprises 2167 fire losses (adjusted
suitably for inflation to reflect the 1985 values) in Denmark over the 10 year period
starting on 6 January 1980 and ending on 30 December 1990, that exceed in size one
million DKK, and that were registered by Copenhagen Reinsurance. The rationale
for thresholding losses at one million DKK is given in [29], pp. 119–120, and con-
sists in the fact that in practice it is virtually impossible to collect exhaustive data on
small losses: insurance is typically provided against significant losses, while small
losses are dealt with by insured parties directly. The data can be accessed through
the QRM package in R under the name danish. The time plot of the data is given
in the left panel of Figure 13.

Fig. 13 Danish data on large fire losses. Left: original daily data (the unit is one million DKK).
Right: logarithmically transformed and aggregated data.

According to the exploratory analysis of the transformed data, the data can be
modelled as an i.i.d. sequence that follows a Gamma-like distribution, but perhaps
is not genuinely Gamma. This suggests a possibility of using a θ -subordinator to
model the data.

Modelling fire losses with a θ -subordinator

Because the sample size is much smaller compared to our simulation examples,
we chose N = 1 corresponding to a single grid point b1 = 2 and four parameters
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Fig. 14 Trace plots of the parameters α and β for the fire loss data. Left: trace and running average
of samples of α . (The latter indicated by ᾱ .) The maximum likelihood estimate α̂ of α using
a Gamma process model is marked as the dotted yellow line. Right: trace and running average
of samples of β . (The latter indicated by β̄ .) The maximum likelihood estimate β̂ of β using a
Gamma process model is marked as the yellow dotted line.

α , β , θ1, ρ1. In order to improve mixing of the chain, we use a reparametrization
α1 = α +θ1, β1 = β exp(−ρ), and work with four parameters α , β , α1, β1, so that

v(x) =

{
β

x exp(−αx) x≤ b1,
β1
x exp(−α1x) x > b1.

A priori we equip these four parameters with Gamma distributions, with mean 0.75
and variance 0.36 for the parameters α,α1, and mean 90 and variance 2500 for the
parameters β , β1, and in such a way that they become independent random vari-
ables. In the data augmentation step we take intermediate points at distance 0.0192,
corresponding to m = 1000.

For the parameter updates we took independent Gaussian innovations with stan-
dard deviations σα = σα1 = 0.03, σβ = 1 and σβ1 = 6, respectively. In the Gibbs
sampler in each step new Gamma bridges are proposed in the data augmentation
step, followed by a parameter update Metropolis-Hastings step cycling through up-
dates of β in the first and second and the other parameters jointly in each of the
remaining three of in total 5 stages. With these choices, the chains mix sufficiently
well. The MCMC algorithm was ran for 200000 iterations. Figure 14 shows trace
plots and running averages of the posterior samples of the parameters α and β ,
whereas Figure 15 shows similar plots for the parameters α1 and β1.
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Fig. 15 Trace plots of the parameters used for the bin (b1,∞) for the fire loss data. Left: trace and
running average of the samples of α1. The maximum likelihood estimate of α using a Gamma
process model is marked as yellow line. Right: trace and running average of the samples of β1. The
maximum likelihood estimate of β using a Gamma process model is marked as yellow line.
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Fig. 16 Marginal Bayesian credible bands for the fire loss data for the function− log(xv(x)) based
on all samples. Yellow: maximum likelihood estimate − log(xv̂(x)) assuming a Gamma process.
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Figure 16 shows the 95% marginal Bayesian credible band for the function
θ(x)+αx contrasted to the maximum likelihood estimate that assumes the obser-
vations come from a Gamma process. This plot suggests that modelling the losses
with a Gamma process leads to overestimation of the number of small jumps and
possibly of large jumps too; however, more data is necessary to make a definitive
statement (unfortunately, as observed in [5], it is difficult for academia to gain ac-
cess to the insurance data). In connection to this, we note that a difference in the
estimates of the rate of decay of the Lévy density (value of α1 in the model) has se-
rious implications of practical relevance for the assessment of the risk of very large
fire losses.

6.6 Conclusions and possible extensions

We have considered in this section a nonparametric Bayesian approach to estimation
of the Lévy density of a Lévy process belonging to a flexible class of infinite activity
subordinators and established that this procedure is consistent. We have also tested
our method on a classical insurance dataset.

There are various directions for extensions of the model studied in this section.
One may consider a class of increasing, infinite activity Lévy processes X for which
the characteristic function of X1 is given by

φ(z) = E[eizX1 ] =
∫
(eizx−1)ν(dx),

where θ(·) is nonnegative and the Lévy measure ν is given by

ν(dx) =
1

x1+a e−θ(x)1(0,∞)(x)dx.

This model generalizes the Gamma process with a= 0 and θ(x)≡ λ and also covers
the class of one-sided tempered stable processes. Here one could think of estimating
the stability index α from a Bayesian point of view. This is difficult due to singular-
ity of the measures induced by two Lévy processes with different stability indices,
and so this poses an interesting challenge that deserves to be explored.

7 Summary and concluding remarks

In this paper, we have reviewed some of our contributions, obtained with our collab-
orators, to Bayesian nonparametric function estimation. We have considered a large
variety of models (volatility estimation in diffusion models, Poisson intensity es-
timation, estimation for gamma-driven stochastic differential equations, estimation
in the presence of microstructure noise, and Lévy density estimation for Gamma-
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type subordinators), which all had a common denominator, the function to be esti-
mated, is well approximated by piecewise constant functions (with one exception
that deals with piecewise linear functions) giving rise to tractable prior distributions
for Bayesian inference.

The goal of inference in all models under consideration was to obtain posterior
consistency of the proposed estimators or even to quantify posterior contraction
rates. We have seen that rougher continuous functions are more difficult to estimate
than smoother ones. The degree of smoothness is in our approach measured by the
Hölder exponent; the smoother the function is, the better the contraction rate of the
estimation procedure is. The precise results are formulated as Theorems 2.4, 4.3,
and 5.4. The conclusion that emerges from these theorems is that despite the entirely
different settings and the different kinds of functions (their arguments being time or
space variables), the contraction rates, all depending on the Hölder exponent, are
the same across all cases. A deeper analysis in terms of equivalence of statistical
experiments is likely to explain the similarity of the rates. These rates were obtained
under an independence assumption on the prior, i.e., the approximating functions
with constant levels on each of their bins are such that these levels are a priori
independent. The setting of Section 6 was somewhat different, and we had to content
ourselves with posterior consistency only, Theorem 6.1.

It also appeared that better numerical results, visible in the plots, can be obtained
by relaxing the independence assumption on the prior distribution. This observation
has been accomplished by using a specific Markov chain prior on the levels of the
piecewise constant functions, introducing a priori dependence between the levels
on adjacent bins of the piecewise constant approximating functions. However, the
contraction rates induced by such a prior cannot improve upon the one for the prior
that renders the levels independent, as the latter has been seen to be optimal.

Throughout the paper, we have given ample numerical illustrations that support
the theoretical results, ranging from simulated experiments to real-world cases.
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