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Plan of the talk

Courant algebroids: exact, heterotic and odd exact
Generalized Einstein equation
Left-invariant setting

B

Classification results in 3 dimensions
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Courant algebroids

Context

Generalized geometry as study of geometric structures on
generalized tangent bundles TM = TM & T*M or more general
Courant algebroids £ — M.

Definition

A Courant algebroid (CA) is a vector bundle E — M with
1. scalar product (-, -),
2. bilinear bracket [-,] : T(E) x ['(E) — I'(E) and
3. homomorphism 7 : E — TM (anchor)

such that

AL [u,[v, wl] = [[u, v], w] + [v, [u, wl],

A2) () (v, w) = ([, v], w) + v, [u, w]),

A3) ([u,v] + [v,u],w) = m(w)(u, v), Vu,v,w € T(E).
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Exact Courant algebroids

Definition
A Courant algebroid is called exact if the complex

0= T*M TS5 E-"™ TM — 0

is exact.

Theorem (Severa)

Every exact CA over M is isomorphic to TM endowed with the
canonical scp, anchor and following bracket

[X+§, Y+77]H = ﬁx(Y—FT]) — Lydf—l—LxLyH,

where H € Q3(M). The class [H] € H35(M) classifies the exact
CA up to isomorphism.

427



Heterotic Courant algebroids

Fact (Garcia Ferndndez, Baraglia-Hekmati)

Let (g, (-,-)g) be a quadratic Lie algebra. Any G principal bundle
P — M with connection 6 (Lie G = g) such that

dH + (FP AF%y =0, (F%= curvature)

for some H € Q3(M) defines a Courant algebroid as follows.

1. The underlying vector bundleis E=TM & T*M & ad P
endowed with the obvious scp and anchor.

2. The bracket is given by

[X+&+rY +n+s]=
[X+£a Y+77]H+2<570XF>9_2<raLYF>g+2<Vr»5>9
+Vxs —Vyr—|[r,slg — F(X,Y),

where V is the induced connection on ad P, F is its curvature
and r,s € ['(ad P). These CAs are called heterotic.
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Odd exact Courant algebroids

Specializing to dim G = 1, g = R with canonical scp and redefining
F — —F € Q%(M) we arrive at

X+E+NY +n+plur =
(X +&Y 4]y —2uxF 4+ 2 ey F 4+ 2ud)
+X(1) = Y(A) + F(X, Y),

where A\, u € C*°(M) and dH + F A F = 0.

Definition (Rubio)

E=TM® T*M ® R — M with the obvious scp, anchor and with
the bracket [+, ]y F on ['(E) is called a Courant algebroid of type
B, (n =dim M). An odd exact Courant algebroid is a CA which is
isomorphic to a CA of type B,,.
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Generalized metrics

Definition
A generalized (pseudo-Riemannian) metric on a Courant algebroid
E — M is a subbundle E_ C E such that (-, )g_xg_ is

nondegenerate and
wle. tE. — TM

is an isomorphism. It is called Riemannian if E_ is negative
definite.

Induced structures:

g ¢ T(EndE), §™Yg, =+1d, E, :=(E.)*,
G = (9. ) e [(Sym2E™),

g = —s5"G (pseudo-Riemannian metric),

where s : TM — E_ denotes the inverse of 7|g_.
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Generalized connections

Definition
A generalized connection on E — M is a linear map

D:T(E)>T(E*®E), v~ Dv=(uw Dyv),

such that
1. Dy(fv) = u(f)v + Dy,v,

2. u(v,w) = (Dyv,w) + (v, Dyw), for all
u,v,w € (E),f e C®(M), where u(f) := m(u)(f).

Torsion (Gualtieri)
T:=TP e (A2E* ® E) is defined by

T(u,v):=Dyv — Dyu— [u,v] + (Du)*v.
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Generalized Levi-Civita connections

Definition

Let § be a generalized metric on E. A torsion-free generalized
connection D is called a Levi-Civita generalized connection for D if
DG =0.

Curvature
The map [(E) x T(E) x T(E) — T'(E),

(U, v, W) — D,Dyw — D,D,w — D[u,v]W

restricts to tensors Rf EL ®@E_®EL — E4 and
RP:E Q@E, ®E —E_.

Theorem (Garcia Ferndndez)

The generalized Ricci tensors
(v, w) = Rics(v,w) := tr(u — RP(u,v)w) depend only on G and
op : T(E) — C*®(M), u s tr(Du).
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Generalized Einstein equation
Definition
> Let G be a generalized metric on E,

§:T(E) — C(M)

a divergence operator (i.e. §(fv) = v(f) + fd(v) for all
u,v el(E),f € C*°(M)) and D a LC generalized connection
with divergence § and Ricci tensors Ricl.

> Then
Ric’ := Ric’ @ Ric} € T(EX ® E* ® E* ® EY)

is called the total Ricci tensor of the pair (9, ¢).

» G is called a generalized Einstein metric with divergence ¢ if

Ric® = 0.
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Exact Courant algebroids over Lie groups

General context

We consider the generalized tangent bundle TG of a Lie group G
of dimension n with the Dorfman bracket [-, -]y defined by a
left-invariant H € Q3,(G). The corresponding CA is denoted by
(TG)h-

Proposition

Let G be a left-inv. generalized metric on (T G)y. Then 3 left-inv.
3-form H' € [H] and an isomorphism of Courant algebroids
(TG)y = (TG)y mapping G to a generalized metric of the form

Se(X+6Y +1) = (80X, V) + £ (6:m),

X+& Y +nel(TG), where g is a left-inv. pseudo-Riemannian
metric.
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Space of left-invariant Levi-Civita generalized connections
Proposition

Let G be a left-inv. generalized metric on (TG)y and denote
by E = E; @ E_ the corresponding decomposition of

E=E(g):=g®g"

» Then the space of left-inv. Levi-Civita generalized connections
of G is an affine space modeled on

s0(E){ = ker(9: E* @s0(E)g — N3E*) =T, & X_,

T = ker(d: Ef ®s0(Ex) — A3EL),

> where

(0a)(u, v, w) = Z(a(u)v, w), u,v,w € E.

cycl
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Space of left-inv. LC generalized connections continued
Proposition
A particular divergence-free element is
D" = §B|A3E+ ® §3|A3E, ® Ble,one. ® Ble_gn2e,

where B(u, v, w) := ([u, v]y, w) and DO is considered as
€ E* @ N°E* = E* @ s0(E).
Proof (sketch)

T — 9Dy~ B=B - B =0.
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LC generalized connections with prescribed divergence

Left-invariant divergence operators on TG are identified with
elements 0 € (T.G) = E*.

Proposition

Let G be a generalized metric on (TG)y, dim G > 2, and § € E*.
Then there exists a left-inv. LC generalized connection D with
dop = 0.

Proof (idea)
We show that §po = 0 and that the map
Aiso(E)Y — E*, A(S)(v) = tr(Sv),

is surjective. ]
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Adapted bases

» Let G be a left-inv. generalized metric on (TG)y. Up to
isomorphism, § = G.
» Let (v5) =(v1,...,vn) be a g-ONB of g. Then

€ =Vatga€gdg =E
defines a G-ONB (e;),=1,....n of E4 and
€nta ‘= Va — 8Va

defines a G-ONB (ej)i=n+1,...2n of E_.
» In total we obtain a §-ONB

(ea)a=1,..2n

of E adapted to the decomposition E = E, & E_.
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Components of Dorfman bracket

Note that
nag ‘= (ea, es) = €A0AB,

where e, = g(va, va) € {£1} fora=1,...,n and
gi=—g(Vien,Vi—p) = —gj_p fori=n+1,...,2n.

Dorfman coefficients

We denote by Bagc := ([ea, e8]H; ec) the components of
B := ([, ]n,-) € ASE* in the basis (ea).

Remark
The bracket [-,-]y : A°E — E is a Lie bracket on E = g @ g*.
Moreover, (E,[-, ], (-,-)) is a quadratic Lie algebra.
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Components of canonical LC generalized connection

Generalized LC coefficients
The coefficients

wagc = (DY, e, ec)

of the canonical divergence-free LC generalized connection DO are
related to the Dorfman coefficients by:

1 1
Wabc = g‘BabCa Wijk = g‘Bijka
Wibe = Bipe, Wajk = Bajk,

where a,b,c € {1,....n}, i,j,k€{n+1,...,2n}.
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Ricci curvature of left-invariant generalized metrics

Theorem

Let g a left-inv. pseudo-Riemannian metric on a Lie group G and
0 € E*. Then the Ricci curvature of any LC generalized connection
compatible with (G = G, d) is given by

RI'C_?_(U,7 U+) = —tl"(ru_ o ru+) + (5(p1“E+[U7, u+]H)7
RIICE(UJF, Uf) = —tr(ru_ © I_u+) + 5(prE_ [u+7 U,]H),

where vy € E4 and

FUi : E:F — E:|:7 rl.lj: = prEi © [u:t? ]H’E:F
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Ricci curvature of left-invariant generalized metrics
continued

Corollary
The components of the Ricci tensor of the pair (9,6) in an
adapted basis (e4) take the form

Ric), = BB + BEoe,  Rich = B BE; + BL.o;,

where a,b,c € {1,...,n}, i,j,ke€{n+1,...,2n} and
BSB(: BABDnDC) are the components of the Dorfman bracket.
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Dorfman coefficients in terms of structure constants and
3-form

Proposition

The Dorfman coefficients B agc have the following expression in
terms of the structure constants kapc = g([Va, vblg, Vc) of the Lie
algebra g and the coefficients of the 3-form H in the ONB (v,):

1

Bajk = §(Haj’k’ — Kaj'kl + Kjikia — Kidaj’)s
1

Bipe = E(Hi’bc + Kitbe — Kbeit + Kei'b),
1

Babc = E(Habc + (8H)abc)7

1
B = Mg+ 08)pe)

where i :==i—nforall i€ {n+1,...,2n} and
(0K)abe = Kabe + cycl.
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Scaling and twisted scaling

Proposition

Let 4 > 0 and € = 1. Then the generalized metric G5 on (TG)y
is Einstein with divergence ¢ if and only if G5 on (T'G)py is
Einstein with divergence &', where

g =en2g, H =cep2H, 0§ =ué.

Proposition (Liischen)

Let x> 0and e = 1. Then Gz on (TG)y is Einstein with
divergence ¢ if and only if G, on (TG)y is Einstein with
divergence ¢’, where

g =eu’g, H=—cu?H, & =ps,
where 6 € E* is defined by 6, = 6,4, for ac {1,...,n} and
0j = 0j_pforie{n+1,...,2n}.
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Example: left-inv. generalized Einstein metrics with H =0
and 0 =0

Proposition
If H=0 and 6 =0, then
Ricjsr(v—gv, u+gu) = Ric® (u+gu, v—gv) = Ric(u, v)+(V,7)(v),

for all u,v € g, where 7(v) :=trad, and V = LC connection.
» — generalized Einstein equation reduces to Ricci soliton

equation
Ric® + V1 = 0.
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Classification of left-inv. generalized Einstein structures in

dimension 3

Cases
§=0
d#0

G unimodular{
G non-unimodular {

d#0
Milnor operator

Choosing an orientation, the Lie bracket on (g, g) is encoded in
L € End(g) defined by

[u,vlg=Luxv), uveg.

» [ is symmetric if and only if g is unimodular.
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Normal forms of L

Proposition
Let g be unimodular and oriented. Then 3 ONB (v,) such that
g(vi,vi) = g(va, v2) and L is represented by one of the following:

v 0 0
Li(a, B,7) = diag(a, B,7), Lz(a,ﬁ,v)(O a B),
0 8

o)
B 0 0

L3(OL,B) = ( 0 % +a % ) L4(Oé,ﬁ) = —L3(—Oé, _ﬁ)a
0 —% —% +a
e 1/v2 0

Ls()=[ 1/vV2 « 1/v2
0 -1/V2 «
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Classification in the unimodular case for 6 =0

Theorem
Any divergence-free gen. Einstein structure on a 3-dim. unimodular
Lie algebra is isomorphic to one of the following:

1. g abelian H =0, g flat any signature.

2. g simple, H # 0, g of nonzero constant curvature; definite iff
g = s0(3), indefinite iff g = s0(2, 1).

3. g metabelian, H = 0, g-flat; definite on [g, g] iff g = ¢(2) and
indefinite on [g, g] iff g = ¢(1,1).

4. g = beis, H =0, g flat indefinite.

Corollary

Divergence-free gen. Einstein structures do exist on any
unimodular Lie group and have underlying pseudo-Riemannian
metrics of constant curvature.
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Classification in the unimodular case for 6 # 0

Theorem

Any unimodular Lie algebra admits a gen. Einstein metric with
d # 0 (as well as one with § = 0). These structures appear in
families.

Remark
Not all normal forms for L are consistent with the generalized
Einstein equation. The possibilities are:
1. diagonal type, more precisely, scalar or of of rank 2 with
double eigenvalue, g 2 heis,
2. L3(,0) and La(cr,0) with g = heis (if « =0) or g = ¢(1,1) if
a#0.
3. L5(0) and g = ¢(1,1).
» The normal forms L3(c,0) and La(c,0) for o # 0 and Ls(0)
do only occur if 6 # 0.
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Summary of further results

Non-unimodular case

Classification of Einstein structures on non-unimodular
3-dimensional Lie algebras is given in same article with David
Krusche. It includes Ricci solitons of nonconstant curvature among
other families of examples.

Odd exact case

Classification of generalized Einstein structures on odd exact
Courant algebroids over 3-dimensional Lie groups is obtained in
joint work in progress with Liana David.
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