Adsorption transition of self-avoiding walks on
high-dimensional lattices
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Abstract It is known that the critical properties of the adsorption transition for
the self-avoiding walk model of lattice polymers are not superuniversal. In partic-
ular this is because the value of the crossover exponent ¢ in the three-dimensional
case deviates from the mean-field prediction ¢ = 1/2. The mean-field value is ex-
actly true for high-dimensional lattices with dimension d > 4, where d = 4 is the
upper critical dimension. These high-dimensional cases have not been studied ex-
tensively and here we employ Monte Carlo simulations to investigate the scaling of
the adsorbed fraction, finding that the expected mean-field scaling holds ford = 5, 6.
However, we do not find additional logarithmic scaling for d = 4, contrary to what
is typically expected for lattice models at the upper critical dimension.

1 Introduction

The critical behavior of the adsorption of polymers in dilute solution is a long-
standing topic in statistical physics [6, 14]. The canonical model for polymers is the
self-avoiding walk which has been studied in high dimensions, particularly d = 4
which is the upper critical dimension for such models [4, 12]. However, analysis
of the adsorption transition of self-avoiding walks has been restricted to only two
or three dimensions. The relevant order parameter for adsorption of SAWs is the
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adsorbed fraction u,,. When measured at the adsorption transition, which is the crit-
ical temperature between adsorbed and extended coil phases, the adsorbed fraction
behaves as

Uy o< n?! (1)

where ¢ is the crossover exponent defining the precise behaviour of the transition.
For high dimensions d > 4 the mean-field results ¢ = 1/2 should hold precisely due
to the fact that in higher dimensions the excluded volume effect diminishes. For low
dimensions d < 4 these results have been investigated thoroughly with Monte Carlo
simulation [9, 8, 2, 3]. Although it is now well-established that ¢ is not superuni-
versal, due in particular to the case d = 3 where ¢ = 0.484... < 1/2, the scaling
form in Eq. (1) is largely correct to first order. At d = 4 neither is true and we ex-
pect logarithmic corrections. The SAW model is known to be the N — 0 limit of the
N-component vector or magnetic model on a lattice. The surface magnetisation in
the magnetic model is the analogous quantity to the adsorbed fraction in the SAW
model Diehl and Dietrich [5] used renormalisation group field theory to find the
logarithmic correction to the surface magnetisation for N = 0 spin components at
the special transition for d = 4
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where t = |7 — 7,| /7 is the deviation from the critical temperature 7. of the magnetic
model. The correspondence between the two models means that the limit r — 0 is
equivalent to the length of SAWs diverging n — co. Thus for four-dimensional SAWs
we may expect an additional logarithmic factor in Eq. (1)

U oc =12 | 10gn|'/2. 3)

In this paper we use Monte Carlo simulations to investigate the scaling behaviour of
u, at the adsorption transition for high-dimensional lattices.

2 Model and Simulations

Consider SAWSs on a semi-infinite d-dimensional hypercubic lattice Z; with one
end fixed at the origin and a steps on the walk in the impermeable surface defined
by x; = 0. To enable adsorption assign an energy —é€ to each step in the surface.
Then the partition function of these SAWs of length n is

Zn(K) = ch,a K.a’ 4)

where ¢, 4 is the number of SAWs of length n with a steps in the surface and k =
exp(e/kpT) is the Boltzmann weight of these walks. The fraction of the SAW on
the surface u, = (a)/n, defined as the first derivative of the reduced free energy
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In the thermodynamic limit of infinite length walks there is a singularity in the free
energy f(x) = lim,_,« f, that indicates a continuous phase transition between an
extended coil phase and an adsorbed phase.

We simulated SAWs for d = 4,5,6 using the flatPERM algorithm [13] which
outputs weights W, , that approximate the number of walks ¢, , with length n and a
contacts with the impermeable surface. The simulations were run for 1.2 x 107 iter-
ations for each dimension, up to maximum length n = 1024. The adsorbed fraction
is calculated directly from the weights as the weighted sum

1 W a Kk
U, = {a) _ [ XqaWnak” ) (7
n n Y, Wk

In order to determine the scaling exponent ¢ at the adsorption transition we first need
to determine k.. A signature of the adsorption transition is a peak in the logarithmic
derivative of the adsorbed fraction

dlogu,
LK) = 5

a
= (log x)* == @®)

where (a) and (a?) are calculated as weighted sums from the simulation weights
W, The quantity I, is related to the specific heat, or variance of a, which is the
standard signature for second-order phase transitions, however the latter by itself is
known to be inaccurate for locating the critical point [10]. There are other methods
for locating the critical point that were investigated extensively for adsorption in two
and three dimensions [2, 1, 3] but for higher dimensions we have found that peaks
in I, are sufficient.

Once the peaks Fn(KL(.")) are determined, the finite n critical points KL(") are ex-
trapolated to n — oo by further assuming a correction to scaling form for the critical
temperatures (recall kK = exp (€/kgT))

n _ A
7 T, /9 (1+A+...), )
n

Table 1 Critical points of the adsorption transition, estimated from Eq. (9) and also reported in
terms of k = exp(1/7T).

d T. Ke

4 5.795+0.010 1.1883 +0.0004

5 8.1334+0.018 1.13084 £0.00031
6 10.380+0.030 1.10113+0.00031
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Fig. 1 Adsorbed fraction u,(T;) at the critical point for SAWs in 5 and 6 dimensions.

where the value ¢ = 1/2 is assumed for the purposes of extrapolating the critical
temperature and the exponent A = 1/2 captures the corrections to scaling. The esti-
mates for the critical point are shown in Table 1 for d = 4,5,6, with k. = exp(1/T.).
Finally, the extrapolated critical point is used to calculate the adsorbed fraction at
different lengths, u,(x.), which is then tested against the expected scaling forms
Eq. (1) for five- and six-dimensional SAWs and Eq. (3) for four-dimensional SAWs.

In Fig. 1 we show the critical adsorbed fraction for d = 5,6 versus 1//n. This
is the leading order term according to Eq. (1) with exponent ¢ = 1/2. There is a
small deviation at smaller n due to finite size scaling effects, but it is clear that
the expected value ¢ = 1/2 is good for d = 5,6. We conclude that the mean-field
predictions indeed hold for dimensions above d = 4.

For four dimensions, we need to incorporate the logarithmic factor in Eq. (3).
Our simulations are not able to reach very large n so we cannot hope to estimate
the exponent of the logn factor. Instead, in Fig. 2 we show (a) the adsorbed fraction
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Fig. 2 Adsorbed fraction (a) u,(7;) at the critical point for SAWs in d = 4 dimensions. (b) is the
absorbed fraction with the logarithmic factor |logn| 1/2 divided out. Dashed lines show linear fits
to each set of data.
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at the critical point versus n1/ 2 and also (b) the adsorbed fraction divided by the
logarithmic factor, that is u,(7})/|logn|'/2. Dashed lines are linear fits to each set
of data. The difference is subtle, but altering the adsorbed fraction by a logarithmic
factor makes the scaling further from n~'/2, that is n~¢ for ¢ = 1/2. The unscaled
data in (a) shows a better fit to simple n~'/2 power-law scaling. This suggests that
the logarithmic factor is not present, at least at the small range of n accessible by
our simulations.

3 Conclusion

Investigations of much longer SAWs would require additional simulations, such
as PERM without a flat histogram [7] focussing on walks only at the critical point.
Other algorithms that are better suited to very long walks, such as the pivot algorithm
[11] may also be used. We hope that our results also prompt further theoretical
analysis of surface transitions in lattice models in four dimensions.
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