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Abstract In these lecture notes we review the viscosity level set methods for gener-
alised mean curvature flows, the minimising movements variational approximation
of level set flows, and some more recent developments regarding the well-posedness
of crystalline curvature motions.

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 The viscosity theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 The level set approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Degenerate parabolic equations and viscosity solutions . . . . . . . . . . . . . . . . 8

3 Existence and uniqueness for generalised level set flows . . . . . . . . . . . . . . . . . . . . . . . . 20
4 Generalised geometric motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1 Distance functions and smooth mean curvature flows . . . . . . . . . . . . . . . . . 29
4.2 Weak-strong uniquenss for mean curvature flows . . . . . . . . . . . . . . . . . . . . . 33
4.3 The fattening phenomenon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 The level-by-level minimising movements scheme for MCM . . . . . . . . . . . . . . . . . . . . 40
5.1 The incremental problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
5.2 The level-by-level minimising movements scheme . . . . . . . . . . . . . . . . . . . . 49
5.3 Level-by-level minimising movements convergence to the level set flow . . 54
5.4 Flat flows and generalised motions by mean curvature . . . . . . . . . . . . . . . . . 59
5.5 Perimeter descent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
5.6 Nonlocal curvature flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6 Anisotropic mean curvature flows with non-smooth anisotropies . . . . . . . . . . . . . . . . . 65
6.1 The crystalline curvature operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.2 The crystalline mean curvature flow in the literature . . . . . . . . . . . . . . . . . . 68
6.3 A new distributional formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
6.4 Inclusion principle and uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.5 Existence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.6 Generic existence of weak flows and well-posedness of level set flows . . . 80
6.7 General mobilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

M. Morini
Dipartimento di Scienze Matematiche Fisiche e Informatiche, Università degli Studi di Parma,
Parma, Italy, e-mail: massimiliano.morini@unipr.it

1



2 Massimiliano Morini

1 Introduction

This notes are mainly concerned with weak solutions of the classical mean curvature
flow and its anisotropic variants. For simplicity we will focus on the evolution of
closed oriented hypersurfaces; i.e., of boundary of sets, and thus we will in fact
regard the flow as an evolution of sets.

Before motivating the need of weak approaches, let us first recall the classical
formulation of the flow. In what follows we will say that E ⊂ RN is smooth if it is
the closure of a smooth open set of RN . We will also say that t 7→ E(t), t ∈ [0,T ) is
a smooth flow of sets if E(t) = Φt(G), for some smooth reference set G ⊂ RN and
with (Φt)t∈[0,T ) a smooth (in space-time) one-parameter family of diffeomorphisms.
We denote by νE(t)(x) the outer unit normal to ∂E(t) at x, and by Vt(x) the outer
normal velocity of ∂E(t) at x; that is,

Vt(x) := Φ̇t(Φ
−1
t (x)) ·νE(t)(x) ,

where Φ̇t stands for the “time” derivative. Given a smooth set E ⊂RN , we will also
denote by HE(x) the sum of the principal curvatures of ∂E at the point x, with the
respect to the orientation given by the outer normal νE ; i.e., the trace of the second
fundamental form DνE :

HE(x) := divτ νE(x)

for all x∈ ∂E, where divτ denotes the tangential divergence along ∂E. We recall that

divτ νE(x) =
N−1

∑
i=1

∂νE

∂τi
(x) · τi, where {τ}i=1,...,N−1 is any orthonormal basis of the

tangent hyperplane to ∂E at x. An equivalent definition is obtained by considering

any C1-extension ν̃ of νE outside ∂E and letting divτ νE = divν̃− ∂ ν̃

∂νE
·νE on ∂E.

We also warn the reader that in what follows with a slight abuse of language, we
will consistently refer to HE as the mean curvature of ∂E.

We are now in a position to recall that a smooth mean curvature flow (also called
curve shortening flow when N = 2) is a smooth flow of sets (E(t))t∈[0,T ) evolving
according to the law

Vt =−HE(t) on ∂E(t) for all t ∈ (0,T ). (1)

A relevant feature of (1) is that it bears a gradient flow structure with respect to
a formal Riemannian structure. To this aim, we recall that the mean curvature can
be related to the first variation of the Caccioppoli-De Giorgi perimeter functional,
which on smooth sets E reads as the standard (N−1)-dimensional Hausdorff mea-
sure of the boundary: P(E) =HN−1(∂E). 1 It can been shown that for any smooth E
and for any one-parameter family of diffeomorphisms of the form Φt(x)= x+tX(x),
with X a smooth vector field, we have

1 The definition extends to a class of possibly irregular sets, the sets of finite perimeter, by replacing
∂E with a suitable subset ∂ ∗E called the reduced boundary, see Section 5 below or [72].
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dP(Φt(E))
dt

|t=0 =
∫

∂E
HE(X ·νE)dHN−1 =: ∂P(E)[X ] , (2)

see for instance [72]. In this sense, HE represents the action of the first variation
∂P(E) of the perimeter functional P evaluated at E on the generic variation X , with
respect to the L2-scalar product on ∂E. Thus, interpreting Vt as the time derivative
of the “curve” t 7→ E(t) with values in the “manifold” M := {smooth sets of RN},
a smooth mean curvature flow (1) can be formally thought of as a curve in M that
is of steepest descent for the perimeter functional P. The fact that the perimeter
decreases along a mean curvature flow follows from (2): indeed if E(t) = Φt(G)
obeys (1), then Xt ·νE(t) =

(
Φ̇t ◦Φ

−1
t
)
·νE(t) =Vt and thus

dP(E(t))
dt

=
∫

∂E(t)
HE(t)(Xt ·νE)dHN−1 =−

∫
∂E(t)

(Vt)
2 dHN−1 .

Another feature of the upmost importance is the so-called inclusion/avoidance
principle, which states the following: if (E1(·))t∈[0,T ) and (E2(·))t∈[0,T ) are two
smooth mean curvature flows, with E1(0) ⊂ E2(0), then E1(t) ⊂ E2(t) for all
t ∈ [0,T ). Likewise, if E1(0)∩E2(0) = /0 then E1(t)∩E2(t) = /0 for all t ∈ [0,T )
(see Section 4 below).

Let us also recall the following short-time existence result, proven for instance
in [53, 49]: if E0 is any bounded smooth set, then there exists T > 0 and a smooth
mean curvature flow (E(t))t∈[0,T ) such that E(0)=E0. The result can be improved in
two-dimensions, as it was shown in [63] that any compact smooth initial set evolv-
ing under (1) will become convex and then will shrink to a round point thanks to
[53] before extinguishing (see also [65] for a related result in higher dimensions for
convex initial sets). In other words, in two dimensions a smooth curve shortening
flow will remain smooth up to the extinction time.

The situation is completely different in higher dimensions, as it is well known
that singularities may develop before the extinction time. A typical (and famous)
example is the so called neckpinch singularity illustrated in Fig. 1 below. The thin
neck will pinch off before the two bell extinguish. One way to prove the result, due to
[11], is to use a “shrinking doughnut” as a barrier and exploit the avoidance principle
mentioned before: referring to Fig. 2, if the initial neck is sufficiently thin (compared
to the two bells), then the shrinking torus can be chosen so small that it extinguishes
before the big balls placed inside the two bells do. Hence, by the avoidance/inclusion
principle, the neck (which is trapped within the hole of the torus) will pinch off
before the extinction of the two bulks .

At the time when singularities emerge the classical strong formulation of the flow
ceases to exist. A natural and relevant mathematical question then is the following:
is there a way of extending the flow past the singular times as to obtain an evolution
which is globally defined up to extinction time (if any)? To address this question,
various methods and approaches have been developed in the literature. They can be
broadly divided into two categories:

–Strong approaches: They rely on classifying the possible singularities that may
develop and involve complex restarting procedures with surgery, see for instance
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Fig. 1 Formation of a neckpinch singularity under mean curvature flow

Fig. 2 Angenent’s proof of the onset of neckpinch singularities.

[73, 20] and the reference therein. While highly sophisticated and powerful, these
methods are tailored very specifically to equation (1) and are not easily applicable
to more general flows.

–Weak approaches: These are based on the introduction of suitable weak formu-
lations of the geometric flow, for which it is possible to demonstrate global existence
and, potentially, uniqueness. These approaches forego a detailed understanding of
the nature of singularities, focusing instead on the search for globally defined weak
solutions whose formulation is not affected by the presence of singularities. In pur-
suing this path, a condition that should ideally be verified is the so-called consis-
tency: it is expected that the weak solution coincides with the strong one as long
as the latter exists. These approaches typically have the advantage of being flexible
and easily adaptable to more general geometric flows.

In this lecture notes we will focus on some weak approaches; namely, the level
set approach and the minimising movements scheme.
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The level set approach [75, 48, 49, 41, 57] consists in embedding the initial set
in the one-parameter family of sets given by the superlevels of some initial function
u0, and then in letting all these sets evolve according to the same geometric law.
Due to the inclusion principle, the evolving sets are themselves the super levels of
a time-dependent function u(x, t), which turns out to solve a (degenerate) parabolic
equation for u (with the prescribed initial datum u0). Therefore, this procedure turns
the geometric problem into a parabolic Cauchy problem, which can be attacked
by PDE methods, using for instance the machinery of viscosity solutions. Once a
global-in-time (unique) solution u of the Cauchy problem is found, the evolution of
the super level sets of u defines a generalized motion (with initial set given by the
corresponding super level set of u0), which exists for all times even for very rough
initial sets. Of course for the whole procedure to be geometrically meaningful, one
has also to show that the evolution of the super level sets only depends on the initial
super level set of u0 and not on u0 itself.

The second approach which is relevant for the present treatment is represented
by the minimizing movements scheme devised by Almgren, Taylor and Wang [3]
and, independently, by Luckhaus and Sturzenhecker [71]. It is variational in nature
and hinges on the gradient flow structure of the geometric motion. More precisely, it
consists in building a family of discrete-in-time evolutions by an iterative minimiza-
tion preocedure, and in considering any limit of these evolutions (as the time step
∆ t > 0 vanishes) as an admissible global-in-time solution to the geometric motion,
usually referred to as a flat flow.

In these notes we will thoroughly explore both level set and flat flows and how
they are related with each other. We will also try to explain up to which extent
the two approaches can be extended to more general geometric motions. Before
describing more in details the structure of the paper, we mention that other weak
approaches that are not treated here include: Brakke flows (see [19, 67, 81]) and
distributional solutions, as firstly introduced in [71], see [70] and the references
therein.

The notes are organised as follows. In Section 2 we formally derive the level set
equation associated with (1), which serves as a motivation for the classical theory
of viscosity solutions for second order degenerate parabolic equations presented in
the rest of the section. Section 3 is devoted to the application of the viscosity the-
ory to establish existence and uniqueness of the level set flows associated with (1)
and, in fact, with a class of generalised curvature motions in the spirit of [41]. In
Section 4 we use the results of Section 3 to introduce and study the so-called gener-
alised motions and in the case of the mean curvature flow we prove the consistency
between weak and classical solutions. We also discuss the fattening phenomenon
and the related issues of geometric non-uniquenss. We remark that the content of
Sections 2, 3, and 4 are nowadays well established. The exposition is essentially
self-contained, with the only exception of one big technical weapon, the Crandall-
Ishii Lemma (whose delicate and very technical proof would require straying from
the main path of these notes and therefore is omitted).

Finally the last two sections are devoted to some more recent developments: In
Section 5, we study the minimising movement scheme and its level-by-level imple-
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mentation, leading to a variational approximation of the mean curvature level set
flow. Here the presentation follows the approach of [36], where a unified theory for
a rather general class of possibly nonlocal curvature motions (including the mean
curvature flow as obvious particular case) is developed (see Section 5.6). Section 6
is concerned with the non-smooth anisotropic variants of the mean curvature mo-
tion, such as the crystalline curvature flow. The degeneracy and lack of regularity
of the underlying curvature operator require new methods and ideas that have been
discovered only very recently. Here, we will essentially focus on the new distribu-
tional formulation introduced in [37] to deal with a particular subclass of crystalline
flows.

Acknowledgements

This notes represent an extended version of a series of lectures that the author gave
during the Matrix event ”Minimal surfaces and geometric flows” held at the Matrix
Institute during the period 23 Jan 2023 - 3 Feb 2023. The author wishes to warmly
thank the organisers E. Cinti, A. Shikorra and E. Valdinoci for the kind invitation,
and the institute for the nice the hospitality.

2 The viscosity theory

In this section we develop the mathematical tools needed to study the well-posedness
of level set flows. As a motivation, in the next subsection we review the general phi-
losophy of the level set approach.

2.1 The level set approach

We illustrate the approach in the case of the mean curvature flow (MCF). The main
idea is to represent the initial set E0 as the (closed) superlevel set of some function
u0, E0 = {u0 ≥ 0} and then to let all the super level sets Es := {u0 ≥ s} of u0 flow
according to MCF, t 7→ Es(t).

For every t > 0 the sets (Es(t))s∈R can be regarded as the family of the superlevels
sets of a function u(·, t). This formally follows from the inclusion principle recalled
in the Introduction: indeed if s> s′ we clearly have Es⊆Es′ and thus by the inclusion
principle Es(t)⊆ Es′(t) for all t > 0. In this way we build time-dependent functions
u(·, t) that evolve according to a suitable PDE encoding the geometric motions of
the super level sets.

We now (formally) derive such a PDE: assume that u(·, ·) is smooth both in space
and time and that for every s ∈R t 7→ Es(t) is a classical MCF. In particular, for any
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fixed s there exists a one-parameter family of diffeomorphisms Φ(·, t) such that
∂Es(t) = Φ(∂Es(0), t) and thus

u(Φ(x, t), t) = s for all x ∈ ∂Es(0) .

Differentiating the above identity w.r.t. to time, we get

0 = ∇u(Φ(x, t), t) · ∂Φ

∂ t
(x, t)+

∂u
∂ t

(Φ(x, t), t) for all x ∈ ∂Es(0) .2 (3)

Noting that
∇u(Φ(x, t), t)
|∇u(Φ(x, t), t)|

· ∂Φ

∂ t
(x, t)

is the inner normal velocity of ∂Es(t) at Φ(x, t), dividing (3) by |∇u| (and assuming,
of course, that |∇u| 6= 0), we infer

1
|∇u|

∂u
∂ t

(y, t) = outer normal velocity of the level set {u(·, t) = u(y, t)} . (4)

On the other hand, denoting by H{u(·,t)≥u(y,t)} the mean curvature of {u(·, t) =
u(y, t)}with respect to the orientation given by the outer normal to {u(·, t)≥ u(y, t)},

H{u(·,t)≥u(y,t)}(y) = divτ

(
− ∇u
|∇u|

)
(y, t) =−div

(
∇u
|∇u|

)
(y, t) , (5)

where we used the fact that

divτ

(
∇u
|∇u|

)
= div

(
∇u
|∇u|

)
−∂ν

(
∇u
|∇u|

)
·ν

= div
(

∇u
|∇u|

)
−∇

(
∇u
|∇u|

)
∇u
|∇u|

· ∇u
|∇u|

= div
(

∇u
|∇u|

)
,

since ∇

(
∇u
|∇u|

)
∇u
|∇u| =

1
2 ∇
(

∇u
|∇u| ·

∇u
|∇u|
)
= 0. Combining (4) and (5) and recalling that

{u(·, t) ≥ u(y, t)} is evolving according to (1), we get the following degenerate
parabolic Hamilton-Jacobi equation

∂u
∂ t

= |∇u|div
(

∇u
|∇u|

)
. (6)

We will refer to it as the MCF level set equation. Hence, by the above procedure we
have turned the geometric evolution problem into the following Cauchy problem

2 We warn the reader that here and throughout these notes the operator ∇, ∇2 and ∆ always refer
to the spatial variables.
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∂u
∂ t

= |∇u|div
(

∇u
|∇u|

)
in RN× (0,T ) ,

u(·,0) = u0 .
(7)

Note that the MCF level set equation involves the 1-Laplacian, which is a highly
nonlinear and degenerate operator where ∇u' 0. It turns out that the machinery of
viscosity solutions is the “right” tool to deal with (7). We will review such a useful
toolbox in the next sections.

Historical Note: The idea of the level set formulation goes back to [75], where
it was introduced to handle numerically the onset of singularities and changes in
topology. The analytical study of (7) has been independently pioneered in [41] and
[48]. For a comprehensive treatment of the level set approach and its applications
we refer to the rich monography [57]. We finally remark that the level set approach
has been extended also to higher codimension mean curvature motions, see [6].

2.2 Degenerate parabolic equations and viscosity solutions

In this section we quickly review the notion of viscosity solutions for degenerate
parabolic equations like (6). To this aim rewrite (6) as

∂u
∂ t

+G(∇u,∇2u) = 0

where

G(∇u,∇2u) =−|∇u|div
(

∇u
|∇u|

)
=−∆u+

∇2u∇u ·∇u
|∇u|2

exercise
= −trace

(
Π∇u∇

2uΠ∇u

)
,

(8)

with Π∇u := I− ∇u⊗∇u
|∇u|2 . Note that if p 6= 0 and M ≤ M′ as symmetric matrices 3,

then for every ξ ∈ RN

ΠpM Πpξ ·ξ = M Πpξ ·Πpξ ≤M′Πpξ ·Πpξ = ΠpM′Πpξ ·ξ ,

hence ΠpM Πp ≤ ΠpM′Πp and, in turn, G(p,M′) ≤ G(p,M). In other words,
the Hamiltonian G is degenerate elliptic; i.e., nonincreasing in the last variable.
Note also that if (pn,Mn) → (0,0) in RN ×MN×N

sym , with pn 6= 0 for all n, then
G(pn,Mn)→ 0. Thus, G∗(0,0) = G∗(0,0) = 0 where G∗ and G∗ denote the upper
and lower semicontinuous envelopes, respectively. Here and in what follows MN×N

sym
will denote the space of symmetric N×N -matrices.

3 Recall that this means that the quadratic form associated with M′−M is positive semi-definite



Level set and variational methods for geometric flows 9

To motivate the definition of viscosity solutions assume that u is a smooth so-
lution of (6) and assume that ϕ is a smooth test function which “touches” u from
above at some point z0 = (x0, t0), with ∇u(z0) 6= 0 (see the picture below).

z0

u

ϕ

Fig. 3 A test function ϕ touching u from above

Then, since ∂u
∂ t (z0) =

∂ϕ

∂ t (z0), ∇u(z0) = ∇ϕ(z0) and ∇2u(z0) ≤ ∇2ϕ(z0), by the
degenerate ellipticity of G we get

∂ϕ

∂ t
(z0)+G(∇ϕ(z0),∇

2
ϕ(z0))≤

∂u
∂ t

(z0)+G(∇u(z0),∇
2u(z0)) = 0 .

The idea is to consider the inequality ∂ϕ

∂ t (z0)+G(∇ϕ(z0),∇
2ϕ(z0))≤ 0 for any test

function touching u from above at some point z0 as the requirement for an upper
semicontinuous function u to be a subsolution of (6). Note that with this definition
no (weak) differentiability assumptions are made on u. The notion of supersolution
will be clearly symmetric.

We now write the precise definition of viscosity sub- and super-solutions for
general degenerate elliptic Hamiltonians. Let F : RN \{0}×MN×N

sym → R satisfying
the following properties:

A) F is continuous and bounded on bounded sets;
B) F is degenerate elliptic; i.e.,

F(p,M)≤ F(p,M′) if p 6= 0 and M′ ≤M ;

C) F∗(0,0) = F∗(0,0) = 0, where F∗ and F∗ denote the upper and lower semicon-
tinuous envelopes, respectively.

Remark 2.1. Condition C) above says that F can be extended by continuity at (0,0)
with the value 0. In view of this, we will consider F as defined also in (0,0), with
F(0,0) = 0.
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We want to the define the notion of viscosity solution for the equation

∂u
∂ t

+F(∇u,∇2u) = 0 . (9)

Definition 2.2. a) We say that that an upper semicontinuous (in short u.s.c.) func-
tion u : RN × (0,T )→ R is a viscosity subsolution (in short VSB) of (9) if for
every ϕ ∈ C2(RN × (0,T )) touching u from above at some point z0 = (x0, t0),
that is, such that u−ϕ has a local maximum at z0, it holds

∂ϕ

∂ t
(z0)+F(∇ϕ(z0),∇

2
ϕ(z0))≤ 0 when ∇ϕ(z0) 6= 0 ,

and
∂ϕ

∂ t
(z0)≤ 0 when ∇ϕ(z0) = 0 and ∇

2
ϕ(z0) = 0 .

b) We say that that a lower semicontinuous (in short l.s.c.) function u : RN ×
(0,T )→ R is a viscosity supersolution (in short VSP) of (9) if for every ϕ ∈
C2(RN × (0,T )) touching u from below at some point z0 = (x0, t0), that is, such
that u−ϕ has a local minimum at z0, it holds

∂ϕ

∂ t
(z0)+F(∇ϕ(z0),∇

2
ϕ(z0))≥ 0 when ∇ϕ(z0) 6= 0 ,

and
∂ϕ

∂ t
(z0)≥ 0 when ∇ϕ(z0) = 0 and ∇

2
ϕ(z0) = 0 .

Finally, we say that a continuous function u : RN×(0,T )→R is a viscosity solution
(in short VS) of (9) if it is both a VSB and a VSP.

Remark 2.3. Note that in the previous definition we don’t prescribe conditions at the
touching points where ∇ϕ = 0 but ∇2ϕ 6= 0.

Remark 2.4. By replacing ϕ by ϕ̃ := ϕ + | ·−z0|3 (:= ϕ−| ·−z0|3) we may assume
w.l.o.g. that in the definition of VSB (VSP) the local maximum (minimum) at z0 is
strict.

Remark 2.5. The above definition of VSP and VSB can be obviously localised at
sets of the form Ω × (0,T ), where Ω is any open set of RN , simply by requiring the
sub- and supersolution inequalities be satisfied at the touching points that occur in
Ω × (0,T ).

Exercise 2.6. Let f : R→ R be a function such that f (0) = 0 and

lim
s→0

f (s)
s2 = 0 .

Prove that there exists an even function ψ ∈C2(R), with
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ψ(0) = ψ
′(0) = ψ

′′(0) = 0, ψ
′(s)> 0 for s > 0,

such that f (s)< ψ(s) for all s 6= 0 in a neighborhood of 0.

Remark 2.7. Let ϕ ∈C2(RN × (0,T )), with ∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0 for some
z0 = (x0, t0). Then by Taylor expansion, setting a := ∂ϕ

∂ t (z0) and b := ∂ 2ϕ

∂ t2 (z0), we
have for any z = (x, t) in a sufficiently small neighborhood of z0

ϕ(z) = ϕ(z0)+a(t− t0)+
1
2

b(t− t0)2 +o(|z− z0|2)

≤ ϕ(z0)+a(t− t0)+
1
2

b(t− t0)2 +ψ(|z− z0|) := ϕ̃(z) (10)

where the last inequality is strict if z 6= z0 and ψ is the function provided by Exer-
cise 2.6 . In particular if u−ϕ has a local maximum at z0, then u− ϕ̃ has a strict
local maximum at z0. Moreover, by construction all the first and second derivatives
of ϕ and ϕ̃ agree in z0. Thus, whenever ϕ touches u from above at a point z0, with
∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0, without loss of generality we may assume ϕ to be of
the form (10). Analogously, if the contact is from below we may assume ϕ to be of
the form

ϕ(z) = ϕ(z0)+a(t− t0)+b(t− t0)2−ψ(|z− z0|) .

One of the main features of VSB and VSP is that they are stable under very mild
convergence conditions, as made clear by the following lemma.

Lemma 2.8 (Stability of VSB and VSP). Under the above assumptions on F, let
F be a family of VSB (VSP) of (9) . For every z ∈ RN× (0,T ) define

u(z) := sup{limsup
n

un(zn) : {un}n ⊆F , zn→ z} ,

u(z) := inf{ liminf
n

un(zn) : {un}n ⊆F , zn→ z} ,

where the supremum and the infimum are taken with respect to all possible se-
quences {un}n ⊆ F and {zn}n ∈ RN × (0,T ) such that zn → z. Assume that
u(z)<+∞ for all z ∈ RN × (0,T ). Then u is a VSB of (9). Analogously, if u >−∞

everywhere, then u is VSP.

Proof. We only prove the statement for VSB. Let ϕ ∈ C2(RN × (0,T )) be such
that u−ϕ has a strict local maximum at z0 (recall Remark 2.4). In particular, we
may find a small (space-time) closed ball Br(z0) ⊆ RN × (0,T ) such that z0 is the
unique global maximum point of u− ϕ in Br(z0). Assume first ∇ϕ(z0) 6= 0. By
definition of u we may find {un}⊆F and yn→ z0 such that un(yn)→ u(z0). Let zn ∈
argmax

Br(z0)

(un−ϕ). Up to extracting a (not relabelled) subsequence, we may assume

that zn → z̄ ∈ Br(z0). Then, by the definition of u(z̄) and the maximality of zn, we
have
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(u−ϕ)(z̄)≥ limsup
n

(un−ϕ)(zn)≥ liminf
n

(un−ϕ)(zn)

≥ lim
n
(un−ϕ)(yn) = (u−ϕ)(z0) ,

(11)

which implies z̄ = z0 as z0 is the unique maximiser of u−ϕ in Br(z0). In turn, we
deduce zn→ z0 and thus un−ϕ has a local maximum at zn, with ∇ϕ(zn) 6= 0, for n
sufficiently large. Now, by the continuity of F and the VSB property of the un’s, we
get

∂ϕ

∂ t
(z0)+F(∇ϕ(z0),∇

2
ϕ(z0)) = lim

n

(
∂ϕ

∂ t
(zn)+F(∇ϕ(zn),∇

2
ϕ(zn))

)
≤ 0 .

If ∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0, then by Remark 2.7 we may assume ϕ to be of the
form (10). Arguing as before we find {un} ⊂F and a sequence zn → z0 of local
mazimisers of un−ϕ . Note that by the special form of ϕ and the properties of the
function ψ provided by Exercise 2.6, we have that ∇ϕ(zn) = 0 if and only if zn = z0,
in which case also ∇2ϕ(zn) vanishes. Thus, taking into account the assumption C)
on F and Remark 2.1 above we have F(∇ϕ(zn),∇

2ϕ(zn))→ F(0,0) = 0 and thus

∂ϕ

∂ t
(z0) = lim

n

(
∂ϕ

∂ t
(zn)+F(∇ϕ(zn),∇

2
ϕ(zn))

)
≤ 0 .

This concludes the proof of the lemma. ut

Based upon the above stability property we can now prove the following theorem,
which is at the heart of the so-called Perron’s method for proving existence of solu-
tions.

Theorem 2.9 (Perron method). Under the same assumptions on F, let w0, w1 be
continuous VSB and VSP of (9), respectively, and assume that w0 ≤ w1. Then, there
exists an u.s.c. function u such that u and u∗ are VSB and VSP of (9), respectively,
and w0 ≤ u∗ ≤ u≤ w1.

We recall that u∗ denotes the lower semicontinuous envelope of u. Note that if we
knew that u is continuous, then u would in fact be a viscosity solution of (9). As
we will see later, the continuity of u, under some extra assumptions, can be deduced
from the parabolic camparison principle.

Proof (Proof of Theorem 2.9). Set

F := {w : w is a VSB of (9) and w≤ w1}

and correspondingly let u be defined as in Lemma 2.8. By the latter lemma, u is
a VSB and by construction (since w0 ∈F ) we have w0 ≤ u ≤ w1. We claim that
u∗ is a VSP. To this aim, we argue by contradiction by assuming the existence of
z0 ∈ RN × (0,T ), ϕ ∈ C2(RN × (0,T )) and a suitable space-time ball Br(z0) such
that

(u∗−ϕ)(z)≥ |z− z0|3 in Br(z0) (12)

with equality at z = z0 (recall Remark 2.4), but
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∂ϕ

∂ t
(z0)+F(∇ϕ(z0),∇

2
ϕ(z0))< 0 if ∇ϕ(z0) 6= 0 ,

∂ϕ

∂ t
(z0)< 0 if ∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0 .

(13)

Recall that by Remark 2.7, if ∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0 we may assume ϕ to
be as in (10), and thus in particular ∇ϕ(z) = 0 if and only if z = z0. Recalling the
continuity of F and property C) above, for δ ∈ (0,r) sufficiently small we deduce
from (13) that

∂ϕ

∂ t
(z)+F(∇ϕ(z),∇2

ϕ(z))< 0, ∇ϕ(z) 6= 0 for z ∈ Bδ (z0)\{z0}. (14)

Note also that (13) implies that

u∗(z0) = ϕ(z0)< w1(z0) . (15)

Indeed, otherwise we would have w1 ≥ u∗ ≥ ϕ in Br(z0), with equality achieved at
z = z0 and thus, since w1 is a VSP,

∂ϕ

∂ t
(z0)+F(∇ϕ(z0),∇

2
ϕ(z0))≥ 0 if ∇ϕ(z0) 6= 0 ,

∂ϕ

∂ t
(z0)≥ 0 if ∇ϕ(z0) = 0 and ∇2ϕ(z0) = 0 ,

a contradiction to (13). This establishes (15). Finally, observe that for δ ∈ (0,r) we
deduce from (12)

u(z)≥ u∗(z)≥ ϕ(z)+ |z− z0|3 > ϕ(z)+δ
3 for all z ∈ Br(z0)\Bδ (z0) .

Hence,

A := {z ∈ Br(z0) : ϕ(z)+δ
3 > u(z)} ⊆ Bδ (z0)⊂⊂ Br(z0) and A 6= /0 . (16)

We can now define for δ ∈ (0,r)

uδ :=

{
(ϕ +δ 3)∨u in Br(z0) ,

u otherwise.

We have the following properties:

a) by (16), uδ > u in A and uδ = u in
(
RN× (0,T )

)
\Bδ (z0);

b) by (15) and by taking δ smaller if needed, ϕ +δ 3 < w1 in Bδ (z0) and thus uδ ≤
w1;

c) by (14), (16), and the fact that u is a VSB, we infer that uδ is a VSB.

Thus uδ ∈F , a contradiction to the fact that uδ > u on A. ut
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u∗

ϕ +δ 3ϕ

z0

ϕ +δ 3

w1

Fig. 4 The situation of the proof of Theorem 2.9

Next we address the uniqueness issue. The main result is the following (particular
case of the) parabolic comparison principle that we state in a ready-to-use form.

Theorem 2.10 (Parabolic Comparison). Let F satisfy assumption A), B) and C),
and let u, v be a VSB and a VSP, respectively, of (9) such that

u(x, t) = v(x, t) =C for all |x| ≥ R and t ∈ [0,T ), (17)

for some R > 0 and C ∈ R. Assume also that u(·,0)≤ v(·,0). Then,

u≤ v in RN× (0,T ) .

The main technical tool in order to prove uniqueness is the so-called Crandall-
Ishii lemma, see [43, 44, 42]. In order to motivate it, let us first illustrate the argu-
ment leading to Theorem 2.10 under the extra assumption that both

u and v are twice differentiable. (18)

Of course this is a very strong assumption and the hard-core technical work taken
care by the Crandall-Ishii lemma is exactly devoted to getting rid of it.

Proof (Proof of Theorem 2.10 under the extra assumption (18)). Assume by contra-
diction that there exists (x0, t0) ∈ RN× (0,T ) such that

u(x0, t0)− v(x0, t0) =: m0 > 0 .

Fix T ′ ∈ (t0,T ) and η ∈
(
0,(T ′− t0)m0/2

)
, and for ε ∈ (0,1) consider the function

(with doubled spatial variables)

Ψε(x,y, t) := u(x, t)− v(y, t)− 1
ε
|x− y|4− η

T ′− t
.

We claim that there exists R′ > R such that for all ε ∈ (0,1)
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∃(xε ,yε , tε) ∈ argmax
RN×RN×[0,T ′]

Ψε s.t. |xε |, |yε | ≤ R′ and tε ∈ [0,T ′) . (19)

To this aim, setting

M := max{u(x, t)− v(y, t) : (x,y, t) ∈ RN×RN× [0,T ′]} ,

(which is well defined thanks to upper semicontinuity of u− v and the assumption
(17)) we have

M ≥ sup
RN×RN×[0,T ′]

Ψε ≥Ψε(x0,x0, t0) = m0−
η

T ′− t0
>

m0

2
> 0 , (20)

where the second last inequality follows from the choice of η . Thus, if (xε,n,yε,n, tε,n)
is a maximizing sequence for Ψε , we have for n large enough

M− 1
ε
|xε,n− yε,n|4−

η

T ′− tε,n
≥Ψε(xε,n,yε,n, tε,n)> 0

and, in turn,
T ′− tε,n ≥

η

M
, |xε,n− yε,n|4 ≤ εM . (21)

Moreover, using (17) and by replacing xε,n,yε,n by suitable translated vectors xε,n +
τn,yε,n + τn if necessary, we may enforce

min{|xε,n|, |yε,n|} ≤ R , max{|xε,n|, |yε,n|}
(21)
≤ R+

4√
εM ≤ R+

4√M =: R′ .

Hence, up to a subsequence and recalling also (21), we may assume that

(xε,n,yε,n, tε,n)→ (xε ,yε , tε) ,

with
T ′− tε ,≥

η

M
, |xε − yε |4 ≤ εM , |xε |, |yε | ≤ R′ . (22)

Since (xε ,yε , tε) is a maximizer due to the upper semicontinuity of Ψε , claim (19) is
established.

Now by (22) we can find a subsequence εk→ 0+ such that (xεk ,yεk , tεk)→ (x̄, x̄, t̄),
with t̄ ∈ [0,T ′) and |x̄| ≤ R′, and thus

u(x̄, t̄)− v(x̄, t̄)≥ limsup
k

(
(u(xεk , tεk)−u(yεk , tεk)

)
≥Ψεk(xεk ,yεk , tεk)

(20)
≥ m0

2
.

Since by assumption u(·,0)≤ v(·,0), we infer that t̄ ∈ (0,T ′) and thus

tεk ∈ (0,T ′) for k large. (23)

From now on we fix any such k. Recalling (18), we get ∂tΨεk(xεk ,yεk , tεk) = 0,
∇x,yΨεk(xεk ,yεk , tεk) = 0 and ∇2

x,yΨεk(xεk ,yεk , tεk)≤ 0. The first two conditions trans-
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late into
∂u
∂ t

(xεk , tεk)−
∂v
∂ t

(yεk , tεk) =
η

(T ′− tεk)
2

and
∇u(xεk , tεk) = ∇v(yεk , tεk) =

4
εk
|xεk − yεk |

2(xεk − yεk) =: pεk ,

while testing ∇2
x,yΨεk(xεk ,yεk , tεk)≤ 0 against 2N-vectors of the form (ξ ,ξ ), ξ ∈RN ,

one easily deduces that

∇
2u(xεk , tεk)≤ ∇

2v(yεk , tεk)

as symmetric matrices. Moreover, assuming for simplicity pεk 6= 0 and recalling that
u,v are a VSB and V SP, respectively, of (9), we have

∂u
∂ t

(xεk , tεk)+F(pε ,∇
2u(xεk , tεk))≤ 0 ,

∂v
∂ t

(yεk , tεk)+F(pε ,∇
2v(yεk , tεk))≥ 0 .

Subtracting the two equations, we get

F(pε ,∇
2v(yεk , tεk))−F(pε ,∇

2u(xεk , tεk))

≥ ∂u
∂ t

(xεk , tεk)−
∂v
∂ t

(yεk , tεk) =
η

(T ′− tεk)
2 ,

which contradicts the degenerate ellipticity condition B) on F , as ∇2u(xεk , tεk) ≤
∇2v(yεk , tεk). ut

In order to state the parabolic Crandall-Ishii lemma we need to suitably reformulate
the notion of viscosity solution. To this aim, we recall the definition of parabolic
sub- and super-jet.

Definition 2.11. Let u : RN× (0,T )→R be u.s.c. and let (x0, t0) ∈RN× (0,T ). We
define the (possibly empty) parabolic super-jet of u at (x0, t0) as

P2,+u(x0, t0) :=
{
(a, p,M) ∈ R×RN×MN×N

sym : u(x, t)≤ u(x0, t0)+a(t− t0)

+ p · (x− x0)+
1
2

M(x− x0) · (x− x0))+o(|x− x0|2 + |t− t0|)
}
.

We also define the relaxed parabolic super-jet of u at (x0, t0) as

P
2,+

u(x0, t0) :=
{
(a, p,M) ∈ R×RN×MN×N

sym : ∃(xn, tn)→ (x0, t0)

and ∃(an, pn,Mn)→ (a, p,M) with (an, pn,Mn) ∈P2,+u(xn, tn)
}
.
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Analogously, given a l.s.c. function u : RN× (0,T )→R we can define its parabolic
sub-jet of at (x0, t0) and the corresponding relaxed version by setting

P2,−u(x0, t0) =−P2,+(−u)(x0, t0) and P
2,−

u(x0, t0) =−P
2,+

(−u)(x0, t0) .

Remark 2.12. Clearly if ϕ is of class C2 and u−ϕ has a local maximum (minimum)
at z0 = (x0, t0) ∈ Rn× (0,T ), then(

∂ϕ

∂ t (z0),∇ϕ(z0),∇
2ϕ(z0)

)
∈P2,+u(z0) .

(P2,−u(z0))

Remark 2.13. Let (a, p,M)∈P2,+u(x0, t0). Then by definition of P2,+u(x0, t0) and
by Exercise 2.6 for (x, t) in a sufficiently small neighborhood of (x0, t0) we have

u(x, t)≤ u(x0, t0)+a(t− t0)+ p · (x− x0)

+
1
2

M(x− x0) · (x− x0))+o
(
(|x− x0|+

√
|t− t0|)2)

≤ u(x0, t0)+a(t− t0)+ p · (x− x0)

+
1
2

M(x− x0) · (x− x0))+ψ(|x− x0|+
√
|t− t0|)

≤ u(x0, t0)+a(t− t0)+ p · (x− x0)

+
1
2

M(x− x0) · (x− x0))+ψ(2|x− x0|)+ψ(2
√
|t− t0|) ,

where in the last inequality (which is strict if (x, t) 6= (x0, t0)) we used the mono-
tonicity of ψ . Note also that from the properties of ψ it easily follows that g(t) :=
ψ(2

√
|t− t0|) is a C1 function with g′(t0) = 0.

It is not difficult to check that

Proposition 2.14. An u.s.c.(l.s.c.) function u : RN × (0,T )→ R is a VSB (VSP) of
(9) (with the usual assumption on F) if and only if for any (x0, t0) ∈ RN× (0,T )

(a, p,M) ∈P2,+u(x0, t0) , p 6= 0 =⇒ a+F(p,M)≤ 0(
P2,−u(x0, t0)

)
(≥)

and

(a,0,0) ∈P2,+u(x0, t0) =⇒ a≤ 0 .(
P2,−u(x0, t0)

)
(≥)

(24)

Proof. We only show the statement for VSB. Assume that u is a VSB and let
(a, p,M) ∈P2,+u(x0, t0), with p 6= 0. By Remark 2.13, there exists an increasing
C2-function ψ on [0,+∞) satisfying ψ(0) = ψ ′(0) = ψ ′′(0) = 0 such that for any
ε > 0
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u(x, t) ≤ u(x0, t0)+(a− ε)(t− t0) + p · (x− x0)

+
1
2

M(x− x0) · (x− x0)+ψ(|x− x0|) =: pε(x, t)

for all (x, t), t ≤ t0, in a suitable (ε-dependent) closed space-time ball Br(x0, t0) ⊆
RN × (0,T ), with equality achieved only at (x0, t0). Hence, for n ∈ N large enough,
the function (x, t) 7→ u(x, t)− pε(x, t)− 1/[n(t0− t)] is maximized in Br(x0, t0)∩
{(x, t) : t ≤ t0} at a point zn = (xn, tn) ∈ RN × (0, t0), with zn → z0 = (x0, t0) as
n→ ∞. Note that ∇pε(zn)→ p and ∇2 pε(zn)→M as n→ ∞. Hence, for n large by
definition of viscosity subsolution we have

0≥ ∂ pε

∂ t
(zn)+

1
n(t0− tn)2 +F(∇pε(zn),∇

2 pε(zn))

= a− ε +
1

n(t0− tn)2 +F(∇pε(zn),∇
2 pε(zn))

≥ a− ε +F(∇pε(zn),∇
2 pε(zn))

and thus, letting first n→ ∞ and then ε → 0+, we get

a+F(p,M)≤ 0 .

If p = 0 and M = 0, then we argue in the same way and observe that in this case
∇pε(zn) = 0 if and only if ∇2 pε(zn) = 0. Thus, either ∇pε(zn) = 0 and ∇2 pε(zn) = 0
for some n, from which we deduce immediately a− ε ≤ 0, or ∇pε(zn) 6= 0 and
∇2 pε(zn) 6= 0 for all n, with ∇pε(zn)→ 0 and ∇2 pε(zn)→ 0, and again we get
a− ε ≤ 0 letting n→ ∞ and using assumption C) on F . We conclude by letting
ε → 0+. We have therefore shown that (24) holds.

The other implication is trivial in view of Remark 2.12, and thus the proof is
concluded. ut

Remark 2.15. Due to the continuity assumptions A) and C) on F , it is immedi-
ate to check that the statement of Proposition 2.14 still holds true if one replaces
P2,+u(x0, t0) (P2,−u(x0, t0)), with P

2,+
u(x0, t0) (P

2,−
u(x0, t0)).

We are now in a position to state the parabolic Crandall-Ishii Lemma.

Lemma 2.16 (Crandall-Ishii Lemma). Let u,v : RN× (0,T )→ R be an u.s.c. and
l.s.c. function, respectively. Let (x0,y0, t0)∈RN×(0,T ) be a point of local maximum
for the function

(x,y, t) 7→ u(x, t)− v(y, t)−ϕ(x− y, t) ,

where ϕ ∈C2(RN×(0,T )). Assume also that for all K > 0 there exists c = c(K)> 0
such that

(a, p,M) ∈P2,+u(x, t) , with |p|+‖M‖ ≤ K =⇒ a≤ c

and

(a, p,M) ∈P2,−u(x, t) , with |p|+‖M‖ ≤ K =⇒ a≥−c .

(25)



Level set and variational methods for geometric flows 19

Then, there exist (a,M), (b,M′) ∈ R×MN×N
sym such that

• M ≤M′ as symmetric matrices;

• (a,∇ϕ(x0− y0, t0),M) ∈P
2,+

u(x0, t0);

• (b,∇ϕ(x0− y0, t0),M′) ∈P
2,−

v(y0, t0);

• a−b = ∂ϕ

∂ t (x0− y0, t0).

Finally, if ∇2ϕ(x0− y0, t0) = 0, then one can choose M = M′ = 0.

For a proof of the lemma we refer the reader to [43] (see also [44, 42]).
We are now in a position to prove the parabolic comparison principle Theo-

rem 2.10.

Proof (Proof of Theorem 2.10). We argue exactly as in the first part of the first proof
of the theorem under the extra assumption (18) to obtain (23). We fix any such
k ∈ N and we now apply the parabolic Crandall-Ishii Lemma with ϕ(x− y, t) :=
1
εk
|x− y|4 + η

T ′−t to conclude the existence of a,b ∈ R, M,M′ ∈MN×N
sym such that

M ≤M′ ,

a−b =
∂ϕ

∂ t
(xεk − yεk , tεk) =

η

(T ′− tεk)
2 ,

(a, p,M) ∈P
2,+

u(xεk , tεk) ,

(b, p,M′) ∈P
2,−

v(yεk , tεk) ,

(26)

where we set p := 4
εk
|xεk − yεk |2(xεk − yεk). We now distinguish to cases.

Case 1: xεk = yεk . Note that in this case p = 0 and also ∇2ϕ(xεk − yεk , tεk) = 0.
Thus, by the last part of the Crandall-Ishii Lemma we can take M = M′ = 0. There-
fore, recalling that u, v are VSB and VSP, respectively, and taking into account
Remark 2.15, we have a≤ 0 and b≥ 0. In turn,

0≥ a−b =
η

(T ′− tεk)
2 > 0,

a contradiction.
Case 2: xεk 6= yεk . In this case p 6= 0 and thus, using again the VSB/VSP assumption
on u,v and Remark 2.15 and , we get

a+F(p,M)≤ 0 and b+F(p,M′)≥ 0

and thus
F(p,M′)−F(p,M)≥ a−b =

η

(T ′− tεk)
2 > 0.

The last inequality contradicts the degenerate ellipticity assumption B) on F , thus
concluding the proof of the theorem. ut
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3 Existence and uniqueness for generalised level set flows

In this section, we apply the theory developed in the previous one to establish exis-
tence and uniqueness for (7) and for a class of generalised geometric level set flows.
More precisely, we will consider the generalised level set Cauchy problem

∂u
∂ t

+F(∇u,∇2u) = 0 in RN× (0,T ) ,

u(·,0) = u0 ,
(27)

where F : RN \{0}×MN×N
sym → R satisfies

A) F is continuous and bounded on bounded sets;
B) F is degenerate elliptic; i.e.,

F(p,M)≤ F(p,M′) if p 6= 0 and M′ ≤M ;

C) F∗(0,0) = F∗(0,0) = 0;
D) (geometricity) for all (p,M) ∈ (RN \{0})×MN×N

sym , λ > 0 and µ ∈ R

F(λ p,λM+µ p⊗ p) = λF(p,M) ;

E) inf
p∈RN\{0}

F(p,−I)
|p|

=: k0 >−∞ .

Remark 3.1. As it will become transparent in what follows, the geometricity con-
dition D) guarantees that the property of being a solution of the level set equation
depends only on how the level sets evolve; in other words, if u is a solution, then also
ψ ◦ u is a solution for any ψ increasing and continuous. Hypothesis E) is instead a
technical assumption that guarantees global-in-time existence and provides a bound
on how fast balls can possibly expand under the underlying geometric motion. In
the case of the mean curvature flow (for which balls in fact shrink) such a condition
is trivially satisfied. Indeed,

F(p,−I)
(8)
= −trace(Πp(−I)Πp) = N−1

for all p 6= 0. The same F clearly satisfies also D) and also the remaining conditions
A), B) and C), see Section 2.2. Finally, because of condition C) we may think F as
defined also in (0,0), with F(0,0) = 0.

An important example of level set equation satisfying the previous hypotheses is the
one associated to the anisotropic mean curvature flow. To this aim, recall that given
a norm η : RN → [0,+∞) we can consider the associated anisotropic perimeter Pη

defined as
Pη(E) :=

∫
∂ ∗E

η(νE)dHN−1 (28)
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for all sets E ⊂ RN of finite perimeter, where ∂ ∗E stands for the reduced boundary,
while νE for the generalised outer unit normal to ∂ ∗E. We refer to [72] for the defi-
nition of reduced boundary and the structure properties of sets of finite perimiter, see
also Section 5 below. If η ∈C2(RN \{0}) and E is of class C2, then classical com-
putations show that the first variation of Pη (defined as for the standard perimeter,
see (2)) is given by

∂Pη(E)[ϕ] =
∫

∂E
divτ

(
∇η(νE)

)
ϕ dHN−1 .

Hence, we may regard
HE

η := divτ

(
∇η(νE)

)
as the anisotropic curvature associated with (28), and consider the corresponding
geometric motion

Vt =−HE(t)
η on ∂E(t) for all t ∈ (0,T ). (29)

Arguing as in Section 2.1, we can derive formally the level set formulation of (29)
to get 

∂u
∂ t
−|∇u|div

(
∇η(∇u)

)
= 0 in RN× (0,T ) ,

u(·,0) = u0 ,

(30)

which is (27), with F(p,M) = |p|∇2η(p) : M. 4

Exercise 3.2. Show that the Hamiltonian F(p,M) = |p|∇2η(p) : M satisfies all con-
ditions A)–E) listed above.

For simplicity we will deal with the level set flow of bounded sets, for which it is
not restrictive to consider the following class of initial data that are constant outside
a compact set.

Definition 3.3 (Admissible initial data). We say that u0 ∈C0(RN) is an admissible
initial datum for (27) if there exist a constant c0 ∈ R and a radius R > 0 such that

u0 ≥ c0 in RN and u0(x) = c0 if |x| ≥ R.

In order to apply the Perron Method, we need to construct suitable confining barri-
ers.

Lemma 3.4 (Confining barriers). Let u0 ∈ C0(RN) be admissble in the sense of
Definition 3.3 and let T > 0. Then there exist R′ > R and a VSP of (27), denoted by
w1, such that w1(·, t)≥ u0 for t ∈ [0,T ) and w1(x, t) = c0 for t ∈ [0,T ) and |x| ≥ R′.
Morevover, the constant function w0 := c0 is a VSB of (27).

4 Here we use the symbol : to denote the scalar product between matrices; i.e., given M = (Mi j)
and N = (Ni j) we set M : N = ∑i j Mi jNi j .
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Proof. The fact that w0 is a VSB is trivial. Let us build the supersolution w1. Let
ψ ∈C∞([0,+∞)) be constant in [0,δ ) for some δ > 0 small, strictly decreasing with
ψ ′ < 0 in (δ ,2R), ψ ≡ c0 in [2R,+∞), chosen in such a way that ψ(|x|)≥ u0(x) for
all x ∈ RN . Recall that by condition E) above

u0

ψ(| · |)

c0

0

Fig. 5 The function ψ(| · |) in the construction of w1.

inf
p6=0

F(p,−I)
|p|

=: k0 >−∞ .

Set k̃0 := min{k0,0} and

w1(x, t) :=

{
ψ(|x|+ k̃0t) if |x|+ k̃0t > 0 ,
ψ(0) otherwise.

Clearly, w1(·,0) = ψ(| · |)≥ u0 and w1(x, t) = c2 for t ∈ [0,T ) and |x| ≥ 2R− k̃0T . It
remains to check the supersolution property. To this aim, we will show that in fact w1
is a classical supersolution. The conclusion then easily follows taking into account
the degenerate ellipticity assumption B). By direct computation (for x 6= 0) we have
∂w1

∂ t
(x, t) = k̃0ψ

′, ∇w1(x, t) = ψ
′ x
|x|

, and ∇
2w1(x, t) = ψ

′′ x⊗ x
|x|2

+ψ
′ I
|x|
−ψ

′ x⊗ x
|x|3

,

where ψ ′, and ψ ′′ are evaluated at |x|+ k̃0t. Thus, recalling that ψ ′ =−|ψ ′|, we get(
∂w1

∂ t
+F(∇w1,∇

2w1)
)
(x, t)

=−k̃0|ψ ′|+F
(
|ψ ′|
|x|

(−x),
|ψ ′|
|x|

(−I)+
(

ψ ′′

|x|2
− ψ ′

|x|3
)
(−x)⊗ (−x)

)
=−k̃0|ψ ′|+

|ψ ′|
|x|

F(−x,−I)≥ |ψ ′|(k0− k̃0)≥ 0 ,
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where in the second equality we used the geometricity assumption D). Hence, we
have shown that w1 is a supersolution. ut

We are now in a position to state and prove the main existence/uniqueness theorem,
which was first proved in [41], and independently in [48] for the particular case of
the mean curvature flow.

Theorem 3.5 (Existence and uniqueness of generalised level set flows). Let F
satisfy all assumptions A)–E) listed above, let T > 0 and let u0 be an admissible
initial datum in the sense of Definition 3.3. Then there exists a unique viscosity
solution of (27). Moreover, u is continuous and u ≡ c0 in [0,T )× (RN \BR′), for
some R′ > 0.

Proof. Let w0, w1 be the confining barriers provided by Lemma 3.4, set

F := {w : w is a VSB of the equation in (27), w(·,0)≤ u0 and w≤ w1}

and let u be defined as

u(x, t) := sup{limsup
n

un(xn, tn) : {un}n ⊆F , (xn, tn)→ (x, t)} .

Then, Lemma 2.8 and the fact that w0 ∈F yield that u is a VSB of the equation in
(27), satisfying by construction

w0 ≡ c0 ≤ u∗ ≤ u≤ w1 .

In particular, it follows from the above inequalities and the properties of w1 that
u = u∗ = c0 in [0,T )× (RN \BR′). We now claim that

u(·,0)≤ u0 and u∗(·,0)≥ u0 . (31)

Assume the claim be proved: it follows in particular that u ∈F , and thus we may
reproduce exactly the same argument of Theorem 2.9 to infer that u∗ is a VSP of
the equation in (27). In turn, thanks to (31) and the parabolic comparison principle
Theorem 2.10, we deduce u ≤ u∗, whence the continuity of u. Again the parabolic
comparison principle yields also the uniqueness.

Thus, it remains to show (31). To this aim, fix x0 ∈ RN and s < u0(x0). Let ψ ∈
C∞([0,+∞)) be such that ψ(t) = t2 in [0, 1

2 ], ψ ′ > 0 in (0,1) and ψ = 1 in [1,+∞),
and for k,λ > large define

w(x, t) :=−kt + s−λψ(|x− x0|) ,

where λ > 0 is chosen so that

w(·, t)≤ w(·,0)≤ u0 ≤ w1(·, t)

for all t ∈ [0,T ) and k > 0 so large that w is a VSB. Let us enforce the latter condi-
tion:
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∂w
∂ t

+F(∇w,∇2w)
)
(x, t)

=−k+F

(
λψ
′ x0− x
|x− x0|

,λψ
′ −I
|x− x0|

−λ

(
ψ ′′

|x− x0|2
− ψ ′

|x− x0|3
)
(x0− x)⊗ (x0− x)

)

=−k+λ
ψ ′

|x− x0|
F(x0− x,−I)< 0 ,

where the second equality follows from the geometricity assumption B), while the
last inequality holds provided k is large enough, since ψ ′ has compact support. In the
previous computation ψ ′ and ψ ′′ are evaluated at |x−x0|. Thus w∈F , so that u≥w
and in turn u∗ ≥ w . In particular, u∗(x0,0) ≥ w(x0,0) = s. From the arbitrariness
of s < u0(x0) we infer the second inequality in (31). In order to prove the other
inequality we argue similarly: given s > u0(x0), we consider the barrier

w(x, t) := kt + s+λψ(|x− x0|) ,

with ψ as before, λ ,k > 0 so large that

w(·,0)> u0

and w is a supersolution. By the parabolic comparison principle we then get w≥ w
for all w ∈F and thus w≥ u. In particular, s = w(x0,0)≥ u(x0,0). We conclude by
the arbitrariness of s > u0(x0). ut

Remark 3.6 (Nonhomogeneous flows). The theory presented in this lecture notes
concerns homogeneous (or translation invariant) flows, whose associated Hamil-
tonian F is independent of the space variable x. This is the theory built in [41].
However, space inhomogeneity may arise due the presence of external forces (or
forcing terms) of the form g(x, t) and due to a driving surface tension φ(x,ν) de-
pending on the position in addition to the orientation of the evolving surface. A
typical example is forced anisotropic inhomogeneous mean curvature flow given by

Vt =−ψ(x,νE(t))(H
E(t)
φ

+g(·, t)) on ∂E(t) for all t ∈ (0,T ). (32)

Here Hφ denotes the anisotropic curvature associate with the φ -perimeter

Pφ (E) :=
∫

∂ ∗E
φ(x,νE)dHN−1(x) ,

where ∂ ∗E is the reduced boundary (see [72] and Section 5 below). Later inves-
tigations have dealt also with non translation invariant motions, such as curvature
motions on manifolds (see for instance [66]). In fact, an existence/uniqueness theory
has been built for geometric equations of the form
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∂u
∂ t

+F(t,x,∇u,∇2u) = 0 in RN× (0,T ) ,

u(·,0) = u0 ,

under suitable technical regularity assumptions on the (t,x)-dependence of F . We
refer to [57] and the references therein for a complete account on this issue. See also
the recent contribution [31] for a revisited treatment of (32).

4 Generalised geometric motions

In this section, following [41, 48], we use the existence/uniqueness theory developed
in the previous sections to define global-in-time generalised curvature motions start-
ing from arbitrary compact initial sets. In the particular case of (7), we will build a
notion of generalised mean curvature motion which possesses many desirable prop-
erties (such as well-posedness, uniqueness, comparison and avoidance principles),
agrees with the classical motion as long as the latter exists, and is well-defined even
after the onset of singularities and changes in topology. Throughout the section, we
work under the usual standing assumptions on F ; i.e., we assume conditions A)–E)
of Section 3) and that u0 satisfies Definition 3.3.

Before giving the precise definition of generalised motions, let us further inves-
tigate the properties of level set flows.

Lemma 4.1 (Geometricity). Let θ ∈C0(R) be monotone non-decreasing. Let u be
a VSB (VSP) for the equation in (27). Then, θ ◦ u is a VSB (VSP) for the same
equation. In particular, if u is a viscosity solution, then also θ ◦ u is a viscosity
solution.

Proof. We only prove the statement for VSB, the other case being analogous. As-
sume first θ to be smooth, with θ ′ > 0. If (x0, t0) ∈RN× (0,T ) is a local maximum
point for θ ◦u−ϕ , with ϕ of class C2, then the same is true for u−θ−1 ◦ϕ . We may
assume without loss of generality that ∇ϕ(x0, t0) 6= 0. Hence, since u is a VSB, we
have(

∂ (θ−1 ◦ϕ)

∂ t
+F

(
∇(θ−1 ◦ϕ),∇2(θ−1 ◦ϕ)

))
(x0, t0)

=
(
(θ−1)′ ◦ϕ

∂ϕ

∂ t

+F
(
(θ−1)′ ◦ϕ∇ϕ,(θ−1)′′ ◦ϕ∇ϕ⊗∇ϕ +(θ−1)′ ◦ϕ∇

2
ϕ
))

(x0, t0)

=
(
(θ−1)′ ◦ϕ

)
(x0, t0)

(
∂ϕ

∂ t
+F(∇ϕ,∇2

ϕ)
)
(x0, t0)≤ 0 ,

where the second equality follows from the geometricity assumption B). In the gen-
eral case, we approximate θ with a sequence {θn} of functions as before, such that
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θn↗ θ . Then, θn ◦u is a VSB for every n and the conclusion follows by invoquing
the stability property proved in Lemma 2.8. ut

We have the following important corollary.

Lemma 4.2 (Sub- and supersolution property of superlevel sets). Let u be the
unique viscosity solution of (27) and for any s ∈ R and t ∈ [0,T ) set

Es(t) := {x ∈ RN : u(x, t)≥ s} ,
As(t) := {x ∈ RN : u(x, t)> s} .

Then the maps (x, t) 7→ χEs(t)
(x) and (x, t) 7→ χAs(t)

(x) are respectively a VSB and
a VSP of the level set equation in (27).

Proof. We only show it for (x, t) 7→ χEs(t)
(x). Observe first that the latter function

can be rewritten as χ
[s,+∞)

◦ u. Approximate χ
[s,+∞)

as in Figure 6 below by a

s

1
n

θn

χ
[s,+∞)

(·)

Fig. 6 The approximation of χ
[s,+∞)

.

sequence {θn} of piecewise affine functions. By Lemma 4.1, θn ◦ u is a VSB for
every n. The conclusion follows once again by appealing to the stability of VSB’s,
Lemma 2.8. ut

We are now in a position to show the following crucial property: the evolution of
the superlevel sets of the viscosity solution u of (27) only depend on the initial
superlevel set (and not on u0).

Proposition 4.3 (The geometric character of the evolution of superlevel sets).
Let u0,v0 ∈C0(RN) be admissible initial data in the sense of Definition 3.3 and let
u,v be the corresponding VS of (27). Assume also that for some s ∈ R, {u0 ≥ s}=
{v0 ≥ s} ({u0 > s}= {v0 > s}). Then,

{u(·, t)≥ s}= {v(·, t)≥ s} ({u(·, t)> s}= {v(·, t)> s}) for all t ∈ [0,T ) .

Proof. We prove it only for the closed superlevel sets (the other case being analo-
gous). Let s′ < s and note that



Level set and variational methods for geometric flows 27

{u0 ≥ s}= {v0 ≥ s} ⊂ {v0 > s′}

or, equivalently, χ{u0≥s} ≤ χ{v0>s′} . By the VSB/VSP property of closed/open

superlevel sets established in Lemma 4.2 and by the parabolic comparison principle
(Theorem 2.10), we infer that

{u(·, t)≥ s} ⊂ {v(·, t)> s′} for all t ∈ [0,T ) .

Hence,

{u(·, t)≥ s} ⊂
⋂
s′<s

{v(·, t)> s′}= {v(·, t)≥ s} for all t ∈ [0,T ) .

Exchanging the role of u and v we get also the opposite inequality, thus concluding
the proof. ut

The previous proposition allows one to define the generalised geometric motion
(associated with the Hamiltonian F) as follows:

Definition 4.4 (Generalised motions). Let T > 0. Let E0 be a given initial compact
set. Let u0 ∈C0(R) be any admissible (in the sense of Definition 3.3) initial function
such that E0 = {u0≥ 0} and int(E0) = {u0 > 0} (e.g., u0 :=−sdE0∨(−1), with sdE0
the signed distance function from E0, see (35)), and let u the corresponding unique
viscosity solution of (27). Then, we say that

t 7→ E(t) := {u(·, t)≥ 0} and t 7→ Eo(t) := {u(·, t)> 0} t ∈ [0,T ) (33)

are respectively the generalised motion and the open generalised motion (associated
with the Hamiltonian F) starting from E0. When F coincides with the Hamiltonian
G of the motion by mean curvature, see (8), we will say that (33) are respectively
the generalised mean curvature motion and the open generalised mean curvature
motion (in short GMCM and open GMCM) starting from E0. Finally, since the
generalised and the open generaralised motions are uniquely defined in [0,T ) for
any T > 0, we may (and we will) regard them as uniquely defined for all times
t ∈ [0,+∞) (although by Remark 4.13 below they trivialise in finite time).

Remark 4.5. We stress that due to Proposition 4.3 the definition only depend on E0
and not on the choice of u0. We could even use different initial functions to define
separately t 7→ E(t) and t 7→ Eo(t) (for instance u0 := −dist(·,E0)∨ (−1) for the
former, and u0 := dist(·,RN \E0) for the latter) without affecting the definition.

Remark 4.6. Let u be a level set flow; i.e., a solution of the level set equation in
(27). Then, for any λ ∈ R the flow t 7→ {u(·, t) ≥ λ} (t 7→ {u(·, t) > λ}) is the
generalised motion (open generalised motion) starting from {u(·,0)≥ λ}, provided
{u(·,0)> λ}= int({u(·,0)≥ λ}).

As an easy consequence of the previous construction we have the following com-
parison principle for generalised motions.
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Proposition 4.7 (Inclusion principle for generalised motions). Let E0⊂F0 be two
initial compact sets, and let t 7→E(t) and t 7→F(t) be the corresponding generalised
motions in the sense of Definition 4.4. Then E(t)⊂ F(t) for all t ∈ [0,+∞). If in ad-
dition dist(E0,Fc

0 ) =: ∆ > 0, then dist(E(t),F(t)c)≥ ∆ for all t ∈ [0,+∞) (with the
convention that the distance from the empty set is infinite). An analogous statement
holds also for the open generalised motions t 7→ Eo(t) and t 7→ F0(t).

Proof. We only deal with the generalised motions, the other case being analogous.
The first part of the statement follows straightforwardly from the definition of gen-
eralised motions and the parabolic comparison principle, after observing that if
E0 ⊂ F0, then −dist(·,E0)∨ (−1)≤−dist(·,F0)∨ (−1).

The second part of the statement follows from the comparison principle and the
translation invariance: indeed since F is autonomous (i.e. independent of the space
variable x) one immediately sees that for any τ ∈RN , t 7→ E(t)+τ is the generalised
motion starting from E0 + τ . Now, by assumption, for any τ ∈ RN with |τ| ≤ ∆

we have E0 + τ ⊂ F0 and thus, by the comparison principle, E(t)+ τ ⊂ F(t). The
conclusion follows. ut

We now focus on the case of generalised motions by mean curvature.

Remark 4.8 (Generalised motion by mean curvature of unbounded sets with com-
pact boundary). We start by remarking that when F = G, see (8), u is a viscosity
solution of the equation in (27) if and only −u is a viscosity solution of the same
equation. Thus, the existence/uniqueness result proved in Theorem 3.5 holds also if
one considers as admissible data functions u0 ∈C0(R) such that

u0 ≤ c0 in RN and u0(x) = c0 if |x| ≥ R (34)

for some c0 ∈ R and R > 0. In turn, one can build a well-defined generalised mo-
tion by mean curvature starting from an unbounded closed set E0 with compact
boundary by adapting Definition 4.4: choose any function u0 satisfying (34) such
that E0 = {u0 ≥ 0} and int(E0) = {u0 > 0} (for instance u0 =−sdE0 ∧1), consider
the corresponding level set flow; i.e., the unique viscosity solution of (27) and de-
fine as GMCM (open GMCM) starting from E0 the flow t 7→ E(t) := {u(·, t) ≥ 0}
(Eo(t) := {u(·, t) > 0}). Clearly the inclusion principle established in Proposi-
tion 4.7 holds also in this case.

We can now establish the avoidance principle for generalised mean curvature mo-
tions.

Proposition 4.9 (Avoidance principle for generalised mean curvature motions).
Let E0,F0 be closed sets with compact boundary such that dist(E0,F0) = ∆ > 0. Let
t 7→ E(t) and t 7→ F(t) be the GMCM starting from E0 and F0, respectively. Then,
dist(E(t),F(t))≥ ∆ for all t ∈ [0,+∞).

Proof. Let us consider only the case where both E0 and F0 are bounded. By as-
sumption, for any τ ∈ RN with |τ| < ∆ we have that E0 + τ and F0 have posi-
tive distance. In particular, we may find ε ∈ (0,1) small enough such that, setting
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u0 = (−dist(·,E0 + τ)+ ε)∨ (−1) and v0 = dist(·,RN \F0), we have u0 ≤−v0. Let
u, v be the level set flows corresponding to u0,v0 respectively. Recalling that also
−v solves the equation in (27), the parabolic comparison principle yields u ≤ −v.
Denote by Eε/2(·) the GMCM starting from E0,ε/2 := {x ∈ RN : dist(x,E0)≤ ε/2}
and observe that {u(·, t)≥ ε/2}= Eε/2(t)+ τ .

In turn, the inclusion principle implies that

E(t)+ τ ⊂ Eε/2(t)+ τ = {u(·, t)≥ ε/2} ⊂ {u(·, t)> 0}
⊂ {−v(·, t)> 0}= RN \{v(·, t)≥ 0}= RN \F(t) ,

whence the conclusion follows. ut

Remark 4.10. If E0, F0 are closed sets with compact boundaries and E0 ⊂ RN \F0,
then arguing as before (with ε = 0 and τ = 0), we deduce that Eo(t)⊂RN \F(t) for
all t > 0, where we recall Eo(t) is the open GMCM starting from E0.

So far we have considered for simplicity initial sets with compact boundary, how-
ever it is possible to define a well defined generalised motion also for arbitrary
unbounded closed initial sets. We don’t pursue this in these notes and we refer the
reader for instance to [69, 57].

4.1 Distance functions and smooth mean curvature flows

In order to study the consistency between smooth mean curvature flows and gen-
eralised mean curvature motions, we need to collect some fact about the properties
of the so-called signed distance function. These properties are well-known, and we
refer for all the details to [45]. Given a set E ⊂ RN , we denote by sdE the signed
distance function from ∂E defined as

sdE(x) := dist(x,E)−dist(x,RN \E) (35)

(a) The function sdE is differentiable at y ∈ RN \ ∂E if and only if y has a unique
projection on ∂E, that is if and only if there exists a unique point x ∈ ∂E such

that |x− y|= dist(y,∂E) = |sdE(y)|. In this case, ∇sdE(y) =
y− x

sdE(y)
.

(b) If E is a bounded open set of calls Ck, k ≥ 2, then there exists a tubular neigh-
borhood of ∂E of the form

Uσ := {y ∈ RN : |sdE(y)|< σ |}

such that sdE ∈ Ck(Uσ ). The width σ of such a neighbourhood depends only
on the C2-bounds of ∂E. In the following items, we assume that E is a bounded
open set of class at least Ck, k ≥ 2.

(c) We have ∇sdE = νE on ∂E, with νE denoting the outer unit normal to E. Thus,
∇2sdE = ∇νE represents the second fundamental form of ∂E. By the Spectral
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Theorem, for every y ∈Uσ we can write

∇
2sdE(y) =

N

∑
i=1

ki(y)zi(y)⊗ zi(y) , (36)

where {ki(y)}i=1,...,N are the eigenvalues of ∇2sdE(y) and {zi(y)}i=1,...,N an or-
thonormal basis of eigenvectors.

(d) Differentiating the identity |∇sdE |2 = 1 we get

∇
2sdE∇sdE = 0 in Uσ (37)

and thus 0 is always an eigenvalue of ∇2sdE , with ∇sdE a corresponding eigen-
vector. Hence, in (36) we can take kN(y) = 0 (and zN(y) = ∇sdE(y)). In particu-
lar, if y ∈ ∂E, then {ki(y)}i=1,...,N−1 are the principal curvatures of ∂E at y and
{zi(y)}i=1,...,N−1 the corresponding principal tangent directions (forming an or-
thonormal basis of the tangent space Ty∂E to ∂E at y). Moreover, differentiating
identity (37) we obtain

∇
3sdE∇sdE +(∇2sdE)

2 = 0 in Uσ . (38)

(e) Fix x ∈ ∂E and for |s|< σ set

D(s) := ∇
2sdE(x+ sνE(x)) .

Then, using the fact that νE(x) = ∇sdE(x) = ∇sdE(x+ sνE(x)), we have

D′(s) = ∇
3sdE(x+ sνE(x))νE(x)

= ∇
3sdE(x+ sνE(x))∇sdE(x+ sνE(x)) =−D2(s) , (39)

where the last equality follows from (38) and the definition of D(s). Recall that
by (c) and (d), D(0) = ∑

N−1
i=1 ki(x)zi(x)⊗ zi(x) and thus, the solution of the ODE

(39) with the given initial condition, can be written as D(s) = ∑
N−1
i=1 δi(s)zi(x)⊗

zi(x), with δi the solution of{
δ ′i =−δ 2

i in (−σ ,σ) ,

δi(0) = ki(x) .
(40)

The explicit solution of (40) is given by δi(s) =
ki(x)

1+ ski(x)
. In other words, for

y = x+ sνE(x), |s| < σ , denoting by πE the orthogonal projection on ∂E, we
have
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∇
2sdE(y) =

N−1

∑
i=1

ki(x)
1+ ski(x)

zi(x)⊗ zi(x)

=
N−1

∑
i=1

ki(πE(y))
1+ sdE(y)ki(πE(y))

zi(πE(y))⊗ zi(πE(y))

(41)

and thus, with the notation of (c),

ki(y) =
ki(πE(y))

1+ sdE(y)ki(πE(y))
and zi(y) = zi(πE(y)) (42)

for i = 1, . . . ,N−1 and y ∈Uσ .
(f) (distance functions and smooth flows of sets) Assume now that t 7→ E(t),

t ∈ [0,T ], is a smooth flow of compact sets; that is, E(t) = Φ(G, t), with the
reference set G given by the closure of a smooth bounded open set and with
(Φ(·, t))t∈[0,T ] a smooth (in space-time) one-parameter family of diffeomor-
phisms. Set

sd(·, t) := sdE(t) .

Then, by the previous facts we can find σ > 0 such that sd is smooth in cl
(
Ũσ

)
,

where
Ũσ := {(y, t) ∈ RN× [0,T ] : |sd(y, t)|< σ} . (43)

Note that ∂E(t) = Φ(∂G, t) and thus sd(Φ(x, t), t) = 0 for all x ∈ ∂G and for
all t ∈ [0,T ]. Differentiating the identity with respect to t, we get

∂ sd
∂ t

(y, t)+∇sd(y, t) · ∂Φ

∂ t
(Φ−1(y, t), t) = 0 for y ∈ ∂E(t) .

Since ∇sd(y, t) = νE(t)(y), the quantity ∇sd(y, t) · ∂Φ

∂ t (Φ
−1(y, t), t) represents in

fact the outer normal velocity Vt of the evolving boundary ∂E(t). We deduce
from the above identity

Vt =−
∂ sd
∂ t

on ∂E(t) , for all t ∈ [0,T ]. (44)

Finally, for t ∈ [0,T ], x ∈ ∂E(t), and |s| < σ , using again that νE(t)(x) =
∇sd(x, t) = ∇sdE(x+ sνE(x), t), we have

∂

∂ s

(
∂ sd
∂ t

(
x+ sνE(t)(x), t

))
=

∂∇sd
∂ t

(
x+ sνE(t)(x), t

)
·νE(t)(x)

=
∂∇sd

∂ t

(
x+ s∇sd(x, t), t

)
·∇sd(x+ s∇sd(x, t), t) = 0 ,

where the last equality follows by differentiating with respect to t the identity
|∇sdE |2 = 1. Recalling also (44), we conclude that
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∂ sd
∂ t

(
x+ sνE(t)(x), t

)
=

∂ sd
∂ t

(x, t) =−Vt(x)

for x ∈ ∂E(t) , t ∈ [0,T ] , and |s|< σ . (45)

(g) (distance functions and smooth mean curvature flows) Let t 7→ E(t), t ∈ [0,T ],
be a smooth mean curvature motion (SMCM); i.e., a smooth flow of compact
sets (see item (f)) evolving according to the law

Vt =−HE(t) on ∂E(t) ,

with Vt denoting the outer normal velocity of the evolving boundary at time
t, and HE(t) = trace∇2sdE(t) = ∆sdE(t) the sum of the principal curvatures of
∂E(t). Let sd and Ũσ be as in item (f). Then, for any (y, t) ∈ Ũσ , denoting
by {ki(·, t)}i=1,...,N−1 the eigenvalues of ∇2sd(·, t) = ∇2sdE(t) associated to the
eigenvectors orthogonal to ∇sd, we have

∂ sd
∂ t

(y, t)
(45)
=

∂ sd
∂ t

(πE(t)(y))
(44)
= −Vt(πE(t)(y)) = HE(t)(πE(t)(y))

=
N−1

∑
i=1

ki(πE(t)(y), t)
(42)
=

N−1

∑
i=1

ki(y, t)
1− sd(y, t)ki(y, t)

.

(46)

Thus, we have shown that a smooth flow of sets is a mean curvature flow if and
only if the PDE (46) is satisfied in a suitable tubular neighbourhood Ũσ .
We remark that in [49] the authors derive and use the same PDE to establish
short-time existence of smooth mean curvature flows starting from smooth ini-
tial data.

(h) (smooth mean curvature flows and heat equation) Let Let t 7→ E(t), t ∈ [0,T ],
be a SMCM. Then, by (46) (and recalling (37)) we have

∂ sd
∂ t

=
N−1

∑
i=1

ki

1− sdki
≥

N−1

∑
i=1

ki = ∆sd in {sd > 0}∩Ũσ ,

∂ sd
∂ t

=
N−1

∑
i=1

ki

1− sdki
≤

N−1

∑
i=1

ki = ∆sd in {sd < 0}∩Ũσ .

Hence, the differential inequalities

∂ sd
∂ t
≥ ∆sd = |∇sd|div

(
∇sd
|∇sd|

)
in {sd > 0}∩Ũσ ,

∂ sd
∂ t
≤ ∆sd = |∇sd|div

(
∇sd
|∇sd|

)
in {sd < 0}∩Ũσ

(47)

characterise smooth mean curvature flows. The geometric interpretation is that
the positive level sets of the distance function from a SMCM move with a speed
which larger than their mean curvature, while the opposite occurs at the negative
level sets. We note that in [13] the authors used this sub- and super-solution
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property of the signed distance function to characterise GMCM in terms of the
inequalities (47), interpreted in a viscosity sense (see also [77]).

4.2 Weak-strong uniquenss for mean curvature flows

In this section we show the consistency between generalised motions by mean cur-
vature (GMCM) and smooth mean curvature motions (SMCM). Roughly speaking,
we show that GMCM and SMCM starting from a smooth initial set agree as long as
the latter exist. This result was first established in [48]. For the precise definition of
SMCM (of compact sets) we refer to Section 4.1 (see also Section 1).

Theorem 4.11 (Weak-strong uniqueness for mean curvature flows). Let t 7→
F(t), t ∈ [0,T ], be a SMCM and let t 7→ E(t) (t 7→ Eo(t)), t ∈ [0,+∞), the GMCM
(open GMCM) starting from F(0). Then

E(t) = F(t) and Eo(t) = int
(
F(t)

)
for all t ∈ [0,T ] .

Proof. As in Section 4.1, let us set sd(·, t) := sdF(t) for all t ∈ [0,T ]. For the same
t’s we also denote d(·, t) := dist(·,F(t)) = sd+(·, t). We fix σ > 0 such that (with
the same notation of item (f) of the previous section) sd is smooth in cl

(
Ũσ

)
. We

also set
Ũ+

σ = Ũσ ∩
{

sd > 0
}
.

Note, for later use, that d2 is of class C1 in Ũσ ∪{d = 0}= Ũ+
σ ∪{sd≤ 0}. Clearly,

∂d2

∂ t
= 0 and ∇d2 = 0 in {sd≤ 0} . (48)

We now split the proof into three steps.

Step 1. In this step we show that d is a VSP in RN× (0,T ) for the level set equation
in (7).

We start by noticing that by (47) we have

∂d2

∂ t
=

∂ sd2

∂ t
= 2sd

∂ sd
∂ t
≥ 2sd∆sd = |∇sd2|div

(
∇sd2

|∇sd2|

)
= |∇d2|div

(
∇d2

|∇d2|

)
in Ũ+

σ , that is d2 is a classical (and thus also viscosity) supersolution of the level
set equation in Ũ+

σ . Assume now that d2−ϕ , ϕ ∈C2, has a local minimum at some

(y0, t0) ∈ {sd ≤ 0}. Then by (48),
∂ϕ

∂ t
(y0, t0) = 0 and ∇ϕ(y0, t0) = 0, and thus we

may assume also that ∇2ϕ(y0, t0) = 0. In particular, ϕ satisfies the supersolution
inequality (in fact with the equality) also in this case. All together, we have shown
that d2 is a VSP of the level set equation in Ũσ ∪{d = 0}.

By (a local version of) Lemma 4.1 (choosing θ(t) =
√

t) we deduce that d is a
VSP in the same space-time set.



34 Massimiliano Morini

Assume now that d − ϕ , ϕ ∈ C2, has a local minimum at some (y0, t0) ∈
RN× (0,T ), with sd(y0, t0) = d(y0, t0)≥ σ . Let y′0 ∈ ∂F(t0) be such that d(y0, t0) =
|y0− y′0| and denote ψ(y, t) := ϕ(y+ y0− y′0, t). Note that for |t − t0| and |y− y′0|
sufficiently small we have

d(y, t)−ψ(y, t)≥ d(y+ y0− y′0, t)−ϕ(y+ y0− y′0, t)−|y0− y′0|
≥ d(y0, t0)−ϕ(y0, t0)−|y0− y′0|
=−ϕ(y0, t0) = d(y′0, t0)−ψ(y′0, t0) ,

where in the first inequality we used the 1-Lipschitz space-continuity of d, while
in the second the local minimality assumption on d−ϕ at (y0, t0). Hence, we have
shown that (y′0, t0) is a local minimum for d−ψ . Since (y′0, t0) ∈ Ũσ and taking into
account that d is a VSP in such a set, we may conclude that(

∂ψ

∂ t
−|∇ψ|div

(
∇ψ

|∇ψ|

))
(y′0, t0)≥ 0 ,

which is equivalent to the same inequality satisfied by ϕ at (y0, t0). This establishes
the claim of Step 1.

Step 2. In this step we show that the function

d̃(x, t) =
(
e−Ctd(x, t)

)
∧σ

′ (49)

is a VSB of the level set equation in RN × (0,T ), for C > 0 sufficiently large and
σ ′ ∈ (0,σ) to be chosen.

Let us first show that d̄ := e−Ctd is a classical (and thus viscosity) subsolution in
Ũ+

σ for C > 0 sufficiently large (and for a possibly smaller σ ). Indeed, using (46),
in Ũ+

σ we have

∂d
∂ t
−|∇d|div

(
∇d
|∇d|

)
= e−Ct

(
−Cd +

∂d
∂ t
−∆d

)
= e−Ct

(
−Cd +

N−1

∑
i=1

ki

1−dki
−

N−1

∑
i=1

ki

)
= e−Ctd

(
−C+

N−1

∑
i=1

k2
i

1−dki

)
< 0 ,

where the last inequality follows from C > 0 sufficiently large since the quantity
N−1

∑
i=1

k2
i

1−dki
is bounded in Ũσ (for σ smaller if needed). Observe now that if a C2-

function ϕ touches d̄ from above at point (y0, t0) ∈ Ũσ ∪{d = 0}, then necessarily
sd(y0, t0) 6= 0. If sd(y0, t0) < 0, we may argue as in the previous step to conclude
∂ϕ

∂ t
(y0, t0) = 0 and ∇ϕ(y0, t0) = 0 (and thus, w.l.o.g., ∇2ϕ(y0, t0) = 0), so that the
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subsolution inequality (in fact with the equality) is satisfied. All together, we have
shown that d̄ is in fact a VSB in Ũσ ∪{d = 0}.

Choose now σ ′ := (e−CT σ)/2. By geometricity (apply Lemma 4.1 with θ(t) =
t ∧σ ′) we also have that the function d̃ defined in (49) is a VSB in Ũσ ∪{d = 0}.
Assume now that d̃−ϕ , ϕ of class C2, has a local maximum at some (y0, t0)∈RN×
(0,T ) such that sd(y0, t0) = d(y0, t0)≥ σ . But then e−Ct0d(y0, t0)≥ e−CT σ > σ ′ and
thus d̃ ≡ σ ′ in a space-time neighbourhood of (y0, t0). In turn, by the local minimal-
ity of d̃−ϕ at (y0, t0), we deduce ∇ϕ(y0, t0) = 0 (and thus, w.l.o.g., ∇2ϕ(y0, t0) = 0)

and
∂ϕ

∂ t
(y0, t0) = 0, which implies the subsolution inequality also in this case. The

claim of Step 2 is proven.

Step 3. We may now conclude the proof of the theorem. Choose

u0 :=−dist(·,F(0))∨ (−σ
′)

and let u be the corresponding level set flow, so that E(t) = {u(·, t) ≥ 0} (Eo(t) =
{u(·, t)> 0}). Note that, in particular, u0 =−d(·,0)∨(−σ ′) =−d̃(·,0). By the Step
1, d is a VSP and thus −d is a VSB. By the geometricity Lemma 4.1 we have that
also −d ∨ (−σ ′) is a VSB. Analogously, by Step 2 it follows that −d̃ is a VSP.
Hence, by the Parabolic Comparison Theorem 2.10 we conclude that−d∨(−σ ′)≤
u≤−d̃ in RN× (0,T ) and, in turn,

F(t) = {−d(·, t)∨ (−σ
′)≥ 0} ⊂ {u(·, t)≥ 0}= E(t)⊂ {−d̃(·, t)≥ 0}= F(t)

for all t ∈ [0,T ). The equality extends also to t = T by a continuity argument.
In order to prove the statement regarding Eo(t) and int

(
F(t)

)
, we proceed as

before with d̂(·, t) := dist(·,RN \F(t)). Arguing as in Steps 1 and 2 one shows that
d̂ and ˆ̂d(x, t) :=

(
e−Ct d̂(x, t)

)
∧σ ′ are respectively a VSP and a VSB in RN× (0,T )

for suitable C,σ ′ > 0. Choose now u0 := dist(·,RN \F(0))∧σ ′ and let u be the
corresponding level set flow. Then, u0 = d̂(·,0)∧σ ′ = ˆ̂d(·,0) and thus by parabolic
comparison ˆ̂d ≤ u ≤ d̂ ∧σ ′ in RN × (0,T ) and in turn int

(
F(t)

)
= { ˆ̂d(·, t) > 0} ⊆

Eo(t) = {u(·, t) > 0} ⊆ {d̂(·, t)∧σ ′ > 0} = int
(
F(t)

)
for all t ∈ (0,T ). Again a

continuity arguments allows one to extend the equality also to t = T . ut

Remark 4.12. Note that by combining Theorem 4.11 with Propositions 4.7 and 4.9
we have a proof of the inclusion/avoidance principle also for smooth mean curvature
flows.

Remark 4.13 (Extinction in finite time). Recall that the mean curvature flow starting

from a ball Bλ0 in RN is explicitly given by t 7→Bλ (t), with λ (t) :=
√

λ 2
0 −2(N−1)t

and thus it extinguishes in the finite time T ∗(λ0) =
λ 2

0
2(N−1) . Therefore, if E0 is a

compact set, then by the inclusion principle (using as a barrier the evolution starting
from a ball containing E0) we deduce that the GMCM t 7→ E(t) starting from E0
extinguishes in finite time. Symmetrically, if E0 is the complement of a bounded
set, we will have that E(t) = RN for t ≥ T ∗, for a suitable T ∗ ≥ 0.



36 Massimiliano Morini

4.3 The fattening phenomenon

We start by clarifying when the fattening phenomen does not occur.

Definition 4.14. Let E0 be an initial set with compact boundary. We say that E0 is
non-fattening if the corresponding generalised and open generalised motions t 7→
E(t) and t 7→ Eo(t) (in the sense of Definition 4.4) differ by a set with empty space-
time interior; that is,

int
(
{(x, t) ∈ RN× [0,+∞) : x ∈ E(t)\Eo(t)}

)
= /0 . (50)

where the interior is meant with respect to the space-time RN× [0,+∞). We will say
that E0 is strongly non-fattening if the generalised motion is the space-time closure
of the open generalised motion; i.e.,

cl
(
{(x, t) ∈RN× [0,+∞) : x ∈ Eo(t)}

)
= {(x, t) ∈RN× [0,+∞) : x ∈ E(t)} , (51)

where again the closure is relative to RN× [0,+∞).

Remark 4.15. Clearly, condition (51) is stronger than (50). Let u0 be any admissible
initial datum (in the sense of Definition 3.3, see also Remark 4.8) such that E0 =
{u0 ≥ 0}, and let u the corresponding level set flow, solution of (27). Then condition
(50) is equivalent to

int
(
{(x, t) ∈ RN× [0,+∞) : u(x, t) = 0}

)
= /0 , (52)

while condition (51) is equivalent to

cl
(
{(x, t) ∈ RN× [0,+∞) : u(x, t)> 0}

)
= {(x, t) ∈ RN× [0,+∞) : u(x, t)≥ 0} .

Finally, we remark that in the case of generalised GMCM (see Definition 4.4), one
can show that condition (50) is equivalent the fact that E(t) \Eo(t) has empty in-
terior for all t ∈ [0,+∞). Indeed if for some t ∈ [0,+∞) there is a (nondegenerate)
ball B⊂ E(t)\Eo(t), then by the comparison and the avoidance principles the mean
curvature motion τ 7→ B(τ) of B will be contained in E(t + τ) \Eo(t + τ) for all
τ ∈ [0,τ∗), with τ∗ being the extinction time of B(·). This clearly produces a non-
empty interior in space-time. We leave the details to the reader.

When fattening occurs; that is, when

int
(
{(x, t) ∈ RN× [0,+∞) : u(x, t) = 0}

)
6= /0

there is an intrinsic loss of uniqueness, as the generalised and the open generalised
motions differ by a set with non-empty interior.

A typical example of fattening in the plane for the GMCM is obtained by taking
as initial set E0 the union of two closed tangent disk: E0 := D1(1,0)∪D1(−1,0),
where Dr(x1,x2) stands for the open disk centered at (x1,x2). Note that, choosing
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{u(·, t)> 0}{u(·, t)> 0}

{u(·, t) = 0}

t > 0t = 0

{u0 ≥ s}, s > 0 {u0 ≥ s}, s < 0

Fig. 7 On the left the initial set. On the right, the generalised motion (in blue) and the open gener-
alised motion (in purple) at small positive times.

u0 := −sdE0 ∨ (−1), for any s ∈ (0,1) the set {u0 ≥ s} is the union of two sym-
metric disjoint disks (still centered at (1,0) ane (−1,0), respectively). Thus, by
the consistency with classical flows proved in Section 4.2, the generalised motion
t 7→ {u(·, t) ≥ s} is given by selfsimilarly shrinking disks. We infer that the open
generalised motion {u > 0} =

⋃
s∈(0,1)

{u ≥ s} is given by the two disks shrinking

independently according to the classical MCF. Let us now deal with negative levels
s ∈ (−1,0). We may consider a barrier t 7→ B(t) as depicted in Figure 8. It can be

B0 B(t)

{u(t, ·)≥ s}, s ∈ (−1,0)

{u0 ≥ s}, s ∈ (−1,0)

Fig. 8 The barrier t 7→ B(t).

shown that the curve describing the boundary of B(t) becomes instantly a non self-
intersecting dumbbell-shaped figure, as in depicted in the lower part of Figure 8. By
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the comparison principle the flow t 7→ B(t) constitutes a barrier for t 7→ {u(·, t)≥ s}
for all s ∈ (−1,0) and thus

B(t)⊂
⋂

s∈(−1,0)

{u(·, t)≥ s}= {u(·, t)≥ 0} .

In particular, for t > 0 (small) the intersection of the neck of B(t) with {u(·, t) = 0}
has nonempty interior, thus fattening occurs.

However, it can be shown that fattening generically does not occur, in the sense
made precise by the following proposition.

Proposition 4.16. Let u0 be an admissible initial function (in the sense of Defini-
tion 3.3 and Remark 4.8). Then for all but countably many λ ∈R the superlevel sets
{u0 ≥ λ} are strongly non-fattening.

In order to prove the theorem we recall that a sequence of closed sets (En)n≥1 in Rm

converges to a closed set E in the Kuratowki sense if the following conditions are
satisfied:

(i) if xn ∈ En for each n, any cluster point of (xn)n≥1 belongs to E;
(ii)any x ∈ E is the limit of a sequence (xn)n≥1, with xn ∈ En for each n.

We write in this case:
En

K−→ E .

It is easily checked that En
K−→ E if and only if dist(·,En)→ dist(·,E) locally uni-

formly in Rm. In particular, Ascoli-Arzelà Theorem shows that any sequence of
closed sets admits a converging subsequence in the Kuratowski sense. We finally
mention that if the sets En are equibounded, then En

K−→ E if and only if En→ E in
Hausdorff sense; i,e, distH(En,E)→ 0, with distH denoting the Hausdorff distance
defined as

distH(E,F) := inf{ρ > 0 : E ⊂ F +Bρ and F ⊂ E +Bρ}

for any pair E,F of compact sets.

Proof (Proof of Proposition 4.16). For λ ∈ R set Kλ := {(x, t) ∈ RN × [0,+∞) :
u(x, t) ≥ λ}. Since for any (x, t) the map λ 7→ dist((x, t),Kλ ) is monotone non-
decreasing (here dist denotes the Euclidean distance in RN × [0,+∞)) and since
dist(·,Kλ ) is (Lipschitz) continuous, we easily deduce the existence of a countable
set N ⊂ R such that for all λ0 ∈ R\N the map λ 7→ dist((x, t),Kλ ) is continuous at
λ0 for all (x, t) ∈ RN× [0,+∞). In turn, by equi-Lipschitz continuity, it follows that

dist(·,Kλ )→ dist(·,Kλ0) locally uniformly in RN× [0,+∞), or equivalently, Kλ

K−→
Kλ0 as λ → λ0. In particular, by taking λn↘ λ0 and using that Kλn ⊂ {u > λ0} for
all n, we deduce cl

(
{(x, t) : u(x, t)> λ0}

)
= {(x, t) : u(x, t)≥ λ0}, as claimed. ut

The problem of finding necessary and sufficient conditions for an inital compact set
E0 to be non-fattening is to the best of my knowledge still open. The example of the
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two tangent disks discussed before could lead one into thinking that occurrence of
fattening is linked to the presence of singularities in the initial set. However, this is
not true, as it is known that even smooth initial sets can develop fattening at some
positive time, see for instance [10]. We conclude this section by showing that if E0
is strictly star-shaped, then it is strongly non-fattening. To this aim, we will say that
a compact set E0 is strictly star-shaped if there exist x0 ∈ E0 such that

x0 +λ (E0− x0)⊂⊂ E0 for all λ ∈ (0,1) , (53)

where by A⊂⊂ B we mean that A has positive distance from the complement of B.

Proposition 4.17 (Strictly star-shaped sets are non-fattening). In addition to con-
ditions A)–E) of Section 3 assume also that the Hamiltonian F satisfies

F(p,λM) = λF(p,M) for all (p,M) ∈ RN \{0}×MN×N
sym and λ > 0 . (54)

Let E0 be a compact set satisfying (53). Then E0 is strictly non-fattening (in the
sense of Definition 4.14).

Remark 4.18. Note that condition (54) is satisfied when F is the Hamiltonian (8)
of the mean curvature flow. Thus, strictly star-shaped sets are non-fattening for
GMCM.

Proof (Proof of Proposition 4.17). Without loss of generality we may assume that
x0 = 0. Denote as usual by t 7→ E(t) and t 7→ Eo(t) the generalised and the open gen-
eralised motion starting from E0, respectively. Let us consider the cone-like initial
function

u0(x) :=−min{λ ≥ 0 : x ∈ λE0} ,

which is well defined thanks to (53), and note that by construction u0 is positive
one-homogeneous and

{u0 ≥−λ}= λE0 for all λ > 0 .

Let u be the corresponding level set flow, that, is the unique viscosity solution of
(27). Now, using condition (54), one can easily check that for any λ > 0 the function

(x, t) 7→ λu
( x

λ
,

t
λ 2

)
is also a viscosity solution of the equation in (27), corresponding to the initial con-
dition λu0

( ·
λ

)
= u0. Thus, by uniqueness we have

λu
( x

λ
,

t
λ 2

)
= u(x, t)

for all λ > 0 and (x, t) ∈ RN× [0,+∞). In turn, for all t,λ > 0 we have

{u(·, t)≥−λ}=
{

λu
( ·

λ
,

t
λ 2

)
≥−λ

}
= λ

{
u
(
·, t

λ 2

)
≥−1

}
= λE

( t
λ 2

)
(55)
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Fig. 9 The initial function u0. The blue dotted lines indicate the superlevel sets, which coincide
with the family of dilates of E0.

and, analogously,

{u(·, t)>−λ}= λEo
( t

λ 2

)
. (56)

Recall that by Proposition 4.16 for all but countably many λ ’s, {u0 ≥ −λ} = λE0
is strongly non-fattening. Pick any such λ > 0. Then, by (55) and (56) we deduce
that also E0 is strongly non-fattening. ut

Remark 4.19. In the case of GMCM another condition guaranteeing non-fattening
is the so-called mean convexity. We recall that a smooth compact set E0 is strictly
mean convex if HE0 > 0 on ∂E0. In [48] it is shown that any such E0 is non-fattening.
For further discussions on the fattening phenomenon one may refer for instance (but
the list is far from being exaustive) to [13, 18, 67, 15, 52].

5 The level-by-level minimising movements scheme for MCM

In this section we introduce and study the minimising movements approximation
of the mean curvature flow proposed in [3] and [71] (see also [4] for a general
introduction to minimising movements). It relies on the gradient flow structure of
the motion (see Section 1) and can be seen as a geometric version of the Euler
implicit time discretisation algorithm.

In order to give the precise definition of the scheme, we recall some basic def-
initions and some notation regarding sets of finite perimeter. We denote by M the
collection of all Lebesgue measurable sets of RN and for any F ∈M we denote by
|F | its Lebesgue measure. Moreover, for definiteness in what follows we will always
identify any set F ∈M with the precise representative F(1) given by its points of
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density one; that is,

F(1) :=
{

x ∈ RN : lim
r→0+

|Br(x)∩F |
|Br(x)|

= 1
}
.

It is well known that |F(1)∆F | = 0, see for instance [47]. Moreover, we let P(F)
denote the perimeter of F in the sense of Caccioppoli and De Giorgi defined as

P(F) := sup
{∫

F
divΦ : Φ ∈C1

c (RN ;RN), ‖ϕ‖∞ ≤ 1
}
.

It follows immediately from the definition that F 7→ P(F) is lower semicontinuous
with respect to the L1

loc convergence of sets (i.e., with respect to the L1
loc conver-

gence of the corresponding characteristic functions). We recall that P(F) coincides
with the (N−1)-dimensional Hausdorff measure HN−1(∂F) of ∂F whenever F is
sufficiently smooth (Lipschitz regularity is enough) and that for general sets F of
finite perimeter we have

P(F) =HN−1(∂ ∗F) (57)

for a suitable subset ∂ ∗F ⊂ ∂F , named the reduced boundary. For the properties
of the perimeter we refer the reader to [5, 72]. Here, we highlight two features that
are relevant for the analysis performed in this section. The first one is the following
submodularity property:

P(A∪B)+P(A∩B)≤ P(A)+P(B) for all A,B ∈M . (58)

The second property we will be using is the following version of the so-called
coarea formula:

|Du|(RN) =
∫
R

P({u≥ t})dt for all v ∈ L1
loc(RN), (59)

where the (possibly infinite) quantity |Du|(RN) stands for the total variation of u
and it is given by

|Du|(RN) := sup
{∫

RN
udivΦ : Φ ∈C1

c (RN ;RN), ‖ϕ‖∞ ≤ 1
}
.

We remark that u 7→ |Du|(RN) is a convex, lower semicontinuous with respect to
Lp-convergence and thus also with respect to the weak Lp-convergence.

We now recall the implicit-time discretisation algorithm for the mean curvature
flow studied in [3] and [71]: Let E0 be a bounded initial set and fix a time step h > 0.
We are going to define recursively a sequence of sets (En

h )n∈N∪{0}, the evolutes of E0
at the discrete times hn, each of them obtained by a minimising movement starting
from the previous set, obtained by solving a suitable incremental minimum problem.
More precisely, we define the sequence by induction setting E0

h = E0 and for n≥ 1
by letting En

h be any set such that
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En
h ∈ argmin

{
P(F) +

1
h

∫
F

sdEn−1
h

dx : F ∈M

}
, (60)

with sdEn−1
h

denoting the signed distance function from En−1
h (see (35)). Here we are

using the convention sd /0 =+∞ and
∫

/0+∞ = 0 so that if En−1
h = /0, then necessarily

En
h = /0.

Remark 5.1. Note that∫
F

sdEn−1
h

dx−
∫

En−1
h

sdEn−1
h

dx =
∫

En−1
h ∆F

dist(x,∂En−1
h )dx

so that the minimum problem in (60) is equivalent to

min
{

P(F) +
1
h

∫
En−1

h ∆F
dist(x,∂En−1

h )dx : F ∈M

}
, (61)

which is the way it is written in [3]. Note also that by computing the first variation
of the energy functional, one finds that any minimiser En

h of (60) satisfied the Euler-
Lagrange equation

1
h

sdEn−1
h

=−HEn
h on ∂

∗En
h . (62)

Interpreting the left-hand side as the discrete outer normal velocity of the evolving
boundary ∂En

h , (62) is clearly a discretisation of the mean curvature motion V =−H.

Having defined the sequence (En
h )n∈N∪{0}, we can now construct an approximate

evolution (Eh(t))t≥0 defined for all positive times simply by piecewise constant in-
terpolation:

Eh(t) := E
[ t

h ]

h for t ≥ 0 ,

with [·] denoting the integer part of its argument. Note that in each recursive min-
imisation (60) there might be a loss of uniqueness and therefore a certain degree of
arbitrariness in the choice of En

h . We stress that in the algorithm proposed by [3],
when uniqueness is lacking, one can make any choice. We also anticipate that in
the following we will show that (60) admits a minimal and a maximal solution and
that, as a consequence, any discrete evolution (En

h )n∈N∪{0} as above is necessarily
squeezed between a minimal and a maximal discrete evolution of time-step h. We
now give the following important definition.

Definition 5.2 (Flat flows). Let E0 be a bounded initial set. For h > 0 let (Eh(t))t≥0
be the piecewise constant interpolation of any discrete evolution (En

h )n∈N∪{0} of
time-step h defined as above and denote by Êh the space-time closure of the corre-
sponding space-time trace; i.e.,

Êh := cl
(
{(x, t) ∈ RN× [0,+∞) : x ∈ Eh(t)}

)
,

where the closure is relative to RN × [0,+∞). Recall that by the compactess prop-
erties of the Kuratowski convergence (see Section 4.1) the family of closed sets
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(Êh)h≥0 admits cluster points with respect to the Kuratowski convergence in RN ×
[0,+∞) as h→ 0; that is, it admits subsequences {hk} such that

Êhk
K−→ Ê in the Kuratowski sense in RN× [0,+∞) . (63)

Any such cluster point Ê = (Ê(t))t≥0 is called a flat flow starting from E0.

Remark 5.3 (Comparison with the definition by Almgren-Taylor-Wang & Luckhaus-
Sturzenhecker). We note that the original definition of flat flows given in [3, 71] is
slightly different. In those papers it is shown that if E0 is of finite perimeter, then
the (piecewise constant interpolated) discrete evolutions Eh(·) are Hölder continu-
ous in time with respect to the L1-distance of sets5, with Hölder constant indepen-
dent of h. Moreover, the recursive minimisation procedure yields immediately that
P(Eh(t))≤ P(E0). Combining the two facts, one sees that (Eh(·))h≥0 admits cluster
points (Ẽ(t))t≥0 in the following sense: There exists a subsequence hk such that

|Ehk(·)∆ Ẽ(·)| → 0 locally uniformly in [0,+∞) . (64)

Any such cluster point (Ẽ(t))t≥0 is a flat flow in the sense of Almgren-Taylor-Wang
& Luckhaus-Sturzenhecker, [3, 71]. We remark however that our definition does not
require any perimeter bound and relies on the simple compactness property of the
Kuratowski convergence.

Finally let {hk} be a subsequence along which both (63) and (64) hold. Then,6

using the definition of Kuratowski convergence and the fact that (up to a further not
relabelled subsequence) χEhk

(t)→ χẼ(t) a.e., one can easily check that Ẽ(t) ⊂ Ê(t)
for all t ≥ 0.

5.1 The incremental problem

In this section we study the incremental problem

min
{

P(F) +
1
h

∫
F

sdE dx : F ∈M

}
, (65)

which will be used to set up the approximation scheme. Here h > 0 is fixed. The
main properties are stated in the following proposition. We warn the reader that in
the following statement and throughout the section inequalities between L1

loc func-
tions are always understood in a almost-everywhere sense.

Proposition 5.4. Let g bonded below be such that g≥M > 0 out of a compact set,
for some M > 0. Then, the problem

5 that is, the distance given by the measure of the symmetric difference
6 identifying as usual measurable sets with their points of density 1



44 Massimiliano Morini

min
F∈M

{
P(F)+

∫
F

gdx
}

(66)

admits a minimal and a maximal7 solution, denoted by E−g and E+
g , respectively,

which are bounded. Moreover, if g1,g2 are as above and satisfy g1 ≤ g2, then E±g2
⊂

E±g1
. If in addition g1 < g2 and Ei is any solution of (66), with gi in place of g for

i = 1,2, then E2 ⊂ E1.

Remark 5.5. Note that if infg≥ 0, then trivially E+
g = E−g = /0.

Proof (Proof of Lemma 5.4). By assumption there exist M > 0 and R > 0 such that

g≥M in RN \BR . (67)

We start by observing that the problem

min
v∈L∞(RN ;[0,1])

|Dv|(RN)+
∫
RN

v(x)g(x)dx (68)

admits a solution u. Indeed, if {un} is a minimizing sequence, by (67) and |un| ≤ 1
we easily infer that {un} is bounded in Lp(RN) for every p ≥ 1. Hence we may
extract a weakly converging subsequence and the weak lower semicontinuity of the
functional allows us to conclude.

Observe now that for every v ∈ L∞(RN ; [0,1]) by the coarea formula (59) and
Fubini’s theorem one has

|Dv|(RN)+
∫
RN

vgdx =
∫ 1

0

(
P({v≥ s}) +

∫
{v≥s}

gdx
)

ds , (69)

from which we easily deduce that for a.e. s ∈ [0,1], {u≥ s} is a solution to (66). Let
E be any solution of (66). Then, recalling (67),

0≥ P(E)+
∫

E
gdx≥M|E \BR|−

∫
RN

g− dx ,

and thus |E| ≤ 1
M‖g

−‖L1(RN) +ωNRN , where g− stands for the negative part of g
(note that the assumptions on g imply that g− ∈ L1(RN)).

Let now E1 and E2 be two solutions to (66). Then, again by (69), their character-
istic functions and in turn, by convexity, 1

2 (χE1 +χE2) are solutions to (68). In turn,
almost all the superlevel sets of w := 1

2 (χE1 +χE2) are solutions to (66) and thus,
in particular8, E1 ∩E2 and E1 ∪E2 are solutions. Hence, if {En} is a sequence of
solutions of (66) satisfying

|En| → m := inf{|E| : E is a solution of (66)} ,

7 with respect to the inclusion
8 observing that {w ≥ s} = χE1∪E2

for every s ∈ (0,1/2) and {w ≥ s} = χE1∩E2
for every

s ∈ (1/2,1)
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then, Fk :=∩k
n=1En is a decreasing sequence of solutions such that |Fk| →m. Setting

E := ∩∞
n=1En we have that Fk → E in L1, and so by semicontinuity it follows that

E :=∩∞
n=1En is a solution. Let us show that if F is any other solution, then |E \F |=

0. Indeed, by what observed before also E∩F is a solution and since E is a solution
with minimal measure it has to be |F ∩ E| = |E| = m. This shows that E is the
minimal solution E−g . The existence of the maximal solution E+

g can be proven
analogously.

The proof of the inclusion principle is based on the submodularity (58). We first
assume that g1 < g2. By minimality we compare the energy (66) (with g= g2) of any
solution E2 corresponding to g2 with the same energy evaluated at E1 ∩E2, where
E1 is any solution corresponding to g1:

P(E2)+
∫

E2

g2 dx≤ P(E1∩E2)+
∫

E1∩E2

g2 dx . (70)

Analogously, the minimality of E1 implies

P(E1)+
∫

E1

g1 dx≤ P(E1∪E2)+
∫

E1∪E2

g1 dx . (71)

Summing the two inequalities (70) and (71), and using the submodularity of P we
have

P(E1)+P(E2)+
∫

E1

g1 dx+
∫

E2

g2 dx

≤ P(E1∩E2)+P(E1∪E2)+
∫

E1∩E2

g2 dx+
∫

E1∪E2

g1 dx

≤ P(E1)+P(E2)+
∫

E1∩E2

g2 dx+
∫

E1∪E2

g1 dx ,

and thus, simplifying and rearranging,∫
E2\E1

g2 dx≤
∫

E2\E1

g1 dx .

Since g1 < g2, the latter inequality implies |E2 \E1| = 0. The general case follows
by a perturbation argument: For n ∈ N consider the minimal solution E−g2,n

, where
g2,n := g2+

1
n . Arguing as before, we deduce that E−g2,n

are increasing in n and E−g2,n
⊂

E−g1
. Therefore E−g2,n

→ G := ∪n∈NE−g2,n
in L1 as n→ ∞. By lower semicontinuity

it follows that G is a solution corresponding to g2, and thus E−g2
⊂ G ⊂ E−g1

. The
inclusion E+

g2
⊂ E+

g1
can be proven similarly.

In order to prove the boundedness of E+
g , assume by contradiction that there

exists a sequence of points {xn} ⊂ RN \BR of density one for E+
g such that |xn| →

+∞. By extracting a subsequence if needed we may assume |xi− x j|> 2R for i 6= j
and |xn|> 3R for all n ∈ N. Define
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g̃ :=

{
infg in B2R ,

M in RN \B2R ,
(72)

and note that by (67) we have g̃ ≤ g(·+ τ) for |τ| ≤ R. Hence, by the comparison
principle and by translation invariance,

E+
g + τ = E+

g(τ+·) ⊂ E+
g̃ for all τ ∈ RN s.t. |τ| ≤ R .

In particular, the disjoint balls {BR(xn)} are all contained (up to negligible sets) in
E+

g̃ . Therefore,

P(E+
g̃ )+

∫
E+

g̃

g̃dx≥ (infg)|B2R|+
∫
∪nBR(xn)

g̃dx

= (infg)|B2R|+M
∣∣∣⋃

n
BR(xn)

∣∣∣=+∞ ,

which is impossible. ut

Remark 5.6. We point out that in proving the existence of a solution to problem (66),
we deliberately avoided using the compactness properties for sequences of sets with
equibounded perimeters, choosing instead to resort to a more general argument that
applies to a broader class of generalized perimeters. In fact, the above result together
with its proof easily extend (with minor changes) to the problem

min
F∈M

{
J(F)+

∫
F

gdx
}
,

with J a generalised perimeter in the sense of [36], see Section 5.6 below.

Returning to the (65), by Proposition 5.4, applied with g = 1
h sdE , where E is any

compact set, it follows that the incremental problem (65) admits a bounded minimal
and a maximal solution that we will denote by T−h E and T+

h E, respectively. Note
that, using the conventions sd /0 ≡+∞ and

∫
/0+∞ = 0, we have

T±h /0 = /0 .

Recall that here and in the following, the sets E and T±h E are always identified
with the precise representative E(1) and (T±h E)(1) given by the respective points of
density 1.

By Proposition 5.4 the operators T±h satisfy the inclusion principle

E ⊂ E ′ =⇒ T±h E ⊂ T±h E ′ . (73)

In fact, taking into account translation invariance we have the following strength-
ened inclusion property:

Lemma 5.7. Let E,E ′ be compact set such that dist(E,RN \E ′) =: ∆ > 0. Then,
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dist
(
T±h E),RN \T±h E ′

)
≥ ∆ .

Proof. By Proposition 5.4 and by translation invariance, for every z ∈ B∆ we have
T±h E + z = T±h (E + z)⊆ T±h E ′, whence the conclusion easily follows. ut

Next we analyse the incremental problem in the case where E is any ball Bλ ,
showing that T±h Bλ is a (possibly degenerate) concentric smaller ball.

Lemma 5.8. For any λ > 0, there exists Rh(λ )≥ 0 such that T±h Bλ = BRh(λ )
9, with

Rh(λ ) ∈ [0,λ ). Moreover, for every δ > 0 there exists h0(δ )> 0 such that for

Rh(λ ) =
λ +

√
λ 2−4(N−1)h

2
for 0 < h≤ h0(δ ) and λ ≥ δ . (74)

Proof. We prove the statement only for T+
h Bλ , the other case being exactly the

same. To simplify the notation, throughout the proof we will write ThBλ in place of
T+

h Bλ .

Step 1. We show that, for every λ > 0, the set ThBλ is a (possibly empty) ball, i.e.
ThBλ = BRh(λ ) for some Rh(λ )≥ 0. Indeed, let λ > 0 be fixed. First of all note that,
by uniqueness and by rotation invariance of the energy, the maximal solution ThBλ

is radial. Moreover, one can see that replacing ThBλ by ThBλ ∩Bλ the functional
decreases unless ThBλ ⊂ Bλ . Therefore, by minimality the latter holds.

Finally, let R≥ 0 be the smallest radius such that ThBλ ⊂ BR. Replacing ThBλ by
BR, one can see that the energy does not increase, and therefore ThBλ = BR.

Step 2. We show (74). Let δ > 0 be fixed. First of all, we observe that there exists
h0 = h0(δ )> 0 such that BRh0 (λ )

6= /0 for every h < h0 and λ ≥ δ . Indeed,

P(Bδ/2)+
1
h

∫
Bδ/2

sdBλ
dx≤ P(Bδ/2)+

1
h

∫
Bδ/2

(|x|−δ )dx < 0,

for h sufficiently small. For all such h, specifying the energy functional along balls,
the function

f (r) = P(Br)+
1
h

∫
Br

(|x|−λ )dx r ≥ 0 ,

is minimised at the positve value Rh(λ ). A direct computation of f ′(r) and the study
of its sign, after a tedious but straightforward calculation, leads to (74). ut

Note that from the (omitted) computation in Step 2 of the previous proof (or
directly from (74)), we have

Rh(λ ) = λ − N−1
Rh(λ )

·h for 0 < h≤ h0(δ ) and λ ≥ δ . (75)

Thus,

9 with the convention that B0 = /0
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Rh(λ )≥ λ − N−1
Rh0(δ )(δ )

·h =: λ − c0(δ )h for 0 < h≤ h0(δ ) and λ ≥ δ , (76)

where we have used that Rh(λ )≥ Rh0(δ )(λ )≥ Rh0(δ )(δ ).
We conclude this section by extending the operators T±h also to unbounded closed

set with compact boundary: For every E ⊆ RN such that RN \E is bounded we set

T±h E := RN \T∓h (RN \E). (77)

Notice in particular that
T±h RN = RN . (78)

It immediately follows from (77) and (73) that

E,E ′ unbounded sets with compact boundary s.t. E ⊂ E ′ =⇒ T±h E ⊂ T±h E ′ . (79)

It remains to show that the same inclusion principle holds if E is bounded and E ′ is
unbounded. This is taken care of in the next lemma.

Lemma 5.9. Let E1 ∈M be bounded and let E2 ∈M be unbounded with compact
boundary. Assume that E1 ⊂ E2. Then, T±h E1 ⊂ T±h E2.

Proof. Choose R > 0 so large that E1, RN \E2 ⊂ BR and note that by the inclusion
principle (73) and by Lemmas 5.8 we have

RN \T+
h E2 = T−h (RN \E2)⊂ T−h BR ⊂ BR ,

where we recall that T−h (RN \E2) is the minimal solution of

min
{

P(F)+
1
h

∫
F

sdRN\E2
dx : F ∈M

}
.

Setting F̃ := RN \F and using that sdRN\E2
= −sdE2 , we easily infer that T+

h E2 =

RN \T−h (RN \E2) is the maximal solution of

min
{

P(RN \ F̃)− 1
h

∫
RN\F̃

sdE2 dx : F̃ ∈M

}
= min

{
P(F̃)+

1
h

∫
BR

sdE2 dx− 1
h

∫
RN\F̃

sdE2 dx : F̃ ∈M

}
− 1

h

∫
BR

sdE2 dx .

Note now that ∫
F̃

sdE2 χBR
dx =

∫
BR

sdE2 dx−
∫
RN\F̃

sdE2 dx

for every F̃ with RN \ F̃ ⊂ BR. It follows that T+
h E2 is the maximal solution of
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min
{

P(F̃)+
1
h

∫
F̃

sdE2 χBR
dx : F̃ ∈M ,RN \ F̃ ⊂ BR

}
. (80)

By the same reasoning, one can show that T−h E2 is the minimal solution of (80).
Observing that sdE2 χBR

≤ sdE1 and that T±h E1∪T±h E2, T±h E1∩T±h E2 are admissi-
ble competitors for (80), one can argue exactly as in the proof of Proposition 5.4 to
conclude that T±h E1 ⊂ T±h E2. ut

We conclude this subsection by noticing that the iterative application of the opera-
tors T±h to some given (bounded) initial set E0, produces a time-discrete evolution
Eh(t) of time-step h as in the Almgren-Taylor-Wang scheme recalled at the begin-
ning of the section (see (60)). Precisely, we can set

E±h (t) :=

[ t
h ] times︷ ︸︸ ︷

(T±h ◦ . . .◦T±h )(E0) for all t ≥ 0, (81)

with [·] denoting the integer part (and with the understanding that if
[ t

h

]
= 0, then

E±h (t)=E0). By the properties of T±h it follows that if Eh(·) is the piecewise constant
interpolation of any discrete evolution (En

h )n∈N∪{0} of time-step h defined via the
recursive minimisation (60), then

E−h (t)⊂ Eh(t)⊂ E+
h (t) for all t ≥ 0 . (82)

In words, E−h (·) and E+
h (·) provide respectively the minimal and the maximal dis-

crete evolution of time-step h starting from E0.

5.2 The level-by-level minimising movements scheme

Let us denote by C the class of all functions u∈C0(RN) that are as in Definition 3.3.
We want to define an operator acting on u by applying T±h to all the superlevel sets
of u. To the best of my knowledge, this idea goes back to [30], and it has been
applied in different geometric settings, see for instace (and again the list is far from
being exaustive) [39, 46, 36, 33].

In what follows, let us make the definite (and arbitrary) choice of using T−h (but
nothing would change with the other choice). Hence, to ease the notation, we will
write Th instead of T−h .

Notice that all the superlevels of any u∈ C are either bounded or the whole space
RN . Thus, for s > s′ ∈ R, since {u > s} ⊂ {u > s′}, in view of (73) (and (78)) we
have Th{u > s} ⊂ Th{u > s′}.

Let ω : R+→ R+ an increasing, continuous modulus of continuity for u. Since

{u > s}+Bω−1(s−s′) ⊆ {u > s′},

by Lemma 5.7 we deduce that
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Th{u > s}+Bω−1(s−s′) ⊆ Th{u > s′}. (83)

Thus, the sets Th{u > s} are themselves the level sets {v > s} of a uniformly con-
tinuous function v =: Thu, with the same modulus of continuity. Precisely, we set

Thu(x) := sup{λ ∈ R : x ∈ Th{u > λ}} , (84)

with the usual identification of all sets in M with their points of density 1.

Remark 5.10. Using the inclusion principle for Th and the fact that ThBR ⊂ BR, for
any R > 0, we easily conclude that Thu ∈ C and, more precisely, that if u (in place
of u0), c0 and R are as in Definition 3.3, then Thu also satisfies Definition 3.3 (in
place of u0) with the same R and c0. The inclusion principle for Th also immediately
implies that Th is a monotone operator, in the sense that

if u,u′ ∈ C and u≥ u′, then Thu≥Thu′.

We remark that by the very definition (84), one can readily check that for all λ ∈ R

{Thu > λ} ⊂ Th({u > λ})⊂ {Thu≥ λ} . (85)

Moreover, since for λ ′ < λ we have sd{u>λ ′} < sd{u≥λ}, by the last part of Proposi-
tion 5.4 we get

T+
h ({u≥ λ})⊂ Th({u > λ

′})⊂ {Thu≥ λ
′} .

Thus, combining with (85) and letting λ ′↗ λ , we infer also

{Thu > λ} ⊂ T+
h ({u≥ λ})⊂ {Thu≥ λ} . (86)

We can now show the following:

Proposition 5.11. For every λ ∈ R we have

Th({u > λ}) = {Thu > λ} .

Analogously,
T+

h ({u≥ λ}) = {Thu≥ λ}.10

Remark 5.12. The above proposition shows, in particular, that the minimal and the
maximal solution of the incremental minimum problem are respectively open and
closed, see also Section 6 below.

Proof (Proof of Proposition 5.11). We start by showing the first equality. By (85),
for any λ ′ > λ we have

Th({u > λ
′})⊂ {Thu≥ λ

′} ⊂ {Thu > λ} ⊂ Th({u > λ}) . (87)

10 Recall that equalities are meant up to negligible sets.
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Note now that
sd{u>λ ′}→ sd{u>λ} (88)

uniformly as λ ′↘ λ . Moreover, by the inclusion principle, Th({u > λ ′}) is decreas-
ing in λ ′. Thus Th({u > λ ′})↗ A :=

⋃
δ>0 Th({u > λ +δ}) (and in L1), with

A⊂ {Thu > λ} ⊂ Th({u > λ}) , (89)

thanks to (87). By the lower semicontinuity of the perimeter and taking into account
(88), we deduce that A is a solution of the incremental problem associated with
sd{u>λ}. Since Th({u > λ} is the minimal solution, necessarily all the inequalities
in (89) are equalities. This shows the first part of the statement.

For the second part, one can argue similarly, using now (86) and approximating
with λ ′ < λ . We leave the details to the interested reader. ut

Remark 5.13. Let u be as above, with c0 = minu and M := maxu. Then by Proposi-
tion 5.11 we have

{Thu≥ c0}= T+
h ({u≥ c0}) = T+

h RN = RN ,

{Thu > M}= Th({u > M}) = Th /0 = /0 .

Hence minu≤Thu≤maxu.

Given a continuous function u0 ∈ C, we can now apply the operator Th iteratively
to produce a discrete-in-time evolution of functions. Precisely, we set

uh(·, t) =

[ t
h ] times︷ ︸︸ ︷

(Th ◦ . . .◦Th)(u0) (90)

for every h > 0, t ≥ 0. Roughly speaking, this corresponds to implementing the
minimising movement scheme (81) for each superlevel set {u0 > λ} of the initial
function.

Remark 5.14. By Remarks 5.10 and 5.13 we deduce that uh(·, t) ∈ C for all t ≥ 0,
with the same constant c0 and R of u0, and that minu0 = c0 ≤ uh(·, t)≤maxu0.

The aim of the next section will be to show that the discrete evolutions uh approx-
imate the motion by mean curvature level set flow starting from u0, as the time-step
h→ 0.

Proposition 5.11 applied to uh(·,(k−1)h) yields the following:

Remark 5.15. For every h,k > 0 and for every λ ∈ R we have

Th({uh(·,(k−1)h)> λ}) = {uh(·,kh)> λ}

and
T+

h ({uh(·,(k−1)h)≥ λ}) = {uh(·,kh)≥ λ} .
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We already observed that for all t, uh(·, t) is uniformly continuous (with the same
modulus ω as u0). We now address the continuity in time of this function.

Lemma 5.16. For any ε > 0, there exists τ > 0 and h0 > 0 (depending on ε) such
that for all |t− t ′| ≤ τ and h≤ h0 we have |uh(·, t)−uh(·, t ′)|< ε .

Proof. Fix ε > 0 and let δ := ω−1(ε/2)/2, where ω is the modulus of continuity
for u0 and thus also for uh(·, t). Let h0(δ ), c0(δ ) be as in (76). Then, for every x and
t we have

Bω−1(ε/2)(x)⊂ {uh(·, t)> uh(x, t)− ε}. (91)

Let τ := δ/c0(δ ). Then by the iterated application of Lemma 5.8 and (76), we obtain

Bδ (x)⊂ Bω−1(ε/2)−nhc0(δ )
(x)⊂

n times︷ ︸︸ ︷
(Th ◦ . . .◦Th)(Bω−1(ε/2)(x)) (92)

as long as ω−1(ε/2)−nhc0(δ )≥ δ , i.e., as long as nh≤ τ .
Now, let t ′ > t with t ′− t + h ≤ τ and note that uh(·, t ′) = uh(·, t + nh), where

n is either [(t ′− t)/h] or [(t ′− t)/h]+ 1. Since nh ≤ τ , by (91), (92), the inclusion
principle (73), and Remark 5.15 we have

Bδ (x)⊂
n times︷ ︸︸ ︷

(Th ◦ . . .◦Th)(Bω−1(ε/2)(x))⊂
n times︷ ︸︸ ︷

(Th ◦ . . .◦Th)({uh(·, t)> uh(x, t)− ε})
= {uh(·, t +nh)> uh(t,x)− ε}= {uh(·, t ′)> uh(x, t ′)− ε} .

In particular, uh(x, t ′)> uh(x, t)− ε. In order to show

uh(x, t ′)< uh(x, t)+ ε

we proceed in a similar way. Precisely, we observe that

Bω−1(ε/2)(x)⊂ {uh(·, t)< uh(x, t)+ ε} ,

that is,
{uh(·, t)≥ uh(x, t)+ ε} ⊆ RN \Bω−1(ε/2)(x) ,

and we can then proceed as in the first part of the proof, but using now definition
(77), Lemma 5.9 instead of (73) (and of course Lemma 5.8 and (76) again) to esti-
mate the discrete evolution of RN \Bω−1(ε/2)(x). We leave the details to the reader.
ut

We conclude this section by observing that we can refine the estimate contained in
the previous proof as follows: First, consider the discrete evolution E±h (t) defined in
(81), when E0 = Bλ . Then, as we already know, E±h (t) = B

ρλ
h (t), where

ρ
λ
h (t) := (

[ t
h ] times︷ ︸︸ ︷

Rh ◦ . . .◦Rh )(λ ) . (93)
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By (75), for all δ > 0 there exists h0(δ ) such that for 0 < h≤ h0(δ ) it holds

ρ
λ
h (nh)−ρ

λ
h ((n−1)h) =− N−1

ρλ
h (nh)

·h

as long as ρλ
h (nh) ≥ δ . Denoting by ρ̃λ

h the piecewise affine interpolation of the
values ρλ

h (nh), n ∈ N∪{0}, the above identity reads as
d
dt

ρ̃
λ
h (t) =−

N−1
ρ̃λ

h (h[t/h]+h)
for t 6∈ hN, t > 0

ρ̃λ
h (0) = λ ,

as long as ρ̃λ
h (t)≥ δ . Here, as usual, [·] stands for the integer part. Denote by ρλ (t)

the solution of 
d
dt

ρ
λ =−N−1

ρλ

ρ
λ (0) = λ ,

which is explicitly given by ρλ (t) :=
√

λ 2−2(N−1)t for t ∈ (0,T ∗(λ )), with
T ∗(λ ) = λ 2

2(N−1) the extinction time. It follows from standard arguments on the sta-

bility of ODE’s that for every 0< T < T ∗(λ ) the functions ρ̃λ
h (and thus also ρλ

h ) are
defined in [0,T ] for all h sufficiently small and converge to ρλ uniformly in [0,T ].
In particular, denoting by T ∗h (λ ) the extinction time of ρλ

h , it follows that

T ∗h (λ )→ T ∗(λ ) =
λ 2

2(N−1)
as h→ 0 . (94)

At this point, using the inclusion principle as in the proof of Lemma 5.16, we can
can conclude with the following

Lemma 5.17. With the notations above, for any λ > 0 and for any T ∈ (0, λ 2

2(N−1) ),
there exists h0 = h0(λ ,T )> 0 with the following property:

Bλ (x)⊂ {uh(·, t)> uh(x, t)− ε}=⇒ uh(x, t + τ)> uh(x, t)− ε

Bλ (x)⊂ {uh(·, t)< uh(x, t)+ ε}=⇒ uh(x, t + τ)< uh(x, t)+ ε

for h ∈ (0,h0] and τ ∈ (0,T ].

Proof. By inclusion principle, if Bλ (x) ∈ {uh(·, t) > uh(x, t)− ε}, then it follows
B

ρλ
h (τ+h)(x) ⊂ {uh(·, t + τ) > uh(x, t)− ε} for all τ ∈ (0,T ∗h (λ )− h). The first im-

plication then follows since by (94), T ∈ (0,T ∗h (λ )−h) for h sufficiently small. The
second implication can be proven similarly. ut
Remark 5.18 (Convergence of the ATW scheme for balls). The discussion above
shows in particular that the discrete evolutions t 7→ B

ρλ
h (t), t ∈ [0,T ∗h (λ )), start-

ing from any ball Bλ converge as h→ 0 to the continuum evolution t 7→ B
ρλ (·),
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t ∈ [0,T ∗(λ )), which coincides with the classical mean curvature flow starting from
Bλ .

5.3 Level-by-level minimising movements convergence to the level
set flow

In this subsection we show that the time-discrete evolutions uh defined in Section 5.2
converge to the time-continuous level set flow (95). The argument presented here
follows [36], see also [35]. We refer to [38] for a different proof. Precisely, we have:

Theorem 5.19. Let u0 ∈C0(RN) be as in Definition 3.3. Let uh be the level-by-level
minimising movements of time step h starting from u0, as defined in Section 5.2.
Then, uh converges uniformly in RN × [0,T ] for all T > 0 as h→ 0 to the unique
viscosity solution of the Cauchy problem

∂u
∂ t

= |∇u|div
(

∇u
|∇u|

)
in RN× (0,+∞) ,

u(·,0) = u0 .
(95)

Proof. Recall that the uh’s share the same spatial modulus of continuity ω of u0.
Moreover, by Remark 5.14 the functions uh(·, t) are as in Definition 3.3, with
the same constants c0 ∈ R and R > 0 of u0, and c0 ≤ uh(·, t) ≤ maxu0. Hence,
taking into account also Lemma 5.16, by a straightforward variant of Ascoli-
Arzelà’s Theorem we deduce the existence of a subsequence uhk and of a function
u ∈C0

(
RN × [0,+∞)

)
such that uhk → u uniformly converges in RN × [0,T ] for all

T > 0. Clearly, u(·,0) = u0 and for all t > 0, u(·, t) is as in Definition 3.3, with the
same constants c0 ∈ R and R > 0 of u0 and c0 ≤ u ≤ maxu0. It will be enough to
show that u is a viscosity solution of (95), since then by uniqueness of the solution
this will immediately imply the convergence of the whole family (uh)h>0.

We will only show that u is a VSB, since the argument to prove that it is also a
VSP is analogous.

To this aim, assume that (x̄, t̄)∈RN×(0,+∞) is a local maximum point of u−ϕ ,
for some test function ϕ of class C2. We need to show that(

∂ϕ

∂ t
−|∇ϕ|div

(
∇ϕ

|∇ϕ|

))
(x̄, t̄)≤ 0. (96)

Step 1. Let us first assume that ∇ϕ(x̄, t̄) 6= 0. By Remark 2.4 we can assume (x̄, t̄) to
be a strict local maximum point for u−ϕ . Thus, by standard methods one can find
an open space-time ball B (centered at (x̄, t̄)) and (xk, tk)→ (x̄, t̄) such that uhk−ϕ is
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maximised in B at (xk, tk), for all k sufficiently large.11 Clearly, for k large enough,
∇ϕ(xk, tk) 6= 0. From now on we assume that k is sufficiently large. For all (x, t)∈B
we have that

uhk(x, t) ≤ ϕ(x, t) + ck , (97)

where ck := [uhk(xk, tk)−ϕ(xk, tk)], with equality if (x, t) = (xk, tk).
Set

ϕ̃k(x) := ϕ(x, tk) + ck + |x− xk|4 . (98)

Then, for all x such that (x, tk) ∈ B we also have

uhk(x, tk) ≤ ϕ̃k(x)

with equality if and only if x = xk. We set lk := uhk(xk, tk) = ϕ̃k(xk).
Let ε > 0 and set

Wε := {uhk(·, tk)≥ lk− ε}\{ϕ̃k ≥ lk} .

Then |Wε | > 0, and Wε → {xk} in the Hausdorff sense as ε → 0; i.e., supy∈Wε
|y−

xk|→ 0 as ε→ 0. Recall that {uhk(·, tk)≥ lk−ε} is bounded and that by Remark 5.15
it is a solution (in fact the maximal solution) of the incremental problem starting
from {uhk(·, tk−hk)≥ lk− ε}. Hence, by minimality we have

P({uhk(·, tk)≥ lk− ε}) + 1
hk

∫
{uhk

(·,tk)≥lk−ε}
sd{uhk

(·,tk−hk)≥lk−ε} dx

≤P({uhk(·, tk)≥ lk− ε}∩{ϕ̃k ≥ lk})

+
1
hk

∫
{uhk

(·,tk)≥lk−ε}∩{ϕ̃k≥lk}
sd{uhk

(·,tk−hk)≥lk−ε} dx .

(99)

Adding to both sides the term P({uhk(·, tk) ≥ lk − ε} ∪ {ϕ̃k ≥ lk}) and using the
submodularity property (58), we obtain

P({ϕ̃k ≥ lk}∪Wε)−P({ϕ̃k ≥ lk})+
1
hk

∫
Wε

sd{uhk
(·,tk−hk)≥lk−ε} dx ≤ 0 .

By (97), {uhk(·, tk− hk) ≥ lk− ε} ⊆ {ϕ(·, tk− hk) ≥ lk− ck− ε} and thus we also
have

11 One can argue as follows: Let B be a closed space-time ball centered at (x̄, t̄) such that (x̄, t̄)
is the unique maximum of u−ϕ in B and let (xk, tk) ∈ argmax

B

(uhk −ϕ), where uhk is the up-

per semicontinuous envelope of uhk . Note that uhk possibly differs from uhk only at the discrete
times, that is, at points of the form (hkn,x) for some n ∈ N. At such points we have uhk (·,hkn) =
max{uhk (·,hkn

)
,uhk (·,(hk−1)n

)
}. Since clearly uhk still converges uniformly to u, one can argue

for instance as in the proof of Lemma 2.8 to show that (xk, tk)→ (x̄, t̄). If uhk (xk, tk) = uhk (xk, tk),
then (xk, tk) is a maximum of uhk −ϕ in B. Otherwise, we have uhk (xk, tk) = uhk (xk, tk − hk), in
which case (xk, tk−hk) is a maximum of uhk −ϕ in B.
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P({ϕ̃k ≥ lk}∪Wε)−P({ϕ̃k ≥ lk})+
1
hk

∫
Wε

sd{ϕ(·,tk−hk)≥lk−ck−ε} dx ≤ 0 . (100)

Notice that for z ∈Wε we have

ϕ(z, tk)+ ck + |z− xk|4 < lk. (101)

Since by (97) we also have ϕ(z, tk)+ ck ≥ lk− ε , it follows that |z− xk|4 < ε and
thus

Wε ⊆ B 4√
ε
(xk). (102)

Moreover, for every z ∈Wε , by Taylor expansion we have

ϕ(z, tk−hk) = ϕ(z, tk)−hk∂tϕ(z, tk)+O(h2
k) . (103)

Let y be a point of minimal distance from z such that ϕ(y, tk − hk) = lk − ck − ε .
Then, |z− y|= |sd{ϕ(·,tk−hk)≥lk−ck−ε}(z)|, and

(z− y) ·∇ϕ(y, tk−hk) =±|z− y||∇ϕ(y, tk−hk)|, (104)

with a ‘+’ if ϕ(z, tk−hk)> lk−ck−ε and a ‘−’ else, so that the sign is opposite to
the sign of sd{ϕ(·,tk−hk)≥lk−ck−ε}(z). Hence, again by Taylor expansion,

ϕ(z, tk−hk) = ϕ(y, tk−hk)+(z− y) ·∇ϕ(y, tk−hk)+O(|z− y|2)
= lk− ck− ε− sd{ϕ(·,tk−hk)≥lk−ck−ε}(z)|∇ϕ(y, tk−hk)|+O(|z− y|2) .

(105)

By (101), we have in particular

−ϕ(z, tk)≥ ck − lk.

Hence, taking into account also (103) and (105), we deduce

sd{ϕ(·,tk−hk)≥lk−ck−ε}(z)|∇ϕ(y, tk−hk)|

≥ −ε +hk∂tϕ(z, tk)−O(h2
k)−O(|z− y|2) .

(106)

Note that in view of (101), of the fact that ϕ(z, tk)+ ck ≥ lk − ε , and again using
Taylor expansion, we have |ϕ(z, tk−hk)−ϕ(y, tk−hk)| ≤ ε+Chk =O(hk), provided
that ε ≤ hk. In turn, by (104) as |∇ϕ(y, tk−hk)| is bounded away from zero, we have
|z− y|= O(hk). Therefore, from (106) and (102), we deduce

1
hk

d{ϕ(·,tk−hk)≥lk−ck−ε}(z) ≥
∂tϕ(z, tk)− ε

hk
−O(hk)

|∇ϕ(y, tk−hk)|

≥
∂tϕ(xk, tk)−O( 4

√
ε)− ε

hk
−O(hk)

|∇ϕ(xk, tk)|+O( 4
√

ε)+O(hk)
.

(107)
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We now focus on the term P({ϕ̃k ≥ lk}∪Wε)−P({ϕ̃k ≥ lk}) in (100). Thanks
to Lemma 5.20 below, if ε is small enough we know that

P({ϕ̃k ≥ lk}∪Wε)−P({ϕ̃k ≥ lk})≥ |Wε |(H{ϕ̃k≥ϕ̃k(xk)}(xk)−oε(1))

= |Wε |
(
−div

(
∇ϕ̃k

|∇ϕ̃k|

)
(xk)−oε(1)

)
= |Wε |

(
−div

(
∇ϕ

|∇ϕ|

)
(xk, tk)−oε(1)

)
,

(108)

where the remainder oε(1)→ 0 as ε → 0+. Note that here we have used that (for k

large) ∇ϕ̃k(xk) = ∇ϕ(xk, tk) 6= 0, so that H{ϕ̃k≥ϕ̃k(xk)} =−div
(

∇ϕ̃k
|∇ϕ̃k|

)
is well defined

near xk, and the fact that ∇2ϕ̃k(xk) =∇2ϕ(xk, tk). Combining (100), (107) and (108),
dividing by |Wε | and sending ε → 0, we infer

∂tϕ(xk, tk)−O(hk)

|∇ϕ(xk, tk)|+O(hk)
− div

(
∇ϕ

|∇ϕ|

)
(xk, tk) ≤ 0 .

Finally, (96) follows by letting k→ ∞.

Step 2. Now we consider the case where ∇ϕ(x̄, t̄) = 0. Recall that in this case we

can also assume ∇2ϕ(x̄, t̄) = 0. We want to show that
∂ϕ

∂ t
(x̄, t̄)≤ 0. By Remark 2.7

we may assume ϕ to be of the form

ϕ(x, t) = ϕ(x̄, t̄)+
∂ϕ

∂ t
(x̄, t̄)(t− t̄)+a|t− t̄|2 +bψ(|x− x̄|) ,

with ψ the function given by Exercise 2.6. In fact, recalling that u is globally
bounded, by taking a,b > 0 large enough we may also ensure that (x̄, t̄) is the unique
gloabal maximum point of u−ϕ . We may also assume that ψ(|x− x̄|)→ +∞ as
|x| →+∞. Set now for every n ∈ N,

ϕn(x, t) := ϕ(x, t)+
1

n(t̄− t)

and let
(xn, tn) ∈ argmax

[ t̄
2 ,t̄]×RN

(u−ϕn) .

Then, clearly tn 6= t̄ and (xn, tn)→ (x̄, t̄) as n→∞, so that for n large tn ∈ ( t̄
2 , t̄). Now

there are two cases.
Case 1. For a (not relabelled) subsequence xn 6= x̄. Then ∇ϕn(xn, tn) 6= 0 and there-
fore we may apply Step 1 to conclude that (96) holds for ϕn at (xn, tn):
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0≥
(

∂ϕn

∂ t
−|∇ϕn|div

(
∇ϕn

|∇ϕn|

))
(xn, tn)

=
∂ϕ

∂ t
(x̄, t̄)+

1
n(t̄− tn)2 −∆ϕ(xn, tn)+

∇2ϕ∇ϕ ·∇ϕ

|∇ϕ|2
(xn, tn)

≥ ∂ϕ

∂ t
(x̄, t̄)−∆ϕ(xn, tn)+

∇2ϕ∇ϕ ·∇ϕ

|∇ϕ|2
(xn, tn) ,

(109)

where in the first equality we used (8). Note that since ∇2ϕ(x̄, t̄) = 0

−∆ϕ(xn, tn)+
∇2ϕ∇ϕ ·∇ϕ

|∇ϕ|2
(xn, tn)→ 0

and thus, sending n→ ∞ in (109) we get
∂ϕ

∂ t
(x̄, t̄)≤ 0, as desired.

Case 2. We now assume that xn = x̄ for all n sufficiently large. Fix n and let rn > 0
be such that

r2
n

4(N−1)
= t̄− tn .

Note that

Brn(x̄)⊂ {ϕn(·, tn)< ϕn(x̄, tn)+2bψ(rn)}
⊂ {u(·, tn)< u(x̄, tn)+2bψ(rn)} ,

(110)

where the first inclusion follows by the definition of ϕn, while the second one by the
global maximality of (x̄, tn) for u−ϕn. Note also that by uniform convergence (110)
implies

Brn(x̄)⊂
{

uhk(·, tn)< uhk(x̄, tn)+2bψ(rn)
}

for all k sufficiently large. Since τn := t̄− tn =
r2
n

4(N−1) <
r2
n

2(N−1) , by Lemma 5.17 we
have that

uhk(x̄, tn+τn)= uhk(x̄, t̄)< uhk(x̄, tn)+2bψ(rn)= uhk(x̄, tn)+2bψ
(
2
√

(N−1)(t̄− tn)
)

for all k sufficiently large. Thus, sending k→ ∞

u(x̄, t̄)≤ u(x̄, tn)+2bψ
(
2
√
(N−1)(t̄− tn)

)
.

In turn, using the maximality of (x̄, t̄) for u−ϕ , we have

ϕ(x̄, t̄)−ϕ(x̄, tn)
t̄− tn

≤ u(x̄, t̄)−u(x̄, tn)
t̄− tn

≤ 2b
ψ
(
2
√

(N−1)(t̄− tn)
)

t̄− tn
.

Sending now n→ ∞ and recalling that tn→ t̄ and that ψ ′′(0) = 0 we conclude

∂ϕ

∂ t
(x̄, t̄) ≤ 0
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also in this case. ut

Lemma 5.20. Let E be the closure of open set of class of class C2. Then for every
x0 ∈ ∂E and for every bounded set W of finite perimeter it holds

P(E ∪W )−P(E)≥ |W \E|(HE(x0)−o(1))

P(E)−P(E \W )≤ |W ∩E|(HE(x0)+o(1)) ,
(111)

where the remainder o(1) vanishes as W → {x0} in the Hausdorff sense; i.e., as
supy∈W |y− x0| → 0.

Proof. Fix x0 ∈ ∂E and recall that by the regularity assumption on E and the proper-
ties of the signed distance function sdE (see Section 4.1), we may find a ball Br(x0)
such that ∇sdE ∈C1(Br(x0);RN). Since we are interested in an asymptotic estimate
as W → {x0} in the Hausdorff sense, we may assume that W ⊂ Br(x0). Thus, set-
ting W̃ := W \E and denoting by ∂ ∗W̃ , νW̃ the reduced boundary of W̃ and the
generalised outer normal to ∂ ∗W̃ , respectively (see [72]), we can estimate

P(E ∪W )−P(E) = P(E ∪W̃ )−P(E) =HN−1(∂ ∗W̃ \E)−HN−1(∂ ∗W̃ ∩∂E)

≥
∫

∂ ∗W̃\E
∇sdE ·νW̃ dHN−1 +

∫
∂ ∗W̃∩∂E

∇sdE ·νW̃ dHN−1

=
∫

W̃
∆sdE dx≥ |W̃ |

(
∆sdE(x0)−‖∆sdE −∆sdE(x0)‖C0(cl(W̃ ))

)
= |W̃ |(HE(x0)−o(1)) ,

where we used the fact that HE(x0) = ∆sdE(x0). Note also that in the first inequality
we have used that |∇sdE | = 1 and ∇sdE = νE = −νW̃ on ∂ ∗W̃ ∩ ∂E, while in the
third equality we have applied the Divergence Theorem for sets of finite perimeter
(see [72]). The proof of the second inequality is similar and we leave it to the reader.
ut

Remark 5.21 (Level-by-level minimising movements for inhomogenous flows). The
level-by-level minimising movement approach can be extended to forced anisotropic
curvature motions of the form given in (32), under suitable regularity assumptions
on ψ , φ and g, as shown in the recent work [31] (see also [39] for previous contri-
butions in the case of a sufficiently regular homogeneous anisotropy φ = φ(ν) but
under milder assumptions on the forcing g).

5.4 Flat flows and generalised motions by mean curvature

We want to use Theorem 5.19 to investigate the relationship between flat flows and
generalised motions by mean curvature. We will show that flat flows and generalised
GMCM coincide whenever fattening does not occur. This is made precise in the
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following theorem, which was first established (in a slightly different version) in
[30].

Theorem 5.22. Let E0 be a compact initial set and let Eo = (Eo(t))t≥0, E =
(E(t))t≥0 be respectively the open GMCM and the GMCM starting from E0 (see
Definition 4.4). Let Ê = (Ê(t))t≥0 be any flat flow starting from E0, in the sense of
Definition 5.2. Then,

Eo(t)⊂ Ê(t)⊂ E(t) for all t ≥ 0 .

In particular, if E0 is strongly non-fattening in the sense of Definition 4.14 (which is
“generically” true, see Proposition 4.16), then Ê(t) = E(t) for all t ≥ 0.

Proof. Let u0 ∈ C0(RN) be an admissible initial function as in Definition 3.3,
such that E0 = {u0 ≥ 0} and Int(E0) = {u0 > 0}. Let u be the corresponding
level set flow; i.e., the unique viscosity solution of (7) and let uh its level-by-level
minimising movements approximation introduced in Section 5.2. Recall that that
Eo(t) = {u(·, t) > 0} and E(t) = {u(·, t) ≥ 0}. Finally, set Eλ

0 := {u0 ≥ λ} and let
Eλ ,±

h (t) be defined as in (81), with Eλ
0 replacing E0. By Proposition 5.11, (82), and

by the construction of uh we then have

{uh(·, t)> 0}= E−h (t)⊂ Eh(t)⊂ E+
h (t) = {uh(·, t)≥ 0} , (112)

where (Eh(t))t≥0 is the piecewise constant interpolation of any discrete evolution
(En

h )n∈N∪{0} (starting from E0) of time-step h defined by the recursive minimisation
(60), which converges to (Ê(t))t≥0 in the sense of Definition 5.2 along a suitable
subsequence hk → 0. Since by Theorem 5.19, uh→ u uniformly in RN × [0,T ] for
all T > 0, passing to the limit in (112) along the subsequence {hk}, one can easily
check (by the very definition of Kuratowski convergence) that

Eo(t) = {u(·, t)> 0} ⊂ Ê(t)⊂ {u(·, t)≥ 0}= E(t) , for all t ≥ 0, (113)

which gives the first part of the statement. Finally, if E0 is strongly on fattening; i.e.,
if

cl
(
{(x, t) ∈ RN× [0,+∞) : u(x, t)> 0}

)
= {(x, t) ∈ RN× [0,+∞) : u(x, t)≥ 0} ,

then (113) implies Ê = E since Ê is closed (in space-time). ut

Remark 5.23. It is clear from the proof of Theorem 5.22 that if E0 is strongly non-
fattening up to time T ; i.e., (51) holds with the finite time-horizon T in place of +∞,
then the conclusion Ê(t) = E(t) still holds for all t ∈ [0,T ).

Remark 5.24 (Flat flows in the sense of Almgren-Taylor-Wang and generalised mo-
tions). Let {hk} be a subsequence such that (64) holds. Then, arguing as before; i.e.
combining (112) with the uniform convergence of uh to u, we get that (113) holds
also with Ẽ(t) in place of Ê(t). Moreover, by [67, Section 11.2] the non-fattening
condition (50) is equivalent to (115) below. Hence, if E0 is non-fattening, then any
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flat flow (Ẽ(t))t≥0 in the sense of Almgren-Taylor-Wang (see Remark 5.3) starting
from E0, satisfies

|Ẽ(t)∆E(t)|= |Ẽ(t)∆Eo(t)|= 0 (114)

for all t ≥ 0.

We conclude the subsection with the following important (and immediate) corol-
lary.

Corollary 5.25 (Consistency between flat flows and smooth mean curvature
flows). Let E0 be the closure of a smooth bounded open set and let (F(t))t∈[0,Tsing) be
the (maximal in time) smooth mean curvature flow starting from E0, with Tsing the
first time at which singularities appear. Then, any flat flow (Ê(t))t≥0 starting from
E0 satisfies Ê(t) = F(t) for all t ∈ [0,Tsing).

Proof. Let (E(t))t≥0 be the GMCM starting from E0, in the sense of . By The-
orem 4.11, E0 is strongly non-fattening up to time Tsing and E(t) = F(t) for all
t ∈ [0,Tsing). The conclusion follows by Theorem 5.22 (and Remark 5.23). ut

Remark 5.26 (Flat flows in the sense of Almgren-Taylor-Wang, generalised motions,
and smooth flows). Let {hk} be a subsequence such that (64) holds. Then, arguing as
in Remark 5.24, we get that (113) holds also with Ẽ(t) in place of Ê(t). Moreover,
by [67, Section 11.2] the non-fattening condition (50) is equivalent to (115) below.
Hence, if E0 is non-fattening, then any flat flow (Ẽ(t))t≥0 in the sense of Almgren-
Taylor-Wang starting from E0, satisfies |Ẽ(t)∆E(t)|= |Ẽ(t)∆Eo(t)|= 0 for all t ≥
0. By the same token, if (F(t))t∈[0,Tsing) is a smooth flow as in Corollary 5.25, then

|Ẽ(t)∆F(t)|= 0 for all t ∈ [0,Tsing).

5.5 Perimeter descent

In this subsection we use the results above to show that for any non-fattening gener-
alised motion by mean curvature t 7→ E(t) the perimeter P(E(t)) does not increase
in time. This monotonocity property relates to the fact that MCM can be seen as a
formal gradient flow of the perimeter functional (see Section 1). This result has been
first established (with different techniques and with a slightly different statement) in
[50, Theorem 6.3].

Before stating the precise result we observe that testing the minimality of En
h

in (60) with the competitor En−1
h (and using the equivalent formulation (61)), we

immediately get P(En
h ) ≤ P(En−1

h ). Thus, if (Eh(t))t≥0 is the piecewise constant
interpolation of any discrete evolution (En

h )n∈N∪{0} (starting from some E0), then
P(Eh(·)) is nonincreasing. In particular, P(Eh(t)) ≤ P(E0) for all t ≥ 0 and for all
h > 0. In turn, by construction and by Remark 5.15, given u0 as in Definition 3.3
and uh as in (90), we have t 7→ P({uh(·, t)≥ 0}) is nonincreasing. We are now in a
position to state and proof the following result.
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Proposition 5.27. Let E0 be a compact set of finite perimeter and let (Eo(t))t≥0,
(E(t))t≥0 be respectively the open GMCM and the GMCM starting from E0. As-
sume that E0 is non-fattening, in the sense of Definition 4.14. Then t 7→ P(E(t)) =
P(E0(t)) is non-increasing.

Proof. We start by remarking that as observed in [67, Section 11.2], the non-
fattening condition (50) is equivalent to

|E(t)\Eo(t)|= 0 for all t ≥ 0 , (115)

which yields in particular P(E(t)) = P(E0(t)) for all t ≥ 0. Let u0 :=−sdE0 ∨ (−1),
so that the corresponding viscosity solution of (7) gives Eo(t) = {u(·, t) > 0} and
E(t) = {u(·, t)≥ 0}. In particular, condition (115) reads∣∣{u(·, t) = 0}

∣∣= 0 for all t ≥ 0 . (116)

Fix 0≤ t1 < t2, set ũ0 :=−sd{u(·,t1)≥0}∨ (−1), and let ũ be the viscosity solution of
(7), with ũ0 in place of u0. Note that

{u(·, t1)> 0} ⊂ {ũ0 > 0} ⊂ {ũ0 ≥ 0}= {u(·, t1)≥ 0} .

Arguing as in Proposition 4.3, we get

{u(·, t + t1)> 0} ⊂ {ũ(·, t)> 0} and {ũ(·, t)≥ 0}= {u(·, t + t1)≥ 0}

for every t ≥ 0 and thus, in particular, {ũ(·, t2− t1) = 0} ⊂ {u(·, t2) = 0}. In turn, by
(116), we infer ∣∣{ũ(·, t2− t1) = 0}

∣∣= ∣∣{u(·, t2) = 0}
∣∣= 0 . (117)

Let now ũh be the approximate solution defined in (90), with ũ0 in place of u0. Then,
by the discussion at the beginning of this subsection we have

P({ũh(·, t2− t1))≥ 0} ≤ P({ũh(·,0))≥ 0}. (118)

Since ũh→ ũ pointwise (in fact, uniformly) as shown in Theorem 5.19, taking into
account also (117) we easily deduce that

{ũh(·, t2− t1))≥ 0}→ {ũ(·, t2− t1))≥ 0}= {u(·, t2))≥ 0}

in measure, as h→ 0. By the lower semicontinuity of P (see [72]), and recalling
(118) we can conclude

P(E(t2)) = P({u(·, t2))≥ 0})≤ liminf
h

P({ũh(·, t2− t1))≥ 0}

≤ P({ũh(·,0))≥ 0}= P({u(·, t1))≥ 0}= P(E(t1)) ,

thus concluding the proof, by the arbitrariness of 0≤ t1 < t2. ut
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5.6 Nonlocal curvature flows

The variational approach presented so far to build level set flows extend, in fact, to
a more general class of geometric, possibly nonlocal, motions of the form

Vt =−κ
E(t) on ∂E(t) , (119)

where κE(t) is a nonlocal curvature obtained as the first variation of a suitable gen-
eralised perimeter. More precisely: Denote by R the class of subsets of RN , which
can be obtained as the closure of an open set with compact C2 boundary. Following
[36] we will say that a functional J : M→ [0,+∞] is a generalized perimeter if it
satisfies the following properties:

i) J(E)<+∞ for every E ∈R;
ii) J( /0) = J(RN) = 0;
iii)J(E) = J(E ′) if |E4E ′|= 0;
iv)J is L1

loc-l.s.c.; i.e., if |(En4E)∩BR| → 0 for every R > 0, then

J(E)≤ liminf
n

J(En);

v) J is submodular: For any E, F ∈M,

J(E ∪F) + J(E ∩F) ≤ J(E) + J(F) ;

vi)J is translational invariant:

J(x+E) = J(E) for all E ∈M, x ∈ RN .

Moreover, given E ∈R, we say that J admits a generalised curvature κE at ∂E if
for any smooth one-parameter family of diffeomorphisms Φ(·, t) smooth both in x
and in t with Φ(x,0) = x, we have

d
dt

J
(
Φ(E, t)

)
|t=0

=
∫

∂E
κ

E(x)ψ(x) ·νE(x)dHN−1(x) ,

where ψ(x) := ∂Φ

∂ t |t=0 and νE is the outer normal to ∂E. We say that J is a regular
generalised perimeter if it is a generalised perimeter and if it satisfies the following
properties:

(a) J admits a generalised curvature κ∂E at all E ∈R;
(b) (C2-continuity of the curvature) If En→ E in C2 and xn ∈ ∂En→ x ∈ ∂E, then

κEn(xn)→ κE(x);
(c) (Non degeneracy) infρ>0 minx∈∂Bρ

κ(x,Bρ)> −∞ .

As shown in [36] it turns out that the following subgradient inqualities hold: Let
E ∈R and x ∈ ∂E. Then
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J(E)− J(E \W )≤ |W ∩E|(κE(x)+o(1)) ,

J(E ∪W )− J(E)≥ |W \E|(κE(x)−o(1)) ,
(120)

where the remainder o(1) vanishes as W → {x} in the Hausdorff sense; i.e., as
supy∈W |y− x| → 0. Note that the above inequalities are the analog of Lemma 5.20.

Arguing as in Section 2.1, the level set equation corresponding to (119) reads{
∂u
∂ t (x, t)+ |Du(x, t)|κ{y:u(y,t)≥u(x,t)}(x) = 0 for (x, t) ∈ RN× (0,T )
u(0, ·) = u0.

(121)

In [36] a natural notion of viscosity solution for (121) is given and it is shown that
under the above asssumptions on J and κ , problem (121) admits a viscosity solution,
which, in complete analogy with the results of this section, can be approximated by
a level-by-level minimising movements scheme based on the incremental problem

min
{

J(F) +
1
h

∫
F

sdE dx : F ∈M

}
.

The convergence analysis of the scheme, performed in [36], follows essentially the
path we have described in this section. As we have seen for the classical perimeter
and mean curvature, in such analysis the submodularity assumption on J and the
sugbradient inequalities (120) play a major role. In [36] it is also shown that under
a natural strengthened continuity assumptions on E 7→ κE (see conditions (FO) in
Section 3.1 and (C’) in Section 3.2 of [36]), the level set flow (121) is unique. The
nonlocal theory developed in [36] covers in a unified way several relevant examples
scattered in the literature, such as:

– The local generalized mean curvature motions studied in [48, 41] and presented
in these lecture notes .

– Fractional mean curvatures motions: these are the geometric flows associated
with the so-called fractional perimeters, see for instance [82, 22]. Existence and
uniqueness of viscosity solutions of the corresponding level set equation were
already established in [68]. The results of [36] show the convergence of the
level-by-level minimizing movements scheme to such a solution, thus provid-
ing an approximation algorithm alternative to the threshold-dynamics scheme
studied in [23].

– Capacity flows: Given 1 < p < N, consider the generalized perimeter given
by the p-capacity (with respect to RN) of a bounded sets of class C2. It can
be shown that the associated curvature κE(x) is given by |DwE(x)|p, where wE
denotes the capacitary potential of E. The resulting geometric motion is a Hele-
Show type flow, see [26, 27, 28, 24, 25].

– All the second order nonlocal motions like those treated in [76], as well as the
nonlocal motion associated with regularized pre-Minkowski content, introduced
and studied in [35] (see also [12] for a motivation related to Image Segmenta-
tion).
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We conclude with the following observation regarding the submodularity assump-
tion v): Define the nonlocal total variation J̃ associated with J by enforcing a gen-
eralized co-area formula (see [83]); i.e., set

J̃(u) :=
∫ +∞

−∞

J({u > s})ds for every u ∈ L1
loc(RN) .

Then, it turns out that the submodularity of J is equivalent to the convexity of J̃. One
implication is easy: assume J̃ be convex. Then, in particular,

1
2

J(E ∪F)+
1
2

J(E ∩F)

=
∫ 1/2

0
J
({χE +χF

2
> s
})

ds+
∫ 1

1/2
J
({χE +χF

2
> s
})

ds

= J̃
(χE +χF

2

)
≤ 1

2
J̃(χE )+

1
2

J̃(χF ) =
1
2

J(E)+
1
2

J(F) .

For the opposite implication, see [32].

6 Anisotropic mean curvature flows with non-smooth
anisotropies

In this section we consider anisotropic and crystalline mean curvature flows; that is,
flows of sets t 7→ E(t) (formally) governed by the law

Vt =−ψ(νE(t))κ
E(t)
φ

on ∂E(t), (122)

where as usual Vt stands for the (outer) normal velocity of the moving bound-
ary ∂E(t), φ is a given norm on RN representing the surface tension, κ

φ

E(t) is the
anisotropic mean curvature of ∂E(t) associated with the anisotropy φ , and ψ is a
norm evaluated at the outer unit normal νE(t) to ∂E(t). The factor ψ plays the role
of a mobility12. We recall that when φ is differentiable in RN \{0}, then κE

φ
is given

by
κ

E
φ = divτ (∇φ(νE)) , (123)

with divτ standing for the tangential divergence. Such a formula can be derived by
computing the first variation of the anisotropic perimeter

Pφ (E) :=
∫

∂ ∗E
φ(νE)dHN−1

defined for all sets E of finite perimeter. However, when φ is non-smooth the above
curvature operator is not well-defined anymore as ∂φ(νE) becomes a multi-valued

12 Strictly speaking, the mobility is ψ(νE(t))
−1.
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map. As we will see below, in this situation one has to look at suitable selections of
x 7→ ∂φ(νE(x)), x ∈ ∂E, the so-called Cahn-Hoffman fields.

A particularly relevant case is when φ is crystalline; that is, when the level sets
of φ are polytopes as in Fig. 10 below. In this case, equation (122) is relevant in
Materials Science and Crystal Growth, see for instance [78, 64] and the references
therein. The crystalline mean curvature flow has been introduced in the mathemati-

W φ

Bφ

Fig. 10 On the left: the unit ball Bφ of the crystalline norm φ . On the right: the φ -Wulff shape W φ ;
i.e., the unit ball of the polar norm φ ◦.

cal community in [9] and independently in [79], see also [80].

6.1 The crystalline curvature operator

Consider the formal level set equation associated with (122)

∂u
∂ t

= ψ(∇u)div(∇φ(∇u)) = ψ(∇u)∂ (TVφ )(u) .

In the second equality we have used the fact that formally (and rigorously when φ

is smooth) div(∇φ(∇u)) is the subdifferential ∂ (TVφ )(u) of the anisotropic total
variation

TVφ (u) =
∫
RN

φ(∇u)dx .

When the anisotropy φ is non-differentiable like in the crystalline case, ∂ (TVφ )(u)
is a multi-valued map and thus one has to specify the selection giving the right
velocity. A suggestion comes from the theory of maximal monotone operators. We
recall the following facts:

(a) For any norm φ , if u is Lipschitz continuous in RN and v ∈ L2(RN), then
v∈ ∂ (TVφ )(u) if and only if v =−divz for some vector field z such that z∈ ∂φ(∇u)
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a.e. in RN , see [74] (see also [7, 8] for the isotropic case). Motivated by this, for u
Lipschitz continuous we introduce the class of admissible Cahn-Hoffman fields

CHφ (u) :=
{

z ∈ L∞(RN ;RN) : z ∈ ∂φ(∇u) a.e. in RN ,with divz ∈ L2(RN)
}
.

(b) The set of all Lipschitz continuous u for which CHφ (u) 6= /0 is dense in
L2(RN). Thus, u 7→ ∂ (TVφ )(u) is a densely defined maximal monotone operator
in L2(RN).

(c) The classical theory of maximal monotone operators, see [21], yields the
unique global solvability in L2(RN) of the Cauchy problem{

u′(t) ∈ −∂ (TVφ )(u(t)) for t > 0,

u(0) = u0 ∈ L2(RN).

Moreover, the right derivative u′(t+) exists for all t > 0 and coincides with the
unique element of minimal L2-norm of ∂ (TVφ )(u(t)).

The latter fact suggests to define the crystalline curvature operator as

κ
E
φ (x) := divτ zmin(x) on ∂E, where

zmin ∈ argmin
{
‖divτ z‖L2(∂E;d Pφ )

: z ∈ ∂φ(νE) HN−1-a.e. on ∂E
}
,

(124)

provided that the set of Cahn-Hoffman fields z such that divτ z ∈ L2(∂E) is non-
empty. It is clear from its definition that the crystalline curvature is a highly non-
local operator.

The curvature operator has been thoroughly studied in [16, 17]. The idea of
relating the crystalline curvature to the subdifferential of the corresponding total
variation and the theory of maximal monotone operators goes back to [51], see
also [56]. In the example illustrated by Fig. 11 below, one can easily see that if
φ(ν) = ‖ν‖1 = |ν1|+ |ν2| (taking for simplicity N = 2), the only admissible Cahn-
Hoffman field defined on the boundary of a disk BR is piecewise constant, thereby
producing a singular divergence that charges the four poles. Hence, the set of Cahn-
Hoffman fields with divergence in L2 is empty and the operator (124) is not defined
on ∂BR.

More in general, when φ is crystalline the curvature operator is not well-defined
on smooth sets. This fact represents a severe obstruction to the use of the classical
theory of viscosity solutions in order to solve (122), as such a theory is based on
smooth test functions whose level sets do not admit in general a crystalline curva-
ture. This is one of the reasons why the problem of the well-posedness of the level
set equation associated with (122) has remained a long-standing open problem until
very recently, see Section 6.2 below.
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Bφ

BR

Fig. 11 In this picture φ(ν) = ‖ν‖1 = |ν1|+ |ν2|. The only vector field z : ∂BR → R2 such that
z ∈ ∂φ(νBR ) a.e. on ∂BR is the one depicted in figure. Note that divz charges the poles of ∂BR.

6.2 The crystalline mean curvature flow in the literature

In this subsection we collect the main contributions found in the literature concern-
ing existence/uniqueness for (122) and its generalisations. In two dimensions, the
problem of the well-posedness of (122) has been settled in [55] by developing a
crystalline viscosity approach, see also [78, 2, 9, 54] for previous important con-
tributions. We also mention the paper [40], where short-time existence and unique-
ness of strong solutions for “regular” (in a suitable crystalline sense) initial sets is
established. In dimension N ≥ 3 the problem of the well-posedness of (the level set
equation associated with) (122) has remained open until very recently, with the ex-
ception of some partial results for special classes of initial data [29, 14, 58] or for
very specific anisotropies [56].

A first significant breakthrough has been made about the same time and by com-
pletely different methods in [59] and [37]: in the former paper, they authors succeed
in extending the viscosity approach of [55] to N = 3. In fact (as in [55]) they are
able to treat a class of equations more general than (122), namely of the form

V = f (ν ,−κ
E
φ ) , (125)

with f continuous and non-decreasing with respect to the second variable, estab-
lishing existence and uniqueness for the corresponding level set flows. However, the
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ad-hoc crystalline viscosity approach adopted in [55, 59] allow only for purely crys-
talline anisotropies. In [37] a new distributional formulation, which will the subject
of Section 6.3, has been introduced to tackle the well-posedness of (the level set
formulation of)

V =−φ(ν)κφ . (126)

Note that (126) is a particular case of (122) (and a fortiori of (125)), corresponding
to the case where the mobility coincides with the anisotropy. Here, unlike in [59],
φ can be any norm (crystalline, smooth or mixed; i.e., smooth in some directions
and crystalline in other directions) and the results hold in all dimensions. As we will
see below, the methods introduced in [37] are variational in nature and imply, in
particular, the convergence of the Almgren-Taylor-Wang scheme [3] for (122).

More recently, in the important paper [60] the authors were able to extend the
crystalline viscosity approach to any dimension, thus settling the well-posedness
of (125) for all N, but again for purely crystalline anisotropies. On the variational
side, refining the methods of [37] and by proving new delicate stability estimates on
the minimising movements with respect to varying mobilities, in [33] the authors
succeeded in treating (122) for general convex mobilities and anisotropies ψ , φ , in
any dimension. In fact, in the latter paper more general equations of the form

V =−ψ(ν)
(
κφ +g(x, t)

)
(127)

with g a forcing term Lipschitz in space uniformly in time, are considered. See also
[34] for a different approach based upon approximating (127) with the classical
viscosity solutions of suitable regularised equations (having smooth mobilities and
anisotropies).

Compared to equation (125), in (127) the presence of spiatially inhomogeneous
terms are allowed and the anisotropy need not to be purely crystalline. However,
(127) is linear in κφ , whereas (125) allows for a nonlinear dependence (this is clearly
inherent to the method, one of the great features of viscosity techniques being that
they are in general unaffected by the presence of nonlinearities).

It is worth mentioning that finally in [61] also the possible presence in (125) of
space-dependent driving terms has been incorporated into the crystalline viscosity
approach, thus leading to equations of the form

V = f (ν ,−κ
E
φ +g(x, t)) ,

with g a forcing term as in (127), but again with the restriction of a purely crystalline
φ .

As a final comment, we remark that the variational methods of [37, 33] are more
flexible concerning the class of anisotropies that can be incorporated into the geo-
metric evolution and provide information about the convergence of the variational
scheme of [3] to the crystalline mean curvature flow, allowing to settle in particu-
lar a conjecture stated in [2] (see Remark 6.16 below). On the other hand, the same
variational methods are considerably more restrictive concerning the structure of the
evolution equation that one can considered, which needs to be linear in the curvature
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operator. It must be finally noted that whenever both the variational and crystalline
viscosity approaches are applicable, the obtained solution is the same (as shown in
[33]).

In the following sections we will focus on the methods of [37, 33]. We refer to
[62] for a more detailed account of the path of ideas that led to the different methods
nowadays available to treat (122) and its generalisations.

6.3 A new distributional formulation

In this section we review the distributional formulation introduced in [37], focusing
for simplicity on the case (126) . To this aim we denote by φ ◦ the dual norm of φ

and by distφ
◦
(·,E) the distance function from E induced by φ ◦; i.e.,

distφ
◦
(x,E) := min{φ ◦(x− y) : y ∈ E}

with the usual understanding that distφ
◦
(·, /0) ≡ +∞. More in general, for any two

closed sets E1,E2,

distφ
◦
(E1,E2) := min{φ ◦(x− y) : x ∈ E1 , y ∈ E2}

(with the convention that distφ
◦
(G, /0) = distφ

◦
( /0,G) = +∞ for any G). Let us also

consider the corresponding signed distance function from E:

sdφ◦

E (x) := distφ
◦
(x,E)−distφ

◦
(x,RN \E) .

As a heuristics motivation for the distributional formulation below, let us assume
temporarily that φ is smooth and that t 7→ E(t) is a smooth flow of sets obeying
(126). Then, by similar arguments as those leading to (47), if we set

sd(·, t) := sdφ◦

E(t)(·)

it turns out that for a suitable Ũσ as in (43)

∂ sd
∂ t
≥ div(∇φ(∇sd)) in {sd > 0}∩Ũσ ,

∂ sd
∂ t
≤ div(∇φ(∇sd)) in {sd < 0}∩Ũσ .

(128)

The idea is to re-intepret (128) in a suitable distributional sense, replacing the Cahn-
Hoffmann ∇φ(∇sd) (which may not be well.-defined in the crystalline case) by a
suitable selection z of the possibly multi-valued map (x, t) 7→ ∂φ(∇sd(x, t)). More
precisely, we give the following definition:
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Definition 6.1 ([37]). Let E0 ⊂ RN be a closed set. Let E be a closed set in RN ×
[0,+∞) and for each t ≥ 0 denote E(t) := {x ∈ RN : (x, t) ∈ E}. We say that E is a
superflow for (126) with initial datum E0 if

(a)E(0)⊆ E0;

(b)E(s) K−→ E(t) as s↗ t for all t > 0, and for every t ≥ 0 and δ > 0 there exists
τ(δ )> 0 such that E(s)⊂ (E(t))δ for every s ∈ (t, t + τ(δ ));

(c)If E(t) = /0 for some t ≥ 0, then E(s) = /0 for all s > t.
(d)Set T ∗ := inf{t > 0 : E(s) = /0 for s≥ t}, and

d(x, t) := distφ
◦
(x,E(t)) for all (x, t) ∈ RN× (0,T ∗)\E.

Then,
∂td ≥ divz13 (129)

as measures in RN × (0,T ∗) \E for a suitable z ∈ L∞(RN × (0,T ∗)) such that
z ∈ ∂φ(∇d) a.e. and divz is a Radon measure in RN× (0,T ∗)\E, with

(divz)+ ∈ L∞({(x, t) ∈ RN× (0,T ∗) : d(x, t)≥ δ}) for every δ ∈ (0,1). (130)

We say that A, open set in RN× [0,+∞), is a subflow for (122) with initial datum E0
if RN× [0,+∞)\A is a superflow for (126) with initial datum RN \ int

(
E0
)
.

Finally, we say that E, closed set in RN × [0,+∞), is a weak flow for (126) with
initial datum E0 if it is a superflow and if int(E) is a subflow, both with initial datum
E0, and if E = cl

(
int(E)

)
.

Let us highlight that condition (130) has a clear geometric interpretation: Since z
is a selection of the multi-valued Cahn-Hoffman field ∂φ(∇d), divz(x, t) may be
heuristicallly interpreted as the φ -curvature of sublevel set {d(·, t) ≤ d(x, t)} at x.
Now, the s-level set of d(·, t) obviously satisfies an inner φ -Wulff shape condition
with radius s at the boundary points (see Fig. 12 below), and thus one expects its
φ -curvature be bounded above by 1

s , which is consistent with (130). As we will see,
condition (130) will play a crucial role both in establishing an inclusion principle
and in showing the existence of solutions. One of the advantages of the distributional
formulation (129) is that it allows one to use (almost) standard parabolic arguments
in order to prove the inclusion principle, which in turn easily implies the uniqueness
of the level set formulation below. The price we have to pay is that showing the
(generic, up to fattening) existence of weak flows is now more complicated and
cannot be established by Perron-type arguments.

We conclude we the corresponding (distibutional) level set formulation of (126).

Definition 6.2 (Level set subsolutions and supersolutions). Let u0 be uniformly
continuous in RN . An upper semicontinuous function u :RN× [0,+∞)→R is called
a level set subsolution for (126) starting from u0, if u(·,0) ≥ u0 and if for a.e. λ ∈
R the closed superlevel set {u(·, t) ≥ λ} is a superflow for (122) in the sense of
Definition 6.1, with initial datum {u0 ≥ λ}.
13 Recall that div stands for the spatial divergence.
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sW φ

{d(·, t) = s}

E(t)

Fig. 12 The φ -Wulff shape condition satisfied by the s-level set of d

A lower semicontinuous function u : RN × [0,+∞)→ R is called a level set su-
persolution for (126) starting from u0, if −u is level set superflow in the previous
sense, with initial datum −u0.

Finally, a continuous function u : RN× [0,+∞)→R is called a level set solution
(or level set flow) for (126) if it is both a level set sub- and supersolution.

We conclude this subsection by observing that when φ is the Euclidean norm, the
above definition apply to standard mean curvature flow and provide an alternative
(distributional) formulation of MCM, see Corollary 6.13 below.

6.4 Inclusion principle and uniqueness

The following crucial inclusion principle between weak sub- and superflows in the
sense of Definition 6.1 holds true.

Theorem 6.3. Let E be a weak superflow starting from E0 and F be a weak subflow
starting from F0. Assume that distφ

◦
(E0,RN \F0) =: ∆ > 0. Then,

distφ
◦(

E(t),RN \F(t)
)
≥ ∆ for all t ≥ 0 .

Before giving a sketch of its proof, let us show that Theorem 6.3 yields easily a
“parabolic” comparison principle between level set sub- and superflows in the sense
of Definition 6.2, and thus uniqueness of the distrubutional level set formulation of
(126).

Theorem 6.4. Let u0, v0 be uniformly continuous functions on RN , and let u, v be
respectively a level set subsolution starting from u0 and a level set supersolution
starting from v0. If u0 ≤ v0, then u≤ v.

Proof. Recall that by Definition 6.2 there exists a negligible set N such that for
all λ 6∈ N the sets {(x, t) : v(x, t) > λ} and {(x, t) : u(x, t) ≥ λ} are respectively a



Level set and variational methods for geometric flows 73

subflow with initial datum {v0 ≥ λ} and a superflow with initial datum {u0 ≥ λ},
in the sense of Definition 6.1. Fix now λ ∈ R and choose λ < λ ′ < λ ′′, with λ ′,
λ ′′ 6∈ N. Since {u0 ≥ λ ′′} ⊂ {v0 ≥ λ ′′}, we have

distφ
◦
({u0 ≥ λ

′′},RN \{v0 > λ
′})≥ distφ

◦
({v0 ≥ λ

′′},RN \{v0 > λ
′}) := ∆ > 0 ,

where the last inequality follows from the uniform continuity of v0. Thus, by Theo-
rem 6.3

{(x, t) : u(x, t)≥ λ
′′} ⊂ {(x, t) : v(x, t)> λ

′} ⊂ {(x, t) : v(x, t)≥ λ} .

Letting λ ′′ ↘ λ , with λ ′′ 6∈ N, we conclude that {(x, t) : u(x, t) ≥ λ} ⊆ {(x, t) :
v(x, t)≥ λ} for all λ ∈ R; that is, u≤ v. ut

Proof (Sketch of the proof of Theorem 6.3). For simplicity we outline the proof in
the case E0, F0 (and thus F(·), E(·)) are both bounded. For the full details and the
general case we refer to [37, 33]. Let T ∗ be the smallest of the extinction times for
E and Fc. For all t > T ∗, we have that either E or Fc is empty. For all such t’s
the thesis is trivially true. Hence, we may assume, without loss of generality, that
T ∗ > 0 and t ≤ T ∗. By continuation (using the left continuity of d) it is enough to
show the conclusion of the theorem for a time interval (0, t∗) for some 0 < t∗ ≤ T ∗.

Let us fix 0 < η1 < η2 < η3 < ∆/2. We denote by zE , zFc ∈ L∞
(
RN× (0,T ∗)

)
the Cahn-Hoffman fields appearing in the definition of superflow, Definition 6.1-(d),
corresponding to E and Fc, respectively. We also set

dE(x, t) := distφ
◦
(x,E(t)) and dFc(x, t) := distφ

◦
(x,RN \F(t)) .

For every t ∈ [0,T ∗) consider the sets

S :=
{

x ∈ RN : dE(x,0)> η1
}
∩
{

x ∈ RN : dFc(x,0)> η1
}
,

S′ :=
{

x ∈ RN : dE(x,0)> η3
}
∩
{

x ∈ RN : dFc(x,0)> η3
}
,

and let
d̃E := dE ∨ (η2 +Ct) and d̃Fc := dFc ∨ (η2 +Ct) ,

with C > 0 to be chosen. Note that by our assumption (d̃E + d̃Fc)(·,0)≥ ∆ , and by
construction

d̃E + d̃Fc ≥ ∆ +(η2−η1) in ∂S×{0} .

Thus, it follows from the Hausdorff upper semi-continuity property stated in Defi-
nition 6.1-(b) that there exists t∗ ∈ (0,T ∗) such that

d̃E + d̃Fc ≥ ∆ in (RN \S)× (0, t∗) , (131)

S⊂
{

x ∈ RN : dE(x, t)>
η1

2

}
∩
{

x ∈ RN : dFc(x, t)>
η1

2

}
for all t ∈ (0, t∗),

(132)
and
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d̃E = dE and d̃Fc = dFc in S′× (0, t∗) . (133)

By property (130) and by (132), we have that (divzE)
+ and (divzFc)+ belong to

L∞(S× (0, t∗)). Now, it is not difficult to show that if we choose

C ≥ ‖(divzE)
+‖L∞(S×(0,t∗))+‖(divzFc)+‖L∞(S×(0,t∗)) ,

then the differential inequality (129) still holds for d̃E and d̃Fc ; i.e.,

∂t d̃E ≥ divzE and ∂t d̃Fc ≥ divzFc as measures in S× (0, t∗). (134)

Let Ψ ∈C2(R) be a convex function such that Ψ(t) = 0 for t ≤ 0 and Ψ(t) > 0
for t > 0. Set Φ :=Ψ(∆ − (d̃E + d̃Fc)) and note that Φ(·,0) = 0. Thus, taking into
account (134), we have formally14 for any s ∈ (0, t∗)∫

S
Φ(x,s)dx =

∫ s

0
d
(

∂t

∫
S

Φ(x, ·)dx
)
(s)

≤−
∫ s

0

∫
S
Ψ
′(∆ − (d̃E + d̃Fc))d(∂t d̃E +∂t d̃Fc)

≤−
∫

S×(0,s)
Ψ
′(∆ − (d̃E + d̃Fc))d(div(zE + zFc))

=−
∫

S×(0,s)
Ψ
′′(∆ − (d̃E + d̃Fc))(∇d̃E +∇d̃Fc) · (zE + zFc)dxdt ≤ 0 ,

where the last inequality follows from the fact that (∇d̃E +∇d̃Fc) · (zE + zFc) ≥ 0,
as zE ∈ ∂φ(∇d̃E) and −zFc ∈ ∂φ(−∇d̃Fc) a.e.. Hence Φ(·,s) = 0 for all s ∈ (0, t∗).
By definition of Φ , this is equivalent to d̃E + d̃Fc ≥ ∆ in S× (0, t∗). In particular,
using (133), we get dE + dFc ≥ ∆ in S′× (0, t∗). The latter inequality easily yields
that distφ

◦
(E(t),Fc(t))≥ ∆ for every t ∈ (0, t∗). ut

6.5 Existence

In this subsection, we outline the strategy to prove existence of weak flows in the
sense of Definition 6.1. It is based on a suitable “differential” formulation of the
minimising movements scheme, which was introduced for the first time in [30] for
the isotropic case and then studied in [29]. Let us first remark that the incremental
problem of the minimising movements algorithm for (126) reads now

min
{

Pφ (F)+
1
h

∫
F

sdφ◦

E dx : F ∈M

}
. (135)

14 To make the argument rigorous one has in fact to consider the diffuse part of ∂t
∫

S Φ(x, ·)dx,
after observing that the jump part is non-positive, see [37]
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The following proposition provides the aforementioned differential formulation of
(135).

Proposition 6.5. Let f ∈ Lip(RN) and h > 0. There exists a field z ∈ L∞(RN ;RN)
and a unique function u∈ Lip(RN), with ‖φ(∇u)‖∞ ≤‖φ(∇ f )‖∞, such that the pair
(u,z) satisfies {

−hdivz+u = f in D′(RN),

z ∈ ∂φ(∇u) a.e. in RN .
(136)

Moreover, for every s ∈R the set Es := {x ∈RN : u(x)≤ s} solves the minimization
problem

min
F∆EsbBR

(
Pφ (F ;BR)+

1
h

∫
F∩BR

( f (x)− s)dx
)
.15 (137)

Furthermore, if in addition f is coercive; i.e., lim
|x|→∞

f (x) = +∞, then u is also coer-

cive and the (bounded) sublevel sets Es are the maximal solutions of

min
F

(
Pφ (F)+

1
h

∫
F
( f (x)− s)dx

)
. (138)

Finally, if f1 ≤ f2 and if u1, u2 are the corresponding solutions to (136) (with f
replaced by f1 and f2, respectively), then u1 ≤ u2.

For the proof we refer the reader to [29, Theorem 2] and [1, Theorem 3.3], see also
the comments below. The following observations are in order:

Remark 6.6. (a) The system (136) is a weak formulation of the anisotropic 1-
Laplacian PDE

−hdiv∂φ(∇u)+u = f in RN .

We also recall that ξ ∈ ∂φ(η) if and only if φ ◦(ξ )≤ 1 and ξ ·η = φ(η).

(b) When f = sdφ◦

E for E bounded, and s = 0, problem (138) coincides with
(135). This is allows one to describe the maximal minimiser of the incremental
problem as the 0-sublevel set of the solution of a suitable PDE. As we will see,
this reformulation of the problem will be crucial in deriving at the discrete level an
approximate version of (129).

(c) The PDE (136) is the (formal) Euler-Lagrange equation of the functional∫
RN

φ(∇v)dx+
1

2h

∫
RN

(v− f )2 dx . (139)

In fact, when f ∈ R+L2(RN)∩Lip(RN) the unique u satisfying (136) can be ob-
tained by minimising (139) in R+L2(RN) and deriving the corresponding critical-
ity condition. The connection with the geometric problems (137) and (138) can be

15 Here Pφ (F ;BR) stands for the φ -perimeter localised in the ball BR; i.e., Pφ (F ;BR) =∫
∂ ∗F∩BR

φ(νE)dHN−1.
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understood via the Coarea Formula (see for instance [47, Section 5.5.]). Indeed, as-
suming for simplicity that f ,v≡M outside a compact set, by the anisotropic version
of the Coarea Formula and Fubini’s theorem one has∫

RN
φ(∇v)dx+

1
2h

∫
RN

[
(v− f )2− ( f −M)2]dx

=
∫ M

−∞

(
Pφ ({v≤ t})+ 1

h

∫
{v≤t}

( f − t)dw
)

dt

so that it is heuristically clear that u minimises (139) if and only if the sublevel sets
minimise the geometric functionals in (138).

(d) The Lipschitz condition ‖φ(∇u)‖∞ ≤ ‖φ(∇ f )‖∞ =: M can be inferred from
the comparison principle stated at the end of Proposition 6.5 and the translation in-
variance of the problem: Indeed, fix τ ∈RN and observe that f (·+τ)≤ f +Mφ ◦(τ).
Since by translation invariance and uniqueness the solutions corresponding to
f (·+ τ) and f +Mφ ◦(τ) are respectively given by u(·+ τ) and u+Mφ ◦(τ), it fol-
lows from the comparison principle that u(·+τ)≤ u+Mφ ◦(τ). A similar argument
shows that u(·+τ)≥ u−Mφ ◦(τ) and thus, by the arbitrariness of τ , ‖φ(∇u)‖∞≤M.

With Proposition 6.5 at hand, we can run the revisited minimising movements
scheme. Note that by virtue of the differential formulation (136) we can deal also
with unbounded sets, possibly having infinite perimeter.

Let E0 ⊂ RN be closed. Fix a time-step h > 0 and set Eh
0 := E0. We then induc-

tively define Eh
k+1 (for all k ∈ N) as follows: If Eh

k 6∈ { /0, RN}, then let (uh
k+1,z

h
k+1)

satisfy {
−hdivzh

k+1 +uh
k+1 = sdφ◦

Eh
k

in D′(RN),

zh
k+1 ∈ ∂φ(∇uh

k+1) a.e. in RN ,
(140)

and set Eh
k+1 := {x : uh

k+1 ≤ 0}. If either Eh
k = /0 or Eh

k = RN , then set Eh
k+1 := Eh

k .

Since φ(∇sdφ◦

Eh
k+1

)≤ 1 a.e., by Remark 6.6-(d) it follows that uh
k+1(·+τ)−uh

k+1 ≤

φ ◦(τ) for all τ ∈ RN . Hence, for any x and for y ∈ Eh
k+1 = {x : uh

k+1 ≤ 0} we have
uh

k+1(x)≤ uh
k+1(x)−uh

k+1(y)≤ φ ◦(x− y). Minimising over y ∈ Eh
k+1

uh
k+1(x)≤ inf

y∈Eh
k+1

φ
◦(x− y) = sdφ◦

Eh
k+1

(x) for all x ∈ {sdEh
k+1
≥ 0} . (141)

By a similar argument, one can show that

uh
k+1(x)≥ sdφ◦

Eh
k+1

(x) for all x ∈ {sdEh
k+1
≤ 0} . (142)

Remark 6.7 (Discrete inclusion and avoidance principles). As an immediate conse-
quence of the comparison principle stated in Proposition 6.5 and the definition of
the scheme, we have that for two initial sets E0 ⊂ F0 if we let Eh and Fh be the
respective discrete evolutions, then Eh(t) ⊂ Fh(t) for all t ≥ 0. On the other hand,
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if distφ
◦
(E0,F0) =: ∆ > 0, then distφ

◦
(Eh(t),Fh(t)) ≥ ∆ for all t ≥ 0. To see the

latter, let vh
k+1 be defined as uh

k+1, but starting from sdφ◦

F0
in place of sdφ◦

E0
, and note

that distφ
◦
(E0,F0) =: ∆ > 0 is equivalent to sdφ◦

E0
+sdφ◦

F0
≥∆ . Hence, by comparison,

uh
1 ≥ ∆−vh

1 and in turn, by (141) and the corresponding inequality between vh
1, sdφ◦

Fh
1

,

we conclude sdφ◦

Eh
1
+ sdφ◦

Fh
1
≥ ∆ in RN \ (Eh

1 ∪Fh
1 ). The latter inequality easily implies

that distφ
◦
(Eh

1 ,F
h
1 )≥ ∆ . The conlusion then follows by iterating the argument.

Let us consider now the above discrete scheme when E0 is the φ -Wulff shape

W φ (x,λ ) := {y ∈ RN : φ
◦(y− x)< λ}

In this case, the discrete evolution can be computed explicitely, see [29, Appendix
B, Eq. (39)]. It turns out that the solution of (136), with g replaced by sdφ◦

W (0,λ ) =

φ ◦−λ , is given by (φ ◦h −λ ,zh), where

φ
◦
h (x) :=

{√
h 2N√

N+1
if φ ◦(x)≤

√
h(N +1),

φ ◦(x)+h N−1
φ◦(x) otherwise,

(143)

and

zh(x) :=


(

2
√

h(N+1)−φ◦(x)
)

x
h(N+1) if φ ◦(x)≤

√
h(N +1),

x
φ◦(x) otherwise.

This can be checked by direct computation. It follows straightforwardly that the
discrete (and thus the continuum) evolution of Wulff shapes is self-similar. More
precisely, if E0 =W φ (0,λ ), then Eh(t) =W φ (0,ρλ

h (t)), with ρλ
h (t) defined exactly

as in (93) and (74). Note in particular that ρλ
h (t) = ρλ

h (h[t/h]) = ρλ
h (h([t/h]−1))−

N−1
ρλ

h (h[t/h])
·h≥ ρλ

h (t−h)− N−1
δ
·h, provided that ρλ

h (t)≥ δ and 0< h≤ h0(δ ). Hence

for 0 < h≤ h0(δ )

ρ
λ
h (t)≥ λ − N−1

δ
t as long as λ − N−1

δ
t ≥ δ . (144)

We now set
Eh(t) := Eh

[t/h],

Eh := {(x, t) : x ∈ Eh(t)},
dh(x, t) := sdφ◦

Eh(t)
(x),

uh(x, t) := uh
[t/h](x),

zh(x, t) := zh
[t/h](x),

(145)

where [·] stands as usual for the integer part. If for some (x, t) we have dh(x, t) >
λ , then distφ

◦
(W φ (x,λ ),Eh(t)) > 0. Hence, by the avoidance principle stated in

Remark 6.7 and by (144) we have
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dh(x,s)≥ λ − N−1
δ

(s− t +h)

for t < s and s+h− t ≤ δ (λ −δ )/(N−1), and for 0 < h≤ h0(δ ).
By letting λ ↗ dh(x, t) we obtain that for any δ ∈ (0,dh(x, t)) there exists

h0(δ )> 0 such that

dh(x,s)≥ dh(x, t)− N−1
δ

(s− t +h) (146)

for t < s and s+h− t ≤ δ (λ −δ )/(N−1), and for 0 < h≤ h0(δ ).
By a similar argument, if dh(x, t)< 0, then for any δ ∈ (0,−dh(x, t)) there exists

h0(δ )> 0 such that

dh(x,s)≤ dh(x, t)+
N−1

δ
(s− t +h) (147)

for t < s and s+h− t ≤ δ (−dh(w, t)−δ )/(N−1), and for 0 < h≤ h0(δ ).

Now, thanks to the compactness properties of the Kuratowski convergence we
extract a subsequence hk→ 0 and find A⊂ E, an open and a closed space-time tube,
respectively, such that

cl(Ehk)
K−→ E and

(
RN× [0,+∞)

)
\ int(Ehk)

K−→
(
RN× [0,+∞)

)
\A ,
(148)

where the Kuratowski convergence is meant in space-time RN× [0,+∞). Exploiting
the “almost-monotonicity” properties of dh stated in (146) and (147), by a gener-
alised Helly’s selection principle one can show the following (see [37, Proposition
4.4] for details):

Proposition 6.8. Possibly extracting a further subsequence (not relabeled), there
exists a countable set N ⊂ (0,+∞) and a function d̃ : RN × ((0,∞) \N)→ R such
that for all t ∈ (0,+∞)\N we have that dhk(·, t)→ d̃(·, t) locally uniformly and

d̃(·, t)+ = dist(·,E(t)), d̃(·, t)− = dist(·,RN \A(·)).

Moreover, for every x ∈ RN the functions dist(x,E(·)) and dist(x,RN \ A(·)) are
left continuous and right lower semicontinuous. Finally, E(0) = E0 and A(0) =
int(E0).

One has the following crucial result:

Theorem 6.9. The tubes A and E are respectively a weak subflow and a weak su-
perflow for (126), with initial datum E0.

We provide here a sketch of the proof, referring to [37] for the full details.

Proof (Sketch of the proof). We only sketch the proof of the superflow property of E,
the other part being analogous. Properties (a), (b) follow immediately from Proposi-
tion 6.8. Regarding (c), it follows after observing that again thanks to Proposition 6.8
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the limiting function d̃ inherits the quasi-motonicity properties (146) and (147) of
dh.

Hence, it remains to establish (d). Recall that φ ◦(zhk)≤ 1 a.e.. Thus, up to a fur-
ther subsequence, we may assume that zhk

∗
⇀ z weakly-∗ in L∞(RN × (0,T ∗);RN),

with φ ◦(z)≤ 1 a.e.. Recall now (141) and (142). It then follows from (140) that

divzh
k+1 ≤

sdφ◦

Eh
k+1
− sdφ◦

Eh
k

h
a.e. on {sdφ◦

Eh
k+1
≥ 0}.

In turn, multiplying by any nonnegative test function ϕ ∈ C∞
c ((RN × (0,T ∗)) \E)

and integrating, we get

∫ ∫
ϕ(x, t)

(
dhk(x, t +hk)−dhk(x, t)

hk
−divzhk(x, t +hk)

)
dtdx

=−
∫ ∫ (

ϕ(x, t)−ϕ(x, t−hk)

hk
dhk(x, t)− zhk(x, t +hk) ·∇ϕ(x, t)

)
dtdx≥ 0.

Sending k→ ∞ we obtain that the differential inequality (129) holds in the sense
of distributions. In order to establish (130), we observe that since for any y ∈ Eh

k ,
sdφ◦

Eh
k
≤ φ ◦(·− y), by (140) and by comparison uh

k+1 ≤ φ ◦h (·− y), where φ ◦h is given

in (143). Thus, if sdφ◦

Eh
k
(x)≥ δ > 0, then

uh
k+1(x)≤ min

y∈Eh
k

φ
◦(x− y)+h

N−1
δ

= sdφ◦

Eh
k
(x)+h

N−1
δ

, (149)

provided h is sufficiently small. In turn (for the same h’s) by (140), we obtain

divzh
k+1 ≤

N−1
δ

a.e. in {x : sdφ◦

Eh
k
(x)≥ δ} , (150)

whence (130) follows by a simple passage to the limits, exploiting the convergence
properties of Ehk and dhk .

Observe also that for any x ∈RN \Eh
k , sdφ◦

Eh
k
(·)≥ sdφ◦

Eh
k
(x)−φ ◦(·−x). Thus, again

by (140) and comparison we get uh
k+1(x) ≥ sdφ◦

Eh
k
(x)−φ ◦h (0) = sdφ◦

Eh
k
(x)−

√
h 2N√

N+1
.

Combining with (149), we deduce that

‖uhk(·, t)−dhk(·, t−hk)‖L∞({x:dhk (x,t−hk)≥δ}) ≤
√

hk
2N√
N +1

for all h sufficiently small. In turn, this implies

uhk → d̃ a.e. in RN× (0,T ∗)\E, (151)

We are left with checking that
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z ∈ ∂φ(∇d̃) a.e. in RN× (0,T ∗)\E. (152)

To this aim, we consider any nonnegative φ ∈ C∞
c ((RN × (0,T ∗)) \E) and we ob-

serve that by (151) and by lower semicontinuity we have∫ ∫
φ(∇d̃)ϕ dxdt ≤ liminf

k

∫ ∫
φ(∇uhk)ϕ dxdt = liminf

k

∫ ∫
(zhk ·∇uhk)ϕ dxdt ,

where the last equality follows from the fact that zhk ∈ ∂φ(∇uhk) a.e.. Now a com-
pensated compactness argument based on the divergence bound (150) allows one to
show that ∫ ∫

(zhk ·∇uhk)ϕ dxdt→
∫ ∫

(z ·∇d̃)ϕ dxdt ,

see [37], and thus we may conclude that∫ ∫
φ(∇d̃)ϕ dxdt ≤

∫ ∫
(z ·∇d̃)ϕ dxdt .

From the arbitrariness of ϕ , we infer φ(∇d̃)≤ z ·∇d̃ a.e. in RN× (0,T ∗)\E, which
together with ‖φ ◦(z)‖∞ ≤ 1 yields (152). ut

6.6 Generic existence of weak flows and well-posedness of level set
flows

In this section we show how to combine the scheme studied in Section 6.5 with the
level set approach (compare also with Section 5.2).

Let u0 :RN→R be uniformly continuous. Set Eλ
0 := {u0≥ λ} and let Eλ ,h be the

corresponding time discrete evolutions, defined as in Section 6.5 with E0 replaced
by Eλ

0 .
Correspondingly, we consider the level set discrete evolution wh :RN×[0,+∞)→

R defined by
wh(x, t) := sup{λ ∈ R : x ∈ Eλ ,h(t)} , (153)

which by construction satisfy

{wh(·, t)> λ} ⊆ Eλ ,h(t)⊆ {wh(·, t)≥ λ} . (154)

Arguing similarly to Section 5.2 (see (83) and Lemma 5.16), one can prove that

Lemma 6.10. Let ω be a modulus of continuity for u0. Then ω is a modulus of
continuity for wh(·, t) for all t > 0 and h > 0. Moreover, for every t > 0 For any
ε > 0, there exists τ > 0 and h0 > 0 (depending on ε) such that for all |t− t ′| ≤ τ

and 0 < h≤ h0 we have |wh(·, t)−wh(·, t ′)|< ε .

We are ready to state the main result of this section.

Theorem 6.11. Let u0 be uniformly continuous on RN . Then the following holds:
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(i) (Existence and uniqueness) There exists a unique level set solution u for (126)
with initial datum u0, in the sense of Definition 6.2.

(ii) (Generic non-fattening) There exists a countable set N ⊂RN such that for all
λ ∈ R\N, the fattening phenomenon does not occur and, more precisely,

{(x, t) : u(x, t)> λ} = Int
(
{(x, t) : u(x, t)≥ λ}

)
,

cl
(
{(x, t) : u(x, t)> λ}

)
= {(x, t) : u(x, t)≥ λ} .

(155)

(iii) (Existence and uniqueness up to fattening of weak flows) For all non-
fattening λ ’s; i.e., for all λ ∈ R \N the superlevel set {(x, t) : u(x, t) ≥ λ} is the
unique weak flow for (126) in the sense of Definition 6.1, with initial datum Eλ

0 , and

Eλ ,h K−→ {(x, t) : u(x, t)≥ λ} (156)

as h→ 0+, where the Kuratowski convergence is, as usual, in space-time.

Remark 6.12. One could also show that for all λ ∈ R the sets {(x, t) : u(x, t) ≥ λ}
and {(x, t) : u(x, t)> λ} are respectively the maximal weak superflow and minimal
weak sublow with initial datum Eλ

0 , in the sense of Definition 6.1. See for instance
[33, Th. 4.8] for details.

Proof (Proof of Theorem 6.11).
Proof of (i). By the equicontinuity properties stated in Lemma 6.10, {wh} admits
cluster points with respect to the locally uniform convergence in RN × [0,+∞) as
h → 0+. Observe now that if u is any such cluster point, then by (154) and by
Theorem 6.9 for all λ ∈ R there exist a superflow Eλ and a subflow Aλ , with initial
datum Eλ

0 , such that

{(x, t) : u(x, t)> λ} ⊆ Aλ ⊆ Eλ ⊆ {(x, t) : u(x, t)≥ λ} . (157)

Now, let u1, u2 be two cluster points and for any λ ∈ R let Aλ
i , Eλ

i be as in (157),
with u replaced by ui, i = 1,2. Fix λ < λ ′. Since

distφ
◦
(Eλ ′

1 (0),RN \Aλ
2 (0))≥ distφ

◦
({u0 ≥ λ

′},RN \{u0 > λ})> 0 ,

where the last inequality follows from the uniform continuity of u0, it follows from
Theorem 6.3 that Eλ ′

1 (t)⊆ Aλ
2 (t) and, in turn, from (157)

{u1(·, t)> λ
′} ⊆ Eλ ′

1 (t)⊆ Aλ
2 (t)⊆ {u2(·, t)≥ λ}

for all t > 0. Since λ < λ ′ are arbitrary we deduce that u1 ≤ u2. Interchanging u1
and u2, we get in fact u1 = u2. The uniqueness of the cluster point in turn implies
the full convergence wh→ u locally uniformly in RN× [0,+∞) as h→ 0+.
Proof of (ii). The generic non-fattening and (155) can be proven arguing as in the
proof of Proposition 4.16.
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Proof of (iii). Fix λ ∈R\N and let Eλ and Aλ be as E and A in (148), with Eλ ,hk in
place of Ehk , for a suitable subsequence hk→ 0. Then, by Theorem 6.9, Eλ and Aλ

are a weak superflow and subflow, respectively, with initial datum Eλ
0 . Moreover,

(157) holds. Thus, taking (155) into account, we necessarily have

Aλ = {(x, t) : u(x, t)> λ} , Eλ = {(x, t) : u(x, t)≥ λ}, Aλ = Int(Eλ ) ,Eλ = cl(Aλ ) .

This shows that Eλ is a weak flow with initial datum Eλ
0 .

Let now E ′ be any superflow with initial datum Eλ
0 . Then, for all λ ′ < λ , with

λ ′ 6∈ N, thanks to Theorem 6.3 (and arguing as for (i)) we deduce E ′ ⊂ {(x, t) :
u(x, t)> λ ′}. Sending λ ′↗ λ , with λ ′ 6∈N, we obtain E ′ ⊆ Eλ . Analogously, if A′

is a subflow with initial datum Eλ
0 one has {(x, t) : u(x, t)≥ λ ′} ⊂ A′ for all λ ′ > λ ,

with λ ′ 6∈ N, and thus Aλ ⊆ A′. Summarising, we have

E ′ ⊆ Eλ = cl(Aλ )⊆ cl(A′) .

In particular, if E ′ is a weak flow in the sense of Definition 6.1 and A′ = Int(E ′)
(and thus cl(A′) = E ′), we deduce from the above chain of inclusions that E ′ = Eλ ,
whence the uniqueness of the weak flow starting from Eλ

0 follows. ut

Clearly, the distributional formulation introduced in Definition 6.1 applies also to
the mean curvature flow, which corresponds to the choice of φ equal to the Eu-
clidean norm. We conclude by observing that in this case the distributional level set
flow coincides with the viscosity level set flow presented in the previous sections.
As a consequence, for non-fattening level sets generalised MCMs and weak flows
coincide. We show it for simplicity only for initial sets with compact boundary.

Corollary 6.13 (Generalised MCM vs weak flows). Let u0 be an admissible initial
function (in the sense of Definition 3.3 and Remark 4.8). Then the corresponding
level set flow u, obtained as the unique viscosity solution of (27) coincides with
the level set flow provided by Theorem 6.11. In particular, for all but countably
many λ ∈ R the GMCM (see Definition 4.4) and the weak flow (in the sense of
Definition 6.1) starting from {u0 ≥ λ} coincide.

Proof. Let u be the unique viscosity solution of (27) and let ũ be the level set flow
provided by Theorem 6.11. By Theorem 5.22, we have that for all but countably
many λ ∈ R, {(x, t) : u(x, t)≥ λ} is the unique Kuratowski limit of the minimising
movements scheme. Hence, by (156) (see also Remark 6.6-(b)) we infer that for all
but countably many λ , {(x, t) : u(x, t)≥ λ}= {(x, t) : ũ(x, t)≥ λ} and thus u = ũ. In
turn, for all λ ∈R such that (155) holds, by Theorem 6.11-(b) the generalised MCM
{(x, t) : u(x, t) ≥ λ} coincides with the unique weak flow starting from {u0 ≥ λ}.
ut
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6.7 General mobilities

In this subsection we mention how to deal with equation (122), when the mobility
ψ is any norm, referring to [33] for the proofs. We start by introducing a subclass of
“regular” mobilities, according to the following definition.

Definition 6.14 (φ -regular mobilities). Let ψ be any norm and let W ψ(0,1) := {y :
ψ◦(y) < 1} be the associated Wulff shape. We say that ψ is φ -regular if W ψ(0,1)
satisfies a uniform interior φ -Wulff shape condition, that is, if there exists ε0 > 0
with the following property: for every x ∈ ∂W ψ(0,1) there exists y ∈W ψ(0,1) such
that W φ (y,ε0)⊆W ψ(0,1) and x ∈ ∂W φ (y,ε0).

Given a φ -regular mobility ψ , we can define weak sub- and superflows for (122)
exactly as in Definition 6.1, with d(x, t) now given by

d(x, t) := distψ
◦
(x,E(t)) for all (x, t) ∈ RN× (0,T ∗)\E,

and we can introduce the corresponding level set flows as in Definition 6.2.
Note that also in this case, thanks to the φ -regularity assumption, the s-level set

of d(·, t) satisfies an inner φ -Wulff shape condition, with radius ε0s, and thus one
expects its φ -curvature be bounded above by 1

ε0s , consistently with (130). It can be
shown that all the results of Sections 6.4 and 6.5 extend with the same methods also
to (122) under the φ -regularity assumption, see [33, Section 4] for the details. Let
us only point out that the minimising movement scheme for (122) reads as in (140),
but with sdψ◦

Eh
k

in place of sdφ◦

Eh
k
.

In order to deal with general mobilities, one crucial (and easy observation) is
the the class of φ -regular mobilities is dense. Indeed, if ψ is any norm, one can
approximate ψ with the family of φ -regular norms (ψε)ε>0 defined in such a way
that W ψε (0,1)=W ψ(0,1)+W φ (0,ε). The idea is then to construct the level set flow
with mobility ψ as the limit of level set flows with mobility ψε , as ε→ 0+. In doing
so, one has to show that such a limit exists and is independent of the choice of the
approximating familiy ψε . In [33] this is achieved via delicate stability estimates on
the minimising movements scheme presented in Section 6.5 with respect to varying
mobilities.

Let u0 : RN→R be uniformly continuous and set Eλ
0 := {u0 ≥ λ}. Given a norm

ψ and h > 0, let Eλ ,h
ψ the minimising movement associated with ψ of time-step h,

starting from Eλ
0 , and let wψ,h the level-by-level minimising movement of step h

starting from u0, defined as in (153) with Eλ ,h
ψ in place of Eλ ,h. The main results of

[33] are collected in the following statement.

Theorem 6.15 ([33]). Let ψ and u0 be as above. Then, for every sequence {ψn}
of φ -regular mobilities such that ψn → ψ (locally uniformly), the level set flows
uψn for (122), with ψ replaced by ψn, starting from u0, form a Cauchy sequence in
C0(K× [0,T ]) for all compact sets K ⊂ RN and for all T > 0. Therefore, it admits
a unique limit uψ with respect to the locally uniform convergence in space-time,
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which is independent of the choice of the approximating {ψn}. Moreover uψ satisfy
the following properties.

(i) (Convergence of the level-by-level minimizing movements scheme) The level
set flow uψ is the locally uniform limit in RN × [0,+∞), as h→ 0+, of the level-by-
level minimizing movements wψ,h defined above.

(ii) (Convergence of flat flows)There exists a countable set N ⊂ R such that for
all λ 6∈ N

{(x, t) : uψ(x, t)> λ} = Int({(x, t) : uψ(x, t)≥ λ}) ,

cl
(
{(x, t) : uψ(x, t)> λ}

)
= {(x, t) : uψ(x, t)≥ λ}

(158)

and the flat flow starting from Eλ
0 is unique. More precisely, we have

Eλ ,h
ψ

K−→ {(x, t) : uψ(x, t)≥ λ} ,

(RN× [0,+∞))\ Int(Eλ ,h
ψ )

K−→ {(x, t) : uψ(x, t)≤ λ}

as h→ 0+.
(iii) (Stability) Let {ψn} and {φn} be a sequences of mobilities and anisotropies,

respectively, such that ψn→ ψ and φn→ φ . Denote by uψn,φn the the level set flows
for (122), with ψ , φ replaced by ψn, φn, respectively, and with initial datum u0.
Then, uψn,φn → uψ,φ locally uniformly in RN× [0,+∞).

We refer also to [34] for an alternative proof of (i) by a different approximation
procedure; namely, by showing existence and uniqueness of the limit of viscosity
level set flows with smooth anisotropies converging to the limiting one.

Remark 6.16. - (A conjecture by Almgren and Taylor) In [2] it was shown that flat
flows (as defined in [3], see also Section 5) converge to motion by crystalline cur-
vature in the case of polyhedral sets in the plane, and it was conjectured that such a
convergence holds in general and also in higher dimensions. Item (ii) of the above
theorem settles the conjecture.

- (Comparison with the Giga-Požár solution) Arguing as in Corollary 6.13, one
has that when ψ and φ are smooth, the corresponding level set flow uψ,φ coincides
with the viscosity one. Hence, the stability property stated in [60, Theorem 1.5]
shows that for general crystalline norms ψ and φ , the level set flow provided by
Theorem 6.15 for (122) coincides with the crystalline viscosity solution provided
by the theory developed in [60].
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56. Giga, M.H., Giga, Y., Požár, N.: Periodic total variation flow of non-divergence type in Rn.
J. Math. Pures Appl. (9) 102(1), 203–233 (2014). DOI 10.1016/j.matpur.2013.11.007. URL
http://dx.doi.org/10.1016/j.matpur.2013.11.007

57. Giga, Y.: Surface evolution equations, Monographs in Mathematics, vol. 99. Birkhäuser Ver-
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