Diffusion laws and reaction term determine
boundary conditions
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Abstract We consider a one-dimensional non-Fickian diffusion equation and show
how either a homogeneous Dirichlet boundary condition or a homogeneous Neu-
mann boundary condition appears along the boundary of an inner domain when the
diffusivity in the outer domain tends to zero.

1 Introduction

We consider an initial value problem for a one-dimensional reaction-diffusion equa-
tion, namely

uy =0, (t,x) € (0,T) x I, (79)
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where ¢ € [0,1], I = (a,b) C R is a bounded open interval, dI = {a, b} is the bound-
ary of I, and the initial function ug € C(I) satisfies

0 < up(x) < Mo, xel, My=>1. (1)

The reaction function f is continuously differentiable on R™. More specifically, we
suppose that

fO)=s(1)=0, f(s)<0 fors>1, [f(s)|=O(s") 2)
for a nonnegative p as s — co. We define a constant My which satisfies
fls) <Mpifs>0, and |f(s)| < My|s|Pif s> 1.

Typical examples are f(s) =0, f(s) = s(1 —s), and f(s) = s(s —a)(1 —s) for
some a € (0,1). The main new feature of the problem is in the diffusivity De
which is nonconstant and is given below. The domain contains an inner interval,
I = (a1,b1) CI=(a,b), and Dy is given by

17 a ngbl,
D¢(x) = 3
e(r) {8, otherwise. )

We remark that if ¢ = 0, the diffusion in Problem (£?%) is Fick’s law. If ¢ = 1, the
diffusion law is called Chapman’s law [2], and if g = 1, Wereide’s law [7]. Diffusion
laws with a general exponent ¢ may appear depending on the choice of reference
points of the spatial heterogeneity (see [1]). We also refer to the book by Okubo and
Levin [6] for a discussion about diffusion laws.

Our main purpose is to characterize the singular limit of the solution u® of Prob-
lem (%) as € — 0. In particular, the following question is far from obvious: what
boundary condition does the limit satisfy on the boundary (0,7) x I"? Hilhorst,
Kang, Kim, Kim [4] found that when g = 0, the limit function satisfies the homoge-
neous Neumann boundary condition on I" and the corresponding ordinary differen-
tial equation on the outer domain. Chung, Kang, Kim, Kim [3] considered the case
that f = 0 and proved that if g < %, then the limit function satisfies the homoge-
neous Neumann boundary condition on I" and that if g > %, then the limit function
satisfies the homogeneous Dirichlet boundary condition on I'; they also obtained an
explicit formula in the case that g = %

The main results of this note are the following: as € — 0, the solution u® of
(%) converges to the solution of the initial value problem with the homogeneous
Dirichlet boundary condition

vi=vy+f(v), (ty)€(0,T)xI,
v=0, (l,y)G(O,T)XF, (@07D)
v(0,y) =uo(y), yel
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ﬁ,%} <qg<1.If0<g< min{ﬁ,%}, we prove that the

solution v& of Problem (2%) converges to the solution of the initial value problem
with the homogeneous Neumann boundary condition

in the case that min{

Vt:Vy)’+f(v)7 (t7y)€(07T)X117
w=0, (t,y) €(0,T)x I, (PON)
V(O7y):u0(y)a )’6117

where n is the normal vector on I".
While the proofs will be given by Hilhorst, Kang, Kim, and Kim [5], we present
below some of their key ideas.

1.1 Renormalized problem

We replace the space variable x with the new variable y(x) :=xo + [ pi! (s)ds for
some xq € 1. Then Problem (4?¢) can be rewritten as

(e ) = v+ D2 1f(Ze V), (t,y) € (0,T) X IF,
vy, =0, (1,y) € (0,T) x I, (2)
v(0,y) =vo.e(y), y et

where I¢ denotes (a®,b%) such that a® = y(a), b* = y(b) and
Ze(y) =De(x), v(t,y) =DE(x)u(t,x), voe(y) =Dg(x)uo(x).
Indeed,

dx

Vy = (Dgu)xzy

= Dé_q(Dg’oxv Vyy = Dl:_q (Dé_q(Dgu)x)X' “)

Definition 1. A function v with the regularity
ve L2(0,T;H' (IF)) NL™((0,T) x If)

is called a weak solution of (2°¢) if

/OT /18 (_@g*qu(])t—Fvy(py__@g*qf(‘@;qv)q)) dyd 5)

= [ 7 0)v0e()0(0,y)dy

for any test function ¢ € 7€ :={y € H'((0,T) x I¢) such that y(T,y) =0 for all y €
£}
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Before analyzing this problem, we mention the following properties that can be
easily proved.

. y(x) =xforx €I (so thaty € I; is equivalent to x € I}).
71 cIt.
a® — —ccand b® — o as e — 0.

1, yenur,
De(y) = €
e, yelE\I.

5. u(t,x) =v(t,x) for (¢,x) € (0,T) x I.

oW

Our purpose is to understand the behavior of the solution of Problem (£?¢) on
the interface I" as € — 0. The diffusivity in the inner domain is fixed with D =1, and
the interaction between the two domains will eventually remain along the interface
I' only. Therefore, we may easily guess that the limit will satisfy

vi=vy+f(v), (t,y)€(0,T)x1.

The main results of the paper are the following two lemmas and two theorems as
their consequences:

Lemma 1 (Existence and Uniqueness). Let I C R be a bounded interval, uy € C(I)
be an initial value bounded by (1), f be continuously differentiable satisfying (2),
and D¢ be given by (3). Then, Problem (2%) possesses a unique weak solution v¢
such that 0 < v¢ < M and ||V§| 12((0.1)xse) is uniformly bounded with respect to
€>0.

Lemma 2 (Homogeneous Dirichlet boundary condition). Suppose min{ ﬁ, %} <

q < 1. Then the solution v¢ of (%) converges to the unique classical solution v of
(20D strongly in L*((0,T) x I) as € — 0.

Lemma 3 (Homogeneous Neumann boundary condition). Suppose 0 < g <
min{ﬁ, %} Then the solution V¢ of (Z?%) converges to the unique classical so-

lution v of (P"N) strongly in L*((0,T) x 1) as € — 0.
Definition 2. A function u® with the regularity
uf € L°((0,T)x 1), Diuf e L?*(0,T;H'(I))

is called a weak solution of (£?%) if

T € 1—q/a, € £ "
/0 /1 (—u6,+ DL (D8t b — f(u)9) dvdr = /Iuo(x)(p(()’x)dx’ ©
for any test function ¢ € ¥ := {y € H'((0,T) x I) such that y(T,x) = 0 for all x €
I}.

Theorem 1 (Consequence of Lemma 1). Let I C R be a bounded interval, uy €
C(I) be an initial value bounded by (1), f be continuously differentiable satisfying
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(2), and D¢ be given by (3). Then, Problem (9?%) possesses a unique weak solution
ut.

Theorem 2 (Consequence of the lemmas 2 and 3).

ﬁ, %} < q < 1. Then the solution ut of (2?%) converges to the

unique classical solution v of (PP strongly in L*((0,T) x I1) as € — 0.
(ii) Suppose 0 < g < min{ﬁ, %} Then the solution ut of (7%) converges to the

(i) Suppose min{

unique classical solution v of (2°N) strongly in LZ((O, T)x1I)ase—0.

The main ideas for the proofs are the following. We consider a sequence of reg-
ularized problems, prove their well-posedness, and give some a priori estimates
which are uniform in the small parameter we have introduced. We then deduce
the well-posedness of Problem (2%) before trying to characterize the singular
limit of Problem (2¢) as € — 0. It turns out that the limit satisfies homogeneous
Dirichlet boundary conditions at a; and b if min{#, %} < g < 1; in order to
prove this property, we show that the solution v¢ of Problem (2¢) converges to
zero in (0,T) x {I¥\I,} as € | 0. On the other hand, it turns out that the limit
satisfies homogeneous Neumann boundary conditions at the points a; and b; if
0 < g <min{}, ﬁ}
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