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Abstract We consider a one-dimensional non-Fickian diffusion equation and show
how either a homogeneous Dirichlet boundary condition or a homogeneous Neu-
mann boundary condition appears along the boundary of an inner domain when the
diffusivity in the outer domain tends to zero.

1 Introduction

We consider an initial value problem for a one-dimensional reaction-diffusion equa-
tion, namely 

ut =
(

D1−q
ε

(
Dq

ε u
)

x

)
x
+ f (u), (t,x) ∈ (0,T )× I,

ux = 0, (t,x) ∈ (0,T )×∂ I,
u(0,x) = u0(x), x ∈ I,

(Pε )
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where q ∈ [0,1], I = (a,b)⊂R is a bounded open interval, ∂ I = {a,b} is the bound-
ary of I, and the initial function u0 ∈C(I) satisfies

0 ≤ u0(x)≤ M0, x ∈ I, M0 ≥ 1. (1)

The reaction function f is continuously differentiable on R+. More specifically, we
suppose that

f (0) = f (1) = 0, f (s)≤ 0 for s > 1, | f (s)|= O(sp) (2)

for a nonnegative p as s → ∞. We define a constant M f which satisfies

f (s)≤ M f if s ≥ 0, and | f (s)| ≤ M f |s|p if s > 1.

Typical examples are f (s) = 0, f (s) = s(1 − s), and f (s) = s(s − a)(1 − s) for
some a ∈ (0,1). The main new feature of the problem is in the diffusivity Dε

which is nonconstant and is given below. The domain contains an inner interval,
I1 = (a1,b1)⊂ I = (a,b), and Dε is given by

Dε(x) =

{
1, a1 ≤ x ≤ b1,

ε, otherwise.
(3)

We remark that if q = 0, the diffusion in Problem (Pε ) is Fick’s law. If q = 1, the
diffusion law is called Chapman’s law [2], and if q = 1, Wereide’s law [7]. Diffusion
laws with a general exponent q may appear depending on the choice of reference
points of the spatial heterogeneity (see [1]). We also refer to the book by Okubo and
Levin [6] for a discussion about diffusion laws.

Our main purpose is to characterize the singular limit of the solution uε of Prob-
lem (Pε ) as ε → 0. In particular, the following question is far from obvious: what
boundary condition does the limit satisfy on the boundary (0,T )×Γ ? Hilhorst,
Kang, Kim, Kim [4] found that when q = 0, the limit function satisfies the homoge-
neous Neumann boundary condition on Γ and the corresponding ordinary differen-
tial equation on the outer domain. Chung, Kang, Kim, Kim [3] considered the case
that f = 0 and proved that if q < 1

2 , then the limit function satisfies the homoge-
neous Neumann boundary condition on Γ and that if q > 1

2 , then the limit function
satisfies the homogeneous Dirichlet boundary condition on Γ ; they also obtained an
explicit formula in the case that q = 1

2 .
The main results of this note are the following: as ε → 0, the solution uε of

(Pε ) converges to the solution of the initial value problem with the homogeneous
Dirichlet boundary condition

vt = vyy + f (v), (t,y) ∈ (0,T )× I1,

v = 0, (t,y) ∈ (0,T )×Γ ,

v(0,y) = u0(y), y ∈ I1

(P0,D)
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in the case that min{ 1
p+1 ,

1
2} < q ≤ 1. If 0 ≤ q < min{ 1

p+1 ,
1
2}, we prove that the

solution vε of Problem (Qε ) converges to the solution of the initial value problem
with the homogeneous Neumann boundary condition

vt = vyy + f (v), (t,y) ∈ (0,T )× I1,
∂v
∂n = 0, (t,y) ∈ (0,T )×Γ ,

v(0,y) = u0(y), y ∈ I1,

(P0,N)

where n is the normal vector on Γ .
While the proofs will be given by Hilhorst, Kang, Kim, and Kim [5], we present

below some of their key ideas.

1.1 Renormalized problem

We replace the space variable x with the new variable y(x) := x0+
∫ x

x0
Dq−1

ε (s)ds for
some x0 ∈ I1. Then Problem (Pε ) can be rewritten as

(D1−2q
ε v)t = vyy +D1−q

ε f (D−q
ε v), (t,y) ∈ (0,T )× Iε ,

vy = 0, (t,y) ∈ (0,T )×∂ Iε ,

v(0,y) = v0,ε(y), y ∈ Iε ,

(Qε )

where Iε denotes (aε ,bε) such that aε = y(a), bε = y(b) and

Dε(y) = Dε(x), v(t,y) = Dq
ε(x)u(t,x), v0,ε(y) = Dq

ε(x)u0(x).

Indeed,

vy = (Dq
ε u)x

dx
dy

= D1−q
ε (Dq

ε u)x, vyy = D1−q
ε (D1−q

ε (Dq
ε u)x)x. (4)

Definition 1. A function v with the regularity

v ∈ L2(0,T ;H1(Iε))∩L∞((0,T )× Iε)

is called a weak solution of (Qε ) if∫ T

0

∫
Iε

(
−D1−2q

ε vφt + vyφy −D1−q
ε f (D−q

ε v)φ
)

dydt (5)

=
∫

Iε

D1−2q
ε (y)v0,ε(y)φ(0,y)dy

for any test function φ ∈V ε := {ψ ∈H1((0,T )×Iε) such that ψ(T,y)= 0 for all y∈
Iε}.
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Before analyzing this problem, we mention the following properties that can be
easily proved.

1. y(x) = x for x ∈ I1 (so that y ∈ I1 is equivalent to x ∈ I1).
2. I1 ⊂ Iε .
3. aε →−∞ and bε → ∞ as ε → 0.

4. Dε(y) =

{
1, y ∈ I1 ∪Γ ,

ε, y ∈ Iε \ I1.

5. u(t,x) = v(t,x) for (t,x) ∈ (0,T )× I1.

Our purpose is to understand the behavior of the solution of Problem (Pε ) on
the interface Γ as ε → 0. The diffusivity in the inner domain is fixed with D= 1, and
the interaction between the two domains will eventually remain along the interface
Γ only. Therefore, we may easily guess that the limit will satisfy

vt = vyy + f (v), (t,y) ∈ (0,T )× I1.

The main results of the paper are the following two lemmas and two theorems as
their consequences:

Lemma 1 (Existence and Uniqueness). Let I ⊂R be a bounded interval, u0 ∈C(I)
be an initial value bounded by (1), f be continuously differentiable satisfying (2),
and Dε be given by (3). Then, Problem (Qε ) possesses a unique weak solution vε

such that 0 ≤ vε ≤ M and ∥vε
y∥L2((0,T )×Iε ) is uniformly bounded with respect to

ε > 0.

Lemma 2 (Homogeneous Dirichlet boundary condition). Suppose min{ 1
p+1 ,

1
2}<

q ≤ 1. Then the solution vε of (Pε ) converges to the unique classical solution v̄ of
(P0,D) strongly in L2((0,T )× I1) as ε → 0.

Lemma 3 (Homogeneous Neumann boundary condition). Suppose 0 ≤ q <
min{ 1

p+1 ,
1
2}. Then the solution vε of (Pε ) converges to the unique classical so-

lution v̄ of (P0,N) strongly in L2((0,T )× I1) as ε → 0.

Definition 2. A function uε with the regularity

uε ∈ L∞((0,T )× I), Dq
ε uε ∈ L2(0,T ;H1(I))

is called a weak solution of (Pε ) if∫ T

0

∫
I

(
−uε

φt +D1−q
ε (Dq

ε uε)xφx − f (uε)φ
)

dxdt =
∫

I
u0(x)φ(0,x)dx, (6)

for any test function φ ∈ V := {ψ ∈ H1((0,T )× I) such that ψ(T,x) = 0 for all x ∈
I}.

Theorem 1 (Consequence of Lemma 1). Let I ⊂ R be a bounded interval, u0 ∈
C(I) be an initial value bounded by (1), f be continuously differentiable satisfying
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(2), and Dε be given by (3). Then, Problem (Pε ) possesses a unique weak solution
uε .

Theorem 2 (Consequence of the lemmas 2 and 3).

(i)Suppose min{ 1
p+1 ,

1
2} < q ≤ 1. Then the solution uε of (Pε ) converges to the

unique classical solution v̄ of (P0,D) strongly in L2((0,T )× I1) as ε → 0.
(ii) Suppose 0 ≤ q < min{ 1

p+1 ,
1
2}. Then the solution uε of (Pε ) converges to the

unique classical solution v̄ of (P0,N) strongly in L2((0,T )× I1) as ε → 0.

The main ideas for the proofs are the following. We consider a sequence of reg-
ularized problems, prove their well-posedness, and give some a priori estimates
which are uniform in the small parameter we have introduced. We then deduce
the well-posedness of Problem (Qε ) before trying to characterize the singular
limit of Problem (Qε ) as ε → 0. It turns out that the limit satisfies homogeneous
Dirichlet boundary conditions at a1 and b1 if min{ 1

p+1 ,
1
2} < q ≤ 1; in order to

prove this property, we show that the solution vε of Problem (Qε ) converges to
zero in (0,T )× {Iε\I1} as ε ↓ 0. On the other hand, it turns out that the limit
satisfies homogeneous Neumann boundary conditions at the points a1 and b1 if
0 ≤ q < min{ 1

2 ,
1

p+1}.

Acknowledgements The authors would like to thank the CNRS IRN ReaDiNet and the PHC Star
Project MAP, funded by the French Ministry for Europe and Foreign Affairs and the National
Research Foundation of Korea (RS-2024-00347311) for their financial support in their travels to
France and to Korea.

References

1. M. Alfaro, T. Giletti, Y.-J. Kim, G. Peltier, and H. Seo, On the modelling of spatially hetero-
geneous nonlocal diffusion: deciding factors and preferential position of individuals, J. Math.
Biol. 84 (2022) 38.

2. S. Chapman, On the Brownian displacements and thermal diffusion of grains suspended in a
non-uniform fluid, Proc. Roy. Soc. Lond. A 119 (1928), 34–54.

3. J.Chung, S.Kang, H.Y.Kim, and Y.J.Kim, Emergence of boundary conditions in the heat equa-
tion, J. Math. Phys. 65 (2024), 071501.

4. D.Hilhorst, S.Kang, H.-Y.Kim, and Y.-J.Kim, Fick’s law selects the Neumann boundary con-
dition, Nonlinear Anal. TMA 245 (2024) 113561.

5. D.Hilhorst, S.Kang, H.-Y.Kim, and Y.-J.Kim, Diffusion laws and the reaction term determine
the boundary condition, in preparation.

6. A Okubo, and S.-A. Levin, Diffusion and ecological problems: modern perspectives, Inter-
discip. Appl. Math., 14 Springer-Verlag, New York, 2001.

7. M. Wereide, La diffusion d’une solution dont la concentration et la température sont variables,
Ann. Physique 2 (1914), 67–83.


	Diffusion laws and reaction term determine boundary conditions
	Danielle Hilhorst, Seungmin Kang, Ho-Youn Kim, Yong-Jung Kim
	Introduction
	Renormalized problem

	References



