Global boundedness in 1D tumor invasion
system with chemotaxis effect

Sachiko Ishida

Abstract This paper is concerned with a tumor invasion system with chemotaxis
effect in a bounded interval / C R under the homogeneous Neumann boundary con-
dition with non-negative initial data (ug,vo,wo,20), where the diffusivity D and
the sensitivity S are assumed to be non-negative and fulfill D(c) > (o + 1),
0<S(o) < (o4 1)* (with some m, @ € R). It is shown that if o« < m+ 2, then
the system possesses a global-in-time bounded solution.

1 Introduction

We consider the following initial-boundary value problem in a bounded interval
ICR:

ur = (D(w)uy)x — (S(u)vy)xs xel, t>0,
Vi = Ve +WZ, xel, t>0,
wy = —wz, xel, t>0,
% =2 — 2t U, xel, t>0, W
Uy =vy =12, =0, x€dl, t>0,
(u,v,w,2)(x,0) = (ug,vo,wo,20)(x), x€I,
where D, S € C?([0,e0)) fulfill that for any ¢ > 0,
D(0) = (o+1)"", 0<S(0) < (o +1) @)

with some m, & € R. Here, the initial data satisfies
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(ug,vo, wo,20) € CO(T) x W2=(I) x C1(T) x W (I) with ug, vy, wo,z0 > 0. (3)

The model (1) was proposed by [3] as a modified tumor invasion model with
chemotaxis effect. Several papers have reported on global dynamics of the modified
tumor invasion system in n-dimensional domains (see cf. [3], [2], [7], [1], [4]), and
it has been proved that global solvability and boundedness for (1) in a n-dimensional
bounded domain in each of the following cases:

[6]: m,aeRWitha<m+%(1§n§3),a<m—1+%(n24),
[5]: macRwitha<m—1+%(n>2).

As noted in both of these papers, it is not known whether % in the above conditions
is a critical number for (1) to have global-in-time solutions. In addition, the under-
standing is still incomplete, especially since one dimension is excluded in the paper
[5]. The purpose of this paper is to improve the conditions of m and « in the one
dimensional case. We present the following main result.

Theorem 1. Let m,x € R. Assume that (3) holds and that D, S satisfy (2). If
a<m+2, (C))

then there exists a uniquely quadruple (u,v,w,z) of non-negative functions defined
on I x (0,00) which solve (1) classically and satisfy

||u(t)||L°°(l) < Umax for all t > O, (5)

where umax > 0 is a constant which does not depend on t.

Remark 1. Theorem 1 covers the one-dimensional case of the condition in [6], but
does not reach o <m—1+4 %\,,:1 =m+3.

2 A priori estimate

By deriving L"-boundedness, we can prove (5) by an iterative method (see [8,
Lemma A.1] for details). In order to establish L"-boundedness for any r € [1,00), we

r+o—2
look at the ordinary differential inequality for Y (r) := [j(u+1)"+ [;v 7 which
is deriven from a standard testing argument.

Proposition 1. Suppose the conditions in Theorem I hold. Assume that
oa<m+2.
Then (1) has a unique non-negative classical solution (u,v,w,z), which satisfies
[u@)l[rq) < C (Vr € [1,00)),

where the constant C > 0 is independent of t but depends on r.
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Let us recall the maximal Sobolev regularity which will be the key to prove Propo-
sition 1.

Lemma 1 (maximal Sobolev regularity). Let p,q € (1,%), Q C RN be bounded
domain and T > 0. Consider the following linear heat equation:

m=An—an+h onQ x(0,7),
Vn-v=0 on dQ x (0,T), 6)
n(x,0) = no(x), xXeQ,

where a > 0. For each g € W>P(Q) with % =00ndQ and h € L1(0,T;L"(Q)),
the equation (6) possesses a solution 1 € W'4(0,T;LP(Q)) NLI(0,T;W>P(R)).
Moreover, there exists C1 > 0, independent of T, such that

AN |za0.r.2r(2)) + M lzao.r2r(2)) < CrllMollw2r(@) + AllLao.r:r@))- (D

Proof (Proposition 1). We first note that the local-in-time existence of a solution of
(1) can be established by using the fixed point theorem and the parabolic regularity
theory (see [3]). Note that all of the following constants ¢; (i = 1,2,---) depend on
r and the initial data, but not on the time variable.

The proof for L"-boundedness consists of 3 steps.
(Step 1) As the first step, we will derive (9) below by using Lemma 1 twice. Take
A € (0,1) such that oo < m+ 1+ A, which exists only under the condition ¢ < m+2.
From the testing arguments for the 1st equation, we obtain for large r,

%/I(M—H)r
< —r(r—1)/I(u+1)r+m_3|ux|2—r(r—1)/1(/()MS(G)(G+1)’_2do')vxx

r(r

—1) )
rram T a0

4r(r—1 r+m—1
< - [

(r+m-—

r+m—1

r+o—A
< = Jlus =3 [ ) P2 flue )7 2 [l T e

where we used (2) and the fact that the Gagloardo-Nirenberg inequality along with
the conservation law [[u(t)(|1 () = [[uo|| 1) (V?) yields for any & >0,

r+m—1

(+1) 72202y < =N+ D@y + 1.

,l”
01

Same as above, the testing procedure for the 2nd equation in (1) results in

d rta—\ rta—A r+a-A rra—A rta—A
—/v = Sf/v = *3/|(Vz(1‘*>)x|2+cz(/z = +r/v = +1>,
dt Ji 1 I 1 I
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where we used [|w(t)||=(r) < [[woll=(r) (V1) and [[v() |1z < [Ivollzry + lwollzr )
(Vt). If we add the above inequalities together and solve the ordinary d1fferent1al

r+o—2
inequality for Y (¢) := [;(u+1)"+ f;v 27", then it holds that

<C3—|—/ —3L(s)+rh(s )+C4r13(s))ds,

where

B0 = (et )50 Bagy + 10D L0,

Iz([) /(u+ )rJrchl

r+0{ A
B = [l FF 4 [T [V

In the following of this step, we will estimate /3(¢). Applying (7) to the equation for
(1=A)s
erva=xy(x,s) and noting that [|[w(t)||=(;) < ||wol|z=(s) (V¢) ensure

o rta—A T rta—2 rta—A
/ e‘/|vxx| -7 ds§05{1—|—/ eA/(z -1 4y -2 )ds}.
Jo i Jo Ui

Next, using the embedding

r+a—2
’2(r+a—z)+(1—x)}’ ®

r+o—24
W2P(I) < L = (I), where p > max{l

(1=2)s
and applying (7) to the equation for er+a-7 z(x, s) provide that

r+a—A ta—d
e [ as <eq [ PR as <er{1+ [ et as).

Hence it follows from the Gagloardo-Nirenberg inequality that

1 r+a—2
[ e e <a{ie [ (v T+l )ds)
0 L -2 ()

—A

t o
< [ nwaste{i+ [ el D6l

),

and then the result so far is as follows:

rta—»>A
VO et [ @ (=200 +h) el DG s ©)

(Step 2) We will use (4) in this step to take control of I(r). We verify from
2r+o—A)
the Gagliardo-Nirengerg inequality by the embedding W!2(I) — L Fmet (I) =
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2
Lrn= (I) and the L'-conservation law of u that

2r+a—1)8

ROl +1), (10)

r+m 1

B(r) < e (J((u+ 1)

r+m—1 (
r+m

where 8; = e Olc_ - )- From our hypothesis, we see that the condition

a<m+1+l(®zﬁiﬂ:&ml<ﬂ
r+m—1

allows us to use Young’s inequality and thus gain L (1) < c¢12 + 11 (¢).

(Step 3) Flnally, we will check the condition on p under which we can estimate
|@+1)( )|, , a0 l derived from Step 1. Utlhzmg the Gagliardo-Nirenberg inequality
followed by the embedding Wh2(1) — LT (I) < L7n=1 (I), we can find

2r+o— /1)92

L@l g 1), an

r+a—2

J+ DO <en (1™

r+m 1

where 6, = ”r;#’l(l — %) In order to control the right-hand side of (11) by I;(¢),
we need

< r+o—2 ( (2(r+(x7t)92 2).

(r+qo—A)—(r+m)(1-2) r+m—1)(1-2)

If we let r be large enough that 2r > —2(a—A) — (1 —1), Ar >m(1 —4) — (¢ —A)
and (2—A)r> —(m+1)(1—A)— (oo —A), then we can select p such that

r+a—2 }< < r+o—2A
2t a—A)+1-S =P S Gra—A) = (r+m)(1-2)

max { 1
(see also (8)). Hence, by inserting (10), (11) into (9), we end up with for any suffi-
ciently large r,

@)@y < [+ D@l < era (V= 0).

This together with the L!-conservation law of « maintains the assertion. O
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