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Abstract We outline results regarding two linear semi-discrete analogues of poly-
harmonic curve diffusion for closed polygons in Rp, p ≥ 2, considered in recent
works by the authors, [12] and [13]. In particular, fruitful discussions regarding
self-similar solutions in higher codimension were held between the first author and
Prof Ben Andrews at the MATRIX institute. We consider both parabolic and hyper-
bolic evolutions including self-similar solutions under each flow. Parabolic evolu-
tion only has non-trivial scaling self-similar solutions, whereas in the undamped hy-
perbolic case, self-similar solutions by pure rotation exist. Polygons evolving by the
parabolic flow converge exponentially to a point, where under appropriate rescaling
the limiting shape is an affine transformation of a regular polygon. This is also true
in some cases for damped hyperbolic motion of polygons dependent on the damping
term. Otherwise we also get oscillating motion under this flow. The hyperbolic flow
also allows for prescription of an intermediate polygon state at a distinct time. As an
application, we set up a semi-discrete Yau difference flow for both the parabolic and
hyperbolic cases where an initial polygon converges to a target polygon in infinite
time. Hyperbolic evolution further allow for an intermediate state to be obtained at
a distinct time during this process.

1 Introduction

In [1], Chow and Glickenstein considered a semi-discrete analogue of the second
order curve shortening flow for smooth, closed curves. Involving only a first time
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derivative, this may be considered a parabolic-type evolution. In [12] we consid-
ered the polyharmonic analogue of this work and also considered a semi-discrete
analogue of the Yau problem of evolving one curve to another by a curvature flow.
In [13] we replaced the first time derivative by the second time derivative plus a
first time derivative ‘damping term’, creating a hyperbolic analogue of our previous
work. In this case, the evolution equation is now second order and requires an ad-
ditional condition as compared with the parabolic case to obtain a unique solution.
We can prescribe not only an initial polygon, but the state of the system at a distinct
later time, giving rise to a flow that transitions from one polygonal curve, through
another then asymptotically to a limiting shape.

Our setup, similar as in [1], involves an ordered collection of n points in Rp,
joined to form a piecewise linear, closed immersed ‘curve’. The parabolic flow is
given by a first order system of coupled linear ordinary differential equations, with
a coefficient matrix corresponding to an mth order difference-type operator. The
hyperbolic case is a second order system of n coupled linear ordinary differential
equations.

Linearity enables analysis via finite Fourier series. In the parabolic case and in
some situations for the undamped hyperbolic case, the higher the order m, the faster
the convergence, either (under appropriate rescaling), to a regular basis polygon,
or to a target curve when considering the semi-discrete Yau flow analogies. We
believe the adjustment of Chow and Glickenstein’s original semi-discrete flow to
the Yau problem is new, as are the ‘higher order’ cases. To our knowledge semi-
discrete linear hyperbolic flows have not been considered before, but the damped
hyperbolic analogue of the curve shortening flow has been considered (see [3] and
the references contained therein).

Fully discrete flows have been considered by Rademacher and Rademacher [19,
20]. These are related to discretisation of partial differential equations in space and
time using finite differences, while semi-discrete flows are related to the ‘method of
lines’ where there is discretisation in all but one dimension (usually time), reducing
a given system of partial differential equations to a system of ordinary differential
equation. The equations we consider are closely related to finite differences or finite
elements; a particular hyperbolic reference is [3].

We remark on the relationship between such semi-discrete flows and the the cor-
responding higher order flows of smooth curves. In particular [23, 4] and the refer-
ences contained therein consider the fourth order curve diffusion flow (introduced by
Mullins [17]). The triharmonic case was considered in [15] with relevance to com-
puter imaging. The polyharmonic case was considered in [18]. These correspond
to different powers m of the difference matrix M in our system of ordinary differ-
ential equations for vertices evolving under our linear semi-discrete flows. Settings
in which curvature flows result in linear ordinary or partial differential equations
are relatively rare. A linear structure was utilised by Smoczyk for curves and hy-
persurfaces evolving by certain parabolic equations in [21]. The curve results were
extended by the first author, Schrader and Wheeler in [16] to higher order equations
and curves with general nonzero rotation number. The first author has also recently
considered convex hypersurfaces evolving by similar higher order linear curvature
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flows [10]. In these cases, exponential convergence is faster with increasing order,
also found in the semi-discrete cases we discuss here. The first author and Otuf con-
sidered linear hyperbolic flows of curves in [14], while the first author considered
convex hypersurfaces evolving by analogous second order linear hyperbolic flows
in [11].

First order semi-discrete flows have been considered in multiple engineering ap-
plications, such as [6, 7, 8]. It is likely that corresponding second order flows, such
as the semi-discrete hyperbolic flow considered here, will find similar applications.
Replacing a first time derivative by a second derivative with damped first derivative
term also appears in the heavy ball with friction system [5].

This article provides a summary of the main results from previous articles [12]
and [13] by the authors with some comparison between the two types of semi-
discrete evolution. The structure is as follows. Section 2 provides the set up of the
polygonal curves and the flows, and includes some key characteristics of the coeffi-
cient matrix involved. Section 3 specialises to self-similar solutions for these semi-
discrete flows, with further discussion on self-similar rotating solutions. The authors
are grateful to Professor Ben Andrews for a discussion during the MATRIX-RIMS
Tandem Workshop: Evolutionary Partial Differential Equations and Applications in
March 2024 regarding self-similar solutions in higher codimension, that contributed
to this part of the work in [13]. Section 4 notes the representation formula for gen-
eral solutions of each flow that enables us to determine their long-time behaviour.
In Section 5, semi-discrete Yau difference flows that arise from nonhomogeneous
versions of both the parabolic and hyperbolic type flows are discussed.

2 Preliminaries

Here we provide the setup for the closed polygonal curves in the plane or in higher
codimension. We also introduce the semi-discrete geometric flows and give some
fundamental properties.

2.1 Setup

Definition 1. Let p ≥ 2 be an integer. An n sided polygon, or ngon, X⃗ in Rp, is a
set of points X⃗ = (X0,X1, . . . ,Xn−1)

T , where each vertex X j ∈ Rp.. The polygon is
closed such that Xn = X0 and the index of the vertices are considered modulo n.

For each j = 0,1, . . . ,n− 1, the line segment X jX j+1 joining vertex X j to X j+1

is called an edges. Generally, X⃗ is a n× p matrix with real entries. When p = 2 the
polygon lies in the plane R2. In this case we can alternatively consider each vertex,
X j = (xi yi) ∈R2, to be a point in C such that X j = x j + iy j. Therefore X⃗ as an n×2
matrix representing a polygon in R2, can also be thought of as a vector in Cn.
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To consider the flow in higher codimension, we set up similarly as in [1]. Let each
vertex X j ∈Rp be denoted as X j = (x1 j,x2 j, . . . ,xp j). Consider the ith coordinate for
every vertex in the polygon, for i = 1,2, . . . , p, we can define

x⃗i = (xi0,xi1, . . . ,xi(n−1))
T ,

which is a vector in Rn. Therefore

X⃗ = (⃗x1 · · · x⃗p). (1)

For k = 0,1, . . . ,⌊ n
2⌋, we define the vectors c⃗k and s⃗k to be the real and imaginary

parts respectively of eigenvector Pk. Thinking of each entry of Pk as expressed as
a vector in R2, we have Pk = (⃗ck s⃗k). Furthermore, nonzero elements from the set
{⃗ck, s⃗k}k=0,1,...,⌊ n

2 ⌋ are mutually orthogonal and form a basis for Rn.
Therefore each x⃗i for i = 1, . . . , p can be expressed as

x⃗i =
⌊ n

2 ⌋

∑
k=0

(αik⃗ck +βik⃗sk)

for real coefficients αik and βik.

2.2 Semi-discrete polyharmonic flows of polygons

We consider a normal vector to each vertex X j given by

N j := (X j+1 −X j)+(X j−1 −X j), (2)

such that the corresponding system of equations can be expressed in matrix form as

N⃗ = MX⃗ (3)

where M is an n×n matrix given by

M =



−2 1 0 · · · 0 1
1 −2 1 0 · · · 0

0 1 −2 1 0
...

... 0
. . . . . . . . . 0

0
. . . 0 1 −2 1

1 0 · · · 0 1 −2


. (4)

We introduce two semi-discrete geometric flows of closed polygons.

Definition 2. Let X⃗(t) be a family of polygons as given in Definition 1. Given m ∈
N, polygons X⃗(t) satisfying
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dX⃗
dt

= (−1)m+1MmX⃗ (SPFm)

evolve by the 2mth order semi-discrete linear polyharmonic flow, where M is the
matrix given in (4).

The above flow is a parabolic-type evolution. When the first time derivative is
replaced by a second time derivative, perhaps also with a first derivative ‘damping
term’, we obtain the hyperbolic analogue as given in the following definition.

Definition 3. Let X⃗(t) be a family of polygons as given in Definition 1. Given m∈N
and a constant β ≥ 0, polygons X⃗(t) satisfying

d2X⃗
dt2 +β

dX⃗
dt

= (−1)m+1MmX⃗ (SHPFm)

evolve by the 2mth order semi-discrete linear hyperbolic polyharmonic flow, where
M is the matrix given in (4).

2.3 Matrix properties

We list some properties of the matrix (−1)m+1Mm that enable us to write down
the solutions and determine the behaviour of closed polygons under each of theses
flows.

The matrix M given in (4) is a circulant matrix. Many properties of circulant
matrices are described in [2] with further details about their eigenvalue and eigen-
vectors in [22]. The product of circulant matrices is also circulant, therefore Mm is
circulant for any m ∈ N.

The eigenvectors of any n×n circulant matrix are in Cn and are given by,

Pk = (1,ωk,ω2k, . . . ,ω(n−1)k)T , for k = 0,1, . . . ,n−1, (5)

where ω = e
2πi
n . Here the powers of ω are precisely the nth roots of unity. We

can think of each Pk as a polygon by placing the entries of Pk into C as the ver-
tices of the polygon, and joining consecutive entries by arrows. This results in
P0 = (1,1, . . . ,1)T , a point, and the remaining Pk form either regular convex poly-
gons or star shaped regular polygons. Each Pk and Pn−k, for k = 1, . . . ,n− 1 is a
repeat of the regular polygon, but with the arrows in the opposite orientation. The
exception is when n is even and then Pn

2
is a line interval where the arrows between

points overlap each other n
2 times. For each n, the collection {Pk}n−1

k=1 produces all
regular polygons whose number of sides is a factor of n with Pn

2
as the exception for

even n.

Proposition 1. [1] The set of eigenvectors, { 1√
n Pk}n−1

k=0 of M forms an orthonormal
basis for Cn where the corresponding eigenvalue, λk, for each Pk is given by
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λk =−4sin2
(

πk
n

)
. (6)

Let the eigenvalues of matrix (−1)m+1Mm corresponding to eigenvectors Pk be
denoted as λm,k. Then

λm,k := (−1)m+1
λ

m
k . (7)

The eigenvalues of a circulant matrix occur in conjugate pairs with some exceptions.
That is, λk = λn−k with the exception of λ0 and λ n

2
for n even. Furthermore, if

the circulant matrix is real and symmetric, the eigenvalues are real and thus each
eigenvalue pair λk = λn−k. This holds for (−1)m+1Mm for each m and so we have
λm,0 = 0,λm,k = λm,n−k and λm, n

2
does not have an equal pair for n even. Also λm,k <

λm,1 < 0 for all k = 2, . . . ,⌊ n
2⌋.

3 Self-similar solutions

We compare the existence and behaviour of closed polygonal self-similar solutions
in cases of semi-discrete parabolic and hyperbolic type evolution.

Here we are interested in solutions X⃗(t) related to the initial polygon X⃗(0) = X⃗0
via the formula

X⃗(t) = g(t)X⃗0R( f (t))+ h⃗(t), (8)

where g, f : R→ R and h⃗ : R→Mn×p (R) are once-differentiable functions in the
case of (SPFm), and twice-differentiable in the case of (SHPFm). Here g(t) rep-
resents scaling (g(t) > 0 for all t ∈ [0,T )). For polygons in the plane, R( f (t)) is
the 2× 2 rotation matrix by angle f (t). For higher codimension rotations, we in-
stead consider R(t) where R : R → SO(p) represents a time-dependent p× p ro-
tation of the polygon in Rp such that R(0) = Ip. Translation is given by h⃗(t), an
n× p matrix where h⃗(t) = (⃗h1(t) h⃗2(t) · · · h⃗p(t)) and h1, . . . ,hp : R→ R. We have
g(0) = 1, f (0) = 0, and h⃗(0) = 0n×p, where 0n×p is the n× p zero matrix, such that
X⃗(0) = X⃗0. Note that when considering X⃗ as a polygon in C, equation (8) is instead
written

X⃗(t) = g(t)ei f (t)X⃗0 + h⃗(t)

where rotation is given by ei f (t) and translation by h⃗(t) ∈ Cn.
We distinguish between stationary solutions and self-similar trivial solutions.

X⃗(t) is a stationary solution if

(−1)m+1MmX⃗(t) = 0n×p,

for all t. The null space of (−1)m+1Mm is given by the eigenspace of λm,0 = 0
which is spanned by corresponding eigenvector P0 = (1,1, . . . ,1)T . Therefore any
vector in the null space must be a constant vector. Applying this to each of the
coordinate vectors of X⃗(t) = (⃗x1(t) . . . x⃗p(t) indicates stationary solutions are given
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by X⃗(t) = (⃗c1 · · · c⃗p) for real constants c1, . . . ,cp. That is, X⃗(t) is an n multiply
covered point anywhere in Rp. A trivial self-similar solution X⃗(t) is given when
X⃗0 = (⃗c1 · · · c⃗p) in the expression (8). If in addition we find g(t) = 1, R(t) = Ip and
h⃗(t) = 0n×p for all t, then X⃗(t) is a stationary solution.

3.1 Self-similar solutions by scaling

Scaling self-similar solutions exist in both cases, as given in the following two re-
sults for planar polygons.

Proposition 2. [12] If a family of polygons in the plane X⃗(t), is a self-similar solu-
tion to the flow (SPFm) by scaling, then X⃗(t) is of the form

X⃗(t) = eλm,kt(c1Pk + c2Pn−k),

for any k ∈ {1,2, ...,⌊ n
2⌋} and any c1,c2 ∈C, where λm,k is the corresponding eigen-

value for eigenvectors Pk and Pn−k, given by (7).

Proposition 3. [13] If a family of polygons in the plane X⃗(t) is a self-similar solu-
tion to the flow (SHPFm) by scaling, then X⃗(t) has the form

X⃗(t) = g(t)(c1Pk + c2Pn−k) (9)

for some fixed k ∈
{

0,1, . . . ,⌊ n
2⌋
}

, where

g(t)=



ct +1 for β = 0 and k = 0
c
β
+
[
1− c

β

]
e−β t for β > 0 and k = 0

e−
β

2 t
[
cos

(
γm,k t

)
+ c sin

(
γm,k t

)]
for 0 ≤ β < 2

√∣∣λm,k
∣∣,k ∈ {

1, . . . ,⌊ n
2⌋
}

.

er+t + c (er−t − er+t) for β ≥ 2
√∣∣λm,k

∣∣ and k ∈
{

0, . . . ,⌊ n
2⌋
}

Here r± =−β

2 ±
√(

β

2

)2
+λm,k, γm,k =

√∣∣∣∣(β

2

)2
+λm,k

∣∣∣∣ and c ∈R,c1,c2 ∈C are

constants. In the case n is even, there is only the one polygon corresponding to
k = n

2 .

We can see from the above results, that a scaling self-similar plane polygon is an
affine transformation of a regular polygon.

Similar results hold for polygons in higher co-dimension where vertices are in
Rp for p ≥ 2. This result can be found in [12] for the parabolic type evolution, and
in [13] for the hyperbolic case. Here scaling self similar solutions are the image
of linear transformation of a regular polygon Pk = (⃗ck s⃗k) ∈ R2 into Rp, given by
T : R2 → Rp, where
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T (x,y) = (x y)
[

α1 · · · αp
β1 · · · βp

]
. (10)

3.2 Self-similar solutions by translation

In the case of translating self-similar solutions, there are no non-trivial solutions for
either semi-discrete evolution equation. In the case of parabolic evolution, the only
solutions are stationary solutions. Whereas for hyperbolic evolution, we have trivial
solutions (in both the damped and undamped cases) where the initial polygon is an
n multiply covered point in Rp and h⃗(t) is a non-zero n× p translation matrix. We
can obtain the expression for the translating path. Given h⃗(t) = (⃗h1(t) · · · h⃗p(t)),
for j = 1, . . . , p each element of vector h⃗ j(t) is the same, which we denote as h j(t).
Then for β = 0 we have

h j(t) = d jt,

and for β > 0,

h j (t) =
d j

β

(
1− e−β t

)
for real constant d j not equal to zero.

3.3 Self-similar solutions by rotation

In the case of rotations we see a difference between semi-discrete parabolic and
hyperbolic type evolutions. In the parabolic case with flow (SPFm), we have only
stationary solutions. In the hyperbolic case with flow (SHPFm), this is also true
when β > 0. However for β = 0 we have non-trivial solutions. For plane polygons
this is given in the following statement.

Proposition 4. [13] Consider the family of polygons in the plane, X⃗(t) given by

X⃗(t) = X⃗0R( f (t)), (11)

where R( f (t)) represents the rotation of the polygon X⃗0 by angle f (t), with f (0)= 0.

1. If X⃗(t) satisfies (SHPFm) with β = 0 for all t, then X⃗(t) has the form

X⃗(t) = (c1Pk + c2Pn−k)R(±
√

−λm,kt),

for some k ∈ {1,2, . . . ,⌊ n
2⌋} and any constants c1,c2 ∈ C, where λm,k is the cor-

responding eigenvalue for eigenvectors Pk and Pn−k.
2. In the case β > 0, there are no nontrivial solutions of (SPFm) that evolve by pure

rotation.
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For plane polygons we can write down precisely the polygonal solution that
evolves by pure rotation. For polygons in higher codimension, non-trivial self-
similar solutions do indeed exist when β = 0. We provide some examples but sus-
pect others are also possible.

Proposition 5. [13] Consider the family X⃗(t) of polygons in Rp such that

X⃗(t) = X⃗0R(t), (12)

where R : R→ SO(p) represents a time-dependent p× p rotation of the polygon X⃗0
in Rp such that R(0) = Ip.

If X⃗(t) satisfies (SPFm) for some β > 0 and all t then R(t) ≡ Ip and X⃗0 corre-
sponds to a point in Rp, that is the only self similar solution by rotation in this case
is the trivial solution.

If X⃗(t) satisfies (SPFm) with β = 0 for all t then pure rotations are possible.

Remark 1. We provide an example of a high codimenstion polygon that evolves by
pure rotation.

For any k ∈ {1, . . . ,⌊ n
2⌋}, consider an initial polygon of

X⃗0 = X⃗0,i j = (⃗ck s⃗k)

[
α1 · · · αp
β1 · · · βp

]
,

where αl = βl = 0 for all l ̸= i, j, and is therefore the image of a regular polygon
Pk = (⃗ck s⃗k) from R2 mapped to Rp by a linear transformation, that is planar in the
xi − x j sub-plane of Rp.

The rotation in the xi − x j plane is given by Rxi,x j(±
√
−λm,kt). Thus polygons

in Rp that are affine images of regular polygons Pk in R2 are self similar solutions
by rotation. We suspect there are also other self-similar solutions for more general
rotations.

4 General solutions and long-time behaviour

We summarise and compare the behaviour of polygonal solutions under the respec-
tive semi-discrete linear flows. In the case of (SPFm), solutions shrink to an affine
regular polygonal point. This is given in the following Theorem from [12].

Theorem 1. [12] Given an initial polygon X⃗0 with n vertices in R2 and any m ∈ N,
the equation (SPFm) with initial data X⃗ (0) = X⃗0 has a unique solution given by

X⃗(t) = a0(0)P0 +
n−1

∑
k=1

ak(0)eλm,ktPk. (13)
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The solution exists for all time and converges exponentially to a point. Under ap-
propriate rescaling, the solution is asymptotic as t → ∞ to an affine transformation
of a regular polygon with n vertices.

In the case of semi-discrete hyperbolic evolution under (SHPFm), there is some
variation in behaviour depending on the value of the damping constant β . In the
case of β = 0 we have the following result as given in [13].

Theorem 2. [13] Given an initial polygon X⃗0 = ∑
n−1
k=0 α0

k Pk with n vertices in R2

and any m ∈ N, the equation (SHPFm) with β = 0 and initial data X⃗ (0) = X⃗0 has a
unique solution given by

X⃗(t) =
(
α

0
0 +a0 t

)
P0 +

n−1

∑
k=1

[
α

0
k cos

(√
−λm,kt

)
+ak sin

(√
−λm,kt

)]
Pk, (14)

where the ak, k = 0, . . . ,n−1 are arbitrary constants.

In this undamped case, the polygon exhibits continued undamped oscillations.
In addition to prescribing the initial polygon X⃗0, we can prescribe values for the
arbitrary constants a0,a1, . . . ,an to provide a unique solution. Such possible pre-
scriptions could be the ‘zero initial velocity’ condition, where all arbitrary constants
are set to zero. Constants could also be chosen such that the polygon evolves to an
intermediate polygon at a specific time t, then continues with undamped oscillating
behaviour.

When a damping term β > 0 is involved, polygons will shrink to a point as
occurred in the parabolic case. The value of the damping term in relationship to the
eigenvalues λm,k and especially to the dominant eigenvalue, determines the limiting
shape as the polygon evolves under (SHPFm). This is given in the following result
from [13].

Theorem 3. [13] Given an initial polygon X⃗0 =∑
n−1
k=0 α0

k Pk with n vertices in R2 and
any m ∈ N, the equation (SHPFm) with β > 0 constant and initial data X⃗ (0) = X⃗0
has a unique solution given by

X⃗(t) =
[

α
0
0 +

a0

β
− a0

β
e−β t

]
P0 +

n−1

∑
k=1

αk(t)Pk, (15)

where

αk (t) =


α0

k er+m,kt +ak (er−m,kt − er+m,kt) for
∣∣λm,k

∣∣< β 2

4

(α0
k +akt)erm,kt if λm,k =−β 2

4

e−
β

2 t
[
α0

k cos
(
γm,kt

)
+ak sin

(
γm,kt

)]
, for

∣∣λm,k
∣∣> β 2

4

(16)

r±m,k =−β

2
±

√(
β

2

)2

+λm,k
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and

γm,k =

√
−λm,k −

(
β

2

)2

.

The constants ak for k = 0, . . . ,n− 1 are arbitrary. The solution exists for all time
and converges exponentially to a point.

When the dominant eigenvalue λm,d for some d ∈ {1, . . . ,⌊ n
2⌋} in the expression

of X⃗0 satisfies the condition |λm,d | ≤ β 2

4 , then under appropriate rescaling, the so-
lution is asymptotic as t → ∞ to an affine transformation of a regular polygon with
n vertices. Otherwise if |λm,d | > β 2

4 , then the solution in (15) exhibits continued
oscillating behaviour as it shrinks to a point.

As in the undamped case for the hyperbolic flow, the arbitrary constants a0,a1, . . . ,
an−1 can be assigned values such that a unique solution can be obtained. They can
be chosen such that the initial polygon flows to an intermediate prescribed polygon,
before shrinking to a point. We can therefore consider this set up in the hyperbolic
case as a semi-discrete Yau type problem, where a target polygon solution is ob-
tained in finite time.

Figure 1 shows examples of a pentagon flowing under (SPFm) and (SHPFm) for
different values of m. Distinct time steps are chosen in each case superimposed over
the initial pentagon where the same times steps are chosen in each case. These exam-
ples demonstrate the faster convergence with higher values of m as well as some dif-
ferences between the motion of the pentagon under each respective parabolic or hy-
perbolic type flow. We also include examples of a pentagon flowing to a prescribed
intermediate polygon under the hyperbolic flow. In the case of the hyperbolic flow,
as m increases, the coefficients in the general solution formula can contain more cos
and sin expressions. This is the case in Figure 1e 1f 1h 1i where m = 2 and m = 3
for the pentagon flowing under (SHPFm).

We obtain analogous results for higher codimension polygons for both the
parabolic evolution [12] and undamped and damped hyperbolic evolution [13]. For
polygons in Rp that satisfy (SPFm), under appropriate rescaling the solution con-
verges asymptotically to a planar polygon with n vertices in Rp which is the affine
image of a regular polygon in R2. This also occurs for solutions to (SHPFm) with a
damping term, for certain conditions on the damping term as given in Theorem 3.

5 Semi-discrete Yau curvature difference flow

Lin and Tsai in [9] describe Yau’s curvature difference flow where an initial curve
evolve to other in finite or infinite time using a parabolic flow. In [12] we considered
a first order in time semi-discrete polyharmonic flow analogue of Yau’s curvature
difference flow and in [13] we considered a second order in time analogue that
includes a linear damping term. In each case, as time increases, the initial polygon
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(a) m = 1 (b) m = 2 (c) m = 3

(d) m = 1,β = 4 (e) m = 2,β = 4 (f) m = 3,β = 4

(g) m = 1,β = 4 (h) m = 2,β = 4 (i) m = 3,β = 4

Fig. 1: Distinct time steps of the evolution are shown superimposed over the initial
polygon. The same time step values are used in all cases for each value of m.
(a) - (c): Evolution of a pentagon under the semi-discrete parabolic polyharmonic
flow (SPFm), for different values of m.
(d) - (f): Evolution of a pentagon under the semi-discrete hyperbolic polyharmonic
flow (SHPFm) for different values of m and where we have a damping term β = 4.
All arbitrary constants ak are chosen to be zero. The polygon at time step t = 1.2 is
shown in red in each case which is to provide comparison for Figure (g) - (i) where
constants ak are chosen so that the polygon first flows to a intermediate polygon at
time t = 1.2 before shrinking to a point.
(g) - (i): Evolution of a pentagon under the semi-discrete hyperbolic polyharmonic
flow (SHPFm) for different values of m and where we have a damping term β = 4.
The constants ak are chosen so that at time t = 1.2 we have X⃗(1.2) = α0

0 P0 +3P1.



Semi-discrete linear geometric flows of closed polygons 387

converges to a target polygon or a translate of the target polygon as described in the
following results.

Theorem 4. [12] Let X⃗0 and Y⃗ be given n-sided polygons. The flow

dX⃗
dt

= (−1)m+1Mm
[
X⃗(t)− Y⃗

]
, (SY DFm)

with X⃗ (0) = X⃗0, has a unique solution X⃗ (t) In particular, the solution exists for all
time and as t → ∞ converges exponentially to a translate of Y⃗ .

Theorem 5. [13] Given a target polygon Y⃗ with n vertices in Rp, for p ∈ N, p ≥
2, and any fixed β > 0, all solutions X⃗(t) to the second order semi-discrete Yau
difference flow,

d2X⃗
dt2 +β

dX⃗
dt

= (−1)m+1Mm
[
X⃗(t)− Y⃗

]
(SHY DFm)

with any initial polygon X⃗(0) = X⃗0 with n vertices, exists for all time and converges
as t → ∞ to Y⃗ .

Remark 2. 1. Parabolic flows that evolve one smooth convex curve in the plane to
another are described in [9, 16]. Hyperbolic flows of this type are discussed in
[14].

2. In the undamped semi-discrete hyperbolic case where β = 0, instead of conver-
gence to a target Y⃗ , we would instead have continued oscillations around such
target polygon for all time.

3. For both the parabolic and hyperbolic type Yau difference flows, we can consider
a sequence of initial polygons as t →−∞, and construct a flow with an ’initial’
limiting (t →−∞) polygon X⃗−∞, that passes through a determined initial polygon
X⃗0 before converging to a target polygon Y⃗ . The hyperbolic flow with damping
(SHY DFm) allows two intermediate states X⃗0 and X⃗1 at distinct times in such a
process, as compared with a parabolic flow that would allow one intermediate
state. Using higher orders in such flows would accommodate more intermediate
states. This could be relevant to application, for example in robotic and drone
systems, where the system is to pass through several specific states at distinct
times before approaching a long-term target state.

4. The flows (SY DFm) and (SHY DFm) can evolve an n1-gon X⃗0 to an n2-gon Y⃗
where n1 ̸= n2. We can either duplicate vertices or add additional vertices on the
line segments of the polygon of fewer vertices.

Figure 2 shows an initial irregular pentagon flowing to a target regular pentagon
under the semi-discrete Yau difference flows (SY DFm) and (SHY DFm). Distinct time
steps are shown superimposed over the initial and target polygons where the same
time steps are shown in all cases. The pentagon under (SY DFm) shows faster con-
vergence to the target polygon. Figure 2c shows the initial polygon flowing to a
prescribed intermediate polygon under (SHY DFm) at a distinct time step, before
flowing to the target polygon as t → ∞.
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Figure 3 depicts some alternate cases of pentagons flowing to other polygons for
both semi-discrete Yau difference flows (SY DFm) and (SHY DFm). In Figure 3a and
3d, the initial polygon includes a duplicated vertex such that a quadrilateral flows
to a pentagon. Figure 3b and 3e demonstrates a pentagon flowing to a triangle by
setting excess vertices in the target polygon to lie along line segments. Either or
both initial and target polygon could be a (multiply covered) point or line segment.

(a) m = 1 (b) m = 1,β = 4, all ak = 0 (c) m = 1,β = 4, non zero ak

Fig. 2: Cases of an irregular pentagon flowing to a regular pentagon under a semi-
discrete Yau difference flow where selected time steps of the evolution are shown
superimposed over the initial and target polygons. The same time step values are
used in all cases. The initial polygon is given in blue and the target polygon 5P1 in
orange. (a): Pentagon flowing to a regular pentagon under (SY DFm). (b): Pentagon
flowing to a regular pentagon under (SHY DFm) where arbitrary coefficients are all
zero. (c): Pentagon flowing to a regular pentagon under (SHY DFm). The arbitrary
coefficients ak are prescribed such that the polygon flows to an intermediate polygon
3P1 at a particular time, depicted in red.
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6. Groh, K., and Röck, S. A contribution to collision-free trajectory planning for handling sys-
tems in varying environments. Production engineering (Berlin, Germany) 4 no. 1, 101–106
(2010).



Semi-discrete linear geometric flows of closed polygons 389

(a) m = 3 (b) m = 1 (c) m = 2

(d) m = 3,β = 4, all ak = 0 (e) m = 1,β = 4, all ak = 0 (f) m = 2,β = 4, all ak = 0

Fig. 3: Different cases of pentagon flowing under the semi-discrete Yau difference
flow, (SY DFm) for (a) - (c) and (SHY DFm) for (d) - (f). In each case, selected time
steps of the evolution are shown superimposed over the initial and target polygons,
where the same time steps are chosen for all cases. The initial polygon is given in
blue, and the target polygon in orange. (a),(d) depicts a quadrilateral flowing to a
regular pentagon. (b),(e) demonstrates a pentagon flowing to a triangle by setting
excess vertices to lie on the edges of the triangle. (c),(f) demonstrates an irregular
pentagon flowing to a line segment.
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