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Abstract Approximation via multi-component reaction-diffusion system is an ap-
proximation method for a given partial differential equation by using a multi-
component reaction-diffusion system. In this article, we consider the initial value
problem for reaction-diffusion equations with a general convolution integral which
has recently been used in biology. We obtain the existence, uniqueness, and uniform
boundedness of a solution for this problem and later propose a multi-component
reaction-diffusion system that approximates it. To approximate the general convo-
lution integral, we use solutions of heat equations with an advection term and an
inhomogeneous term. Using such an approximation, we prove that the solution of
the reaction-diffusion equation with the general convolution integral converges to
the first component of the solution to the multi-component reaction-diffusion sys-
tem.

1 Introduction

Evolution equations with a convolution integral have recently been used as pat-
tern formation problems in biology. These equations are reported to have various
patterns, i.e., dynamics or stationary solutions, and are expected to describe phe-
nomena caused by the convolution integral. For example, the Turing pattern is an
important stationary solution, as seen in the patterns of fish skins, and it has been
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reported that these equations have the Turing pattern in [1]. Such interesting pat-
terns have been usually reproduced by solutions of two/three-component reaction-
diffusion systems. We would like to know what kind of effects the scalar evolu-
tion equation with the convolution integral gives to the pattern formation. Hence,
in this article, we consider the approximation via the multi-component reaction-
diffusion systems of reaction-diffusion equations with the convolution integral. We
call this approximation reaction-diffusion approximation. In [1], we showed that the
reaction-diffusion equation with the even convolution integral can be approximated
by a multi-component reaction-diffusion system, and the important point of this re-
sult is that the even convolution integral can be approximated by solutions of heat
equations. By this result, we can discuss the relation between the reaction-diffusion
equations with the convolution integral and the multi-component reaction-diffusion
systems. In this article, we generalize reaction-diffusion approximation of reaction-
diffusion equations with arbitrary convolution integrals.

Let us consider approximating the solution of a reaction-diffusion equation with
a convolution integral by the solution of the reaction-diffusion system. We treat the
following initial value problem with the periodic boundary condition:

(P)


ut = duxx + f (u)+hJ ∗u in I × (0,T ],
u(·,0) = u0 in I,

u(−L, ·) = u(L, ·), ux(−L, ·) = ux(L, ·) in (0,T ],

where I = (−L,L), d,L,T > 0 are constants, a reaction term f is sufficiently smooth
in R (at least C1-function), h ∈C1

peri(I), and J ∈ L1
peri(I). Define

J ∗u(x, t) =
∫ L

−L
J(x− y)u(y, t)dy

for any spatially periodic functions J and u(·, t) with period 2L and assume that

(H1) f (u)u ≤ f1|u|2, f ′(u)≤ f1,

and in several cases

f (u)u ≤ f1|u|2 − f2|u|p+1,(H2)

where f1, f2 are positive constants, respectively, and 1 < p < ∞.
Similar to the proofs of [1, Theorems 2,3], we can prove the following of (P) by

the standard semigroup theory, the maximum principle for parabolic partial differ-
ential equations, and a priori estimate:

Lemma 1 (Existence, uniqueness and global bounds of (P)). Let X be either
Cperi(I) or H1

peri(I) and assume (H1). Then there exist a small constant τ > 0 and
a unique solution u ∈ C([0,τ];X) of the problem (P) with an initial datum u0 ∈ X.
Moreover, if (H2) also holds, then we have the global bounds for the solution u of
(P) with the initial datum u0 ∈ X, i.e.,
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sup
0≤t<∞

∥u(·, t)∥X < ∞.

Hence, the global existence of the solution of (P) is obtained. Using the standard
semigroup theory again, we have that the solution u becomes smooth, i.e., a classical
solution. We state the main result that the solution of (P) is approximated by the first
component of the solution to the multi-component reaction-diffusion system.

Theorem 1 (Reaction-diffusion approximation). Assume (H1) and (H2) and let
u(x, t) be a solution of (P) with an initial datum u0 ∈ H1

peri(I). If there exist small
ε0 > 0, m ∈ N, positive constants d j and constants c j, α j ∈ R such that for any
0 < ε < ε0, ∥∥∥∥∥J−

m

∑
j=1

α jk(d j ,c j)

∥∥∥∥∥
L1(I)

≤ ε,(1)

then for any T > 0, there exist positive constants Cu and Cv independent of ε such
that

sup
0≤t≤T

∥uε(·, t)−u(·, t)∥H1(I) ≤Cuε,

sup
0≤t≤T

∥∥∥vε
j (·, t)− k(d j ,c j) ∗u(·, t)

∥∥∥
H1(I)

≤Cvε,

where (uε ,vε
1, · · · ,vε

m) is the solution for (RDS) defined in Section 2.

The proof of Theorem 1 is essentially the same as that of Theorem 4 in [1], except
for the part where kd j is replaced by k(d j ,c j).

Remark 1. If the integral kernel J is a function in Cperi(I), then for arbitrary ε >

0, there exist m ∈ N, constants d j > 0, c j,α j ∈ R and functions k(d j ,c j) ∈ Cperi(I)
for j = 1, . . . ,m such that ∥J −∑

m
j=1 α jk(d j ,c j)∥C(I) ≤ ε . Since C(I) is continuously

embedded into L1(I), we see that the assumption (1) of Theorem 1 is satisfied. For
details, see [3].

Remark 2. For simplicity of the discussion, we consider a nonlocal term given by
h(x)J ∗ u by A similar result can be proved when the nonlocal term is given by
h(x)(J ∗u)u for p ≥ 3, in manner similar to [1].

2 Reaction-diffusion approximation

In this section, we consider the following initial value problem for a multi-component
reaction-diffusion system used to approximate (P):
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(RDS)


ut = duxx + f (u)+h

m

∑
j=1

α jv j,

εv j,t = d jv j,xx + c jv j,x − v j +u for j = 1, . . . ,m

in I × (0,T ],

u(·,0) = u0, v j(·,0) = k(d j ,c j) ∗u0, in I,

where ε , d j are positive constants, α j, c j are constants in R satisfying

c2
j < 3d j,(2)

and u and v j satisfy the periodic boundary condition in I for j = 1, · · · ,m, t ∈ (0,T ],
respectively. A function k(d j ,c j) in the initial datum of v j is a piecewise smooth
solution of the following elliptic equation with the periodic boundary condition:

d jk
(d j ,c j)
xx + c jk

(d j ,c j)
x − k(d j ,c j) = 0 in I,(3)

Here, the function k(d,c) is explicitly represented as follows: for d > 0,c ∈ R,

k(d,c) = k(d,c)(x)

:=


−λ+λ−

2(λ+−λ−)

(
eλ+L

sinhλ+L
eλ+x +

eλ−L

sinh(−λ−L)
eλ−x

)
for x ∈ [−L,0),

−λ+λ−
2(λ+−λ−)

(
e−λ+L

sinhλ+L
eλ+x +

e−λ−L

sinh(−λ−L)
eλ−x

)
for x ∈ [0,L)

and k(x+ 2nL) := k(x) for x ∈ [−L,L),n ∈ Z, where λ± = −c±
√

c2+4d
2d are solu-

tions of dλ 2 + cλ −1 = 0 satisfying λ− < 0 < λ+. The function k(d,c) is a periodic
function with period 2L depending only on d > 0, c ∈ R and also satisfies

• k(L) = k(−L), kx(L) = kx(−L), kxx(L) = kxx(−L),
• k is continuous in R,
• kx and kxx are discontinuous at x = 0,±2nL for n ∈ N.

The following propositions show that each component of the solution (uε ,vε
j ) to

(RDS) is bounded with respect to ε and vε
j converges to the convolution of the first

component uε and k(d j ,c j) as ε tends to zero. These propositions can be proved in a
similar way to Proposition 2 and Lemma 1 in [2], respectively.

Proposition 1 (Boundedness of the solution to (RDS)). Suppose (H1) and (H2)
and let ε0 be a small constant satisfying 0 < ε0 < m−1 min1≤ j≤m(3d j − c2

j)/(2d j).
Let ε be a small constant satisfying 0 < ε < ε0 and take the initial datum u0 ∈
H1

peri(I). Then, for any T > 0, there exist positive constants Ck,m,Cℓ,m,T k = 1,2, ℓ=
3,4,5 independent of ε such that the solution (uε ,vε

1, · · · ,vε
m) to (RDS) satisfies
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sup
0≤t≤T

∥uε(·, t)∥2
L2(I) ≤C1,m, sup

0≤t≤T

m

∑
j=1

∥α jvε
j (·, t)∥2

L2(I) ≤C2,m,

sup
0≤t≤T

∥uε
x(·, t)∥2

L2(I) ≤C3,m,T , sup
0≤t≤T

m

∑
j=1

∥α jvε
j,x(·, t)∥2

L2(I) ≤C4,m,T ,

sup
0≤t≤T

∥k(d j ,c j) ∗uε
t (·, t)∥2

H1(I) ≤C5,m,T .

Here, Ck,m depend on m and α j for k = 1,2 and Cℓ,m,T depend on m, α j and T for
ℓ= 3,4,5.

Proposition 2. Assume the same conditions as Proposition 1. Let

φ
ε
j := k(d j ,c j) ∗uε − vε

j ,

where j = 1, · · · ,m and (uε ,vε
1, · · · ,vε

m) is the solution to (RDS). Then, there is a
positive constant C6,m,T independent of ε such that

sup
0≤t≤T

m

∑
j=1

∥φ
ε
j ∥2

H1(I) ≤C6,m,T ε
2.

By these propositions, we can prove Theorem 1, that is, uε and vε
j converge to u and

k(d j ,c j) ∗u in C([0,T ];H1(I)) as ε tends to zero, respectively. The proof is similar to
the proof of [2, Theorem 2]. Here, u and (uε ,vε

j ) are the solution of (P) and (RDS),
respectively.
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