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Abstract The vanishing of the Haantjes tensor is an important property that has
been linked, for instance, to the existence of separation coordinates and the integra-
bility of systems of hydrodynamic type. We discuss the vanishing of the Haantjes
tensor for operator fields that admit a large number of so-called conservation laws.
In particular, we investigate Haantjes-zero Killing tensor fields that are associated
with second-order superintegrable systems.

1 Introduction

Let (M,g) be a (pseudo-)Riemannian manifold. Loosely speaking, a superintegrable
system on M is defined by a Hamiltonian H : T ∗M → R together with a large num-
ber of functionally independent functions F : T ∗M → R (“constants of the motion”
or “(first) integrals”) that are constant along solution trajectories of Hamilton’s clas-
sical equations of motion. Usually, additional assumptions are imposed onto these
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integrals. For example, we may assume that they are quadratic polynomials in the
canonical momenta coordinates (i.e. fibre coordinates of canonical Darboux coor-
dinates on T ∗M). The study of superintegrable systems has a long history. It can
be traced back to early works, such as the classical Kepler problem in classical
mechanics and the Laplace-Runge-Lenz vector [22, 37, 47, 38, 17, 18], and to the
hydrogen atom in the context of quantum mechanics [14, 53]. Stäckel equivalence
and coupling constant metamorphosis are important transformations of superinte-
grable systems, which can be traced back to classical works by Maupertuis and
Jacobi [23, 41, 3, 4, 52].

Beginning with investigations on the 2-dimensional Euclidean space in the 1960s
[14, 53, 15], the classification of classical and quantum superintegrable systems of
second order on surfaces was completed around 2006 [24, 25]. For second order
maximally superintegrable systems, altogether 59 superintegrable systems on dif-
ferent spaces of constant and non constant curvature were identified [25], falling
into twelve equivalence classes under Stäckel equivalence [26]. These Hamiltoni-
ans have since been linked, for example, to hypergeometric orthogonal polynomials
organized in the Askey-Wilson scheme [29], and to Wigner-İnönü contractions [30].
For a review of many of these developments and an extensive list of references, we
refer the reader to [31, 43].

Second order maximally superintegrable systems possess many interesting prop-
erties in the context of classical and quantum mechanics, such as multi-separability
of the Schrödinger and Hamilton-Jacobi equations [14, 53], or exact solvability
(both analytic and algebraic) [49]. In the context of classical mechanics, the bounded
trajectories are closed, and the motion is periodic [45, 40]. In the quantum case, the
underlying symmetry algebra takes the form of a so-called quadratic algebra, allow-
ing one to obtain their degenerate spectrum [7]. Recently, algebraic solvability from
these quadratic algebras was completed [39]. The classification has been extended
in various directions, such as for Hamiltonians with magnetic field [2], involving
spin interaction [9], or possessing higher order integrals [19, 20, 40].

Restricting again to the case of second order superintegrability, a classification
on 3-dimensional space is to date only partly achieved. A classification for non-
degenerate systems has been completed [6]. For degenerate and semi-degenerate
systems some partial results are known [11, 10, 24]. Some families in n-dimensional
spaces are also known. Generally speaking, the classification problem is rather chal-
lenging, as the equations involved become increasingly cumbersome to manage with
increasing dimension. In recent years, however, advances have been made thanks to
novel geometric techniques [34, 35, 36]. These provide a pathway towards further
insight into the properties of these systems.

In parallel to this development, developments have been made in the context
of integrable hydrodynamical systems, employing Nijenhuis and Haantjes Killing
tensors, for instance [12]. Such techniques have also lead to a better understanding
of separation systems [33]. In spite of this recent progress, many aspects are still
unexplored and deserving of further research. To help fill this gap in the literature,
and to bring various of these novel geometrical approaches together is one of the
purposes of this paper. We begin by recalling some definitions [31, 43].
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Definition 1. A system with Hamiltonian H is integrable if it admits n constants
of the motion F1 = H, F2,..., Fn that are in involution {Fj,Fk} = 0, 1 ≤ j,k ≤ n
and are functionally independent. Here {· , ·} is the Poisson bracket. A Hamiltonian
systems is (polynomially) integrable if it is integrable and the constants of the mo-
tion are each polynomials in the momenta globally well defined except possibly for
singularities on lower dimensional manifolds.

Definition 2. A classical Hamiltonian system in dimension n is (polynomially) su-
perintegrable, if it admits n+k (with k = 1, ...,n−1) functionally independent con-
stants of motion that are polynomial in the momenta and are globally defined except
possibly for singularities on a lower dimensional manifold. It is minimally (poly-
nomially) superintegrable if k = 1 and maximally (polynomially) superintegrable if
k = n−1.

Remark 1. The case of dimension two is special and all superintegrable systems in
dimension two are maximally superintegrable. Superintegrable systems admitting
2n−1 functionally independent second order integrals of the motion (i.e. taking the
form of second order polynomials in momenta) are called second order or quadrati-
cally superintegrable systems.

Let (M,g) be a (pseudo-)Riemannian manifold. We refer to a (1,1)-tensor field
A on M as operator field. A symmetric (0,2)-tensor field K on M with the property
that

∇(kKi j) = 0 ,

is called a Killing tensor field, where round brackets denote symmetrization in en-
closed indices. By virtue of the metric g, these define examples of operator fields,
given by

Ki
j = giaKa j ,

where we use the Einstein summation convention. By an abuse of notation we
silently raise and lower indices, without introducing new symbols, as there is no
risk of confusion.

For an operator field A, its Nijenhuis tensor (or Nijenhuis torsion) is the (1,2)-
tensor field defined by

Ni
jk = ∇aAi

kAa
j −∇aAi

jA
a
k +(∇kAa

j −∇ jAa
k)A

i
a . (1)

The Haantjes tensor (or Haantjes torsion) of A then is the (1,2)-tensor field defined
by

H i
jk = Nb

jkAi
aAa

b +Ni
abAa

jA
b
k −Ai

a(N
a
bkAb

j +Na
jbAb

k) . (2)

The Nijenhuis tensor gives rise to the Frölicher-Nijenhuis bracket, which is impor-
tant in various contexts, such as separable systems and almost-complex structures
[44, 32]. The Frölicher-Nijenjuis bracket is the first of an infinite class of brackets,
the second of which is linked to Haantjes tensors [48]. The vanishing of the Haantjes
tensor is connected, for instance, to the integrability of eigen-distributions of A, the
integrability of hydrodynamic chains, the existence of separation coordinates, and
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the integrability of systems of partial differential equations (PDEs) of hydrodynamic
type [21, 16, 33, 46, 12].

For an operator field A, a non-vanishing, closed differential form θ is said to be
a conservation law, if

d(A∗
θ) = 0 (3)

holds, i.e. if the 1-form A∗θ is closed [5]. Conservation laws play an important
role in the theory of PDEs of hydrodynamic type [33, 51]. Conservation laws in n-
component first-order PDEs with third-order Hamiltonian structures were recently
discussed in [13].

In the present paper, we are going to consider the following key question concern-
ing the link between Haantjes-zero operator fields and the existence of conservation
laws.

Question 1. Is the Haantjes tensor for an operator field on an n-dimensional mani-
fold zero, if it admits n+1 linearly independent conservation laws?

2 Operator fields with n+1 conservation laws

Let us consider (M,g) with g = ∑
n
k=1 dx2

k . Let A be an operator field of the form

A =
n

∑
j,k=1

a jk∂x j ⊗dxk

where a jk, 1 ≤ j,k ≤ n, are functions on M. We consider the conservation laws
generated by the n+1 functions

u(0) =
n

∑
k=1

x2
k , and u(m) = xm , for 1 ≤ m ≤ n.

The condition that A admits the conservation laws du(m), 0 ≤ m ≤ n, implies that
dA∗du(m) = 0. This leads to the conditions

0 =
n

∑
b=1

(
ab j,ku(0),b −abk, ju

(0)
,b +ab ju

(0)
,bk −abku(0),b j

)
(4a)

0 = am j,k −amk, j (4b)

for 1 ≤ m, j,k ≤ n, where a comma denotes covariant differentiation. The condi-
tions (4b) yield, locally,

ai j = ai, j (5)

which we re-substitute into the condition (4a), implying

0 =
n

∑
b=1

[(
ab, jk −ab,k j

)
xb
]
+ak, j −a j,k = ak, j −a j,k
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where we use (5) and the Ricci identity in the second step. We conclude that

ai j = f,i j (6)

for a function f . We are now asking which of these operator fields satisfying (6)
have vanishing Haantjes tensor. Using (1) and (2), we have

Ni
jk = ∑

a

(
f,ika f,a j − f,ai j f,ak +( f,a jk − f,ak j) f,ia

)
= ∑

a

(
f,ika f,a j − f,ai j f,ak

)
and then

H i
jk = ∑

a,b

(
Nb

jk f,ia f,ab +Ni
ab f,a j f,bk − f,ia(Na

bk f,b j +Na
jb fbk)

)
. (7)

Our purpose here is not to solve the condition H i
jk = 0 in all generality. Instead,

we shall give two examples demonstrating that the Haantjes tensor of an operator
field admitting n+1 conservation laws can be vanishing or non-vanishing. To begin
with, it is not hard to find a function f such that all components H i

jk of the Haantjes
tensor vanish. Indeed, in dimension two, an operator field of the form A always has
a vanishing Haantjes tensor.

Example 1. The operator A = ∑
3
i, j=1

∂ 2 f
∂xi∂x j

∂xi ⊗dx j where

f = x3
1

admits the n+1 = 4 conservation laws generated by u(k), with

u(0) = x2
1 + x2

2 + x2
3 , u( j) = x j 1 ≤ j ≤ 3 ,

and has vanishing Haantjes tensor.

Next, we present a solution with non-vanishing Haantjes tensor.

Example 2. The operator A = ∑
3
i, j=1

∂ 2 f
∂xi∂x j

∂xi ⊗dx j where

f = x3
1 + x1x2x3

admits the n+1 = 4 conservation laws generated by u(k), with

u(0) = x2
1 + x2

2 + x2
3 , u( j) = x j 1 ≤ j ≤ 3 ,

but its Haantjes tensor is non-zero. Its non-vanishing components are

Hb
32 =−Hb

23 = 2x1(x2
1 − x2

2)

for b ∈ {1,2,3}.

We can therefore conclude, regarding Question 1, that the answer is generally neg-
ative, i.e. the existence of n+ 1 conservation laws does not imply that an operator
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field is Haantjes-zero. Given the generality of Question 1, this finding is, of course,
not surprising. We will therefore now sharpen the hypothesis, asking the analogous
question in the more restricted setting of operator fields arising from Killing tensor
fields.

3 Killing tensor fields

We consider the restricted setting in which the operator fields are required to be
Killing tensor fields, identifying (1,1)-tensor fields and (0,2)-tensor fields by virtue
of the metric. We ask the analog of Question 1:

Question 2. Is the Haantjes tensor for a Killing tensor field zero if it admits n+ 1
linearly independent conservation laws?

In order to answer this question, consider a 3-dimensional flat manifold (M,g)
with g = dx2

1 + dx2
2 + dx2

3, and the family of all second order Killing tensors on M
that admit four conservation laws generated by the functions

u(0) = x2
1 + x2

2 + x2
3 ,

u(1) =
1
x2

1
, u(2) =

1
x2

2
, u(3) =

1
x2

3
.

(8)

We remark that, in dimension two, any Killing tensor field has vanishing Haantjes
tensor. Since we work on flat (Euclidean) space, Killing tensor fields are reducible
and arise via symmetric products of Killing vector fields. The space of Killing tensor
in dimension three thus is 20-dimensional [50] and an arbitrary Killing tensor field
can therefore be parametrized in the form

K :=
20

∑
i=1

biK(i)

where bi ∈ R for all i = 1, . . . ,20 and where K(1), . . . ,K(20) denote the symmetric
product of the Killing vector fields, identified with their corresponding 1-forms by
virtue of the metric g. Since the u(r), 0 ≤ r ≤ 3, are required to yield conservation
laws for K, we impose the condition

d(K∗(du(r))) = 0 (9)

where K is the endomorphism identified with the Killing tensor field K and where
the u(r) are given in (8). We are hence left with a 6-dimensional linear space of
Killing tensor fields, generated by

K(1) := dx2
1 , K(4) := (x1dx2 − x2dx1)

2 ,

K(2) := dx2
2 , K(5) := (x1dx3 − x3dx1)

2 ,

K(3) := dx2
3 , K(6) := (x2dx3 − x3dx2)

2 ,

 (10)
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after reordering the indices of the K(i). The local form of an element in this space,
in the coordinates (x1,x2,x3), is

K =

 b4x2
2 +b5x2

3 +b1 −b4x1x2 −b5x1x3
−b4x1x2 b4x2

1 +b6x2
3 +b2 −b6x2x3

−b5x1x3 −b6x2x3 b5x2
1 +b6x2

2 +b3

 . (11)

It is easily confirmed that the Haantjes tensor of such a K is generically non-zero,
as also the following example illustrates.

Example 3. Setting

b2 = b1 = 0, b3 = 1, b4 = b5 = 2, b6 = 4,

we obtain the operator field x2
2 + x2

3 −x1x2 −x1x3
−x1x2 x2

1 +2x2
3 −2x2x3

−x1x3 −2x2x3 x2
1 +2x2

2 +1

 . (12)

Its Haantjes tensor does not vanish and specifically H i
jk ̸= 0 for j ̸= k.

Remark 2. We remark that the operator field (12) is non-degenerate, but does not
satisfy the condition (6b) in [13], i.e.

Km[k,n]l =−1
3

K pqKp[l,m]Kq[k,n],

implying that it is not connected with a system of conservation laws with third-order
Hamiltonian structures.

Generally, the family (11) of operator fields contains non-degenerate as well as
degenerate operator fields. We find that the Haantjes tensor for the degenerate real-
izations of (11) always vanishes. The non-degenerate realizations of (11) can have
vanishing and non-vanishing Haantjes tensor. However, if a non-degenerate opera-
tor field (11) falls under condition (6b) of [13], then it has the form b1dx2

1+b2dx2
2 +

b3dx2
3 and hence its Nijenhuis tensor vanishes, implying that it is Haantjes-zero.

For K as in (11), the Haantjes tensor vanishes if the parameters satisfy certain
algebraic conditions, leading to the polynomial ideal I ⊂Q[b1,b2,b3,b4,b5,b6],

I = ⟨ b4 J,(b5 +b6)J,(b3 −b2)J,(b1 −b2)J,b6 J ⟩ ,

where
J = b2b4b5 −b3b4b5 −b1b4b6 +b3b4b6 +b1b5b6 −b2b5b6.

The radical ideal of I is
Irad = ⟨J⟩ ,

which is a primary ideal of Hilbert dimension 5.
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We hence conclude that the answer to Question 2 is negative. We therefore aim to
tighten our assumptions further. To this end, note that the conservation laws u(r) can
be interpreted as potentials and that (9) is the Bertrand-Darboux condition [8, 1] for
integrals in a second-order superintegrable system. Since any member of the family
K is a Killing tensor field (11), these conditions ensure that the family

F =
n

∑
i, j=1

Ki j pi p j +W (13)

where

dW = K∗d

(
n

∑
r=0

cru(r)
)

is a family of integrals of motion for the Hamiltonian

H =
n

∑
k=1

p2
k +

n

∑
r=0

cru(r)

where cr are real constants. Hence the canonical Poisson bracket of H and F van-
ishes,

{H,F}= 0 .

3.1 The Smorodinski-Winternitz I system

The family F of integrals of the motion, c.f. (13), is known to be the one associated
to the second-order maximally superintegrable system usually referred to as the
Smorodinski-Winternitz I system [27, 6]. We therefore say that K is the family of
Killing tensors associated to the Smorodinski-Winternitz I system.

Our discussion above therefore yields the following: Firstly, not every Killing
tensor field associated to the Smorodinski-Winternitz I system has vanishing Haan-
tjes tensor. Secondly, the subset of Killing tensor fields with vanishing Haant-
jes tensor within the (linear) space of all Killing tensor fields associated to the
Smorodinski-Winternitz I system in dimension three forms an algebraic variety de-
fined by a primary, radical ideal of Hilbert dimension five. This ideal does not con-
tain any 5-dimensional linear subspace of Killing tensors with vanishing Haantjes
tensor. Indeed, by a direct investigation of the ideal Irad, we obtain the following
branches of solutions:

(i) The inequalities b5 ̸= b4 and b6 ̸= 0 hold and

b1 =
(b2 −b3)b4b5 +(b3b4 −b2b5)b6

(b4 −b5)b6

(ii) The equations b6 = 0 and b4 ̸= b5 hold, and specifically one of the following
cases is realized:
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• The equations b6 = 0, b3 = b2 and the inequality b5 ̸= b4 hold
• The equations b6 = b4 = 0 and the inequality b5 ̸= b4 hold.
• The equations b6 = b5 = 0 and the inequality b5 ̸= b4 hold.

(iii) The equations b6 = 0 and b5 = b4 hold, together with (b3 −b2)b2
4 = 0. Specifi-

cally, one of the following cases is realized:

• The equations b4 = b5 = b6 = 0 hold.
• The equations b2 = b3, b6 = 0, b4 = b5 hold.

(iv) The equations b6 ̸= 0 and b4 = b5 hold, i.e. 0= b4(b2−b3)(b4−b6), and specif-
ically, one of the following cases is realized:

• The equations b4 = b5 = b6 and the inequality b6 ̸= 0 hold.
• The equations b2 = b3, b4 = b5 and the inequality b6 ̸= 0 hold.
• The equations b4 = b5 = 0 and the inequality b6 ̸= 0 hold.

We therefore conclude that there are no 5-dimensional linear subspaces within the
variety defined by the ideal I. We are going to pursue this line of reasoning further
in the next section.

3.2 Second-order superintegrable systems with Haantjes-zero
Killing tensor fields

We have found that there exist non-maximal second-order superintegrable systems
with Haantjes-zero Killing tensor fields. Let (x1,x2,x3, p1, p2, p3) be the canonical
Darboux coordinates on T ∗M. The integrals of motion

F(1) = p2
1 +

a1

x2
1
+ x2

1a0

F(2) = p2
2 +

a2

x2
2
+ x2

2a0

F(3) = p2
3 +

a3

x2
3
+ x2

3a0

F(5) = (x3 p1 − x1 p3)
2 + x2

3
a1

x2
1
+ x2

1
a3

x2
3

(compare the coefficients in (11) of b1 to b3 and of b5) are functionally independent
and are, in the sense of Equation (9), compatible with the potential

V = a0 (x2
1 + x2

2 + x2
3)+

a1

x2
1
+

a2

x2
2
+

a3

x2
3
+a4.

This potential, together with the integrals F(1),F(2),F(3) and F(5) provide an ex-
ample of a (non-maximal) second-order superintegrable system in dimension three.
Since these systems can be viewed as restrictions of the Smorodinski-Winternitz I
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system, the discussion in Section 3 shows that, for any choice of the parameters, any
Killing tensor field of the form

Kb1,b2,b3,b5 = b1dx2
1 +b2dx2

2 +b3dx2
3 +b5(x3dx1 − x1dx3)

2

has vanishing Haantjes tensor.
We constructed the example above using the equations b6 = b4 = 0, a case of the

solutions (ii) written above in Section 3. One can find more examples of this kind,
analyzing the other conditions listed above, see page 276, confirming the existence
of (non-maximal) second-order superintegrable system whose associated Killing
tensor fields are all Haantjes-zero. In the next section, we will therefore sharpen
our restrictions and focus the investigation on the case of second-order maximally
superintegrable systems.

4 Killing tensor fields in non-degenerate maximally
superintegrable systems of second order

Non-degenerate second-order maximally superintegrable systems in dimension three
(and two) are classified [27, 28, 6, 11, 24], and we can therefore, in dimension
three, extend the line of reasoning started in the previous section, where we found
that the Killing tensor fields associated to the Smorodinski-Winternitz system I can
have vanishing or non-vanishing Haantjes tensor. Moreover, the considerations in
the previous section have shown that there exist non-maximal superintegrable sys-
tems of second order such that the associated integrals of the motion arise from
Haantjes-zero Killing tensors. Despite this fact, however, there does not exist a 5-
dimensional linear subspace of Killing tensors compatible with the potential of the
Smorodinski-Winternitz I system and such that the Haantjes tensor for these Killing
tensors vanishes.

In the present section, we are going to investigate the question analogous to Ques-
tion 1 for all second-order maximally superintegrable systems:

Question 3. Do second-order maximally superintegrable systems exist such that all
associated Killing tensor fields have vanishing Haantjes tensor?

4.1 Three-dimensional non-degenerate systems

We will find that the answer to this question is positive in dimension three, but
that all such systems are projections of the so-called abundant isotropic harmonic
oscillator system.

From the classification for dimension three, it follows that there exist, on Eu-
clidean 3-dimensional spaces, four distinct families of superintegrable potentials:
the isotropic harmonic oscillator potential, the Smorodinski-Winternitz I potential,
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and the two “mixed” Smorodinski-Winternitz II potentials, labelled by OO and IV in
[6]. In the current section, we dedicate ourselves to investigating linear subspaces of
Haantjes-zero Killing tensor fields compatible with the mentioned superintegrable
potentials via (9). We ask whether we can find these subspaces such that a basis
of Killing tensors exists whose associated integrals of the motion (including the
Hamiltonian) are functionally independent.

4.1.1 Smorodinski-Winternitz I

We have already studied the Smorodinski-Winternitz I potential in Section 3, and
have found that there is no 5-dimensional linear subspace within the space of com-
patible Killing tensor fields of the potential that satisfies the desired properties.

4.1.2 Isotropic Harmonic Oscillator

We therefore continue our discussion with the (n+1)-parameter isotropic harmonic
oscillator potential, i.e. system O in [6],

VO = a0 (x2
1 + x2

2 + x2
3)+a1 x1 +a2 x2 +a3 x3 +a4

where we ignore the constant term in the potential as it does not yield a non-trivial
conservation law.

The space of compatible Killing tensors of the potential is parametrized by

K =

b1 b4 b5
b4 b2 b6
b5 b6 b3

 .

A straightforward computation shows that the Haantjes tensor is zero for any mem-
ber in this family of Killing tensors (identified with the associated operator fields by
virtue of the metric g).

In fact, as we will prove further below, the analogous statements holds true for
the isotropic harmonic oscillator potential in any dimension.

In the next two subsections, we will confirm that the harmonic oscillator poten-
tial, in dimension three, is the only system (on Euclidean space) with this prop-
erty, and hence that the following claim holds. We shall now classify all the non-
degenerate maximally superintegrable systems, defined by five functionally inde-
pendent integrals of motion F(r) = K(r)i j pi p j +W (r), 0 ≤ r ≤ 4 compatible with
a 5-dimensional space of potentials, such that the Killing tensors ∑r c(r)K

(r)
i j have

vanishing Haantjes tensor.

Theorem 1. A non-degenerate second-order maximally superintegrable system on a
flat manifold in dimension three, defined by a 5-dimensional space of Killing tensors
K , whose Killing tensors are all Haantjes-zero, is compatible with the isotropic
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harmonic oscillator potential

V = a0(x2 + y2 + z2)+a1x+a2y+a3z+a4.

and is defined by a subspace K ′ ⊂ K of dimension five that contains the metric g
and admits a basis of Killing tensors such that the associated integrals of motion
(including the Hamiltonian) are functionally independent.

4.1.3 Smorodinski-Winternitz II, first example

We begin with the system OO of [6],

VOO = a0 (4x2
1 +4x2

2 + x2
3)+a1 x1 +a2 x2 +

a3

x2
3
+a4.

A compatible Killing tensor is of the local form

K =

 b1 b5 −b4x3
b5 b2 −b6x3

−b4x3 −b6x3 2b4x1 +2b6x2 +b3

 .

As we did in Section 3, for the Smorodinski-Winternitz I system, we can anal-
ogously compute the polynomial ideal I ⊂ Q[b1,b2,b3,b4,b5,b6] describing the
Haantjes-zero Killing tensor fields within the family K now under consideration.
The associated radical ideal is

Irad = ⟨ b1b4b6 −b2b4b6 −b2
4b5 +b5b2

6 ⟩

and describes the variety of Haantjes-zero Killing tensor fields, which is naturally
embedded into the space of all Killing tensor fields of g. We find that Irad is a pri-
mary ideal and that its Hilbert dimension is dim(Irad) = dim(I) = 5. However, the
variety defined by I is not a linear subspace, nor can it contain any linear subspace
of dimension five.

To conclude, we remark that, unlike the case of the Smorodinski-Winternitz I
system (see Remark 2), the Haantjes tensor is not necessarily zero, even if (6b)
from [13] holds.

4.1.4 Smorodinski-Winternitz II, second example

It remains to consider the system IV of [6],

VIV = a0 (4x2
1 + x2

2 + x2
3)+a1 x1 +

a2

x2
2
+

a3

x2
3
+a4.

A compatible Killing tensor is of the local form
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K =

 b1 −b6x2 −b4x3
−b6x2 b5x2

3 +2b6x1 +b2 −b5x2x3
−b4x3 −b5x2x3 b5x2

2 +2b4x1 +b3

 .

As before, we compute the polynomial ideal I ⊂ Q[b1,b2,b3,b4,b5,b6] describing
the Haantjes-zero Killing tensor fields within the family K. The associated radical
ideal is

Irad = ⟨ b1b4b5 −b2b4b5 +b2
4b6 −b1b5b6 +b3b5b6 −b4b2

6 ⟩,

which is a primary ideal. Its Hilbert dimension is dim(Irad) = dim(I) = 5. The va-
riety defined by I is not a linear subspace, nor can it contain any linear subspace of
dimension five.

To conclude, we remark that, as in the case of the Smorodinski-Winternitz I sys-
tem (see Remark 2), the Haantjes tensor is necessarily zero, if (6b) from [13] holds.

4.2 Abundant systems in any dimension

All 3-dimensional non-degenerate second-order maximally superintegrable systems
are abundant [27, 42], and it is therefore instructive to investigate the class of abun-
dant second-order superintegrable systems further. In the present section, we are
going to find that the Killing tensor fields compatible with the potentials of an
isotropic harmonic oscillator potential are always Haantjes-zero, while the Killing
tensors of other systems might or might not have vanishing Haantjes tensor. The
non-degenerate isotropic harmonic oscillator system therefore is the only family of
arbitrary-dimensional second-order maximally superintegrable systems that has this
property.

The discussion in the current paragraph relies on the geometric framework devel-
oped for irreducible second-order maximally superintegrable systems in [35, 36]. In
particular, in the reference it is shown that for an abundant second-order maximally
superintegrable system in dimension n ≥ 3, the associated Killing tensor fields sat-
isfy

∇kKi j = Pab
i jkKab

for a unique tensor field Pab
i jk, called the structural tensor of the system. The tensor

field Pab
i jk is going to be crucial for the following discussion. For a concise notation,

we introduce the auxiliary tensor field

Qai
b jk = gicgbdPad

c jk

and hence obtain, for the Nijenhuis tensor of K,
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Ni
jk = ∇aKi

kKa
j −∇aKi

jK
a
k +(∇kKa

j −∇ jKa
k )K

i
a

= Qic
dakKd

c Ka
j −Qci

da jK
d
c Ka

k +Qca
dk jK

d
c Ki

a −Qca
d jkKd

c Ki
a

=
(

Qic
dakgb

j −Qci
da jg

b
k +Qcb

dk jg
i
a −Qcb

d jkgi
a

)
Kd

c Ka
b .

After introducing the abbreviation

U icb
dak j := Qic

dakgb
j −Qci

da jg
b
k +Qcb

dk jg
i
a −Qcb

d jkgi
a ,

we may write this formula more concisely as

Ni
jk =U icb

dak jK
d
c Ka

b

It then follows for the Haantjes tensor of K that

H i
jk = Nb

jkKi
aKa

b +Ni
abKa

j Kb
k −Ki

aNa
bkKb

j −Ki
aNa

jbKb
k

=U rcb
dak jK

d
c Ka

b Km
r Ki

m +U icm
drabKd

c Km
r Ka

j Kb
k

−Uacm
drbkKd

c Kr
mKi

aKb
j +Uacm

dr jbKd
c Kr

mKi
aKb

k

=

(
Umcb

dak jg
a
pgq

bgi
µ gν

r +U icm
drabga

pgq
jg

b
µ gν

k

−Uacm
drbkgi

pgq
agb

µ gν
j +Uacm

dr jbgi
pgq

agb
µ gν

k

)
Kd

c Kr
mK p

q Kµ

ν

and therefore, introducing the abbreviation

U i cmqν

jk drpµ
=Umcb

dak jg
a
pgq

bgi
µ gν

r +U icm
drabga

pgq
jg

b
µ gν

k

−Uacm
drbkgi

pgq
agb

µ gν
j +Uacm

dr jbgi
pgq

agb
µ gν

k ,

we arrive at
H i

jk = U i cmqν

jk drpµ
Kd

c Kr
mK p

q Kµ

ν (14)

where U i cmqν

jk drpµ
does not depend on the choice of K.1 Specifically, we observe that

for the (abundant) isotropic harmonic oscillator system, Pab
i jk = 0 and hence ∇K = 0

for all Killing tensor fields K associated to the system. It follows that the Haan-
tjes tensor of K vanishes, HK = 0, for any Killing tensor field K associated to the
(abundant) isotropic harmonic oscillator system, regardless of dimension. Concern-
ing dimension, we recall that the vanishing of the Haantjes tensor is automatic in
dimension two. The following example summarizes the discussion and provides an
answer to Question 3.

1 To prevent misconceptions, we recall that the structural tensor Pab
i jk, and hence also U , depends

on the (whole) space K of all associated Killing tensor fields of the system, c.f. [35, 36]. The point
here is that U is determined by the system in its entirety, while K in (14) is a particular choice of
a Killing tensor field from the space K .
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Example 4. If K is a Killing tensor field compatible with the non-degenerate isotropic
harmonic oscillator potential, then its Haantjes tensor is necessarily zero, regardless
of dimension.

The non-degenerate isotropic harmonic oscillator family of systems is the only
arbitrary-dimensional family of second-order maximally superintegrable system for
which this property holds in any dimension.

The second statement in the example follows from the earlier discussion in the
present section, where we have seen that in dimension three the isotropic harmonic
oscillator potential is the only non-degenerate second-order maximally superinte-
grable potential whose associated Killing tensors all have vanishing Haantjes ten-
sor. With Equation (14) at hand, this is indeed not surprising: note that U is linear
in the structural tensor P, and hence U = 0 implies P = 0. This, in turn, implies
that the structure tensor of the system, introduced in [35, 36], vanishes, implying
∇2V = 1

n g∆V for the Hessian ∇2 and Laplacian ∆V of the superintegrable potential.
The general solution of this system, on flat space, is precisely the non-degenerate
isotropic harmonic oscillator potential. The isotropic harmonic oscillator therefore
is the only example for which the Haantjes tensor vanishes in the completely generic
manner as in the example.
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