Classification of differentially non-degenerate
left-symmetric algebras in dimension 3

Serena Scapucci

Abstract In terms of Nijenhuis geometry, left-symmetric algebras (LSAs) are the
same as Nijenhuis operators whose entries are linear in coordinates. Here we con-
sider Nijenhuis operators for which the coefficients of its characteristic polynomial
are algebraically independent. We give a classification of this type of operators and
hence of the corresponding LSAs (which we will call differentially non-degenerate
LSAS) in dimension 3.

1 Introduction

We recall some basic definitions in the field of Nijenhuis Geometry and left-
symmetric algebras (LSA). See also [1].

1.1 Nijenhuis Geometry

Let L be a (1,1)-tensor field on a smooth manifold M" of dimension n. Then one
can define the Nijenhuis torsion .47, of the operator L in several equivalent ways.

Definition 1. For a pair of vector fields & and 1, the Nijenhuis torsion A7 is defined
by the following formula:

A(E,m) = L2[E,n] +[LE, Ln] — LILE, n] — L[E, Ln].

Notice that .47 is a tensor of type (1,2).
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Remark 1. Inlocal coordinates x',...,x", the components (.47) ;k of 47 are defined
as follows:
. oL oL - JLS . JLS
(f/VL)l]k = L;Txi{ B L‘;{ 8x§ _Lls 8x§ +L§ ax}:

where L; denote the components of L. This definition is most convenient for com-
putations.

Definition 2. A (1, 1)-tensor field L defined on a smooth manifold M”" is called Ni-
Jjenhuis operator if its Nijenhuis torsion vanishes, i.e. if

A, =0.

We consider Nijenhuis operators with singular points. At each point x € M, we
can define the algebraic type of L(x) : T.M — T.M as the structure of its Jordan
canonical form, which is characterized by the sizes of the Jordan blocks related to
each eigenvalue A; of L(x) (specific values of A;’s are not important here).

Definition 3. A point x € M is called algebraically generic, if the algebraic type
of L does not change in some neighbourhood of x in M. (We will also say that
L is algebraically generic at x € M). A point x € M is called singular, if it is not
algebraically generic.

One more notion is related to analytic properties of the coefficients of the character-
istic polynomial ;) (1) = det(s - 1d — L(x)) = Y{_, t*6,_1(x) of the operator L.

Definition 4. A point x € M is called differentially non-degenerate, if the differen-
tials doy (x), . ..,do,(x) of the coefficients of the characteristic polynomial ;. (t)
are linearly independent at this point.

In this case we say that the functions oy, ..., 0, are functionally independent at the
point x € M. If the above condition is satisfied almost everywhere, then o1,...,0,
are called functionally independent (or algebraically independent).

1.2 Left-symmetric algebras

Let a be an algebra of dimension n over R with the multiplication x, i.e. a vector
space with a bilinear product called x. The associator o7 is a trilinear operation
on a, defined as &7 (£,1,8) = (Exn)*xE —Ex(n*{) for £,1,{ € a. Notice that
associators identically vanish if and only if a is associative.

Definition 5. An algebra a is called lefi-symmetric (or LSA) if its associator is sym-
metric in the first two terms, i.e.

(&,n,8)=a(n,§,¢) forall §,n,¢ € a.
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This means that left-symmetric algebras are in general non-associative.

LSAs appear in the literature with other names, namely pre-Lie algebras and
Vinberg-Kozul algebras. These algebras were introduced by Vinberg [6] in his study
of the homogeneous cones. They appeared then in different frameworks of geom-
etry, integrable systems and quantum mechanics (see also [3]). In particular, the
Novikov algebras, that play an important role in the theory of Poisson brackets of
the hydrodynamic type are left-symmetric.

1.3 Relation between LSA and Nijenhuis operators

We follow the description given by A. Konyaev [5].

First, assume that a is an arbitrary finite dimensional algebra over R (of dimension
n). Then a has a natural structure of a smooth n-dimensional affine manifold, which
can be denoted as the algebra itself. Let 1) be a point of this manifold, then one can
naturally identify the tangent space at 17 with a itself. One can now define a tensor
field R of type (1,1) as follows: R acts on element & € Tja by the right-adjoint
action, i.e. Ryé =& .

We now start from the right-adjoint action defined above and we see what kind of
operator we reach.

Fix a basis 7; in the algebra a and denote by af‘l- the structure constants of a. This

basis defines a natural coordinate system on a, we denote it with coordinates X, ie.
1 = x'n;. The components of Ry, are written as (R )§ = a};x/. In particular, if we see
Ry as a linear operator, the entries of its matrix are homogeneous linear functions
of x'. Thus, the right-adjoint action of a on itself induces the operator field with
homogeneous linear components.

Definition 6. We call the above operator field Ry, the right-adjoint operator of a.

Let Ry be an operator field on a real affine space a with given coordinates x* and
we assume that its entries are homogeneous linear functions (we call such operator
fields linear operator fields). Then a has a natural structure of algebra over R and its

structure constants are aé‘- = aR;. In this construction R becomes the right-adjoint
operator of a. This yields a natural bijection between real algebras and linear oper-
ator fields on real affine spaces.

The following proposition ([5], Proposition 1.1) establishes the relation between

homogeneous Nijenhuis operators of degree one and left-symmetric algebras.

Proposition 1. Let a be an algebra over R of dimension n. The following conditions
are equivalent:

1. ais a left-symmetric algebra
2. The right-adjoint operator Ry of a is a Nijenhuis operator.

To learn more about this proposition, see [7], Theorem 1.3, Remark 1.3.
We introduce the following definition.
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Definition 7. Let a be a LSA and Ry, its right-adjoint operator. If the coefficients of
the characteristic polynomial of Ry, are algebraically independent, then we call the
algebra a differentially non-degenerate.

Clearly, algebraic independence of the coefficients of the characteristic polynomial
of Ry implies that almost all points in a are differentially non-degenerate.

1.4 Main Result

The research topic of this work is one of the open problems listed in [2] by Bolsinov
A., Matveev V.S., Miranda E. and Tabachnikov S., namely Problem 5.16, which
suggests the classification of the following equivalent objects:

1. Differentially non-degenerate LSA
2. Linear Nijenhuis operator whose coefficients of the characteristic polynomial are
algebraically independent.

A classification of these objects in dimension 2 can be easily recovered from the
more general one given by A. Konyaev [5] of all 2-dimensional LSAs. In this work
we give a solution to this problem in dimension 3.

As explained above, linear Nijenhuis operators, whose coefficients of the character-
istic polynomial are algebraically independent, are essentially equivalent to LSAs:
a Nijenhuis operator determines the structure constants of a LSA, and two LSAs are
isomorphic if and only if a linear isomorphism maps the linear Nijenhuis operator
of the first LSA to the linear Nijenhuis operator of the second.

The theorem below, which is our main result, classifies all 3-dimensional linear
Nijenhuis operators whose coefficients of the characteristic polynomial are al-
gebraically independent and, consequently, the corresponding differentially non-
degenerate LSAs.

Theorem 1. Up fo a linear coordinate change, there are precisely eight 3-dimensional
linear Nijenhuis operators whose coefficients of the characteristic polynomial are
algebraically independent.

Equivalently, up to a linear coordinate change, there are precisely eight 3-dimensional
differentially non-degenerate LSAs.

The classification is presented in Table 1 below, the first four LSAs are decompos-
able, whereas the last four are indecomposable. For each case the structure relations
of the LSA, the corresponding right-adjoint Nijenhuis operator and the coefficients
of its characteristic polynomial are given.
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Table 1 Decomposable and Indecomposable 3-dimensional LSAs

Name | Structure relations |Nijenhuis operator L| Coefficients of y;
ﬂlIm:an 2y 0 61 = —2x—z
aof Tmon | (39 | ane
Mo — 11 0 0 z e
171*171:2171 2y 0 6l = —2v—z
by @0 T y 00 0=y +2xz
Mm*1MN2 =M 00z 03:)722
M*xN3 =13
m*xm=mnm
Mm*xM=m xy0 o1 =-2x—z
C;@D Mm*xNi =M yx0 [e7] =x27y2+2xz
M*M=m 002 03 = —x’z+y’z
M*xN3 =13
m*m=m
M*Mm="m x—y0 o1 =—-2x—z
CE@D Mm*N1 =N y x 0 62:x2+y2+2xz
M*M=—m 00z 03 = —x*2—yz
N3xM3 =MN3
MM =2m
M*n2=1m2
N *M3=—Mn Xz —yz—x o) =—-2x—z2
Mxmp =1 y oz 0 |loa=y+4xz-2
M*xMn3 =12 0 0 2 03 = =2z -2 47
M*Mm=—"
MW*M=Mm+MN3
M =2m
Mm*n2=1m
MixM3 =~ 2—zyz—x\ |O1= 22
Mx1 =1 y z 0 oy = -y +4xz—2
MxM3 =1 0 0 2 o3 =yz— 047
m*n=—-m
MxM3 =N +13
mxm=m
Mm*xn2 =1 X —z—y 01 =—X—2
M*M3=—1M y 0 —y Oy =xz+yz
M*M =M1 — 1 00 2 o3 = —yz*
N3xM3 =13
m>xm=-m
711*712:—%112 o) =x
M*n3=—3n;3 e o =yz
— y() z
M*M3 =M —1z00 63:123
M*M2 =M 3

MBxN3 =M
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The problem was independently considered, and an equivalent version of Theorem
1 was obtained in [4].

Acknowledgements I thank Vladimir Matveev for suggesting this topic for my Master Thesis. I
acknowledge partial support of DFG via projects 455806247 and 529233771. A part of results was
obtained during my participation in the preworkshop and workshop on Nijenhuis Geometry and
Integrable Systems at the La Trobe University and Matrix Institute. I thank Alexey Bolsinov for
useful discussions and Loughborough University for hospitality.

2 Method

2.1 Algorithm

Here an algorithm that compute Nijenhuis operators starting from the coefficients of
its characteristic polynomials is presented. This can be viewed as the first part of the
proof of Theorem 1. We will denote the coefficients of the characteristic polynomial
with o;. The idea of this algorithm comes from the following result ([1],Corollary
2.1).

Corollary 1. Let 61, ..., 0, be the coefficients of the characteristic polynomial
x(t) =det(t-Id—L) =t"+o1t" ' +0pt" 2440, 1t + 0,

of a Nijenhuis operator L. Then, in any local coordinate system x,...,x,, the fol-
lowing matrix relation hold:

—0] (x) 1
—03 (x) 01
J(x)L(x) = Sy (x)J (x), where Sy (x) = D, (1)
—G,,_l(x) 0... 01
—0oy(x) 0... 00
and J(x) is the Jacobi matrix of the collection of functions oy, ...,0, w.rt. the vari-
ables x1,...,%y.
If one assumes that doy,...,do, are linearly independent almost everywhere, i.e.
o1,...,0, are functionally independent, then the matrix J(x)~! is well defined al-
most everywhere, and from formula (1) one can obtain:
L(x) =J(x)" 'Sy (x)J (x). )

Remark 2. The operators L calculated with this formula might have singular points,
since inverting the matrix J(x), i.e. the Jacobian, also implies dividing by the deter-
minant of J(x) and this can be zero at some points, namely where the differentials
of the os start to be linearly dependent. This means that L can have poles. Actually,
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if 01,...,0;, are chosen arbitrarily, in almost all the cases in which the differentials
of 01,...,0, are linearly dependent, the formula for L will have a pole at the point
x=0.

The general scheme of the algorithm is as follows:

+ Step 1: Choose polynomials o;(x) for i = 1,...,n in a proper way with real co-
efficients to be determined;

e Step 2: Compute L using formula (2);

¢ Step 3: Find the values of the coefficients of o;s for which the entries of L become
linear, in the sense that whenever a fraction in the expression of L appears, then
the values found for the coefficients of o;s are such that each denominator divides
the corresponding numerator.

To understand better the steps of the algorithm we illustrate them first for the 2-
dimensional case, and then for the 3-dimensional one.

2.2 The 2-dimensional case

Step 1

The polynomials o; have to be chosen such that o;(xy,...,x,) is homogeneous in
X1,...,x, of degree i (this choice is allowed, since we are looking for linear Ni-
jenhuis operators) and such that ¢y, ..., 0, are algebraically independent at almost
every point, to ensure that formula (2) is well defined.

To avoid redundant degrees of freedom in the results, i.e. to avoid to get operators
which differ only by a linear coordinate change, we simplify the polynomials o's via
linear coordinate changes, reducing the number of parameters needed. This reduc-
tion will also simplify the computations.

First we present the reduction of &} (x;,x2). Its most general form is o} (x1,x;) =
axy + bx, for a,b € R.

Proposition 2. Let (x1,x2) and (y1,y2) be two coordinate systems in R. One can
always transform

O1(x1,x2) = axi +bxy 1o &1(y1,y2) =y

via a linear coordinate change. Here we assume that a,b € R can’t be simultane-
ously zero, to assure o1 to have degree 1.

Proof. Choose y| := ax| + bx, and choose y, such that the determinant of the coor-
dinate change matrix is not zero. a

We proceed now with the reduction of o3 (x1,x2).
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Proposition 3. Let (x1,x;) and (y1,y2) be two coordinate systems in R?. Consider
o1 (x1,x2) = x1 and

2 2
0o(x1,x2) = anxy +2ai2x1x2 + anx;

for ayy,a12,a20 € R non simultaneously zero. Assuming that o1 and o, have to
remain algebraically independent, one can transform o, to one of the following:

o2 (y1,y2) = ay; £y3
2. oLy =y

for a € R, via a linear coordinate change which maps xi to y;.

Proof. First observe that aj and as; can’t vanish simultaneously, otherwise o7 and
0, become algebraically dependent.
If ay; # 0, consider the coordinate change

(2)-(e ) ()

2 2
Then, 6>(y1,y2) = (a1 — %)y% iy% and setting a := aj; — ;% one get the first

shape for o,. If a;; = 0, then aj; # 0 and anx% +2a12x1xp = X (anxl + 26112)62)
and defining y; := aj1x1 + 2aipxn, we get 62(y1,y2) = y1y2, which is the second
shape. a

Step 2
We compute manually the operators L with formula (2) using the polynomials o7, 0>

obtained in Step 1.
Let first 61 (x1,x2) = x; and 02(x1,x2) = x1x2. Then

1 0 —x 1 10 —X1+x2 X
wo-(5 (AN -(50)
x| X X 2

which clearly can’t be linear and we exclude this case.
Now let 0 (x1,x2) = x1 and G (x1,x2) = ax% :I:x% for a € R. Then

L(x)= 1 0 —x; 1 1 0 7 2a—1)x; +2x
Y= :Fa% :I:ZIT2 —ax%q:x% 0 2ax; £2xp ) 4“21;“)5% -2 —2ax;

which can be linear for some values of a.
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Step 3

The operator L found in the previous step is linear if and only if 4> —a = 0, which
has solutionsa =0 and a = %. Substituting these values in the formula above we get
4 operators (2 from 0, (x1,x2) = ax% —|—x§ and 2 from 0, (x1,x2) = ax% —x%) which we
report in Table 2, after having performed the coordinate change {x; = —2x,x; = y}.
We also give their representation as LSA.

Table 2 2-dimensional differentially non-degenerate LSA

Name [Structure relations|Nijenhuis operator L|Coefficients of ),
*Np =2
o+ Zl*zl *nnl (2x —y) o) =2
a 1%M2 2 y 0 0y =y
Mm*x2=—1M
*M =2
o m*mi n (2xy) o1 = —2x
4 m*M2 mn2 y 0 oy = 7y2
M*M =M
m*m=m
o Mm*xMm="n (xy) o] =—2x
> M*M =M yx o =x—)*
M*xMm=m
m*xmn=mn
- M*xM =1 (x —y) 0] =—2x
> M*xM =M y X o) =x" +y
M*M2=—"

Table 2 gives the classification of 2-dimensional differentially non-degenerate LSAs
and agrees with the one given by A. Konyaev [5].

2.3 The 3-dimensional case - Proof of the main result

2.3.1 Step 1

We present the reduction of 67 and ¢, in dimension 3.

Proposition 4. Let (x1,x2,x3) and (y1,y2,y3) be two coordinate systems of R>.
Given

o1 (x1,X2,X3) = ax + bx, +cx3

2 2 2
02(x1,X2,x3) = ap1x] +2a12x1x2 + anx; +2a;3x1x3 + 2 ax3xox3 + azx;

where a,b,c,a;1,a12,a2,a13,a23,a33 € R and such that a, b, c and also ay1,a12,a22,a13,a23,a33
are not simultaneously zero, one can always find a linear coordinate change such
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that
o1(y1,¥2,y3) = y1

and o3 is one of

Case 1. oy(y1,y2,y3) = oyt 3 i)’3
Case?2. 0(y1,y2,y3) = 0y} £¥3
Case3. 02(y1,52,y3) =Y1»2
Case 4. 0a(y1,y2,y3) = ylyz +y3
Case 5. 0>(y1,y2,y3) = oy}
fora e R.
Proof. W.l.o.g. assume a # 0 and take a = 1. Consider
X 1—b6—cn —be—cO —bf —c1 yi
X2 = ) € C Y2
X3 n 0 l Y3

where 8,€,8,m,60,1 € R and such that the determinant of matrix €1 — {8 is not
zero. This coordinate change is such that 6;(y1,y2,y3) =y as we wanted. Thus,
without loss of generality we may assume that o (x,x,x3) = x].

Now we reduce 07, finding a coordinate change from (x;,x2,x3) to (y1,y2,y3) which
fixes y; = x) to preserve the shape of oj. First let us assume a33 # 0. Then

2 a a 2 a a 2
02 (x1,42,%3) = 33 (414 + 2820100 + 2.3 +2 (451 + 2w ) 13 +3)

2
and adding and subtracting (“13)61 + Zﬁ x2> we get:

2
G2(x1,2,33) = (ann — 482 ) 4 +2 (a1 — 2 23)x1x2+(a227—)x2:|:y3 3)

ass

where y3 := \/|as3] (‘m X1+ aig X —I—xg) We now proceed analogously with the
2
coefficient of x%. We first assume (azz — @) # 0. Then we divide and multiply
again every term (except y%) with it and proceeding in the same way as above we
get
G2(y1.y2,y3) = Ay £33 £33

2
. 23 a)24a33—daj3az3
where y, := 1/ |ax — e (7@2%3 ) x1+xz> and

) 2
o = 11922833~ a11d53 —dj3a0 —ajpaz3+2—aidi3ans
axyazz—asz, ’

and hence we arrive to Case 1. 2
Now we assume again a33 # 0 but (azz — %) = 0. Then equation (3) becomes
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2
a
02(x1,X2,3) = (an - i)x%—#Z (alz - a”“”)x]xz +y3

ass ass

and collecting x; in the first two terms and setting

2
y2 = (6111 - %;)xl +2 (6112 - %)Xz
we get the Case 4, i.e. 02(y1,Y2,)3) = y1y2 3.
Now let us assume a3z = 0 and ayy # 0. To be in a different situation from the ones
above, assume a3 = 0. Then, we repeat the same trick as above and we get the Case
2,ie. 02 (y1,y2,y3) = 00y} £3.
Now let azz = ayy = 0. If also a3 = 0, then

02(X1,X2,X3) = a11x3 + 2a10x1x2 + 2a13x1x3 = X1 (a11x1 + 2a12x2 + 2a13x3)

and defining y; := ay1x1 + 2a12x2 + 2a13x3 we get O'g(yl,yz,y3) =y1)2, i.e. Case 3.
Finally let us assume az3 = axy = aj2 = a13 = ar3 = 0. Then setting & := a1, one
get Case 5 and the proof is completed. a

Remark 3. The o, of Case 5 is algebraically dependent with &7, hence we will not
consider it. We will see that only Case 1 gives us interesting results.

Proposition 4 gives us nicer shape for o7 and ;. Concerning 03, we will use it in
its most general form, i.e.

03 (x1 ,XQ,X3) = bllx% =+ 31712)6%)62 =+ 3b21x1x% =+ bzzx% + 3b13X%X3

+6cx1x3x3 + 3b23)€%)€3 + 3b31x1x§ + 3b32x2x% + b33x§

for ¢,b;j € Rfori,j=1,2,3.

2.3.2 Step 2

We compute, with a computer algebra program, the operator L via the formula (2),
using the o's found in the previous paragraph. In this way we find an operator L(x)
whose first row is linear, due to the form of the initial os. Indeed, the first row of
the resulting J~! is (1,0,0) and this means that the first row of L is the first row of
the product Sy J, which is (—x; + dx, 02,9y, 02, 0¢, 02). The two remain rows are not
linear, but one can observe that they have all the same denominator. Namely, L has
the following form:

Pi(x) Po(x) P3(¥)
0(x) O(x) O(x)
Py(x) Ps(x) Ps(x)
0(x) O(x) O(x)
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where P;(x),Q(x) for i = 1,...,6 are homogeneous polynomials in x, of degree 4
and 3 respectively, and depend on the parameters that compare in the os. The de-
nominator Q moreover coincides with the determinant of the Jacobian matrix.

2.3.3 Step 3

We want to find values for the coefficients of os such that all terms of L become
linear, i.e. such that each numerator P; is divisible by Q. To achieve this goal, we

consider for each i = 1, ..., 6 the following equation:
Pi(x) — O(x) (@i x1 + ctipxa + 03x3) = 0 “4)
where o; j for i =1,...,6 and j = 1,2,3 are additional parameters in R. If these

equations are identically satisfied, then our entries of L are linear.

The equations (4) are identically satisfied if and only if for all i the coefficients of
the polynomial in its LHS vanish. Hence, the strategy is now to solve the system
of equations formed by the coefficients of (4). The sageMath code that I used to
generate this system of equations is reported in Listing 1.

Now we study each case of Proposition 4 from 1 to 4 separately. We start with the
easiest ones.

Case 3

Let 0} (x1,x2,x3) = x1 and 0, (x1,x2,x3) = x1x2. In this case, one can observe quite
directly that it is not possible to make all the entries of L linear in coordinates.
We compute L with formula (2) and we see that most of the non linear terms are
simpler than in the general case, namely, P, and Q have some common divisor for
i=1,2,3,4 and the corresponding entries of L become fractions with a polynomial
of degree 2 at the numerator and a monomial of degree 1 at the denominator, namely
the denominator is kx; for some k € R. Hence, a necessary condition for making
these entries linear in x, is that the coefficients of the terms of the numerator in
which x; does not appear, have to vanish, which in this case means:

1
by = §70:b3l =byy = by3 =b3 =b33=0.

Substituting these values and computing again L one sees that % and P—QS can’t be-

. P .
come linear. For example the term 55 is:

(3b%2 + b“)x% +5b1px1x2 —&-x% +2b13x1x3
bi3x

which, due to x% in the numerator, can’t be linear.
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Case 2

Now let 05 (x1,x2,x3) = ax% j:x% for some a € R. As in Case 3, one can see quite
directly that not all the entries of L can be linear. Also in this case, P, and Q have
some common divisor for i = 1,2,3,4 and the corresponding entries of L become
fractions with a polynomial of degree 2 at the numerator and a monomial of degree
1 at the denominator, this time the denominator is of the form kx, for some k € R.
Proceeding as in Case 3, we find conditions for the parameters:

4a’>—a
by = T,C=b31 =bip=bi3=b3 =033 =0.

Substituting these values and computing again L, one sees that a necessary condition
for P—QS to be linear is b>3 = 0, which makes the determinant of J zero and hence it’s

not acceptable.

The remaining cases are more complicated, due to the presence of all three variables
X1,X2,X3 in the expressions for 0,, and we will actually need to solve the system of
equation (4) we created.

Case 4

Let 02(x1,x2,%3) = x1X2 ix%. We generate the system of equations (4). Looking at
the system one observes that to have solutions by and b3 have to vanish. After
substituting these values, one equation of the system become 61)%1 — by =0. We
proceed then substituting the two solutions for by; in the system. For b; = 0 one
gets that also b3, ¢, b3, b33,b31,b12 have to be zero, for which then only the param-
eter by survives. But then o3 is functionally dependent with o7, hence it is not an
interesting solution for us. Instead for by = %, one gets that b3, = i% and b3 =0,
which is a contradiction. Hence, also Case 4 gives us no interesting solutions.

Case 1

Now we deal with 0, (x1,x2,x3) = ax% :tx% :I:x%. First we remark that if the signs of
x% and x% are different, then with the following coordinate change

Y1 = X1
Y2 =Xx2+x3
y3 = X2 — X3,

one gets 03 (y1,y2,y3) = ay% + y>y3. We use this new shape for o3, since the com-
putations become easier. In the code in the appendix, this case is denoted with Case
1.1. Computing the system of equations (4), ones sees that bj, and b3 have to be
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zero. We compute again the system setting b1 = b13 = 0 and solve it with Maple. It
gave us the solutions listed in Listing 2. Analyzing them (Listing 3), we find 5 dif-
ferent non trivial solutions which give us the operators Ly, L, L3, L4, Ls presented in
Table 3.

Now let 0 (x1,%2,x3) = ax} —x3 — x3 (Case 1.2). Again from the computed system
of equation (4) one notice that b, and b3 have to be zero in order to have solutions.
This time Maple didn’t give us a solution in a reasonable amount of time and hence
we proceed in an other way.

We notice that o7 and 0, are rotation invariant, namely they remain constant after
performing the transformation:

yr==x
Y2 =X2C08 ¢ +x35in ¢
y3 = —x28in ¢ + x3cos @

For this reason one can make one coefficient of o3 vanish. Hence I set each coef-
ficient to zero, one at a time, and consider the corresponding system of equations.
I collect all the solutions found and select only the non equivalent and non trivial
ones. These are presented in Listing 4. The three resulting operators are again re-
ported in Table 3, namely operator Lg, L7 and Lg.

We remark that setting ¢ = by, = b3y = 0 (or equivalently ¢ = b33 = by3 = 0) one
still finds all the non equivalent solutions.

Now let us consider the remaining case: 03 (x1,x2,x3) = ax% +x% —i—x% (Case 1.3).
Here we proceed exactly the same as for the previous case. But, we only found
trivial or complex solutions, and hence no interesting solutions for us.

Table 3 3-dimensional classification of linear Nijenhuis operators with algebraically independent
coefficients of their characteristic polynomials

1.3

O] = X O) = X2X3 03 = 343
—X1 X3 X2
L= 2% 0 X3
—§.X3 00
_ _ _ 2 3 2
O] = X O) = X2X3 03 = —X1X; —X) —X5X3
—X] X3 X2
L) = 0 x 0

—xp—x3 —2x1—3x2—3x3 —xp
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_ 1 1.3 1.3, 1 1.2 3,.,2,.1.3
O] =X Oy = §x% +x2x3 03 = 55X] — 316 %2 + 3FX1X2X3 — gX5X3 + gX2x3 + g3
1
—3X1 X3 X2
Ly := —?xz—%xl—i-%xz—i-%m %xz—&-%xg
1
—3X3 X2 T X3 T3 Xl T g2 — (A3
_ 1 1 1 1
O] = X1 Oy = jx% +x2x3 03 = ﬁxf - ﬁx% +x§ + 3X1X2X3
1
—§X1 X3 X2
L4 = —§XZ —=X] 3X3
1
—3X3 —gX2 —3Xl
_ 1 _ 1.2 3 1 1.2 1 2,1 2, 1.3
O] = X Oy = zx% +x2X3 03 = 5X1X; —X3 + 7X1X2X3 — 7X5X3 + 33 X1X3 + 16X2%3 + 0’3
1
—3 X1 X3 X2
L= | =3 Ly, -1 1 L €1 3 3
5= sz+3%X3 X1+ 3X2+ 16 X3 16x1+1?xz+64X3
1 3 1
7% —3X3 X1 —3xXp—3X3 —zX1— 3% — 16X3
_ 1 2 2 1, .2 2
O] =X Gzzlx%—xz—)% 03 = —5X1X5 +X5X3

-1 X1 —2x2 —2x3

Le:=1| —zx2 0—lx2
—2X3 X2 —aX

_ 13 1.2 1.2 12 2 3

o1 =X Oy = 4x =3 —x] O3 = 37X — 30143 — 35105 — V323 T 3 5%
—%xl —2x7 —2x3
L;:= f%xz f%ﬁ(ﬁx1+3x3) éﬁxz
7%X3 %\/gxz 75\/5(\/§x1 *3X3)

_ 13 1.2 12,22 2 3

o1 = X1 Oy = 3X —X3—x] O3 = 33X] — 3X13 — 3%, + N W !
—%xl —2x —2x3
Lg := 7%/\72 73\/5(\/§x1+3x3) 7%\/37)62
7%)63 7% 3xp 7%\6(\/@(1*3)63)

Remark 4. Since we considered all possible combinations (up to linear coordinate
changes) of algebraically independent o}, 0,,03 such that deg(o;) = i we got all
possible differentially non-degenerate LSAs.
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Remark 5. For most of the computations, SageMath (version 9.2) was used due to
personal preference. However, algebraic systems of equations were solved using
Maple (version 2022.0), primarily for its speed and computational convenience.

2.3.4 Simplification

The second part of the proof consist of writing the classification in a nicer way in
which one can directly get some more information about the operators found and to
derive the structure relations of the corresponding LSAs.

For each operator from Table 3, except L; which already has a nice form, we perform
suitable coordinate change and get a new representation of them, as presented below.

Xp=—x—Yy x—z—y
Ly: Xo=x+y-+z y 0 —y
X3 =y 00 z
1 1 +1
X]=—zX——=y—+-—
l 3 12y 4Z x—z—-yz—x
3 3
Ls xz—£y+£Z y z 0
6 2 0 0 z
[N
X3 = 3x 6y 22
1 1 +1
X =—zXx—— =
R A 0
1 1 ry
Ly x2_,\@y+, 3z y x
6 2
00 z
N
3T TR
1 1 n
X1 ——X— YTz
4 12 8 2% —y 0
Ls: xn==xb+-2) y 00
4 0 0 z
1 1
X3=—zX+y——2
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L
T 2xy 0
Lg: Xy =%y y 00
1 00z
x3:—§x+z
V3
= —— —|—7
a * 6Z 2x—zyz—xX
Ly: Xy =y y z 0
1 V3 00
X3 = 3X 3Z
1
X| == zV1+y2— —¥3
3 3
| 3 yi 00 xy0
Lg: X2 =— Yy — Y2 — —"y3 0yy 0 | 2| yx0
3 3 00 y; 00z
oL 2V3
3= 3)’1 3 Y3

where (y1,¥2,y3) and (x,y,7) are two other coordinate systems of R and where the

last isomorphism for Lg is given by {x = 2(y; +y2),y =2(y1 —»2),z2=y3}-

We then compute the structure relations as describe above, i.e. 1 x1; = aifjnk for

k

i,j=1,2,3 where afj = a’;ﬁ and Rf.‘ are the components of the operators we found.
J

This completes the proof of Theorem 1.

3 Discussion

Remark 6. The first four differentially non-degenerate LSAs presented in Table 1 are
decomposable, in the sense that they can be written as direct product of differentially
non-degenerate LSAs of lower dimension. We remark that the direct product of two
(linear) Nijenhuis operators is a (linear) Nijenhuis operator and similarly that the
product of two (differentially non-degenerate) LSAs is again a (differentially non-
degernerate) LSA. As already written in Table 1, denoting with d the only possible
1-dimensional non trivial LSA, for which the structure relation is 17y *1; = 1 and
the Nijenhuis operator is the 1 x 1 matrix L = (x) and using for dimension 2 the
notation of Table 2, we see that

Ls~by ®0, Le~b, ®0, Lg~ci ®O=000DY, Ly~ DO
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This means that in our classification all possible 3-dimensional combinations of
lower dimensional differentially non-degenerate LSAs are present. The remaining
LSAs in the classification are indecomposable.

Remark 7. We worked in R. If we look at C, we have that bj{ o~ b; and c;r o ¢ over
C. As a consequence in dimension 3, b:,f DO~ b; @0 and c;r o~ DO over C.
Moreover, also L3 and L; are isomorphic over C. This gives us a classification in
dimension 3 of differentially non-degenerate LSAs over C. Note that classify LSAs

is in general not an easy task, due to their non associativity.

Remark 8. Looking at the indecomposable operators of our list, one could try to
generalise them in dimension n. The generalisations we found are reported below.

L]Z
Set
01 = X1
02 = X2Xp
O; = xl-xil_l
-2
Op—1 = xnflxz
1
Op = —x,
n n n
(If n = 2k, one should also consider the case ¢, = — %x;’). To get an explicit expres-

sion in x; for the Nijenhuis operator, we use the formula (2) with

—O0] 1

—0p 01

—03 01
SX:

—Op—1 01

-0, 0 ... 0

Therefore:
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1 0
Xn X2

o (9@) _ X; Zx?xn
ij .

X2 (1= 2,100

xZ 1
and hence we get the following Nijenhuis operator:
—X1 X X2
1;—”)@ 0 x, 2x3
zn;"x3 0 x, 3x4
0 x, (n—=2)x,_1
_%xnfl 0 Xn
L0 0

From this we compute the structure relations as above and we get:

M*M=-m

m*nsz%ns fors=2,...,n
Ns*xMy =0 fort=1,....n—1fors=2,...,.n—1
Ns* M = Ms—1 fors=2,....n—1
Mu*1M =0

M Ms = (s — 1)Ns—1 fors=2,....n—1
Nn*Mn = Nn—-1

Lz:

We start with the following expression for the coefficients of the characteristic poly-
nomial.
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With

and

(o3} —X1 —Xp

0> = (X1 +x2)x,

oi = (—1) (ximg +x;)xi !

Op—1= (_1)’#1 (xn72 +

o, = (—1)")(”,1)(2_1.

(=1)"x !

we get the following Nijenhuis operator:

X1
X2
X3

Xn—2
Xn—1

0

x,1,1)x’,;72

0
-1
X1 +x2

—2(x2 +x3)x,

—0] 1

—0) 01
—03 01

Sy = '

—Op—1

-0, 0

L 8@ _
o 8xj o

(1

Serena Scapucci

(=112 (1) (1= 2) (2 )

(=1)"(n = Dxyyx

—X7
—X2 — 2)(3
—2X3 — 3X4

0 —xp —(n=3)x,—2— (n—=2)x,_;

—X,
0 —x,
0 —x,
0
0

In this case, the structure relations are:

—(n—=2)xp—1
Xn
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M *MNs =Ts fors=1,...,n—1
Ni*M, =0

NsxM =0 fort=1,...,n—1fors=2,...,n—1
Ns* M = Ms—1 fors=2,....n—1
MaxM =0

M Ms = — (s — 1)(Ns—1+1s) fors=2,....n—1
Nn*Mn = Nn—1-

We remark also that these two n-dimensional examples presented above are differ-
entially non-degenerate LSA by construction.

L3 and L7:

Looking at the two remaining indecomposable operators of the list in Table 1,
we see that the following generalisations are other examples of differentially non-
degenerate LSAs of dimension n. First for n odd, i.e, n =2k + 1, k € N, consider

2x1 — X, £xp Xy — X1
X2 Xn

2x3 — X, x4 X — X3
X4 Xn

2x0j41 —Xn EX2j42|  [Xn —X2j41
Xj+1 Xn

Xn
for j =0,...,k— 1. Its structure relations are

M2j+1* M2j+1 = 2M2j+1
M2j+1 %1242 = N2j+2
M2jr1 * N = —M2j+1
Mj+2*xN2j+1 =0
Maj+2*xMaj+2 = £N2jt1
M2j+2 %N = MN2j+2

M *M2jr1 = —M2j+1
Nu*M2j2=0

k
Nn* M = Z M2i+1
i=0
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for j=0,...,k— 1 and it is a differentially non-degenerate LSA.
Now let n be even, and for convenience n = 2k + 2, for k € N. Consider

2x1 — X, £xp X; — X1
X2 Xn
2X2j4+1 — Xn TX2j42 Xn = X2j+1
Xj+1 Xn
2Xp_1 — Xp| Xn — Xp—1

Xn

for j =0,...,k— 1. Its structure relations coincide to the ones of the operator above
(for n odd), but for j =0,...,k and 1, %1, = Ny + Y& N+ 1. This LSA is differ-
entially non-degenerate.

Further possible works to do are to find other n-dimensional general form of this

kind of operators. Moreover one could try to find the classification of the same
objects in dimension 4.
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4 Appendix: code

1 # ring of the coefficients of my polynomials in variables x1,
X2,%x3

2 S.<a,b_11,b_12,b_13,b_31,b_21,b_22,b_23,b_32,b_33,c,alphall,
alphal2,alphal3,alpha2l,alpha22,alpha23,alpha3l,alpha32,
alpha33,alpha4l,alpha42, alpha43,alpha5l, alphab2,alpha53,
alpha6l,alpha62,alpha63>=Q0Q1[]

4 def system_generator (S, a=a, b_11=b_11, b_12=b_12, b_13=b_13,
b_31=b_31, b_21=b_21, b_22=b_22, b_23=b_23, b_32=b_32, b_33=
b_33, c=c, alphall=alphall, alphal2=alphal2, alphal3=alphal3,
alpha2l=alpha2l, alpha22=alpha22, alpha23=alpha23, alpha3l=
alpha3l, alpha32=alpha32, alpha33=alpha33, alphad4l=alphail,
alpha42=alpha42, alpha43=alpha43, alpha5l=alphabl, alpha52=
alphab52, alphab3=alphab3, alpha6l=alpha6l, alpha62=alphab62,
alpha63=alpha63) :
5 r77 function that takes as input:
6 — the ring for the coefficients
7 — the parameters
8 and returns:

9 — the system of equations given by the coefficients
rrr

12 # definition of the space where I work ,to be able to get
easily the coeff.
13 R.<x1,x2,x3> = S[]

15 # definition of the sigmas
16 sigma_1l=x1

18 #sigma_2=axx1"2 + x2x3 #case 1.1

19 #sigma_2=axx1"2 - x272 - x372 #case 1.2

20 #sigma_2=axx1"2 + %272 + x372 #case 1.3

21 #sigma_2=axx1"2 + x272 #case 2.1

2 #sigma_2=axx1"2 - x272 #case 2.2

23 sigma_2=x1%x2 #case 3

24 #sigma_2=x1xx2 + x372 #case 4.1

25 #sigma_2=x1xx2 - x372 #case 4.2

26

27 sigma_3=b_11 » x1°3 + 3 % b_12 % x172 % x2 + 3 % b_13 % x172

* x3 4+ 3 x b_31 * x1 * x372 + 3 x b_ 21 * x1 * x272 + b_22 *
X2°3 4+ 3 * b_23 x x272 » x3 + 3 x b_32 x x2 * x372 + b_33 *
X373 4+ 6 x ¢ * x1 * x2 x x3

29 # computation of L via formula (2)
30 J=jacobian ((sigma_1,sigma_2, sigma_3), (x1,x2,x3))
31 S=matrix([[-sigma_1, 1, 0], [-sigma_2, O, 1], [-sigma_3, O,

011)
32 L=J" (-1) *S*J
33 #view (L)

35 # generation of the system of equations
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Q = J.determinant ()
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Pl = L[1,0]%Q

P2 = L[1,1]1%*Q

P3 = L[1,2]*0Q

P4 = L[2,0]%*Q

P5 = L[2,1]*0Q

P6 = L[2,2]%*Q

coeffl = ((P1-Qx(alphallxxl+alphal2xx2+alphal3*x3)) .numerator
()) .coefficients ()

coeff2 = ((P2-Qx (alpha2l*xl+talpha22xx2+alpha23%x3)) .numerator
()) .coefficients ()

coeff3 = ((P3-Qx (alpha3l*xl+talpha32xx2+alpha33%x3)) .numerator
()) .coefficients ()

coeffd = ((P4-Qx (alphad4l*xl+talphad42xx2+alphad43+x3)) .numerator
()) .coefficients ()

coeff5 = ((P5-Qx (alphabl*xl+talpha52xx2+alphab53%x3)) .numerator
()) .coefficients ()

coeff6 = ((P6-Qx (alphabl*xl+talpha62xx2+alpha63+x3)) .numerator
()) .coefficients ()

coeff = coeffl + coeff2 + coeff3 + coeffd + coeff5 + coeff6

print (' The system consists of’, len(coeff),

view (coeff)
return coeff

coeff = system_generator (S)
Listing 1 Function to generate the system of equations

{a = 0, alphall = 0, alphal2 = -1/3,
0, alpha22 = 0, alpha23 = 0, alpha3l
alpha33 = 0, alpha4l = 0, alpha42 = 0

0
alpha51 = 0, alphab52 = 3xb_22, alpha53 = 0,
0, alpha63 = 0, b_11 = 0, b_21 =
b_23 =0, b_31 = 0, b_32 =0, b_33 = 0,

alpha62 =

{a = 0, alphall = 0, alphal2 = -2/3,
0, alphaz22 = 0, alpha23 = 0, alpha3l

alphal3 = 0, alpha2l

’

alphal3 = 0, alpha2l

0, a

"equations’

lpha32 = 0,

alphad43 = -2/3,
alpha6l = 0,

c =

0, a

alpha33 = 3xb_33, alpha4l = 0, alphad42 = O,
alphab51 = 0, alphab2 = 0, alphab3 = 0,

0, alpha63 =0, b_11 = 0, b_21 = 0,
=0, b_32 =0, b_33 =b_33, c = 0}

b.22 = 0, b.23 = 0,

{a = 1/3, alphall = 0, alphal2 = -1/3,

-1/3, alpha22 = 0, alpha23 = 0, alpha3l = 0,

alph

0, b_22 = b_

0}

lpha32 = 0,
alphad43 = -
a6l = 0, alp

)

22,

173,
ha62

alphal3 = 0, alpha2l

alpha33 = 3b_33, alphad4l = 0, alphad42 = 0, alpha43 = -1
alpha51 = 0, alpha52 = -1/(9b_33), alpha53 = 0, alphatl
-1/3, alpha62 = 0, alpha63 = 0, b_11 = 1/27, b_21 = 0,

alpha32 = 0,

/3,

b_22

b_31
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-1/(27xb_33), b_23 =0, b 31 =0, b_32 =0, b_33 = b_33, c =
1/18}

{a = 0, alphall = 0, alphal2 = 0, alphal3 = 0, alpha2l = O,
alpha22 = -3b_23, alpha23 = 0, alpha3l = 0, alpha32 = O,
alpha33 = 0, alpha4l = 0, alpha42 = -9b_23"2, alpha43 = -1,
alphab51 = -18b_23"2, alphab52 = 81b_23"3, alphab53 = 9b_23,
alpha6l = 0, alpha62 = 3b_23, alpha63 = 0, b_11 = 0, b_21 =
-3b_23"2, b_22 = 27b_23"3, b_23 = b_23, b_31 =0, b_32 =0,
b_33 =0, c¢c = 0}

{a = a, alphall = alphall, alphal2 = alphal2, alphal3 =
alphal3, alpha2l = alpha2l, alpha22 = alpha22, alpha23 =
alpha23, alpha3l = alpha3l, alpha32 = alpha32, alpha33 =
alpha33, alpha4l = alphad4l, alpha42 = alpha42, alpha43 =
alpha43, alpha5l = alpha5l, alpha52 = alpha52, alphab3 =
alphab53, alpha6l = alpha6l, alpha62 = alpha62, alpha63 =
alpha63, b_11 = 0, b_21 = 0, b_22 = 0, b_23 = 0, b_31 = 0,
b_32 =0, b33 =0, c = 0}

{a = 0, alphall = 0, alphal2 = -1, alphal3 = -9b_32"2,
alpha2l = 0, alpha22 = 0, alpha23 = 3b_32, alpha3l = -18b_32

"2, alpha32 = 9b_32, alpha33 = 81b_32"3, alpha4l = 0, alphad2

= 0, alpha43 = 0, alphab5l1 = 0, alpha52 = 0, alphab3 = 0,
alpha6l = 0, alpha62 = 0, alpha63 = -3b_32, b_11 = 0, b_21
0, b_22 =0, b_23 =0, b_31 = -3b_32"2, b_32 = b_32, b_33
27b_32"3, ¢ = 0}

{a = 1/3, alphall = 0, alphal2 = -1/3, alphal3 = 0, alpha2
-1/3, alpha22 = 1/(64b_32), alpha23 = 3b_32, alpha3l = 0,
alpha32 = 9b_32, alpha33 = 192b_32"3, alphad4l = 0, alpha42

1

0, alpha43 = -1/3, alpha5l1 = 0, alpha52 = -1/(36864b_32"3),
alpha53 = -3/ (64b_32), alpha6l = -1/3, alpha62 = -1/(64b_32),
alpha63 = -3b_32, b_11 = 1/27, b_21 = 0, b_22 = -1/(110592

b_3273), b_23 = -1/(192b_32), b_31 = 0, b_32 = b_32, b_33
64xb_32"3, c = 1/18}

{a = 1/4, alphall = 0, alphal2 = -3/8, alphal3 = 72b_32"2,
alpha2l = -1/4, alpha22 = 1/(192b_32), alpha23 = 3b_32,
alpha3l = 144b_32"2, alpha32 = 9b_32, alpha33 = 5184b_32"3,
alpha4l = 0, alphad42 = 1/(4608b_32"2), alpha43 = -3/8,
alpha5l = 1/(2304b_32"2), alpha52 = -1/(36864b_32"3), alpha53
= -1/ (64b_32), alpha6l = -1/4, alpha62 = -1/(192b_32),
alpha63 = -3b_32, b_11 = 0, b_21 = 1/(13824b_32"2), b_22 =

-1/(110592b_32"3), b_23 = -1/(576b_32), b_31 = 24b_32"2, b_32

= b_32, b_33 = 1728xb_32"3, c = 1/24}
Listing 2 Maple solutions - Case 1.1

## I Solution:
#
#a=0
# b_11 =0
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b_12
b_13
b_21
b_31
b_23

b_33
c =

= o o G S S S FE

b_32 =
b_22 =

0

x1,x2,x3

lolleNoNoNoNoNolNe)

33 ——> choose as

= var ('x1,x2,x3")

sigma_1l=x1

sigma_2=x2xx3

sigma_3= 1/3 % x37°3

## II Solution:

a =

b_12

b_21
b_31
b_23
b_32
b_22
b_33
c =

H= o S S G FH S S 3 3 FHE H

x1,x2,

b 11 =

0

b_13 =

0

x3

0

0

0

-3xb_23"2 --> -1/3
0

b_23 -—> -1/3

0

27+«b_23"3 —-=> -1

0

= var ('x1,x2,x3")

sigma_1l=x1

sigma_2=x2 x x3

1/3

sigma_3= -x1%x2"2 - %273 - x272%x3

## III Solution:

a =

b_13

b_23
b_32
b_22
b_33

H= o o S S S S S 3 S

1/3

b 11 =
b_12 =

b_21 =
b_31 =

1/27
0
0
0
0

-1/(192xb_32) -—> - 1/24

b_32 -——> 1/8
-1/(110592xb_32"3)
64xb_32"3 -—> 1/8

-—> - 1/216
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66

69

90
91
92
93

9%

96

100

109
110

111
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# c =

1/18

x1,x2,x3 = var('x1,x2,x3")

sigma_1l=x1

sigma_2=1/3 * x17°2 + x2 x x3

313

sigma_3=1/27+x1"3 - 1/216%x2"3 + 1/3xx1%x2xx3 — 1/8%x272xx3 +
3/8%x2%x372 + 1/8%x3"3

## IV Solution:

a =
b_11

b_13

b_31
b_23
b_32
b_22
b_33
c =

#
#
#
#
#
#
#
#
#
#
#
#

b 12 =

b 21 =

1/3
= 1/27
=0
=0
0
=0
=0
=0
= -1/(27%b_33) ——> -1/27
= pb 33 —> 1
1/18

x1,x2,x3

= var ('x1,x2,x3")

sigma_l=x1

sigma_2=1/3 * x1°2 + x2 x x3

sigma_3=1/27 * x1°3 =1/27 % x2°3 + x3°3 + 1/3 » x1 * x2 * x3

## V Solution:

a =
b_13
b_21
b_23

b_32

#
#
#
#
#
#
#
#
#
# b_22
#

#

c =

x1,x2,

1/4
b_11 =
b_12 =

b_31 =

b_33 =

0
0
0

1/(13824xb_32"2) ——> 1/6
24xb_32"2 --> 1/96

-1/ (576%b_32) --> -1/12
b_32 --> 1/48
-1/(110592xb_32"3) --—> -1
1728+b_32"3 --> 1/64

1/24

x3

= var ('x1,x2,x3")

sigma_1l=x1
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12 sigma_2=1/4 * x1°2 + x2 x x3

113

114 sigma_3=1/2xx1xx2"2 — x2°3 + 1/4%x1%x2%x3 — 1/4%x2°2%x3 +
1/32%x1%x372 + 1/16%x2%x372 + 1/64xx3"3

Listing 3 Analysis of the solutions - Case 1.1

1 # Solution 1
2 #

3 # a=1/4

4 # b 11 =0

5 # b_12 =0

6 # b 13 =0

7 # b_21 = -1/6
8 # b 31 =0

9 # b 22 =0

10 # b 23 =1/3
1 # b_32 =0

12 # b_33 =0

13 # c =0

14

15 x1,x2,x3 = var('x1,x2,x3")
16

17 sigma_1l=x1

19 sigma_2=1/4 * x1°2 - x272 - x372

21 #sigma_3=b_11 * x1°3 + 3 % b_31 % x1 * x372 + 3 » b_21 » x1 *
X272 + b_22 * x2°3 + 3 x b_23 x x272 *x x3 + 3 x b_32 x x2 =*
x372 4+ b_33 x X373 + 6 x ¢ x x1 * x2 * x3

2 sigma_3=- 1/2 * x1 x %272 + x2°2 * x3

23

24

25 # Solution 2

26

27 # RootOf (3%x_2°2 - 1) = p = +- 1/sqgrt (3)

28

29 # w.l.0.g9 choose p = 1/sqrt (3)

30 # a linear transformation x3--> -x3 cover the case p = -1/
sqrt (3)

31

B # a=1/3

3 # b_11 = 1/27

34 # b_12 =0

35 # b_13 =0

36 # b 21 = -1/9

37 # b_31 = -1/9

38 # b_22 =0

39 # b 23 = -p/3 = -1 / (3xsqgrt(3))

40 # b_32 =0

41 # b_33 = —(2xp) /3 = - 2 / (3xsqgrt(3))

0 # c =0
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44 x1,x2,x3 = var ('x1,x2,x3")

45

46 sigma_l=x1

47

48 sigma_2=1/3 * x1°2 - x272 - x372

49

50 #sigma_3=b_11 * x1°3 + 3 % b_31 % x1 * x372 + 3 » b_21 » x1 *

X272 + b_22 * x2°3 + 3 x b_23 x x272 * x3 + 3 x b_32 x x2 =*
x372 4+ b_33 x X373 + 6 x ¢ x x1 * x2 * x3
51 sigma_3=1/27 * x1°3 - 1/3 = x1 * x372 - 1/3 * x1 = x2°2 - 1 /
sqgrt (3) * x272 x x3 - 2 / (3xsqgrt(3)) * x3°3

54 # Solution 3

56 # RootOf (3%x_72"2 - 1) = p = +- 1/sqgrt (3)

57

58 # w.l.0.g. choose p = 1/sqgrt (3)

59 # a linear transformation x3--> -x3 cover the case p = -1/
sqrt (3)

60

61 # a=1/3

62 # b 11 = 1/27

63 # b_12 =0

64 # b_13 =0

65 # b_21 = -1/9

66 # b_31 = -1/9

67 # b_22 =0

68 # b_23 = +(2+p)/3 = + 2 / (3*sqgrt(3))

69 # b_32 =0

70 # b_33 = —(2*p)/3 = - 2 / (3*sqgrt(3))

71 #c=0

72

73 x1,x2,x3 = var ('x1,x2,x3")

74

75 sigma_1l=x1

76

77 sigma_2=1/3 % x172 - x2°2 - x372

78

79 #sigma_3=b_11 » x1°3 + 3 * b_31 % x1 » x372 + 3 % b_21 » x1 =«

X272 + b_22 * x2°3 + 3 x b_23 x x272 * x3 + 3 x b_32 x x2 =*
x372 + b_33 x x373 + 6 x ¢ x x1 * x2 * x3
80 sigma_3=1/27 * x1°3 - 1/3 % x1 * x372 - 1/3 * x1 » x2°2 + 2 /
sqgrt (3) * x272 x x3 - 2 / (3*xsqgrt(3)) * x3°3

81

Listing 4 Analysis of the solutions - Case 1.2



