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Abstract In this paper, we study the effect of varying permeability on convection
in porous media. The basic mathematical framework for convection in porous me-
dia governed by Darcy’s Law is outlined. The linear stability analysis is performed
to observe convection patterns. The resulting mathematical model is solved by im-
plementing bvp4c in Matlab. In the classical case where permeability is constant,
we observe symmetric contours of Bénard convection cells and the critical Rayleigh
number is Rac = 4π2 with wave number a= π . As permeability is varied, the critical
Rayleigh number and wave number changed. Also the Bénard convection cells are
not symmetric in the non-classical setting. We also plotted contours for temperature
θ and stream function ψ .

1 Introduction

This paper is focused on convection in porous media, which has many applications
in geophysical fluid dynamics. In volcanic systems, geothermal circulation con-
trols the transportation of sediments, minerals, and heat transport through porous
rocks [1]. Natural convection is one of the three processes of heat transfer which
occurs in both liquids and gases due to the density differences caused by tempera-
ture variations. When a layer of viscous fluid is heated from below, the density of
the fluid is decreased and it tends to rise due to buoyancy forces. As the hotter fluid
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rises, it displaces cooler fluid and begins to rise, creating a continuous circulation
pattern known as a convection cell. On the other hand, cooler fluid is denser com-
pared to the hotter fluid, so cooler fluid tends to sink, leading to a downward-flowing
convection cell. These convection cells are also known as Bénard convection cells.
If a saturated porous layer is heated from below, instability occurs which leads to
these convection cells [3, 4]. Modelling such phenomena is helpful for understand-
ing geothermal convection.

There has been a lot of work related to convection in porous media [5–10]. In
this paper, we are interested in understanding the effect of varying permeability on
convection in porous media.

2 Mathematical modelling

Consider a saturated layer of porous salt rock as shown in Fig. 1. The layer is con-
fined between 0 ≤ z ≤ h. Let the layer be heated uniformly from below and its
temperature is T0 +∆T at z = 0. On the other side of the layer, the boundary is
cooler with temperature T0 at z = h.

Fig. 1: Definition sketch of the problem.

Our basic equations with λ as the thermal volume expansion, u the seepage ve-
locity, µ the dynamic viscosity, p the pressure, K the permeability (K = k0ekz), C
the specific heat, and κm the overall thermal conductivity, are

Equation of state:
ρ = ρ0(1−λT ) (1)

Darcy’s law:

u =−K
µ
(∆ p−ρg) (2)
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Incompressible flow:
∇ ·u = 0 (3)

Energy equation:

(ρC)m
∂T
∂ t

+(ρC) f u ·∇T = κm∇
2T. (4)

The basic steady-state solution of the system (1)–(4) satisfying the boundary
conditions T = T0 +∆T at z = 0 and T = T0 at z = h is given by

ub = 0,
∂

∂ t
= 0, (5)

Tb = T0 +∆T
(

1− z
h

)
, (6)

pb = p0 −ρ0g
[

T0z+
λ∆T

2

(
z2

h
−2z

)]
. (7)

This solution is the conduction state where all the heat is transferred due to thermal
conduction.

2.1 Linear stability analysis

Now we examine the stability of this solution with the following small perturbation
quantities given by

u = ub +u′, T = Tb +T ′, P = pb + p′. (8)

By substituting (8) into Eqs. (2)–(4) and neglecting second-order small quantities,
our linearized perturbed equations in dimensionless form (omitting primes) are

∇ ·u = 0 (9)

0 =−∇p− u
Kp

+Raθ k̂ (10)

∂θ

∂ t
−w = ∇

2
θ (11)

where Kp = f (z) = ekz is the permeability of the porous medium, which defines its
ability to transmit a fluid. The dimensionless number

Ra =
ρ f k0gλ∆T h

µκm

is the Rayleigh number, which is the ratio of buoyancy forces to diffusive resistance.
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The component form of Eq. (10) can be written as

u
f (z)

=−px, (12)

w
f (z)

=−pz +Raθ . (13)

As we are looking for the neutral stable case, (11) takes the form

−w = θxx +θzz. (14)

Equations (12) and (13) couple the two unknowns θ and w subject to the boundary
conditions (both boundaries are impermeable and are perfect thermal conductors):

w = θ = 0, at z = 0,1. (15)

Now differentiating (12) by z and (13) by x, and equating we get(
w
f

)
x
=

(
u
f

)
z
+Raθx (16)

Let ψ be the stream function such that

w =−ψx and u = ψz. (17)

Then (16) becomes
1
f
(ψxx +ψzz)−

f ′

f 2 ψz =−Raθx (18)

and Eq. (14) becomes
−ψx = θxx +θzz. (19)

Let

(ψ,θ) = (ψ̂, θ̂)eiax (20)

and
D =

d
dz

. (21)

Equations (18) and (19) become

1
f

(
D2

ψ̂ − fz

f
Dψ̂ −a2

ψ̂

)
=−Raθ̂x (22)

and
iaψ̂ = (D2 −a2)θ̂ . (23)

Eliminating θ̂ from Eqs. (22) and (23),
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D4
ψ̂ −3kD3

ψ̂ +(3k2 −2a2)D2
ψ̂ +(3ka2 − k3)Dψ̂ +(a4 −a2k2 −a2Raekz)ψ̂ = 0

(24)
where we considered permeability of the form f (z) = ekz. The associated boundary
conditions are

ψ̂ = 0 at z = 0,1
ψ̂zz − kψ̂z = 0 at z = 0,1. (25)

2.2 Numerical Solution and Graphical Results

We solved fourth-order linear differential equation in ψ̂ (24) subject to the bound-
ary conditions in (25) in Matlab. We used bvp4c [2] to solve the boundary value
problem. We computed the critical Rayleigh numbers Rac against k =−3, −2, −1,
0, 1, 2, 3, where k = 0 corresponds to the standard case. The variation of Rayleigh
number Ra against wavenumber a is shown in Fig. 2 where Ra is calculated on a
logarithmic scale. The variation of critical Rayleigh number Rac for various values
of permeability k is plotted in Fig. 3. As permeability increases, the critical Rayleigh
number starts decreasing.

Fig. 2: Variation of Rayleigh numbers against wavenumber.
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Table 1: Critical Rayleigh numbers

k Critical Rayleigh number (Rac) Wave Number (a)

−3 164.3881 3.4900
−2 104.2661 3.2925
−1 64.6633 3.1790

0 39.4784 π

1 23.7882 3.1788
2 14.1107 3.2920
3 8.1838 3.4891

Fig. 3: Variation of permeability against critical Rayleigh number.

If we scale the Rayleigh number based on average permeability, then:

Raav =
ρ f gλ∆T h

∫ 1
0 (k0ekz)dz

µκm
=

ρ f k0gλ∆T h
µκm

(
ek −1

k

)
= Ra

(
ek −1

k

)
, (26)

and the critical Rayleigh number Raav,c is expressed as:

Raav,c = Rac

(
ek −1

k

)
, (27)

where Rac is the critical Rayleigh number given in Table 1.
The critical Rayleigh number RaHM,c calculated on the basis of harmonic perme-

ability is expressed as:

RaHM,c = Rac
k

1− e−k . (28)

We re-scaled the Rayleigh number based on average permeability and harmonic
permeability in Eqs. (27) and (28), respectively, to get a fair analysis. Figures 4
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Fig. 4: Variation of Raav,c against permeability k.

and 5 show the variation of the critical Rayleigh number calculated on the basis of
average permeability and harmonic permeability respectively. It is interesting to see
that the variation of the critical Rayleigh number Raav,c and RaHM,c is symmetric
in each case. Thus for Ra < Rac the conduction state remains stable, and as Ra is
increased above Rac, instabilities cause convection in the form of cellular motion
with horizontal wave number a.

Fig. 5: Variation of RaHM,c against permeability k.

In Fig. 6, we compared flow speed and permeability as a function of height (z)
along the centre of the convection cell. From Fig. 6(a,c), we conclude the asym-
metric trend of the flow and permeability. In Fig. 7, we compared temperature (θ )
and permeability as a function of height(z) along the centre of the convection cell.
Figure 7(a,c), also shows the asymmetric trend of the temperature and permeability.
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Fig. 6: Comparison of flow speed and permeability as a function of height.

Fig. 7: Comparison of temperature and permeability as a function of height.

The contours for temperature θ(x,z) and stream function ψ(x,z) are plotted in
Fig. 8 and Fig. 9, respectively. Here, we considered k =−3,0,3 with corresponding
critical Rayleigh numbers given in Table 1 to compare our results with the classical
case of k = 0. When k = 0 the rolls for temperature and stream function are perfectly
symmetric in Fig. 8(b) and Fig. 9(b) whereas for k ̸= 0 in Fig. 8(a,c) and Fig. 9(a,c),
the rolls are not symmetric and are focused on either z = 0 for k = −3 or z = 1 for
k = 3. This is because of the change in critical Rayleigh number Rac. Now rocks
with high permeability have strong convection and higher velocity of fluid within
the porous layer, increasing the dissolution of sediments whereas for less permeable
rocks we observe the negative feedback.
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Fig. 8: Variation of temperature against critical Rayleigh number Rac by taking
k =−3,0,3.

Fig. 9: Variation of stream function ψ against critical Rayleigh number Rac by tak-
ing k =−3,0,3.

3 Conclusion

In this study, we analysed the effect of permeability on convection pattern. In pure
convection (k = 0), conduction is stable for Ra < 4π2 and we have instability in
the form of convection rolls as we reach critical Rayleigh number Rac. Permeability
has a significant impact on the stability of the conduction state. By examining the
depth-averaged permeability, the system exhibits symmetric behaviour for positive
and negative values of permeability. The asymmetric behaviour of the convection
is evident from flow speed and temperature profiles for k > 0 and k < 0 along the
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centre of the convection cell. Thus asymmetric permeability results in asymmetric
convection pattern.
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