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Abstract Here we study the effect of non-Boussinesq effects on hydrothermal
convection in porous media. This work is motivated by post-impact hydrother-
mal convection in the Chicxulub impact crater in Yucatán, Mexico. Post-impact
hydrothermal simulation experiences very large temperature differences and sig-
nificant changes in fluid properties. Studies of convection commonly employ the
Boussinesq approximation which neglects density changes everywhere except the
buoyancy term. To study the effect of this approximation in the presence of large
density differences we compare convective fluxes from numerical simulations with
and without the Boussinesq approximation. This study delves into the influence of
temperature-dependent density on hydrothermal flow within porous media, drawing
inspiration from the temperature profiles observed in the Chicxulub crater. These
profiles showcase significant temperature variations, prompting the proposal of a
non-Boussinesq approximation for the model. The weak formulation for the adi-
mensional model is derived and finite element spaces are chosen according to the in-
volved continuous spaces. Finally, we present numerical simulations using FEniCS
for our new approach and the results are compared with the classical Boussinesq
approximation.
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1 Motivation

65 million years ago, a city-sized asteroid collided with Earth, striking the shallow
waters near the Yucatán Peninsula in the Gulf of Mexico (see Fig. 1). This catas-
trophic event created the Chicxulub crater, spanning 200 km in diameter. The signif-
icance of this event extends beyond its connection to the extensive extinction event
of the Cretaceous–Paleogene era [10, 4]. The crater hosts a present-day deep micro-
bial biosphere [5] (see Fig. 1) that presents a unique opportunity to study the role
of post-impact hydrothermal systems in habitability across the solar system [12, 9].
This has led to several expeditions to study the crater and to drill into it to obtain
data that helps to understand the evolution of this system. In addition, mathematical
models and numerical simulations for the post-impact evolution have been devel-
oped to understand the longevity of the hydrothermal system [1, 2]. These models
demonstrate that the temperature of the system experiences extreme temperature
changes during the transient cooling and even the long-term steady state maintains
large temperature differences, due to the size of the crater.

Many studies of convection in porous media invoke the so-called Boussinesq
approximation that neglects density changes everywhere, except in the buoyancy
term that drives convection. The reasoning behind the approximation is that even
small density differences that have a negligible effect on mass and energy balance
can destabilize the system and induce convective motion. This approximation is well
accepted in cases to with small temperature perturbations in typical groundwater
systems. For hydrothermal systems, however, the assumptions for the approximation
clearly break down. Due to the resulting large density changes, it is not clear if even
the long-term steady state can be modeled by the Boussinesq approximation.

In this study, we will explore porous media convection with both the Boussinesq
approximation and without it. The latter is significantly more complex because the
mass and energy balances are fully coupled and have to be solved together using a
Newton iteration. This is in contrast to the equations arising from the Boussinesq
approximation. which allows sequential solution of the mass and energy balance
equations. However, due to the advent of numerical platforms such as FeniCS it has
become feasible to solve the coupled problem.

We begin by introducing the mathematical notation and defining key spaces per-
tinent to this type of equation. Subsequently, we outline the specific model under
consideration, detailing its physical parameters, the scaling of the problems and the
resulting dimensionless equations. The fully dimensionless model is then contrasted
with the classical Boussinesq approximation. Following this, the weak formulation
for both models is presented. Finally, we present numerical simulations illustrating
the behavior of the proposed approaches.
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Fig. 1 Location of Chicxulub asteroid crater, taken from [11] (left), a three-dimensional cross-
section of the hydrothermal system in the Chicxulub impact crater and its seafloor vents, taken
from [8] (right).

2 Recurrent notation and Sobolev spaces

Let D be a polygonal Lipschitz bounded domain of R2 with boundary ∂D and R+ :=
[0,∞). In this work, we consider column vectors and the differential operators are
applied row-wise. Hence, given a vector field ζ : D → R2 and a scalar function
T : D×R+ → R, we set the vector divergence ∇ · ζ : D → R the scalar gradient
∇T : D×R+ → R2 as:

∇ ·ζ := ∑
j

∂ jζ j, (∇T ) j := ∂ jT.

The component-wise inner product of two vector ζ , ξ ∈R2 is defined by ζ ·ξ :=
∑ j ζ jξ j. For s ≥ 0, we denote the usual Hilbertian Sobolev space of scalar functions
with domain D by Hs(D), and denote their vector counterparts as Hs(D). The norm
of Hs(D) is denoted ∥ · ∥s,D and the corresponding semi-norm | · |s,D. We also use
the convention H0(D) := L2(D), where the inner product is defined by:

(T,τ)D :=
∫

D
T τ, (ζ ,ξ )D :=

∫
D

ζ ·ξ .

The space of vectors in L2(D) with divergence in L2(D) is denoted H(div,D) and it
is a Hilbert space equipped with the corresponding graph norm ∥ζ∥2

div,D := ∥ζ∥2
0,D+

∥divζ∥2
0,D. On the other hand, let n be the outward unit normal vector to ∂D, the

classical Green Formula is given by:
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(ζ ,∇T )D +(∇ ·ζ ,T )D =
∫

∂D
(ζ ·n)T ∀T ∈ H1(D). (1)

3 The model problem

In a porous media with porosity φ , the conservation of mass and energy are given
by:

φ
∂ρ f (T )

∂ t
+∇ ·

(
ρ f (T )q

)
= 0, (2)

∂H(T )
∂ t

+∇ ·
(
qρ f (T )h f (T )−κ∇T

)
= 0. (3)

where ρ f is the fluid density, κ = φκ f +(1−φ)κs is the effective thermal conduc-
tivity of the saturated porous medium and H is the total enthalpy of the system. The
specific enthalpies of the phases are given by hi = ci(T −T0), where ci’s are the heat
capacities of the fluid and solid phases, respectively. Therefore, the total enthalpy of
the system is given by:

H(T ) = φρ f (T )h f (T )+(1−φ)ρshs(T ), (4)

where ρs is the density of the solid. The equations above are completed by the
following two constitutive laws:

q =− k
µ

(
∇p+ρ f (T )gẑ

)
, (5)

ρ f = ρ0(1+β (T −T0)), (6)

where µ is the viscosity of the fluid and g is the gravitational acceleration. Equation
(5) is Darcy’s law for the pore fluid and (6) is the equation of state for the density
as a function of temperature. For the purpose of this initial study, we assume a
simple linear relationship with β as the thermal expansivity of the fluid. Eventually,
steamtables should be used to evaluate all fluid properties as a function of T and p.

We consider flow in a simple rectangular domain Ω fixed in the (x,z) axis (see
Fig. 2), of depth D and length L with initial temperature T = Tinitial. No mass and
energy flux conditions are imposed on the side boundaries, (∂Ω)walls. The bottom
boundary, (∂Ω)bottom, has a fixed boundary temperature T (x,0) = Tbottom and no
mass flux.

To allow for the expansion of the fluid due to non-Boussinesq effects top of the
domain is open and the pressure is prescribed on (∂Ω)top as zero. For the energy
we prescribe an outflow/inflow boundary condition at the top (∂Ω)top, given by:{

q · ẑ > 0 : ∇T · ẑ|z=D = 0,
q · ẑ ≤ 0 : T (x,D) = Ttop.
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Fig. 2 Illustration of the domain with the boundary and initial conditions.

The physical parameters for this model are taken from Table 1 which are moti-
vated by the conditions on the impact zone of the Chicxulub crater. These parame-
ters can be used to non-dimensionalize the variables as shown in Table 2. Due to the
temperature-dependent density we have the following dimensionless heat content
functions:

ρc(T ) =
φρ f (T )c f +(1−φ)ρscs

ρc0
with ρc0 = φρ0c f +(1−φ)ρscs,

where the latter is the initial heat content. This motivates the definition of the fol-
lowing dimensionless groups:

Pe =
qcD
α

, Γ =
ρ0c f

ρc0
, Θ = β∆T,

known as the Péclet number, thermal inertia, and thermal expansion, respectively.

3.1 The simplified problem: Boussinesq approximation

In the classical Boussinesq approximation, the density is defined as a constant ρ0 ev-
erywhere except in the buoyancy term in Darcy’s law. Therefore, the dimensionless
governing equations are reduced to:

∇ ·q = 0, (7a)

∂T
∂ t

+∇ ·
(

Γ qT − 1
Pe

∇T
)
= 0, (7b)

−(∇p+ρ(T )ẑ)−q = 0, (7c)

where we have dropped the primes and the dimensionless density is given by ρ(T )=
1−ΘT . Note that the flow field in the Boussinesq approximation is incompressible,
as indicated by (7a). This allows the simulation of convection in closed domains
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Table 1 Parameters values

parameter value units

D 500 m

k 10−14 m2

µ 10−3 Pa s

φ 0.2 -

ρ0 103 m3/kg

ρs 2300 m3/kg

c f 4184 J/kg

cs 1000 J/kg

T0 20 ◦C

Tb 100 ◦C

∆T Tb −T0
◦C

β −210×10−6 1/◦C

Table 2 Dimensionless variables

dim.-less variable definition

T ′ T−T0
∆T

x′ x
H

q′ qµ

kρ0g

t ′ tqc
H

p′ p
ρ0gH

ρ ′(T ′) ρ(T )
ρ0

ρc′(T ′) ρc(T )
ρc0

h′f (T
′)

h f (T )
c f ∆T = T ′

h′s(T
′) hs(T )

c f ∆T = cs
c f

T ′

H ′(T ′) H(T )
ρc0∆T = ρc′(T ′)T ′

because overall volume changes of the fluid are neglected. The elliptic nature of
(7a) and (7c) also allows a staggered solution where q and T fields are computed in
a sequential scheme.

3.2 The fully-coupled problem: Non-Boussinessq approximation

For the fully-coupled problem, the mass flux, ζ = ρ(T )q, rather than the volumetric
flux given by Darcy’s law is the natural flux field. Similarly it is more natural to solve
for the enthalpy, H, rather than the temperature, T . The dimensionless fully-coupled
equations in terms of ζ and H can then be written as:

φ
∂ρ(T )

∂ t
+∇ ·ζ = 0, (8a)

∂H(T )
∂ t

+∇ ·
(

Γ ζ T − 1
Pe

∇T
)
= 0, (8b)

−(∇p+ρ(T )ẑ)− 1
ρ(T )

ζ = 0, (8c)

where again we have dropped the primes from the dimensionless equations. The di-
mensionless enthalpy and density are given by H(T ) =−φΘΓ T 2 +T and ρ(T ) =
1−ΘT , respectively. We note that (8b) is written in terms of both H and T . The def-
inition of the enthalpy above provides the necessary non-linear algebraic constraint.
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4 Weak formulation for the proposed models

In view of the boundary conditions provided in Fig. 2 and the dimensional parame-
ters given in Table 2, we define the following Hilbert spaces:

H1
D(Ω) :=

{
τ ∈ H1(Ω) : τ = 1 on (∂Ω)bottom , τ = 0 on (∂Ω)top

}
,

HN(div,Ω) := {ξ ∈ H(div,Ω) : ξ ·n = 0 on (∂Ω)bottom ∪ (∂Ω)Walls} .

In addition, we perform the following time discretization for the terms that in-
volve time derivatives as follows:

∂T
∂ t

=
Tn −Tn−1

∆ t
,

∂H(T )
∂ t

=
H(Tn)−H(Tn−1)

∆ t
and

∂ρ(T )
∂ t

=
ρ(Tn)−ρ(Tn−1)

∆ t
.

Therefore, Eq. (1) and the boundary conditions lead to the following weak formu-
lation for the Boussinesq approximation: For given Tn−1 ∈ L2(Ω), find (Tn,q, p) ∈
H1

D(Ω)×HN(div,Ω)×L2(Ω) such that:

1
∆ t

∫
Ω

Tnτ +Γ

∫
Ω

(q ·∇Tn)τ +
1
Pe

∫
Ω

∇Tn ·∇τ =
1

∆ t

∫
Ω

Tn−1τ, (9a)∫
Ω

q ·q′−
∫

Ω

p(∇ ·q′) =−
∫

Ω

ρ(Tn)ẑ ·q′, (9b)

−
∫

Ω

(∇ ·q)q = 0, (9c)

for all τ ∈ H1
D(Ω), q′ ∈ HN(div,Ω) and q ∈ L2(Ω). Note that the second and third

rows in 9 form a classical perturbed saddle-point problem which appears often in the
mixed formulations literature (see e.g. [3]), in this case, with a non-linear coupling
term in the right-hand side and the first row corresponds to the classical weak formu-
lation for divergence-free advection-reaction-diffusion equation where the coupling
is shown in the advection term.

On the other hand, the weak form for the full non-Boussinessq approximation
reads: For given Tn−1 ∈ L2(Ω), find (Tn,ζ , p)∈H1

D(Ω)×HN(div,Ω)×L2(Ω) such
that:

1
∆ t

∫
Ω

H(Tn)τ +Γ

∫
Ω

((∇ ·ζ )Tn +ζ ·∇Tn)τ +
1
Pe

∫
Ω

∇Tn ·∇τ =
1

∆ t

∫
Ω

H(Tn−1)τ,

(10a)∫
Ω

1
ρ(Tn)

ζ ·ξ −
∫

Ω

p(∇ ·ξ ) =−
∫

Ω

ρ(Tn)ẑ ·ξ , (10b)

−
∫

Ω

(∇ ·ζ )q =
φ

∆ t

∫
Ω

(ρ(Tn)−ρ(Tn−1))q, (10c)
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for all τ ∈ H1
D(Ω), ξ ∈ HN(div,Ω) and q ∈ L2(Ω). In this case, the second and third

rows in (10) form a classical perturbed saddle-point problem with full non-linear
coupling right-hand sides and non-linear mass term. For the first row, a non-linearity
appears with the mass term together with a coupling via the advection term. This
means that the continuous analysis of this equation will involve additional work.

The continuous analysis of these two equations can be proposed as an additional
project (see e.g. [7, 6]). In this study, we only focus on defining the model prob-
lem and its implementation with finite elements using FEniCS, ensuring that the
simulations yield results faithful to real-world phenomena.

5 Numerical simulations

For the FEM spaces, we define classical continuous Lagrange elements of degree
k = 1 for the space H1(Ω), Brezzi–Douglas–Marini (BDM) elements of degree k =
1 for H(div,Ω) and Discontinuous Lagrange elements of degree k = 0 for L2(Ω).

The experiments presented are set with φ = 0.2, Γ = 1.56, and Pe = 3053.42;
these values correspond to the parameters shown in Table 1. Since the parameter Θ

is controlling the temperature-dependent density by the relation ρ(T ) = 1−ΘT , we
introduce a variation in this parameter given by the values: Θ = 0.02,0.2,0.4. The
discrete domain is set as the rectangle [0,3]× [0,1] discredited by a triangle-made
“crossed” grid of size 150×50. The initial condition for temperature is set as:

T (x,0) =

{
0 if x ≤ 1.5,
0.1 if x > 1.5.

In addition, we compute the flux on the system for each time step given by:

Ftop(t) =
∫ 3

0
Γ qT − 1

Pe
∇T, and Ftop(t) =

∫ 3

0
Γ ζ T − 1

Pe
∇T,

for Boussinessq and non-Boussinessq models, respectively.
Small values of Θ set the density ρ(T ) close to ρ0. Hence, no visible changes are

expected between the two models as shown in Fig. 3. On the other hand, increasing
this value, apart from the fact that the instability grows, the density changes along
with the formation of a fingering pattern. Moreover, there are clear changes in the
flux present in the top layer as shown in Fig. 4 and Fig. 5.

6 Conclusions

We showed via numerical simulations that the proposed model for hydrothermal
flow within porous presents evident differences with the classical Boussinesq ap-
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Fig. 3 Snapshots of Ftop and the associated temperature at different time steps for Θ = 0.02.
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Fig. 4 Snapshots of Ftop and the associated temperature at different time steps for Θ = 0.2.
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Fig. 5 Snapshots of Ftop and the associated temperature at different time steps for Θ = 0.4.
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proximation for high perturbations on density. This will motivate the usage of non-
Boussinesq models for systems that present big temperature changes. In future
work, the well-posedness of this model will be explored, and the reliability of this
model will be tested on different applications and validated with the available data.
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