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Abstract Yasutaka Nakanishi formulated the following puzzling conjecture in 1981:
every link is 3-move equivalent to a trivial link. While the conjecture was proved
for several specific cases, it remained an open question for over twenty years. In
2002, Mieczystaw Dabkowski and the last author showed that it does not hold in
general. In this article, we outline the method of proving the Montesinos-Nakanishi
3-move conjecture for links with up to 19 crossings and, with the exception of six
pairwise non-isotopic links including Chen’s link and its mirror image, for links with
20 crossings. Our work completely classifies links up 20 crossings modulo 3-moves.
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1 Introduction

In 1981, Yasutaka Nakanishi, who at the time was a graduate student at Kobe Univer-
sity, formulated the following intriguing conjecture: every link is 3-move equivalent
to a trivial link, where a 3-move is a local move on a link diagram illustrated in
Figure 1. The conjecture is known as the Montesinos-Nakanishi conjecture and it
was proved in many special cases; for instance, Qi Chen proved it for 5-braids, with
one exception of 20 crossings. In 2002, Mieczystaw Dabkowski and the last author,
showed that the conjecture does not hold in general. Moreover, they observed that
Chen’s link is a counterexample to the conjecture using the novel concept of the Burn-
side group of a link, which they introduced in their paper. In this note, we outline the
proof of the Montesinos-Nakanishi conjecture for links up to 19 crossings and show
that it holds for links of 20 crossings, with the exception of six pairwise non-isotopic
links including Chen’s link and its mirror image. The tools we use are Conway’s
basic polyhedra (classified up to 20 crossings), the Vogel-Traczyk algorithm, which
changes link diagrams to their braid form, analysis of conjugacy classes of 5-braids,
Burnside groups of links, and most importantly, a computer generated analysis of
diagrams up to 20 crossings. The complete proofs of these results may be found in
our forthcoming paper [1].

== XX
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Fig. 1: 3-move.

Our main result is stated in the following theorem.
Theorem 1.1 (Main Theorem [1]).

(1) The Montesinos-Nakanishi 3-move conjecture holds for links up to 19 crossings.

(2) A 20 crossings link is either 3-move equivalent to a trivial link or to the Chen link
(Figure 2) possibly with additional trivial components.

(3) There are six pairwise non-isotopic 20 crossing links without trivial components
(all of them 5-braids of 20 crossings) which are not 3-move equivalent to any
trivial link. All of them are 3-move equivalent to the Chen link.

The diagram in Figure 2(a) is the Chen link and Figure 2(b) describes the basic
Conway polyhedron which supports it.
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(a) Chen’s counterexample to the Montesinos-  (b) The basic Conway polyhedron supporting
Nakanishi 3-move conjecture the Chen link

Fig. 2: Chen’s 20-crossing counterexample to the Montesinos-Nakanishi 3-move
conjecture, which is the closure of the five braid (0,0, 16,04 o, ! )+

2 Method

There exist hundreds of millions of knots up to 19 crossings, so instead of checking
each of them on 3-moves, we first exclude the classes of links for which the conjecture
has already been proven. In particular, our method involves excluding 3-algebraic
links [18] and 5-braids up to 19 crossings [9, 7].

2.1 Conway’s basic polyhedra

An important ingredient of the proof of our main result, Theorem 1.1, is the presenta-
tion of link diagrams using basic polyhedra. This method was first used by Kirkman
and Tait, and formalized by Conway [8] (see also [14]).

Definition 2.1. A 4-regular 4-edge connected, at least 2-vertex connected plane
graph is called a basic polyhedron.

In fact we only need to consider basic polyhedra with the property that any link
up to k crossings is supported by some basic polyhedron on no more than k vertices.
Of course we want the number of basic Conway polyhedra to be as small as possible.
What we have is not that big. For example, the number of basic polyhedra of 20
crossings is equal to 58,782 and of 19 crossings is 16,966.

To be able to analyze all links we should allow decorating vertices of polyhedra
by arbitrary 2-algebraic (algebraic in the sense of Conway) 2-tangles. However, since
we are considering links up to 3-moves, then it is enough to decorate every crossing
by one diagram crossing, see [16]. Notice that we still have 2¥ possibilities for a
k-vertex polyhedron.
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2.2 Reductions and rearrangements of Conway’s polyhedra

One method we use that significantly reduces the number of links we need to consider
is operations on Conway polyhedra. Some of these operations reduce the number of
crossings and some rearrange it while keeping the number of crossings fixed.

3-moves

\/ and isotopy

(a) (b)

Fig. 3: 2-triangles configuration and % positive (counter-clockwise) rotation.

Lemma 2.2 ([1]). Consider the 2-triangle 6-tangle configuration of Figure 3(a)
which is a part of some Conway polyhedron. We draw it in the hexagon to allow
better visualisation of a rotation.

(1) If the 6-tangle diagram supported by Figure 3(a) is not alternating, then it can be
reduced by 3-moves and isotopy to a diagram of fewer crossings.

(2) If the diagram supported by Figure 3(a) is alternating, then the tangle can be
rotated by % angles using 3-moves and isotopy, see Figure 3(b).

From the lemma we get two useful properties, Corollary 2.3(1) is a reduction while
Corollary 2.3(2) is an operation on the supporting Conway polyhedra. Corollary
2.3(2) can be used in conjunction with Corollary 2.3(1) to exclude Conway polyhedra
supporting 3-move reducible links. In particular, we may exclude Conway polyhedra,
containing as subgraphs, configurations illustrated in 6 as explained in Corollary
2.3(3)

Corollary 2.3.

(1) Any link diagram containing a 3-triangle configuration, as illustrated in Figure
4a, is 3-move equivalent to one with less crossings (without loss of generality we
can assume that every circle has a single crossing).

(2) The alternating configuration of 2-triangles with the square added is 3-move
equivalent to the configuration with the square between two triangles as in Figure
5.

(3) Any tangle supported by a configuration illustrated in Figure 6, is 3-move equiva-
lent to a tangle with less crossings.

The other more sophisticated and very useful reduction is given in the following
lemma:
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(a) 3-triangles configuration (b) 8-tangle configuration (c) 8-tangle configuration.

Fig. 4: Configurations that are 3-move reducible

m3moves @
Em— .

Fig. 5: Relocating the square by Reidemeister 3 for alternating 2-triangles.

P T <P

Fig. 6: 3-move reducible configurations.

Lemma 2.4 ([1]). The configuration illustrated in Figure 4b supports 9-crossing
tangles that are three move equivalent to a tangle with less crossings.

Corollary 2.5 ([1]). The configuration illustrated in Figure 4c supports 10-crossing
tangles that are three move equivalent to a tangle with less crossings.

2.3 Computational process

We start by creating all basic Conway polyhedra supporting links of 13 through 20
crossings because the conjecture was proven for all links up to 11 crossings in [16]
and 12 crossings links in [7]. We obtain the basic Conway polyhedra with no bigons
from plantri [4]. More precisely, we searched for 4-edge-connected simple quartic
graphs in plantri with the command:

plantri=program file location
for 1 in ‘seqg 8 22%; do

Splantri -adg -c2 $i > $(($i-2)) .graph
done
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We then use Regina [6] to exclude all basic Conway polyhedra with subgraphs
containing 3-triangle configurations illustrated in Figure 4a. We build the links in
Regina from the polyhedra by replacing each vertex with one crossing. We then
exhaustively search for and remove all links that are Reidemeister 3 equivalent to
a link with a bigon. Next, we do a similar search, this time all Reidemeister moves
but only exclude links that are isotopic to a link with the same number of crossings
that contain a bigon. The next step we took in Regina was to find and exclude all
polyhedra supporting links with number of Seifert circles less than 5. In this step
we assign all possible orientations on the supported links, we choose and fix an
orientation of one link component and then assigned different orientations to the
rest. If the number of Seifert circles is less than 5 then we excluded the link. What
remains are links supported by 608 polyhedra (7x 16-vertex, 15x 17-vertex, 56 x
18-vertex, 125 x 19-vertex, and 405 x 20-vertex polyhedra).

The graphs were converted to Mathematica’s built in Graph symbol [13]. In Math-
ematica we used the FindlsomorphicSubgraph to search for and remove polyhedra
containing as a subgraph any configuration illustrated in Figure 6 and 4b. All Con-
way polyhedra supporting links of 13 through 17 crossings are eliminated from this
search and only 11 graphs remained; 1x 18-vertex, 1x 19 vertex, and 9x 20-vertex
polyhedra. We built the links from the 11 polyhedra in Regina using the previously
explained method. This process produced 12 links with 18 crossings, 31 links with
19 crossings, and 450 links with 20 crossings.

By using Regina we found that all links (with properly chosen orientations)
supporting the remaining Conway polyhedra have no more than five Seifert circles.
We extract the PD codes from Regina then use Vogel-Traczyk’s algorithm [20] coded
in the Knot Theory Mathematica package [3] to obtain the braid words for the links.
We observe that the conversion into braid words does not change the number of
crossings and the index of each braid word is 5. From [7], we may exclude all of the
18 and 19 crossing links.

We explore the remaining 450 five-braid diagrams of 20 crossings. We test whether
these braid words are conjugate to Chen’s link diagram or its mirror image in Cs by
using the software GAP [12]. We find six pairwise non-isotopic 20 crossing links
that are conjugate to Chen’s link or its mirror image in Cs. We verified that these
links are not isotopic to each other by using the Jones polynomial and the link group.
In particular, we used the number of conjugacy classes of subgroups of index k for
k=2,3,4and 5.

10'264_1630'26]_102(74_1630'264_103

1. Chen’s link: (7]_1620'1_1630'2(74_1630'26]_
. Chen’s mirror image:

010, '010; 0, 'ou05 0, 10105 'ouoy Lo, 010, Louoy oy Louoy !
. 610205 020104030, ' 61030, ' 630,01030, ' 030, ' 0304
. o;'0, 030,07 "0, 05 ov0, 05 Y040y Loy o oy L ouoy T oa0y o) !
. 0] 'm03000, 105 020, 0205 ' 0405 ' 0207 0r0405 L o0, !

. 610, '0; '0, 'ou030, '010, 1030, 1o, 030, o105 0, L o0, o
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3 Burnside group of a link

To show that the Chen link is not 3-move equivalent to a trivial link we use Burnside
groups of links. Thus, to every link we associate a group, which we call the nth
Burnside group of the link, B, (L), and prove that the group is preserved by n-moves.
For n = 3, the group is always finite and can be used to find links that are not 3-move

equivalent to a trivial link [10, 11]. One can define B,(L) quickly as 7 (M £2)) /(w"),

where 7 (M £2>) is the homology of the double branched cover of S® branched along
L, however for practical applications we need a workable, diagrammatic definition
of B, (L). We will do this in two steps, first discussing the classical Burnside groups
and then the core group of a link via a link diagram.

3.1 Classical Burnside groups

Let us recall first the famous Burnside conjecture concerning groups B(r,n) =
F,/(w"), where F, is the free group on r generators and w is an arbitrary element of
F.

Problem 3.1. (Burnside 1902 [5]) For what values of r and n is the Burnside group
B(r,n) finite?

In [5] Burnside proved that for n = 3 the group B(r,3) is finite. Furthermore, Levi
and van der Waerden [15] proved that the group B(r,3) has 31+(2)+(5) elements.

3.2 The core group of a link

The nth Burnside group of a link, B,(D), is the quotient of the (reduced) core
group of the link. The core group of the link (denoted Core(D)) is defined on a
diagram D as the group generated by arcs of D with the relation for every crossing
ba~'bc™! = 1 where b is the overcrossing arc and a and c are undercrossings (see
Figure 7). Observe that if we abelianize Core(D) we obtain the (universal) group of
Fox colorings (2b —a — ¢ = 0). If we put 1 for one arc (arbitrary) we obtain reduced
Core group Core™.

Theorem 3.2 ([17,21]). Cor"d(D) = my (M) (the fundamental group of the double
branch cover of S with branching set D).

If we apply n-move to our diagram then arcs (b,a) go to ((ba™1)"b,(ba~")"a)
and we observe that if (ba=!)" = 1 then the group is unchanged (it is illustrated in
Figure 8). This led us to the Burnside group of links [10, 11].
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N 1
b c=ba b

Fig. 7: Core group relation at the crossing: ba~'bc™! = 1

pba'h bbb (ba') b
o r_
(ba')a (ba')a (bd')a i) a

Fig. 8: n-move changes (a,b) to (ba™')"a, (ba=')"b

3.3 The Burnside group of a link from the core group

The n’th Burnside group of D, Bp(n), is the quotient of Core™ (D) by the subgroup
generated by all elements of type w” where w is an arbitrary element of Core”? (D)
(not only a generator). For us the classical result of Burnside and Levi-van der

Waerden, mentioned before is important F,/(w?) is a finite group of 3mt(3)+(3)
elements, where F, is the free group of r generators. In particular, |F;/(w?)| =
34+6+4 — 314 — 4 782,969. Notice that the classical nth Burnside group is the nth
Burnside group of the trivial link of »+ 1 components.

3.4 5-braids, 3-moves and the third Burnside group

All difficult links up to 20 crossings have an orientation such that our link has 5 Seifert
circles so by Yamada theorem has 5-braid representative (in the conversion one uses
Vogel- Traczyk algorithm [19, 20]). By Coxeter result the group Cs = Bs/(o7) is
finite and has 102 conjugacy classes. Qi Chen proved that any closed 5-braid is
3-move equivalent to a trivial link or the 5 braid of Figure 2a, which we call the Chen
link. The braid group of a link allows us to conclude that the Chen link is not 5-move
equivalent to any trivial link (its third Burnside group has 3'° elements, unlike any
trivial link, [10]).
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4 Future directions

The cubic skein modules use the cubic skein relation, which is a deformation of
a 3-move and has the form b3D3 + byDy + b1Dy + boDgy + beDs, = 0. Thus, for
bz = —by =1, by = b1 = b, = 0 this skein relation describes 3-move equivalence. It
is now a natural question whether our main result generalizes to cubic skein modules,
in particular, whether any link in > of 19 or less crossings is a linear combination of
trivial links when b3 and by are invertible. The fundamentals of cubic skein modules
are discussed in [2]. It is a natural question to extend our work to the cubic skein
module.

Conjecture 4.1. In the cubic skein module of S°, with by and bs invertible, every
link up to 19 crossings is a linear combination of trivial links. Every link up to 20
crossings is a linear combination of trivial links and the Chen link.
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