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Abstract In the complete hyperbolic structure on the complement of the figure eight
knot, we determine the set of lambda lengths from the maximal cusp to itself. Using
the correspondence between spinors and spin-decorated horospheres, we show that
these lambda lengths are precisely the Eisenstein integers, up to multiplication by a
unit. We also show that the inter-cusp distances from the maximal cusp to itself are
precisely the norms of Eisenstein integers.

1 Introduction

In [7], the third author introduced a correspondence between certain types of spinors
— the spin-vectors of Penrose and Rindler [13] — and horospheres in hyperbolic
3-space H3 with certain decorations. This construction, combining Penrose and
Rindler’s work with that of Penner [12], has been applied to generalise Descartes’
circle theorem [9], and extends to higher dimensions [8]. In this paper, we show
that the spinor–horosphere correspondence can be used to calculate lambda lengths
and inter-cusp distances in cusped hyperbolic 3-manifolds, using the example of the
figure eight knot complement.

Throughout this paper, K is the figure-eight knot in S3, M = S3 \K is its comple-
ment, and M̃ is the universal cover of M. The unique complete hyperbolic structure
on M is given by a developing map D : M̃ −→ H3, unique up to isometry in H3.
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There is a reasonably canonical choice of D which appears in the literature, and we
describe it below.

A cusp neighbourhood of M appears via D as an infinite family of horoballs in
H3. For a small enough cusp neighbourhood, these horoballs are disjoint; expanding
the cusp neighbourhood until there is a tangency, we obtain maximal horoballs
corresponding to a maximal cusp neighbourhood of K. We call the horospheres
bounding these maximal horoballs the canonical horospheres of M. Some pairs are
tangent, by definition, but all other pairs are disjoint. A natural question arising is,
what are the distances between these horospheres?

Given the spinor–horosphere correspondence, we can also ask, what are the
spinors corresponding to the canonical horospheres of M? This correspondence
requires a decoration on the horospheres, but there are natural choices, as we discuss
below.

An intercusp geodesic γ is then the image in M of a shortest geodesic in H3

from one canonical horosphere to another. Since M has only one cusp, and the
geometry on the cusp is Euclidean, there is a well-defined notion of direction along
the cusp, and we can ask: after parallel translation along γ , how are directions along
the cusp affected? Lambda lengths contain this information, and can be calculated
straightforwardly from spinors, as discussed in [7].

In this paper, we answer all the above questions, proving the following three
theorems.

Theorem 1. If
(

ξ

η

)
∈ C2 is a spinor arising in the canonical hyperbolic structure

on S3 \K, then ξ and η are relatively prime Eisenstein integers. Moreover, given
a pair of relatively prime Eisenstein integers (ξ ,η), there exists a unit Eisenstein

integer u such that u
(

ξ

η

)
is a spinor arising in the canonical hyperbolic structure on

S3 \K.

Theorem 2. The λ -length between any two spin-decorated horospheres in the canon-
ical hyperbolic structure on S3 \K is an Eisenstein integer. Moreover, for any Eisen-
stein integer α , there exists a unit Eisenstein integer u such that uα is the λ -length
between two spin-decorated horospheres in the canonical hyperbolic structure on
S3 \K.

Theorem 3. The set of hyperbolic distances between canonical horospheres in the
complete hyperbolic structure on S3 \K is precisely the set {2log |α| | α ∈ Z[ω]\
{0}}.

Recall that every prime in Z[ω] has norm of one of the following forms: (i) p,
where p is a rational prime such that p ≡ 1 mod 3; (ii) p2, where p is a rational prime
such that p ≡ 2 mod 3; (iii) 3. For α ∈ Z[ω], in Theorem 3, we have 2log |α| =
log(|α|2) = logN(α), where N(α) = |α|2 is the number-theoretic norm of α . The
norms of Eisenstein integers are therefore precisely the products of powers of rational
primes congruent to 1 mod 3, powers of squares of rational primes congruent to 2
mod 3, and powers of 3, as is well known (e.g. [2, sec. 9.1]). So the final theorem
has the following more explicit corollary.
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Corollary 1. The set of hyperbolic distances between canonical horospheres in the
complete hyperbolic structure on S3 \K is precisely the set

{
logn | n = ∏

p
pkp , p a rational prime, kp ∈ N∪{0},

kp even for p ≡ 2 mod 3.

}

Previous work has studied intercusp distances. For instance, in 2014 Thistlethwaite
and Tsvietkova [16] gave a method for calcualting hyperbolic structures on link
complements, using variables called edge labels and crossing labels. The latter, also
known as intercusp parameters, were shown by Neumann and Tsvietkova [11] in
2016 to be closely related to the invariant trace field. In our language, an intercusp
parameter is a lambda length raised to the power of −2.

In 2018 Kim, Kim and Yoon [3] studied octahedral decomposition of knot com-
plements, and their hyperbolic geometry, using these parameters (there discussed
as segment and crossing labels). In the 2023 sequel [4], they studied the relation-
ship of intercusp parameters (there described as long-edge parameters) to Ptolemy
coordinates and varieties.

It is interesting to compare these results with those of McShane [10], relating
λ -lengths on the thrice-punctured sphere with Eisenstein integers.

Structure of this paper

This paper is organised as follows. We first recall facts needed for the proofs: Eisen-
stein intgers in Section 2; the figure eight knot complement in Section 3; and spinors,
in Section 4. In Section 5 we study the action of the holonomy group on horospheres,
and use this in Section 6 to prove Theorem 1, that relatively prime Eisenstein integer
spinors correspond to the desired horospheres. In Section 7 we consider lambda
lengths, and prove Theorem 2 and Theorem 3. Finally, in Section 8 we raise some
directions for further research.
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2 Eisenstein Integers

The following facts about Eisenstein integers are standard; we refer to any standard
number theory text, such as [2], for details.

Let ω = −1
2 +

√
3

2 i ∈ C, so that ω2 + ω + 1 = 0 and ω is a primitive third
root of unity. Then Z[ω] is the ring of Eisenstein integers, and Z[ω] ∼= O3 is
the ring of integers in the field Q(ω) ∼= Q(

√
−3). The group of units in Z[ω] is

U = {±1,±ω,±ω2}. Note ω = ω2.
The ring Z[ω] is a Euclidean domain. A Euclidean valuation is given by the norm

N : Z[ω]→ N∪{0}, where

N(a+bω) = |a+bω|2 = (a+bω)(a+bω) = (a+bω)(a+bω
2) = a2 −ab+b2,

for each a+bω ∈ Z[ω]. This also implies that Z[ω] is a unique factorisation domain
and a principal ideal domain.

Up to multiplication by a unit, the primes in Z[ω] are 1−ω , the rational primes
p ∈ N such that p ≡ 2 mod 3, and a+ bω and a+ bω2 such that a,b ∈ Z satisfy
a2 −ab+b2 = q where q ∈ N is a rational prime and q ≡ 1 mod 3. Note that 3 is
not prime in Z[ω] since 3 = (2+ω)(1−ω) =−ω2(1−ω)2.

Two Eisenstein integers are relatively prime if their only common divisors are
units in Z[ω]. Since Z[ω] is a Euclidean domain, there is a Euclidean algorithm to
compute the greatest common divisor of two Eisenstein integers.

The projective special linear group over the Eisenstein integers PSL2(Z[ω]) is
isomorphic to the Bianchi group PSL2(O3). Here, as usual, PSL2(Z[ω]) is defined
to be the quotient SL2(Z[ω])/{±I}.

3 Figure Eight Knot Complement

Let K ⊂ S3 be the figure eight knot. We work in the upper half-space model of
hyperbolic 3-space which we refer to as H3. Then its ideal boundary ∂H3 = Ĉ =
C∪{∞}. It is well known that S3 \K has a complete hyperbolic structure, unique up
to isometry; see [14].

The fundamental group of S3 \K is given by the Wirtinger presentation coming
from a reduced alternating diagram as

π1(S3 \K) = ⟨x,y | y = wxw−1⟩,

where w = x−1yxy−1. Riley [15] showed that there is a discrete faithful representation
ρ : π1(S3 \K)→ SL2(C) where

A = ρ(x) =
(

1 1
0 1

)
, B = ρ(y) =

(
1 0

−ω 1

)
. (1)
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Letting π : SL2(C) → PSL2(C) be the map that sends W to ±W , then π ◦ ρ is a
discrete faithful PSL2(C)-representation of π1(S3\K). (This representation coincides
with that of [5, p60], but is different from [14, Equation 5.1].)

Let Γ = ρ(π1(S3 \K)). Then

Γ = ⟨A,B | B =CAC−1⟩,

where C = ρ(w)=A−1BAB−1 =
(

0 ω
1+ω 1−ω

)
. Note that Γ is a subgroup of SL2(Z[ω]).

By an abuse of notation, we will also denote π(Γ ) by Γ since π(Γ )∼= Γ . Then
Γ is the holonomy group of S3 \K, so S3 \K ∼= H3/Γ . Note that Γ is an index 12
subgroup of PSL2(Z[ω]); see [1, Rmk 2] or [15].

A fundamental domain for the action of Γ on upper half-space is given by
the union of two regular ideal tetrahedra with vertices on Ĉ at 0,1,−ω2,∞, and
0,ω,−ω2,∞ respectively. (Note −ω2 = 1

2 +
√

3
2 i = eiπ/3.) The face-pairing isome-

tries on the fundamental domain for Γ are given by

A =

(
1 1
0 1

)
, D =

(
1 −1

−ω 1+ω

)
, E =

(
1−ω −1

ω2 1+ω

)
,

where D = BA−1 is loxodromic, and E = BA−1B−1 is parabolic fixing −ω2. Indeed,
one can check that A sends (0,ω,∞) 7→ (1,−ω2,∞), D sends (0,1,∞) 7→ (ω,0,−ω2)
and E sends (0,1,−ω2) 7→ (ω,∞,−ω2).

Fig. 1: The fundamental domain of the figure eight knot complement consists of two
regular ideal tetrahedra.

This fundamental domain, together with face-pairing maps and holonomy repre-
sentation, yields a developing map D for the complete hyperbolic structure on S3 \K.
We refer to this data as the canonical hyperbolic structure on S3 \K.
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Define C̃ = AB−1A−1B =
(

0 −ω

ω2 1−ω

)
, and define L = C̃−1C =

(−1 2+4ω

0 −1

)
. Then L

is the image under ρ of a longitude of K. (Maclachlan-Reid [5] has L =
(

1 −2−4ω

0 1

)
,

which is only true in PSL2(C). Riley [15] uses L−1.)
Let Γ∞ be the subgroup of Γ which stabilises infinity. Then Γ∞ = ⟨A,L⟩ ∼= Z2. Let

Γ0 be the subgroup of Γ which stabilises 0. Then Γ0 =CΓ∞C−1 = ⟨B,CLC−1⟩. Note
that A, B, and L are all parabolic elements of PSL2(Z[ω]), and have trace ±2.

The developing image of (the lifts of) a sufficiently small cusp neighbourhood in
S3 \K is an infinite collection of disjoint horoballs in H3, centred at the ideal vertices
of the fundamental domain, and their translates under the holonomy group Γ . We
expand such a cusp neighbourhood until these horoballs first become tangent, or
equivalently, until the cusp neighbourhood first becomes self-tangent. This yields
a maximal cusp. The developing image of the boundary of this maximal cusp is a
collection of horospheres in H3, again centred at each ideal vertex of the fundamental
domain, and its translates. Among these horospheres, each pair is either tangent
or disjoint. We refer to these horospheres in the canonical hyperbolic structure as
canonical horospheres of S3 \K.

In the fundamental domain, the canonical horospheres appear as (a portion of)
a Euclidean plane at height 1 (centred at ∞), and (portions of) Euclidean spheres
of diameter 1 (centred at 0,1,−ω2,ω). Indeed, the face-pairing transformations
A,D,E send the horospheres at height or diameter 1 at each vertex of each face,
to the corresponding height or diameter 1 horospheres at the vertices of the paired
face. (This is most easily seen using spinors for the horospheres as described below
in Section 4: A sends

(
0
1

)
,(ω

1 ),
(

1
0

)
7→

(
1
1

)
,
(
−ω2

1

)
,
(

1
0

)
; D sends

(
0
1

)
,
(

1
1

)
,
(

1
0

)
7→

(
−1
−ω2

)
,
(

0
1

)
,
(

1
−ω

)
; E sends

(
0
1

)
,
(

1
1

)
,
(
−ω2

1

)
7→

(
−1
−ω2

)
,
(−ω

0

)
,
(
−ω2

1

)
.)

Translates of these horospheres under Γ∞ then ensure that the canonical horo-
spheres contain a horosphere at each point of Z[ω]⊂ C. Taking all translates under
Γ , the canonical horospheres consist of one centred at every point of Q(ω)∪{∞};
see [1] or Corollary 2 below.

4 Spinors

For our purposes, a spinor or spin-vector is just a pair of complex numbers, not both
zero. The third author [7] has shown that there is a bijective correspondence between
spinors and spin-decorated horospheres in H3.

As a horosphere h is isometric to the Euclidean plane, there is a well-defined
notion of parallel direction field on h. A decoration is a parallel direction field on h,
or equivalently, a parallel unit tangent vector field on h. A decoration on h naturally
determines two frame fields on h, given by (N,V,N ×V ) where N is one of the two
smooth unit normal vector fields to h, V is the parallel unit tangent vector field of
the decoration, and × is the cross product, producing a right-handed orthonormal
frame. Choosing N to point into, or out of, H3 (i.e. out of the horoball bounded by
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h, or into it), the decoration determines an inward and outward frame field F in,Fout

along h. Each frame field has two lifts to the double cover of the frame bundle of H3.
An inward or outward spin-decoration on h is a continuous lift of F in or Fout to the
double cover of the frame bundle. Each of the two inward spin-decorations has an
associated outward spin-decoration, and vice versa: from an outward spin-decoration
W out , the associated inward spin-decoration is obtained by rotating W out by π about
V at each point of h; and from an inward spin-decoration W in, the associated outward
spin-decoration is obtained by rotating W in by −π about V at each point of h. A
spin-decoration on h is a pair (W in,W out) of associated inward and outward spin-
decorations. See [7] for further details.

A spin-decoration on h determines a decoration on h. A decoration on h naturally
lifts to two spin-decorations, related by 2π rotation. For the purposes of finding
distances between horospheres, and for much of this paper, it suffices to consider dec-
orations only. Spin vectors correspond bijectively with spin-decorated horospheres;
spin vectors up to sign correspond bijectively with decorated horospheres.

If η ̸= 0, then as proved in [7], the spinor
(

ξ

η

)
corresponds to the horosphere

h centred at ξ/η of height |η |−2 in the upper half space model. At the point of h
which is highest in the upper half space model, or “north pole”, the tangent plane
of h is parallel to C and hence can be identified with C. We can therefore describe
directions on h by nonzero complex numbers. The spin-decoration on h projects to
the decoration given by a direction field at the north pole of h in the direction i/η2.

If η = 0, The spinor
(

ξ

η

)
=

(
ξ

0

)
corresponds to the horosphere h centred at

∞ of height |ξ |2. Since this horosphere appears in the upper half space model as
parallel to C, directions along it can be described by nonzero complex numbers. The
spin-decoration on h projects to the decoration given ay a line field in the direction
iξ 2.

This correspondence extends to an SL2(C)-equivariant action on both spinors,
and spin-decorated horospheres.

If we endow one canonical horosphere of S3 \K with a spin-decoration, then
every other canonical horosphere in the canonical hyperbolic structure on S3 \K also
obtains a spin-decoration, by equivariance under the action of the holonomy group
Γ ⊂ SL2(C).

Recall that the subgroup Γ∞ of Γ is that which stabilises infinity, and hence
stabilises the canonical horosphere h∞ at infinity (which is a Euclidean plane at
height 1 in the upper half space model). The action of Γ∞ = ⟨A,L⟩ preserves h∞,
and preserves any direction on h∞, but does not preserve a spin decoration on the
horosphere. As A has trace 2, it does preserve spin decorations on h∞, e.g. sending(

1
0

)
7→

(
1
0

)
. However, L has trace −2, so does not preserve spin-decorations, and

sends a spin-decoration to the spin-decoration related by a 2π rotation: indeed, L
sends

(
1
0

)
7→

(−1
0

)
. However, Γ∞ does stabilise this pair of spin-decorations, which

correspond to a decoration on h∞.
Thus, if we choose one spin-decoration on one canonical horosphere of S3 \K,

then by equivariance under the holonomy group Γ , each canonical horosphere of
S3 \K naturally obtains two spin-decorations, which project to the same decoration.
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We choose the spinor
(

1
0

)
, which corresponds to the horosphere z = 1 centred at

∞ with spin-decoration described by i. The orbit of
(

1
0

)
under Γ thus corresponds to

a pair of spin-decorations, related by 2π rotation, (and hence a decoration,) on each
canonical horosphere of S3 \K. We refer to these spinors as the canonical spinors of
S3 \K.

5 Actions of Γ on Ĉ and C2

Note that PSL2(C) acts on Ĉ= C∪{∞} by Möbius transformations, which extends
to an action on upper half-space H3. It follows that PSL2(Z[ω]) and hence Γ act
on Ĉ by Möbius transformations. Under this action, each element of Γ∞ acts as a
translation on C.

The group SL2(C) acts on C2 by matrix multiplication. Hence Γ also acts on
spinors.

It is important for us to understand the action of ⟨B⟩ on Ĉ and C2. To do so, we
will consider the isometric circles of B and B−1.

Let F =
(

a b
c d

)
∈ SL2(C) and suppose c ̸= 0. Then F(∞) ̸= ∞. The isometric circle

of F , denoted I (F) is the set of points in Ĉ such that |F ′(z)|= 1; see [6, p19-21].
Since F ′(z) = 1

(cz+d)2 , we have

I (F) = {z ∈ Ĉ | |cz+d|= 1}=
{

z ∈ C |
∣∣∣∣z+

d
c

∣∣∣∣=
1
|c|

}
.

Let B(F) be the disk in C bounded by I (F). Then B(F) = {z ∈ C |
∣∣z+ d

c

∣∣<
1
|c|}.

Lemma 1. Suppose h is a canonical horosphere of the canonical hyperbolic structure
on S3 \K with centre contained in B(F)\{−d

c }. Then the height of F(h) is strictly
larger than the height of h.

Proof. Suppose that a spinor associated to h is given by
(

ξ

η

)
. Then h has centre ξ

η

and height 1
|η |2 . Since ξ

η
∈ B(F)\{−d

c }, we have 0 < | ξ

η
+ d

c |< 1
|c| . Now F

(
ξ

η

)
=

(
aξ+bη

cξ+dη

)
, so F(h) has centre aξ+bη

cξ+dη
∈ C and height 1

|cξ+dη |2 . Then

1
|cξ +dη |2 =

1

|cη |2| ξ

η
+ d

c |2
>

|c|2
|cη |2 =

1
|η |2 .

⊓⊔
Note that, if ξ

η
= −d

c , then F(−d
c ) = ∞ and F sends a horosphere centred at −d

c to

a horosphere centred at ∞. Moreover, if ξ

η
∈I (F), then the height of the horosphere

corresponding to
(

ξ

η

)
is equal to that of F

(
ξ

η

)
.
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It is a property of the isometric circle that F(I (F))=I (F−1), and that F(B(F))
is equal to the exterior of I (F−1) in Ĉ.

In particular, for the matrix B of (1),

I (B) = {z ∈ C | |−ωz+1|= 1}= {z ∈ C | |z−ω
2|= 1},

and
I (B−1) = {z ∈ C | |ωz+1|= 1}= {z ∈ C | |z+ω

2|= 1}.
Let P be the pencil of circles in Ĉ which are mutually tangent at 0 and whose

centre lies on the line L = {z ∈ Ĉ | z = ℓω2, ℓ ∈ R̂\{0}}. Let P⊥ be the pencil of
circles in Ĉ which are mutually tangent at 0 and whose centre lies on the line L ⊥ =
{z ∈ Ĉ | z = m(1−ω),m ∈ R̂\{0}}. Note that the lines L and L ⊥ are orthogonal,
and both I (B) and I (B−1) belong to P . Each circle of P⊥ is orthogonal to every
circle of P at their two points of intersection.

If z ∈ C where C ∈ P⊥, then B(z) ∈ C . The action of ⟨B⟩ on Ĉ can be described
as translations along circles of P⊥.

Example 1. Let h be the horosphere of height 1 centred at 1. We will consider its
orbit under the action of ⟨B⟩. The action by Möbius transformation gives Bk(1) =

1
−kω+1 = k+1+kω

k2+k+1 for k ∈ Z.
Let C be the circle of P⊥ which passes through 1. Then C = {z ∈ C | |z−

( 1−ω

3 )|= 1√
3
}. Notice that the centre of Bk(h) lies on C for each k ∈ Z.

In the canonical hyperbolic structure, the spinor corresponding to the horosphere
centred at ∞ is

(
1
0

)
. Hence a spinor corresponding to the horosphere centred at 0

is C
(

1
0

)
=

(
0

1+ω

)
. The spinor corresponding to the horosphere h centred at 1 is

AC
(

1
0

)
=
(1+ω

1+ω

)
. Then the action on spinors gives

Bk
(

1+ω

1+ω

)
=

(
1 0

−kω 1

)(
−ω2

−ω2

)
=

(
−ω2

k−ω2

)
=

(
1+ω

k+1+ω

)
.

The centre of the corresponding horosphere Bk(h) is at −ω2

k−ω2 = k+1+kω

k2+k+1 , and the
horosphere has height 1

k2+k+1 . Since the centre 1 of h, lies on B(I (B)) = I (B−1),
the centre of Bk(h) lies on Bk+1(I(B)). Moreover,

Bk(I (B)) =
{

z ∈ C |
∣∣∣∣z+

ω2

2k−1

∣∣∣∣=
1

|2k−1|

}
,

and the centre of the horosphere Bk(h) lies at the nonzero intersection of Bk+1(I (B))
with C .

As B acts conformally on Ĉ, the directions of the line-fields on each horosphere
Bk(H ) at their centres make constant angles with each of the circles from P and
P⊥ on which they lie.

Recall that Re(a+bω) = a− b
2 and Im(a+bω) = b

√
3

2 . Let
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Fig. 2: The green circles are Bk(I (B)). Each of the green circles belongs to P . The
blue circle C belongs to P⊥ and is orthogonal to each green circle. The red circles
are the horospheres Bk(h), and they are labelled by their corresponding spinors. Note
that the centre of each horosphere lies on the intersection of C with a green circle

D = {z ∈ C | 0 ≤ Re(z)≤ 1,0 ≤ Im(z)≤
√

3}
∪{z ∈ C | −1 ≤ Re(z)≤ 0,−

√
3 ≤ Im(z)≤ 0}.

See Figure 3. Then D is a fundamental domain for the action of Γ∞ on C. This
may seem an unusual choice of fundamental domain but it has the useful property
that

D ⊂ B(B)∪I (B)∪B(B−1)∪I (B−1).

Note that

D∩I (B)= {0,−1,−2−2ω,−1−2ω} and D∩I (B−1)= {0,1,2+2ω,1+2ω}.



Lambda lengths in the figure eight knot complement 421

6 Eisenstein integer horospheres

Lemma 2. Let
(

ξ

η

)
be in the orbit of

(
1
0

)
under the action of Γ . Then ξ and η are

relatively prime Eisenstein integers.

Proof. By assumption, there exists W ∈ Γ such that W
(

1
0

)
=

(
ξ

η

)
. Since W ∈

SL2(Z[ω]), it is clear that ξ ,η ∈ Z[ω]. Since Γ is generated by A and B, the matrix
W can be written as a product of A, B, and their inverses.

We have

A
(

ξ

η

)
=

(
ξ +η

η

)
,A−1

(
ξ

η

)
=

(
ξ −η

η

)
,

B
(

ξ

η

)
=

(
ξ

−ωξ +η

)
,B−1

(
ξ

η

)
=

(
ξ

ωξ +η

)
.

Then δ is a common divisor of ξ and η if and only if δ is a common divisor of ξ ±η

and η . Similarly, δ is a common divisor of ξ and η if and only if δ is a common
divisor of ξ and ±ωξ +η .

Since 1 and 0 are relatively prime, it follows that ξ and η are relatively prime. ⊓⊔

Lemma 3. Let ξ and η be relatively prime Eisenstein integers. Then there exists
W ∈ Γ such that W

(
1
0

)
= u

(
ξ

η

)
for some unit u ∈U.

The idea of the proof is to apply B or B−1 whenever possible to increase the
magnitude of the second entry of the corresponding spinor, increasing the height
of the associated horosphere, as seen in the upper half space model. If not possible,
apply an element of Γ∞ to move to somewhere that it is possible. Eventually the
second entry of the associated spinor decreases to 0, and the associated horosphere is
centred at ∞, and we arrive at our original spinor

(
1
0

)
.

Proof. Define a function f : Z[ω]2 → N∪{0} by f (κ) = |η |2 where κ =
(

ξ

η

)
is a

spinor. If h is the spin-decorated horosphere corresponding to κ , then f (κ) is the
reciprocal of the height of h whenever η ̸= 0, and f (κ) = 0 when η = 0. Note that
f (κ) is just the norm of η : if η = a+bω , then |η |2 = a2 −ab+b2 ≥ 0.

Let κi =
(

ξi
ηi

)
. Set κ0 =

(
ξ

η

)
.

If ξi
ηi
∈B(B), let κi+1 = B(κi). Then, by lemma, f (κi+1) = f (B(κi))< f (κi). Set

Wi = B.
If ξi

ηi
∈ B(B−1), let κi+1 = B−1(κi). Then, by lemma, f (κi+1) = f (B−1(κi)) <

f (κi). Set Wi = B−1.
If ξi

ηi
/∈ B(B)∪B(B−1), ξi

ηi
/∈ D and ξi

ηi
̸= ∞, let κi+1 = Vi(κi), where Vi ∈ Γ∞

such that Vi(
ξi
ηi
) ∈ D . Then Vi = AkLm for some k,m ∈ Z. Recall that L is a product

of A, B and their inverses. Note that f (κi+1) = f (Vi(κi)) = f (κi), since Vi =±
(

1 α
0 1

)

for some α ∈ Z[ω]. Set Wi =Vi.
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Fig. 3: The isometric circles of B and B−1 and their relationship to D .

Continue applying B, B−1, and Γ∞ is this way until either ξi
ηi

= ∞, or ξi
ηi

∈ D ∩
(I (B)∪I (B−1)). Note that at every stage f (κi+1) = f (Wi(κi))≤ f (κi).

In the latter case, there are seven possibilities for ξi
ηi

, and the necessary transfor-
mations are given by the following:

∞ = BAB−1(1+2ω) ∞ = BAB−1A−1(2+2ω)
∞ = B−1AB(−1) ∞ = B−1ABA−1(0) ∞ = BA−1B−1(1)
∞ = B−1A−1BA(−2−2ω) ∞ = B−1A−1B(−1−2ω)

In each of these cases, the appropriate Wi is a product of A, B and their inverses,
and takes a point of D ∩ (I (B)∪I (B−1)) to ∞.

Eventually ξn
ηn

= ∞, so ηn = 0 and f (κn) = 0. Since ξ and η are relatively prime,
it follows by previous lemma that ξn and ηn are relatively prime. Thus ξn = u
for some u ∈ U . Let W−1 = Wn−1Wn−2 . . .W1W0. Then W−1

(
ξ

η

)
= (u

0), so setting

W = (W−1)−1, we have W
(

1
0

)
= u−1

(
ξ

η

)
as required. ⊓⊔

Theorem 1.1 is a restatement of the above two lemmas. The following is known [1]
but we record it anyway.

Corollary 2. In the canonical hyperbolic structure on S3 \K, there is a horosphere
centred at every point of Q(ω)∪{∞} ⊂ Ĉ.
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Proof. Let α ∈Q(ω). Then there exist c
d ,

e
f ∈Q such that α = c

d + e
f ω = c f+deω

d f .
Here both c f + deω and d f belong to Z[ω]. Let δ be a greatest common divisor
of c f + deω and d f in Z[ω]. Let ξ = c f+deω

δ
and let η = d f

δ
. Then ξ and η are

relatively prime and α = ξ

η
.

Thus by the theorem, there exists W ∈ Γ and u ∈U such that W
(

1
0

)
= u

(
ξ

η

)
. The

centre of the horosphere corresponding to the spinor
(

uξ

uη

)
is at α . ⊓⊔

7 Lambda lengths

Let κ =
(

ξ

η

)
and κ ′ =

(
ξ ′

η ′

)
be nonzero spinors where κ is not a multiple of κ ′, nor

κ ′ a multiple of κ , and let h and h′ be the corresponding spin-decorated horospheres.
There is a geodesic γ in H3 with endpoints at the centres of h and h′. Suppose γ

is oriented from ξ

η
to ξ ′

η ′ . Then γ intersects h and h′ orthogonally at the points p
and p′ respectively. There is an inward frame F at p, with first component given
by the tangent to γ at p, the second by the decoration on h at p, and the third by
their cross-product in H3. Similarly, there is an outward frame F ′ at p′. Let ρ be the
distance along γ between p and p′. If we parallel transport the frame F along γ to p′,
then the first vectors of the frames will agree, but there will be an angle θ between
the vectors describing the decorations. This angle θ is well defined modulo 2π . If
the frames are lifted to the double cover and describe the spin decorations given by
κ and κ ′, then θ is well defined modulo 4π . Define the complex distance between
h and h′ to be d = ρ + iθ . Then we define the complex λ -length from h to h′ to be
λ = ed/2. See Figure 4 and [7] for further details.

h′

h

ρ

θ

Fig. 4: Complex distance between horospheres. This is figure 3 of [7].

There is a complex-valued antisymmetric bilinear form {−,−} : C2 ×C2 → C
on spinors defined by the determinant

{κ,κ ′}=
∣∣∣∣
ξ ξ ′

η η ′

∣∣∣∣.
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The third author [7] has shown that {κ,κ ′}= ed/2 = λ .

Proof. [Proof of Theorem 2] Let h and h′ be spin-decorated horospheres in the
canonical hyperbolic structure on S3 \K, with corresponding spinors κ and κ ′. Then
κ,κ ′ ∈ Z[ω]2, so λ = {κ,κ ′} ∈ Z[ω].

Let α ∈ Z[ω]\{0}. Then by Theorem 1, there exists W ∈ Γ such that W
(

1
0

)
=

u( 1
α
) for some u ∈U . Let h be the spin-decorated horosphere corresponding to

(
1
0

)

and let h′ be the spin-decorated horosphere associated to ( u
uα ). Then λ =

∣∣1 u
0 uα

∣∣= uα .
⊓⊔

Proof. [Proof of Theorem 3] By Theorem 2 there exist spin-decorated horospheres
in the canonical hyperbolic structure on S3 \K such that λ = uα for some u ∈ U .
Then the complex distance between them is

d = 2logλ = 2log(uα) = 2log(u)+2log(α) = 2log
(

ekπi/3
)
+2log(α)

=
2ℓπi

3
+2log(α),

for some k, ℓ ∈ Z. Then the hyperbolic distance is

ρ = Re(d) = 2Re(log(α)) = 2log |α|.

Alternatively, let h and h′ be horospheres with distinct centres. We may assume
without loss of generality that h is centred at ∞ with corresponding spinor (u

0) for
some u ∈ U , and h′ is centred at ξ

η
with corresponding spinor

(
ξ

η

)
. Then h′ has

height 1
|η |2 . Then the hyperbolic distance between h and h′ is

∫ 1

1
|η |2

1
t

dt =− log
1

|η |2 = 2log |η |.

Choosing h′ such that
(

ξ

η

)
= ( 1

α
) gives a hyperbolic distance of 2 log |α|. ⊓⊔

8 Further questions

We note several directions, which are the subject of further ongoing research.
Firstly, the figure-eight sister should be very similar, and we expect a similar result

holds for its complete hyperbolic structure.
Secondly, consider the Whitehead link or Borromean rings. In this case Γ will

be a finite index subgroup of the Picard group PSL2(Z[i]). There are now infinitely
many possible maximal cusp neighbourhood, but an appropriate choice should still
yield some results with connections to the Gaussian integers Z[i].

More generally, one may consider the links discussed by Hatcher in [1]. This
will require consideration of the Bianchi groups PSL2(Od) where Od is the ring
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of integers in the field Q(
√
−d), and d ∈ {1,2,3,7,11}. Note that these Od are

Euclidean domains.
Finally, one may consider other 2-bridge knot complements. These also have a

holonomy group Γ generated by two parabolics A, B. Does a fundamental domain
for the action of Γ∞ on C lie inside the isometric circles for B and B−1? Even if not,
there are other parabolic elements in this group, which might be used to cover a
fundamental domain of Γ∞. However, these are not arithmetic hyperbolic manifolds,
and the associated trace field is no longer quadratic.
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