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Abstract Consider a robot that walks along a knot once on a knot diagram and
switches every undercrossing it meets, stopping when it comes back to the starting
position. We show that such a robot always unknots the knot. In fact, we prove that
the robot produces an ascending diagram, and we prove that every ascending or
descending knot diagram with C crossings can be transformed into the zero-crossing
unknot diagram using at most (7C+1)C Reidemeister moves. Moreover, we show
that an ascending or descending knot diagram can always be transformed into a
zero-crossing unknot diagram using Reidemeister moves that do not increase the
number of crossings.
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1 The unknotting robot

Unknotting problems consist of questions involving unknotting links. Such questions
are, what type of moves can be applied to a link diagram that will change it into a
diagram of an unlink? And does there exists an algorithm that works for all diagrams?
One such solution is to implement a move that will remove each crossing by replacing
it with a smoothing as illustrated in Figure 1a. Notice that by applying this move to
all crossings the resulting diagram will be of an unlink. Another move consists of
changing a crossing type as illustrated in Figure 1b. This move can be implemented
in a strategic way on a knot diagram to produce an ascending diagram. Many link
invariants, such as the Kauffman bracket polynomial [13, 14], Jones polynomial [12],
Alexander-Conway polynomial [1, 3] and the Homflypt and Kauffman 2-variable
polynomials [5, 19, 15] have been defined skein theoretically from the notion that
one can use a combination of the two mentioned moves to produce unlinks.
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(a) Smoothing

→

→

(b) Crossing change

Fig. 1: Moves on a link diagram.

We present an algorithm that unknots any knot diagram by using only crossing
switches, the moves illustrated in Figure 1b. An illustrative example on a long trefoil
knot (i.e., trefoil knot viewed as a 1-tangle with end points glued) is provided in
Figure 3.

Algorithm 1.1 (Unknotting robot) Given a planar knot diagram of a knot K,
choose and fix a starting point on the knot and an orientation. Place a robot on the
knot at the chosen starting point. The robot will follow the orientation and stop when
it encounters the starting point again. When it reaches an overcrossing, it passes
through, but the robot is scared of the dark; when it reaches an undercrossing, it
switches it to an overcrossing before passing through (illustrated in Figure 2).

Corollary 1.2 ([11]) The robot always unknots the knot K in any knot diagram of
K.

To show Corollary 1.2, we first show that the robot produces an ascending knot
diagram, and it is known through purely geometric arguments that an ascending
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Fig. 2: Action of robot at overcrossing (top) and undercrossing (bottom). Arrow
shows direction of robot’s travel.

→ →

→ →

→ →

Fig. 3: Unknotting robot unknotting a long trefoil knot.

diagram is unknotted. We provide below a proof for the knot case, the proof for the
link case will appear in [11].

In an ascending diagram, we must meet undercrossings first as we trace along
the diagram. The robot meets every crossing exactly twice: if it meets first an
overcrossing, it will switch it the second time it walks past the corresponding crossing;
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if it meets first an undercrossing, it will switch the crossing twice, leaving it as an
undercrossing. This proves that the robot produces an ascending knot diagram.

The unknottedness of an ascending knot diagram is immediately obvious if we
consider an observer looking at a knot diagram from below the projection plane. This
is the seed of the geometric argument.

In our research, we decided to find a purely combinatorial proof of the unknotted-
ness of an arbitrary ascending knot diagram. We show that an ascending knot diagram
can be transformed into the zero-crossing unknot diagram by a sequence of loop
detour moves. Roughly speaking, a loop detour move is a move on a one-crossing
kink encircling a tangle diagram (see Figure 4 for example) such that the loop stays
away from the tangle after the move. We refer to the one crossing kink together
with the tangle diagram it encircles as a loop-tangle diagram. Current arguments in
literature that show an ascending or descending knot is an unknot are more geometric
in nature, see [18, p.167] and [20, 2.B.11] for example. In [11], we provide a rigorous
and combinatorial way of proving the statement.

Fig. 4: An example of a loop-tangle diagram.

A result similar to Corollary 1.2 is obtained when we apply the robot to a link
diagram:

Corollary 1.3 ([11]) Let D be any link diagram of a link L in the 3-sphere. Suc-
cessively applying the robot to each link component produces a link diagram of an
unlink.

Other types of unknotting problems consist of finding an upper bound on the
number of Reidemeister moves needed to change any diagram of an unknot into one
without crossings. C. Hayashi, M. Hayashi, Sawada, and Yamada in [10] showed
that each member in a special collection of ascending diagrams can be transformed
into the trivial diagram by a minimal sequence of Reidemeister moves.

In 2001, Hass and Lagarias published a paper [8] that gave an upper bound on
the number of Reidemeister moves required to turn a knot diagram of the unknot
into a zero-crossing unknot diagram. More precisely, they showed that there exists a
positive constant K such that for each positive integer c, any unknotted knot diagram
with c crossings can be transformed to the zero-crossing knot diagram using at most
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2Kc Reidemeister moves. Their bound is exponential with respect to the number of
crossings.

In 2015, Lackenby gave an improved upper bound in [17]. The paper showed
that any diagram of the unknot with c crossings may be transformed into the zero-
crossing unknot diagram using at most (236c)11 Reidemeister moves. Instead of an
exponential growth with respect to the number of crossings c, Lackenby gave an
upper bound that is a polynomial function of c, which grows slower than 2Kc.

In [9], Hass and Nowik gave a lower bound for the number of Reidemeister
moves required to turn each member in a family of unknotted knot diagrams to a
zero-crossing knot diagram. Their lower bound is a quadratic polynomial function
of the number of crossings. In [11], we show an upper bound that is quadratic with
respect to the number of crossings for ascending or descending knot diagrams in
Theorem 1.4.

Theorem 1.4 ([11]) Any ascending or descending knot diagram with C crossings
can be transformed into the zero-crossing unknot diagram using at most (7C+1)C
Reidemeister moves.

The loop detour move is again a key concept we use to show Theorem 1.4. Note
that the sequence of Reidemeister moves we construct for each loop detour move
may contain moves that increase the number of crossings in the diagram.

Unknotting problems also consist of questions regarding the monotonic simplifi-
cation of diagrams of unknots; these are sequences of Reidemeister moves that do
not increase the number of crossings in the diagram at any stage. Due to Goeritz in
[6] and Kauffman and Lambropoulou in [16], there are well known examples of hard
unknots: diagrams of unknots that cannot be monotonically simplified via a sequence
of Reidemeister moves. Readers can also find an argument for a similar monotonic
simplification result in Section 6 of [2].

We prove that any ascending knot diagram can be monotonically simplified.

Corollary 1.5 ([11]) An ascending diagram can always be monotonically simplified
by Reidemeister moves to a crossingless unknot diagram.

This result is a corollary to a theorem presented in [11] that states that it is always
possible to simplify the interior of a loop-tangle in an ascending diagram such that
the associated loop detour may be performed as a simplification. This theorem is
proven by using a result that is analogous to Theorem 2 in [4], but applies in the
specific restricted setting of loop-tangle diagrams:

Theorem 1.6 ([11]) Let G be a loop-tangle graph and R be the disc bounded by the
loop such that R contains the tangle graph. For any positive integer N, let fN be the
number of N-sided faces in R. We have

3 f1 +2 f2 + f3 = 3+
∞

∑
n=1

n fn+4.

In particular, if there are no 1- or 2-sided regions in a loop-tangle subdiagram D of
an ascending or descending knot diagram where simplifying Type I or II Reidemeister
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moves may be performed, Theorem 1.6 ensures the existence of at least three 3-sided
regions where Type III Reidemeister moves may be applied. As Type III moves
preserve the number of crossings in the diagram, the proof of Corollary 1.5 involves
arguing that there always exist Type III moves available which lead to monotonic
simplification.

Unknotting problems can also be seen across disciplines. In [22], L. C. Wang
studied DNA toposiomerases and observed that these enzymes have unknotting
properties on DNA circles. DNA toposiomerases are enzymes that create double
strand break and rejoin in DNA circles as discussed in [21]. In [11], we extend
the unknotting robot to framed links and compare this extension to modeling the
unknotting of DNA circles.

In [7], Goldman and Kauffman provided a translation of Reidemeister moves
on link diagrams to graphical moves on signed graphs. Their paper reviewed the
background on classical electrical networks which can be modelled by a graph with
edges assigned with resistance. The study of such electrical networks motivates a
connection between knot invariants and conductance-preserving transformations on
networks. Using the knot-theoretic machinery we develop in this paper, we can prove
the following graph-theoretic statement.

Corollary 1.7 ([11]) Any planar graph can be transformed into a finite collection
of points via a sequence of the graphical moves.
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