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Abstract Independence complexes of circle graphs are purely combinatorial ob-
jects. However, when derived from a diagram of a link L, they encode rich topolog-
ical information – particularly about the Khovanov homology of L. In this work, we
investigate the homotopy types of independence complexes of circle graphs, with a
focus on the case where the graph is bipartite. Moreover, we compute the extreme
Khovanov homology of the family of pretzel links P(q,r,s,−t) with q,r,s, t > 0,
using chord diagrams and their corresponding independence complexes.
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1 Introduction

A chord diagram consists of a circle together with a finite collection of chords whose
endpoints lie on the circle and are pairwise disjoint. A graph is called a circle graph
if it arises as the intersection graph of some chord diagram. Given a simple graph
G, its independence complex I(G) is the simplicial complex whose simplices cor-
respond to subsets of pairwise non-adjacent vertices in G. Building on the work of
González-Meneses, Manchón, and one of the present authors [6], it has been shown
that certain graphs derived from link diagrams can be used to extract topological
information about the link via their independence complexes.

Khovanov homology is a bigraded homological invariant of oriented links that
categorifies the Jones polynomial [9]. It is defined as the homology of a bigraded
chain complex associated to a link diagram, known as the Khovanov complex. This
complex is graded by two indices: the homological and the quantum gradings. For
a given link diagram D, the Khovanov complex is nontrivial only for finitely many
values of these gradings. We denote by jmin(D) the minimal quantum grading for
which the Khovanov complex is nontrivial. The term extreme Khovanov homology
refers to the homology groups in quantum grading jmin(D).

Given a diagram D of a link L, smoothing each crossing following an A-label (see
Figure 2a) yields a collection of disjoint circles, with chords indicating the locations
of the original crossings. Ignoring chords that connect different circles, this config-
uration can be interpreted as a collection of chord diagrams. In [6, Theorem 4.4],
it was shown that the cohomology of the independence complex of the associated
circle graph is isomorphic to the extreme Khovanov homology of the link diagram.
Therefore, combinatorially studying homotopy types of independence complexes
translates into studying extreme Khovanov homology. This connection forms the
central motivation for the present work.

Figure 1 illustrates a summary of the construction process, starting with a dia-
gram of the French coat of arms link and leading to an independence complex whose
homotopy type is S1 ∨S1.

→ → → → → S1 ∨S1

Fig. 1: From left to right: Link diagram D, its A-state, chord diagram CD, intersec-
tion graph G(D), independence complex I(D), and homotopy type.

Our starting point is the following conjecture:

Conjecture 1 (Przytycki-Silvero [14]). If G is a circle graph, then I(G) has the ho-
motopy type of a wedge of spheres.

In Conjecture 1, the term wedge of spheres is interpreted broadly: it refers to any
space obtained by iteratively attaching spheres to a collection of previously attached
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spheres at arbitrary points. Under this definition, even a disjoint union of spheres
qualifies as a wedge of spheres, as one can begin the construction with multiple
0-dimensional spheres and proceed accordingly.

However, if one adopts the more restrictive definition of a wedge sum as pre-
sented in [7, Chapter 0] – where all spheres are attached at a common base point –
then Conjecture 1 is false, as is shown in Section 3. Instead, it should be reformu-
lated by substituting the phrase wedge of spheres with disjoint union of wedges of
spheres.

As previously noted, Conjecture 1 was originally inspired by the study of Kho-
vanov homology. It is known that the graphs arising from link diagrams are bipartite
(see [14, Section 7.2]). Therefore, in the context of Khovanov homology, the rele-
vance of Conjecture 1 is naturally restricted to the class of bipartite circle graphs.
This observation motivates the following weaker version of Conjecture 1.

Conjecture 2 (Przytycki-Silvero [14]). If G is a bipartite circle graph, then I(G) has
the homotopy type of a wedge of spheres.

There is a substantial body of literature exploring independence complexes of
graph families and how their homotopy types evolve under specific graph transfor-
mations; see, for instance, [4, 5, 8, 10, 12, 14, 15]. While these works lend support
to Conjecture 1, the techniques they develop do not appear sufficient to prove the
conjecture – or even its weaker counterpart Conjecture 2.

This article is organised as follows. In Section 2, we review the relation of ex-
treme Khovanov homology with the theory of independence simplicial complexes.
In Section 3, we go through a number of topological properties of independence
complexes of bipartite circle graphs. As an application, Section 4 contains detailed
computations of extreme Khovanov homology for a diagram of a four-columns
pretzel knot and its generalization to the family of pretzel links P(q,r,s,−t), with
q,r,s, t > 0.
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2 Khovanov homology and independence complexes

Khovanov homology is a homological link invariant, introduced in [9] as a categori-
fication of the Jones polynomial. This invariant has shown to be quite powerful. For
instance, it detects the unknot, both the right and left handed trefoils, the figure-eight
knot, and the knot 51 [1, 2, 3, 11].

Let D be a link diagram. For every i, j ∈ Z, Khovanov introduced a bigraded
chain complex

. . . −→ Ci, j(D)
∂i−→ Ci+1, j(D) −→ . . . ,

where the chain groups Ci, j(D) are non-trivial for a finite number of j ∈ Z. The
homology groups associated to that complex, Khi, j(D), are link invariants, and we
refer to them as the Khovanov homology groups of D (or, more generally, of the link
L represented by D). We define

jmin(D) = min{ j |C∗, j(D) is non-trivial}

as the smallest j-grading for which the chain group is non-trivial. Note that the
value of jmin(D) (and of the Khovanov complex itself) is not a link invariant, and,
in fact, can differ for two diagrams representing the same link. However, we know
that Kh∗, j(L) is trivial when j ≤ jmin(D), for any diagram D representing L.

In other words, the value jmin(D) is the lowest index j for which Khovanov
homology can be non-trivial. We call the complex {C∗, jmin(D),∂i} the extreme Kho-
vanov complex and its associated homology groups Kh∗, jmin(D) the extreme Kho-
vanov homology groups of D.

In [6], a geometric realisation of extreme Khovanov homology was introduced.
More precisely, it was shown that the extreme Khovanov homology groups of a
link diagram coincide with the cohomology groups of a certain simplicial complex
constructed from the diagram. We briefly review this construction now.

Given a link diagram D, start by smoothing each crossing. For each crossing
this can be done in two distinct ways. We choose for all crossings what is classically
known as an A-smoothing, illustrated in Figure 2a. This choice yields what is known
as the A-state of D. We write CD for the resulting set of circles and chords. If we
forget about those chords connecting different circles, then we can think of CD as a
finite family of disjoint chord diagrams C1, . . . ,Ck. See Figure 2 for an example.

→

(a) A-smoothing (A-label). (b) A link diagram D. (c) Chord diagram CD.

Fig. 2: A link diagram and the chord diagram obtained by applying an A-smoothing
to all of its crossings.
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We write G(D) and I(D) for the intersection graph associated to D, and its in-
dependence complex, obtained respectively as G(D) = G1 ⊔ . . .⊔Gk, and I(D) =
I(G1)∗ · · · ∗ I(Gk), where Gi denotes the graph GCi , for 1 ≤ i ≤ k, and where ∗ de-
notes the join operation. When constructing the intersection graph Gi, we have one
vertex per chord with both endpoints in the circle Ci, and two vertices are connected
by an edge whenever the corresponding chords intersect (or, equivalently, if the end-
points of the two corresponding chords alternate along the circle). By construction,
the circle graph G(D) is bipartite, and sometimes is referred to as the Lando graph
of D.

The following result relates the extreme Khovanov homology of a link diagram
D to the independence complex I(D) arising from it.

Theorem 1. [6] Let D be a link diagram with n negative crossings. Then, the sim-
plicial cochain complex of I(D) is isomorphic to the extreme Khovanov complex of
D shifted by n−1. As a consequence,

Khi, jmin(D)≃ H i−1+n(I(D)).

3 Homotopy types of independence complexes of circle graphs

In this section we present properties of independence complexes arising from circle
graphs, with a focus on the specific case when we require the graph to be, addition-
ally, bipartite.

Consider two chord diagrams C and C ′ with respective base points c and c′ on
their circles disjoint from the chords. Cutting the circles at c and c′ in the projection
plane, and re-gluing them in a crossing-free way yields the connected sum C #c,c′C

′

of C and C ′ at c and c′. Observe that, given two chord diagrams, the independence
complex of the circle graph arising from their connected sum coincides with that of
the graph associated to their disjoint union, i.e.,

I(GC #c,c′C
′) = I(GC⊔C ′) = I(GC ⊔GC ′) = I(GC )∗ I(GC ′). (1)

In particular, it does not depend on the choice of base points c and c′.
Equation 1 highlights that we can construct new independence complexes com-

ing from chord diagrams that are joins of previously known independence com-
plexes, using the connected sum operation on the level of (chord) diagrams. This, in
turn, implies that we can use the following well-known homotopy equivalences in-
volving the join and wedge operations of spheres of different dimensions to produce
independence complexes from chord diagrams with interesting homotopy types. Let
n,m,k ∈ N, then

Sk ∗ (Sn ∨Sm) = (Sk ∗Sn)∨ (Sk ∗Sm) = Sk+n+1 ∨Sk+m+1; (2)

∗n(S1 ∨S1) =
∨
2n

S2n−1. (3)



446 Bakshi, Guo, Ibarra, Montoya-V., Mukherjee, Silvero, Spreer

For instance, starting with chord diagram Ca from Figure 3a, we can consider
its connected sum to obtain Cc = Ca#Ca, as shown in Figure 3c. Since I(GCa) ∼h
S1 ∨ S1, Equations (1) and (3) in the case n = 2 allow us to directly compute the
homotopy type of I(GCc) as

∨
4 S3.

(a) S1 ∨S1 (b) S0 (c)
∨

4 S3

Fig. 3: Chord diagrams leading to bipartite circle graphs whose independence com-
plexes are homotopic to the specified wedges of spheres.

We say that a chord diagram C is linear, if it is possible to find two arcs a and b
over the circle such that every chord in C has an endpoint in a and the other endpoint
in b. See Figure 4 for some examples. The circle graphs arising from linear chord
diagrams are called permutation graphs in [14].

(a) Linear chord diagram. (b) Linear chord diagram. (c) Non-linear chord diagram.

Fig. 4: Two linear chord diagrams, with the corresponding arcs a and b in green.
The third chord diagram is not linear.

Proposition 1. Let C and C ′ be two linear chord diagrams with associated inde-
pendence complexes I(C ) and I(C ′). Then we can superimpose them to obtain a
new linear chord diagram D such that the associated independence complex I(D)
has the homotopy type of I(C ) ⊔ I(C ′).

Proof. First note that C and C ′ can be superimposed such that every chord of C
intersects every chord of C ′. This can be achieved by interlacing the defining arcs
of C and C ′ around a circle to obtain the chord diagram D . By construction, D is
linear. The resulting circle graph is G(C ) ∗G(C ′), and therefore the result follows
from the definition of an independence complex. ⊓⊔

Moreover, we have the following result from [14].
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Proposition 2 (Proposition 4.3 in [14]). For any wedge of spheres there exists a
linear chord diagram whose independence complex is homotopy equivalent to it.

The proof of Proposition 2 is constructive and very explicit. Combining Proposi-
tion 1 and Proposition 2 now yields the following proposition.

Proposition 3. For every i = 1, . . . ,k, let Xi be an arbitrary wedge of spheres of
(possibly) different dimensions, and consider the disjoint union Y = X1 ⊔ . . .⊔Xk.
Then, there exists a circle graph GY such that I(GY ) is homotopy equivalent to Y .

Proof. First, we apply Proposition 2 to obtain a linear chord diagram Ci whose
associated circle graph Gi gives rise to I(Gi)∼h Xi, for every 1 ≤ i ≤ k. The result
then holds by iteratively applying Proposition 1. ⊓⊔

Note that if in the definition of a wedge sum a fixed point of identification is
required, then Proposition 1 yields an infinite number of counterexamples to Con-
jecture 1.

Given two linear chord diagrams producing bipartite circle graphs, it may happen
that interlacing them results in a new linear chord diagram yielding a non-bipartite
graph. As a result, some of the above observations cannot occur for chord diagrams
coming from link diagrams (which always yield bipartite circle graphs). For this
reason, in what follows we restrict our analysis to that of independence complexes
arising from bipartite circle graphs.

Jonsson establishes in [8, Theorem 1] that independence complexes of bipartite
circle graphs have the homotopy type of a suspension. Since wedges of spheres are
suspensions, this is compatible with Conjecture 2. The following result is a corollary
of Jonsson’s result, but we include a proof for completeness.

Proposition 4. The independence complex of a bipartite circle graph either has the
homotopy type of S0, or it is connected.

Proof. The independence complex associated to a bipartite graph G contains two
cliques with vertex sets a partition of the entire set of vertices. If no other edge
exists (that is, if every chord associated to one set of vertices intersect every chord
associated to the other set of vertices) then its homotopy type is that of two points,
i.e., I(G) ∼h S0. Any deviation from this situation forces additional edges in the
independence complex which, hence, must connect the two cliques and therefore
I(G) is connected. ⊓⊔

In particular, Proposition 4 implies the following statements.

Corollary 1. There is no bipartite graph whose associated independence complex
has the homotopy type of a wedge of more than one sphere, with one of these spheres
being S0. In other words, if the independence complex of a bipartite graph is homo-
topic to Si1 ∨ . . .∨Sik with k ≥ 2, then ir ̸= 0, for all r = 1, . . . ,k.

Notice that S0 is just two points and the wedge sum of Si and S0 still have two
components ∀i ≥ 1.
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Corollary 2. The independence complex of a bipartite circle graph1 does not con-
tain three pairwise disjoint vertices.

In summary, disconnected independence complexes of circle graphs are well-
understood. Considering the connected case, we have the following observation.

Theorem 2. There is no bipartite circle graph with independence complex homo-
topic to a wedge of circles with more than two S1 components.

Proof. We start with some useful definitions. Let G be a bipartite circle graph, with
partition of the vertex set V (G) = A⊔B. The independence complex I(G) of G has
two cliques spanned by the independent sets A and B. We denote the clique spanned
by A and B the left and right cliques ∆R and ∆L, respectively. Moreover, we call
the 1-skeleton of I(G) \ {∆R,∆L} (the independence complex minus the two large
cliques) the complement graph C(G).

We claim that every S1 component in I(G) can be represented by a cycle of 4-
edges ⟨l,a,r,b⟩, where l is an edge in ∆L, r is an edge in ∆r, and a,b are edges in
distinct connected components of the complement graph C(G).

To see this, note that every sequence of edges in ∆L or ∆R can be shortened to a
single edge, since ∆L and ∆R are cliques. Moreover, any sequence of two edges in
the complement graph must span a triangle in the independence complex I(G) and
hence retract to a single edge in either ∆L or ∆R.

Finally, a and b must be in separate connected components of C(G). For, suppose
they are not, then there is a sequence of edges in C(G) connecting endpoints of a
and b. But this means that any consecutive pair of edges in this path span a triangle
in I(G) and hence ⟨l,a,r,b⟩ cannot generate homology.

It now follows that any bipartite circle graph with independence complex ho-
motopic to a wedge of circles with at least three S1 components must have at least
four connected components in its complement graph. We prove now that this is not
possible.

Assume that G is a bipartite circle graph with complement graph C(G), and as-
sume that C(G) has at least four connected components (each containing at least one
edge). Pick four edges a,b,c,d from four distinct connected components of C(G).
Call their endpoints va,vb,vc,vd ∈ ∆L and wa,wb,wc,wd ∈ ∆R respectively.

Recall that every vertex in C(G) corresponds to a chord in the chord diagram
realising G. The chord associated to va must intersect the chords associated to wb, wc
and wd . One of them, say, the one associated to wc must separate the ones associated
to wb and wd . Now, the chord associated to vc must intersect the chords associated
to wb and wd , but must be disjoint from the chord associated to wc (see Figure 5 for
an illustration), this is a contradiction to the chord associated to wc separating the
chords associated to wb and wd . Therefore, such a graph G does not exist, and the
statement holds. ⊓⊔

1 By abuse of language, we identify the simplicial complex with its geometric realisation.
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va

vc

vc

wb
wc

wd

Fig. 5: A chord diagram illustrating last part of the proof of Theorem 2.

Note that Theorem 2 is sharp: the circle graph associated to the chord diagram
in Figure 3a is an hexagon, whose independence complex has the homotopy type of
S1 ∨S1.

Remark 1. The complement graph C(G) from the proof of Theorem 2 can be used
to give an alternative proof of [8, Theorem 1]: Slicing through C(G) away from
the endpoints of its edges yields a (possibly empty) polyhedral complex P. Since
every vertex of the independence complex I(G) is a vertex of C(G), and lies in one
of two cliques to the left and right of P, it follows that the homotopy type of the
independence complex is the suspension ΣP.

4 An example: the case of pretzel knot P(3,4,5,−5)

Inspired by results of [13] we analyse extreme Khovanov homology of two diagrams
of the pretzel knot K =P(3,4,5,−5). The standard diagram D of K, shown in Figure
6a, is A-adequate, meaning that the associated chord diagram CD contains no chord
with both endpoints in the same circle, and therefore the associated circle graph
G(D) is empty. By convention, we set I(D) to be homotopy equivalent to S−1, that
we call a sphere of dimension −1, and note ΣS−1 = S0.

By definition of the gradings in Khovanov homology, it holds that for any dia-
gram D we can compute jmin(D) = p− 2n− k, where p and n correspond to the
number of positive and negative crossings of D, and k is the number of circles in the
associated chord diagram obtained when smoothing every crossing with an A-label.
Hence, we get jmin(D) = 12−2 ·5−7 =−5, and therefore

Khi,−5(P(3,4,5,−5))≃ H i−1+5(S−1) =

{
Z if i =−5;
0 otherwise.

Diagram D is quite particular, since it is A-adequate, and therefore the associated
Lando graph is empty. We devote the rest of this section to show a more illustrative
example on how to compute extreme Khovanov homology by using the theory of
independence complexes. We find this second example to be more useful for the
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reader, since we explain step by step how to obtain the associated Lando graph and
how to analyse the homotopy type of the associated independence complex.

(a) Diagram D of P(3,4,5,−5). (b) Diagram D′ of P(3,4,5,−5).

Fig. 6: Two diagrams of P(3,4,5,−5) related by Reidemeister II moves.

1
2
3
4

5

6
7
8
9

10
11
12
13
14
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25

26
27

(a) Chord diagram CD′ .

4

3

2

1

5

26
18
25
17
24

16
23

1519

20

21

22

27

(b) Circle graph G(D′) = G1 ⊔G2.

Fig. 7: (a) Chord diagram CD′ obtained by applying an A-smoothing to every cross-
ing in D′ of P(3,4,5,−5) given in Figure 6b (b) Associated circle graph G(D′).

Consider the diagram D′ of pretzel knot P(3,4,5,−5) shown in Figure 6b, ob-
tained by applying a number of Reidemeister II moves to the standard diagram D.
When we smooth every crossing following an A-label (as in Figure 2a), we obtain
a chord diagram containing a single circle and 26 chords, as depicted in Figure 7a.
The associated circle graph G(D′) consists of the disjoint union of a star graph G1
(with root vertex labelled 5) of 4 rays and a binary tree G2 (with root vertex labelled
27) with 8 leaves, as shown in Figure 7b. Observe that vertices 1 and 15 are leaves
in the graph, and therefore applying [14, Corollary 3.3] together with Equation (1)
implies that

I(G(D′))∼h I(G1)∗ I(G2)∼h Σ I(G /0)∗Σ I(L2 ⊔L2 ⊔L2)

∼h ΣS−1 ∗ΣS2 ∼h S4.
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We can now compute jmin(D′) = 17−2 ·10−2 = −5, and as a consequence of
Theorem 1 it follows that

Khi,−5(P(3,4,5,−5))≃ H i−1+10(S4) =

{
Z if i =−5;
0 otherwise.

Since the value of jmin coincides for both diagrams, the computations for extreme
Khovanov homology agree, as expected.

Notice that this example can be generalised to pretzel links of the form
P(q,r,s,−t), with q,r,s, t > 0. Given a standard diagram of such a link, we perform
a Reidemeister II move at the bottom of the first column and t − 1 Reidemeister II
moves towards the first t − 1 crossings in the fourth column, in a similar way as
shown in Figure 6b, to obtain an equivalent diagram D′′ representing P(q,r,s,−t).
The Lando graph G(D′′) will consist of the disjoint union of a star graph G′

1 with
q+ 1 rays and a binary tree G′

2 with 2t − 2 leaves. Hence, applying [14, Corollary
3.3] we get:

I(G(D′′))∼h I(G′
1)∗ I(G′

2)∼h Σ I(G /0)∗Σ I(L2 ⊔ . . .⊔L2︸ ︷︷ ︸
t−2

)

∼h ΣS−1 ∗ΣSt−3 ∼h St−1.

As a consequence, if we write p and n for the number of positive and negative
crossings in D′′, Theorem 1 yields an explicit formula for the extreme Khovanov
homology of the pretzel link P(q,r,s,−t):

Khi, jmin(P(q,r,s,−t))≃ H i−1+n(St−1) =

{
Z if i = t −n;
0 otherwise.

References

1. Baldwin, J., Hu, Y., Sivek, S.: Khovanov homology and the cinquefoil. J. Eur. Math. Soc.
(2024)

2. Baldwin, J.A., Dowlin, N., Levine, A.S., Lidman, T., Sazdanovic, R.: Khovanov homology
detects the figure-eight knot. Bull. Lond. Math. Soc. 53(3), 871–876 (2021)

3. Baldwin, J.A., Sivek, S.: Khovanov homology detects the trefoils. Duke Math. J. 171(4),
885–956 (2022)

4. Barmak, J.A.: Star clusters in independence complexes of graphs. Adv. Math. 241, 33–57
(2013)

5. Csorba, P.: Subdivision yields alexander duality on independence com- plexes. Electr. J. Com-
bin. 16(2), Research paper 11 (2009)
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