Estimation of latent variables in
high-dimensional factor models with weak
residual dependence

Xinyao Fan and Harry Joe

Abstract For D-dimensional Gaussian 1-factor, bi-factor, oblique factor models
and their copula-based counterparts, proxies have previously been defined to esti-
mate the latent variables for large D. It is shown that the previously-defined proxies
are asymptotically consistent and hence robust to some interpretable assumptions of
weak residual conditional dependence of observed variables given the latent vari-
ables. Proofs make use of techniques of likelihoods with mis-specified models.
Some simulation results provide concrete behavior of the effect of weak residual
dependence and increasing D.

1 Introduction

Factor models are useful tools for modeling the dependence of large sets of variables
when the dependence between the observed variables can be explained by several
latent variables. When the variables can be divided into groups, structured factor
Gaussian and copula models in [9] and [10] are often good first-order models to ex-
plain the dependence of variables. The models assume the conditional independence
of observed variables given latent variables. As the dimension increases (the number
of observed variables linked to each latent variable increases), it may be reasonable
to assume a slight departure from the conditional independence assumption, such as
weak conditional dependence given the latent variables. In this article, we refer to
this as weak residual dependence.
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For multivariate dependence modeling, extending Gaussian classical factor mod-
els to have (a) flexible non-Gaussian tail behavior via factor copulas and (b) weak
conditional dependence given latent variables is important for high-dimensional ap-
plications.

For a large dimension D for the total number of variables, proxy variables con-
sist of estimates for latent variables based on conditional expectations given the
observed variables, for Gaussian factor models or their copula counterparts. For
Gaussian factor models, the proxy variables are the factor scores as given in [8].
Consistency results for these proxy variables are proved in [4], under some non-
stringent conditions.

The main purpose of this article is to show that proxy variables, defined based on
the conditional independence assumption, are robust to weak residual dependence.
Detailed proofs using non-standard asymptotic methods are given for 1-factor and
bi-factor Gaussian models, and 1-factor copula models, based on interpretable suffi-
cient conditions for weak residual dependence. By interpreting the sufficient condi-
tions, we can intuit sufficient weak residual dependence conditions that might hold
more generally. The adequacy of the proxy estimation method is further demon-
strated for 1-factor and bi-factor copula models through simulation studies.

Section 2 provides the definitions and notation for Gaussian and copula-based
factor models with residual dependence. Section 3 summarizes the conditional ex-
pectation form of proxy variables for the Gaussian and copula models. Section 4
provides some interpretable sufficient conditions on weak residual dependence for
the consistency of proxy variables for the case of a known factor model. Section 5
has sufficient conditions on residual dependence for the consistency of the proxies in
1-factor models when parameters are estimated. Section 6 presents a sequential es-
timation method for practical use when linking copula families are to be estimated
from data. Section 7 includes simulation studies to provide additional support for
the usefulness of the proxy variables in factor copula models when there is weak
residual dependence. Section 8 has the conclusions and explains how results in this
article can be applied. The proofs of the main results are mostly lengthy, because
of the need to keep track of asymptotic order of many terms, and they are given in
Section 9.

Abbreviations that are used include cdf for cumulative distribution function and
MLE for maximum likelihood estimator or estimation. Copulas which are cumula-
tive distribution functions with U (0, 1) univariate margins are denoted with C and
subscripts. The copulas are assumed to be absolutely continuous, and the corre-
sponding densities are denoted with c.

2 Factor models with residual dependence

This section defines the Gaussian and copula factor models with their notation to
prepare for the analysis of estimation of latent variables in the subsequent sections.
Factor models have parsimonious dependence and there is more chance to depart
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from the dependence structure as the number of variables increases. As discussed
in [7], adding conditional dependence given latent variables may possibly lead to a
more interpretable model than adding additional latent variables.

2.1 Gaussian factor models

When there are many variables that are related, the factor models assuming condi-
tional independence might be good first approximations but it is possible that the
conditional (residual) dependence exists after accounting for latent variables. In this
section, we assume that the observed variables in the Gaussian factor models have
been standardized to be standard normal .47(0, 1).

LetW ~ 47(0,1,) be a p-vector of independent latent variables and let Zp = (Z;)
be a D-vector of observed variables that are each .47(0,1). Let €p ~ .47 (0,2p) be
arandom vector of idiosyncratic noise or specific factors that are independent of W,
where Qp is a correlation matrix.

The stochastic representation for the Gaussian p-factor model with residual de-
pendence is:

Zp =ApW +%¥pep (D)

where Ap = (i) is a D x p loading matrix, ¥p = diag(y; : j = 1,...,D) and
the loading parameters {aj;} are such that l//j2 =1-Yr_, a}k > 0 for all j. The
correlation matrix of Zp is Cor(Zp) :ADAg +TI'p, where I'p = ¥YpQpW¥p. Note
that I, = Cov(Zp|W) is the covariance matrix of Z given W. If Q, = I, then the
components Z; of Z are conditionally independent given W (for the usual p-factor
model).

In the remainder of this article, because of non-identifiability to rotation of the
loading matrix for p > 2, we focus on the 1-factor model with residual dependence
if the variables are not grouped. If the 1-factor model is not an adequate fit for
data, the 1-factor model with residual dependence is an alternative ([11]) to adding
additional factors and it might be more interpretable in some applications. For high-
dimensional Zp, estimation of latent variables is studied in [4] for the 1-factor model
but not the p-factor for p > 2.

For variables that have been divided into G non-overlapping groups, we will
consider structured bi-factor models and then the structured loading matrix (with
many Os in it) is based on p = G + 1 latent variables with one global latent variable
and G group-based latent variables. We will also consider the oblique factor model
for G non-overlapping groups where the structured loading matrix A is D x G and
W consists of dependent latent variables.

Definition 1. (1-factor Gaussian with residual dependence). The stochastic repre-
sentation, with Ap = ap = (ai,...,0p) ", is

Zi=a;W +yg;, j=1,...,D, 2)
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where W ~ 4°(0,1), €p = (&1,...,€p) " ~ A (0,2p) is independent of W, and
aj€(—1,1) and 1//12 =1- ajz for all j. Note that Cov(Zp|W) =I'p = ¥pQp¥p
with ¥p = diag(l//l, ey l[/D)

Definition 2. (Bi-factor Gaussian with residual dependence).
With G groups, let D = Zgzl dg, with d, variables from group g. Write the loading

. . T T
matrix as Ap = [aop,diag(by,1,...,bs.c)] where agp = (b07d|1,...,b07dGG)T and

for g € .{1,...,G}, ba,e = (Cg,...,04,) " and by g = (Co.1g, .-, 0 ,a.) - The
stochastic representatlon 1S

ng:aO,ng0+OngWg+l[/jg8jg, jE{l,...,dg}, gE{l,...,G}, 3)

£, = (Eig,-- Ejg-- 1 Eayg)- € = (€] ,...,85) with€p ~ A (0,2p), Wy and {W, }
are mutually independent latent .4 (0, 1) random variables independent of €, and
0, jg, Ojg € (—1,1) such that y7, = 1 — a5 ;, — &, < 1 forall (j,g).

Definition 3. (Gaussian oblique factor with residual dependence). With G groups,
let D= Zg=1 dg, with d, variables from group g. The stochastic representation is

Zig = QjgWe+Wic€js, j<{l,...,ds}, ge{l,...,G}, “)

where sg = (E1gy--+,Ejgy- -+ Edyg)s e, =(gl,....e}) withep ~ 4 (0,2p), W =
(Wi,...,Wg)" ~ A#(0,Zy) independent of €, and oj, € (—1,1) such that l//}g =
1- Ocjzg for all (j,g). Here, Zy is a correlation matrix.

2.2 Factor copula models

In this section, the copula counterparts of the Gaussian factor models are given.
Loading parameters for the main factor are replaced with bivariate linking copulas
of the observed and corresponding latent variable, and loading parameters of other
latent variables (e.g., p-factor and bi-factor) are transformed to partial correlations
given previous latent variables and then replaced with bivariate linking copulas to
represent conditional dependence.

With copulas, we assume that observed and latent variables have been trans-
formed to be uniform random variables in the interval (0, 1). Generalizing the Gaus-
sian factor models, the copula densities of (structured) factor copula models with
weak residual dependence are summarized below based on [11].

Definition 4. (1-factor copula model with residual dependence). Let Up = (U, Uy,
...,Uy) be a vector of dependent U (0, 1) random variables and let V ~ U(0,1) be
the latent variable. For j € {1,...,D}, let Cjo be the absolutely continuous bivariate
copula cdf for (U;,V) with density cjo and conditional cdf Cjjo(ulv) = Pr(U; <
ulV =v) = dCjo(u,v)/dv. Assume the conditional distribution of Up given V has
copula density cres. The joint density of Up is:
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cu,(up) = /Ol cres(Cl‘O(uﬂv),...,CD|0(uD|v)) X {cho(uj,v)} dv. (5

part 1 D ———
part 2
Part 1 involves the conditional dependence of [U|V],...,[Up|V]. If cres = 1 on

(0,1)P (independence copula) to represent conditional independence given V/, then
the integrand only involves part 2, and cy,, becomes the density for the 1-factor
copula model.

Definition 5. (Bi-factor copula model with residual dependence). With G groups,
let D = Zgzl dg, with d, variables from group g. Let D = (dy,...,dg). Let V =
(Vo,V1,...,Vi) be the vector of mutually independent latent variables. Let U ; =
(Utg,---Uapg)- g €{1,...,G}andUp = (U] ,...,U;). Let

ﬁg = (CU1g|V07Vg (u1g|V07Vg)7 cee aCUdgg|V0,Vg(udgg|V0’ Vg)) :

Assuming the conditional distribution of Up given V = v has copula density
Cres(U1,. .., UG ), the joint density of Up is:

1 1, G 4%
cup (up) = /0 /0 {TTTT vsevo e v0) - vvn (Conguy i vo). ve)

g=1j=1
partl
xcres(ﬁl,...,ﬁg) dvg - - - dvy. 6)
~————

part2

For notation, cy,,v,.v, is the copula density to represent conditional dependence of
Uijg,V, given V. Part 1 in (6) has the joint density of observed and latent variables
assuming conditional independence, while part 2 accounts for conditional depen-
dence of the Uj, given the latent variables.

Definition 6. (Oblique factor copula model with residual dependence). With G
groups, let D = Zgzl dg, with d,, variables from group g. Let D = (di,...,dg). Let
V=MW,....Vg). LetU] = (Uy,...,Uy,). g €{1,....,GL U, = (U ,...,U(). Let
ug = (Cy, v (uigv), ... 7CU,1gg\V (Udg|v)). Assume the conditional distribution of Up

given V = v has copula density cres(u1,...,Uc). Let cy be the joint copula density
of the latent variables. The joint density of Up is:

cupwo) = [ [T TTevn e }ev

g=1,=1

partl

Xcres(ﬁh--wﬁG) dv1-~dvG. (7)
—_———
part2



160 Xinyao Fan and Harry Joe

Part 1 in (7) has the joint density of observed and latent variables assuming condi-
tional independence, while part 2 accounts for conditional dependence of the U,
given the latent variables.

3 Proxies for the latent variables

Proxy estimates are defined in [4] for the factor models in Section 2 assuming £2 is
an identity matrix or cs is an independence copula, that is, assuming conditional
independence of observed variables given the latent variables. In high dimensions,
some weak residual or conditional dependence given the latent variables is not un-
reasonable and one would hope that the proxy variables are robust. The next Section
4 has some sufficient conditions to explain and interpret weak residual dependence.

3.1 Proxies in Gaussian factor models

Consider a D x 1 random vector zp from the p-factor Gaussian model with weak
residual dependence as discussed in Section 2.1. The correlation matrix of zp has a
factor structure Xp :ApAg +I'p, where Ap is a D x p matrix of factor loadings,
with p being the number of factors. Here, I'p represents the covariance of (y;é; :
1 < j < D). The matrix I'p is the conditional covariance matrix of the observed
variables given the latent variables, denoted as I', = Cor(Zp,Zp|W); it is not diag-
onal under the assumption of residual dependence. Define vl = diag(l//f, YR,
where the off-diagonal elements of I"p have been set to 0. The proxies are defined
as the conditional expectation of the latent variables given the observed variables,
assuming conditional independence.

In Gaussian factor models with residual dependence in Section 2.1, the condi-
tional expectation proxies are defined with the loading matrix Ap and ¥'p, following
the same expressions as presented in [4].

1. For the 1-factor model in Definition 1, let (w°,zp) be a realization of (W,Zp).
The proxy for W (or estimate of WO) given zp, based on Qp =Ip, is:

wp=Ap' (ApA)+¥3) 'zp
= (1+Ap " ¥)?Ap) 'A ¥ 2p, (8)

if ApAj +‘I’% is non-singular and ¥'p has no zeros on its diagonal.

2. For the bi-factor model in Definition 2, let (w),w!, ..., w%,zp) be a realization of
(Wo,W1,...,Wg,Zp). The proxies (estimates of wg, w(l], .. .,w(();) given zp, based
on Qp =Ip, are:
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Wwo = (ao) " (ApAp +¥p) 'zp, )

We(Wo) = (by ,0)E, ' (zg o), g €{L,...,G}, (10)

where ap = ag p is the first column of the loading matrix, z, = (z1g,. .- 7ngg)T,
bog = bo 4,5 and by = b, are the dg x 1 global and local loading vectors for
group g. Let B, = [bo,,bg| (matrix of size d, x 2). Let £, be the correlation
BB +¥; by,

matrixof(Z;,Wo).ThenEg: bT 1 1 forge {1,...,G} with ¥ =
3

diag(¥y,...,¥;).
3. For the oblique factor model in Definition 3, the proxies (estimates of w(l), el 7w(();)
given zp, based on Qp = Ip, are based on separate 1-factor models for each

group.

3.2 Proxies in factor copula models

In this section, the proxies, based on the assumption that c,es comes from the inde-
pendence copula, are summarized.

1. For the 1-factor copula model in Definition 4, let (V0,up) be a realization of
(V,Up). The proxy estimate of 1* is:

Jo VT2 cjouj,v)dv

VDZVD(MD) = . (11)

Jo TIZ- cjo(uj,v) dv
2. For the bi-factor copula model in Definition 5, let (vg,v?, . ,v%,uD) be a real-
ization of (Vo,Vi,...,Vi,Up) with up = (u1,...,us). Based on conditional ex-

pectations, the proxy estimates of v} and vg are given below as vop(up) and
ng(ug,v()D). Let

1 dg

fol(ug,vo) :/0 HCUjg$Vg§V0(CU_jg\Vo(u/8|V0)’Vg)dvg? ged{l,...,G}.
=1

With D = (..., dy),

d,
Jo voTIE- {TT3E s cuj v (17, v0) - fo (g, v0) } dvo

1 d
Jo gzl{njgzl CU_,-g,Vo(”jg’VO)  fo (g, vo) }dvo

Vop (up) = (12)

Forge {1,...,G},
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Ve (g, VoD)

1 d ~ -
_ Jo ve Hjil CUj Vo (4jg:Vop) - CUje VeV (CUjg\Vo (ujgvop),vg) dvg

(13)
1 4 ~ ~
Jo TTiLy cuje vy (g Vob) - €uje vy (Cus vy (g [VoD ), vg ) dvg
3. For the oblique factor copula in Definition 6, let (v),...,v%,u1,...,us) be a
realization of (Vi,...,Vs,Up). The proxies are given below as vep(ug) for

ge{l,...,G}:

1 d,
s _ f() Vg ngil CUjg Vg (ujg’ Vg) dvg "
Vep (Ug) = T, ) (14)
fo Hj:1 CUjg Vg (ufg’ Vg) dvg

4 Consistency of proxies: model known

General proofs for factor copula models are not possible or would take too much
space because of the generality for cps. For Gaussian factor models with parame-
ters that are loading and correlation matrices, proofs are possible with interpretable
conditions for weak residual dependence. These provide insights into conditions for
the consistency of the proxies in the factor copula counterparts, and these conditions
provide more concise definitions of weak residual dependence.

The theorems are established assuming all parameters in the factor model and
residual dependence are known. We have to know that proxy estimates are consistent
in this case in order to discuss a method for determining parametric bivariate linking
copula families for factor copula models and estimating the parameters.

With proxy estimates of latent variables in high dimensions, existing methods for
vine copulas can be used to choose bivariate linking copula families in Definitions
4 to 6.

To consider factor copula models, the variables are monotonically related to each
other and to the latent variables. Without this assumption, there could be identifia-
bility issues. For data, assuming the variables are monotonically related and the
correlation matrix Ry, of normal scores summarizes the dependence well, the dif-
ference with R,,,,4.; based on a 1-factor or structured factor model can be computed
to assess which variables have residual dependence; see more details in Section 6.

In this section, sufficient conditions are obtained on the residual dependence so
that the proxies defined in Section 3 for Gaussian and copula factor models with
weak residual dependence remain consistent as the dimension D — oo. The interpre-
tation of the sufficient conditions is that the total dependence of any variable with
the other variables, conditioned on the latent variables, is bounded as D — oo.

Section 4.1 discusses results for the consistency of factor scores in Gaussian fac-
tor models, while Section 4.2 presents results for the consistency of proxy variables
in factor copula models. The assumptions regarding the strength of the residual de-
pendence are similar for both Gaussian factor models and factor copula models.
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4.1 Consistency in Gaussian factor models

For the 1-factor Gaussian model with weak residual dependence in Definition 1,
suppose the maximum eigenvalue of I'p is bounded as D — oo, the model is an
approximate factor model from the definition in [1]. This assumption is sufficient
for the proxy in (8) to be asymptotically consistent. An assumption that is more
straightforward and can be extended to the copula case is provided below.

Assumption 1 Let I'p = (7 )1<s:<p be the conditional covariance matrix of ob-
served variables given the latent variables in Definition 1. Let Sp = Z?:l yj€; and

& =Sp/D, then E(53) =Y2 | ¥P  v,. Assume

0< lilgninfD*'E(Slz)) < limsupD'E(S3) < M,
—yo0

D—oo

where M is a positive constant.

Remark 1. Let }/S(f) =YDy for s € {1,...,D}. Below are examples where As-
sumption 1 is satisfied and not satisfied.

e (Satisfied). If )/S(f) is O(1) as D — oo for all s, then Assumption 1 is satisfied; for
example, €’s are indexed to have ante-dependence of order 1: 0 <ry < ¥; j11 <
rp < 1forall j, and yj = Hff;jl Yiit1 fork—j>2.

* (Not satisfied). If }/5? is O(D) as D — o for at least one s, then Assumption 1 is
not satisfied; for example, € is dominating: 0 < r; < ¥; < r» < 1 for all j, and

Yik = N1j - Vik-

Theorem 1. (Asymptotic properties of proxies in I-factor Gaussian with residual
dependence model). For the I-factor Gaussian model with residual dependence in
Definition 1, with given sequence {a,0q, ...}, suppose there is a realized infinite
sequence of observed variables z1,z3,... and a realized infinite sequence of dis-
turbance terms ey, es, ... with realized latent variable w° (independent of dimen-
sion D). For the truncated sequence to the first D variables, let zp = (z1,...,2p) ",
ep = (e1,...,ep)", and let the loading matrix be the vector (i, ..., 0p)". Assume

D
—1 <liminfe; <limsupo; <1, lim D! Y lotj| — const,  const #0.
J—voo o0 D—o0 =

With Assumption 1 on residual dependence, for the proxy defined in equation (8),
then wp —w° = 0,(D™'/?) as D — .

Proof. The proof is in Section 9.1.

Remark 2. Assumption 1 implies Var(g) = O(D~!), the same order as the case of
independent and identically distributed. The convergence rate at /D for the proxy
variable is the same with the assumption of conditional independence of observed
variables given the latent variable.
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The consistency of proxies in the oblique factor model is a straightforward corol-
lary of Theorem 1, with an assumption of residual dependence similar to Assump-
tion 1. The observed variables Z,, g € {1,...,G} in one group g are linked to the
same (realized) latent variable wg and these variables satisfy a 1-factor model with
weak residual dependence. The details of the theorems are omitted.

The conditions of the bi-factor Gaussian model for consistency of the proxy vari-
ables are a bit stronger than that required for the 1-factor model.

Assumption 2 For the bi-factor model with weak residual dependence and a fixed
number of G groups in (3), D = Zgzl dg. Let I'p = (Vs ) 1<s:<D be the conditional
covariance matrix of disturbances {€j, }. Assume

D D D D
O 1 i fDil 1 D*l M
<liminfD™' 3 ¥ || <limsupD™" }2 3 [l < M,

s=1t=1 s=1t=1
where M is a positive constant.

Theorem 2. (Asymptotic properties of factor scores in bi-factor Gaussian model
with residual dependence model). For the bi-factor Gaussian factor model with
fixed G groups defined in Definition 2, with given sequences {0 14,002, --.} and
{aig,00,...} for g € {1,...,G}, suppose there are realized infinite sequences of
observed variables z{ = (z11,22.1,---), ...,zg = (21,6:22,G; - - -) and realized se-
quences of disturbance terms eir =(e11,€21,-..), ...,eg =(e1,6,€2G,--.), with la-
tent variables w® = (w8, w?, e ,W%). Truncate the sequences to the first d, variables
Zd,g for g € {1,...,G}, with no dg dominating others. Let zp = (7;1,1 bee 72367G)T’

ep = (e;1 RECEE 7e;GG) and assume that the loading matrices

Ap = lao p,diag(by,1,. . . ,ba;c)]

are of full rank, with bounded condition number over dg — oo for all g. With by,q =
(Ctigy- -, Ocdg_,g)T, assume D™ llaoplli 70, dg’1 ||bdgg 14~ 0forge{l,...,G}, and
liminf; , llljzg > 0. Let wp = (W, ..., wg) be the factor scores defined in (9) and (10).
With Assumption 2 on the residual dependence, then

Wy —w)=0,(D""?), g€{0,1,2,...,G}.
Proof. See Section 9.2 for the proof.

The assumptions D! ||ao p||1 # 0, dg’l [ba,gll1 #> 0 forg € {1,...,G} are similar
to an assumption in Theorem 1. The average absolute loading in any column of Ap
does not go to 0 as D — oo (otherwise, the latent variables do not explain enough
dependence in the observed variables).
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4.2 Consistency in factor copula models

In this section, we present the conditions on the residual dependence for the consis-
tency of the proxy variables in the 1-factor copula models with residual dependence
defined in Section 2.2. We assume that the linking copulas between the observed
variables and the latent variables, as well as the copula for the residual dependence,
are known. (This step is needed before the case where parametric families of link-
ing copulas are estimated.) For tractability of a proof, we also assume that residual
dependence conditioned on the latent variables, is summarized by a multivariate
Gaussian copula. The results under this simplified assumption provide insights into
(a) the 1-factor copula model when the residual dependence is modeled by other
well-behaved parametric copulas instead of Gaussian copulas, and (b) the bi-factor
copula model with weak residual dependence.

The regularity conditions on the linking copulas stated in Assumption 1 in [4]
are also necessary. These conditions require the linking copulas from the observed
variables to the latent variables to be well-behaved, and the dependence between the
observed and latent variables to be strong enough and bounded away from comono-
tonicity and countermonotonicity. (If the dependence can approach comonotonicity
or countermonotonicity, then one of the variables can be taken as the proxy.) Addi-
tionally, further assumptions on the residual dependence are required, analogous to
Section 4.1. It is required that for any variable, the total dependence of the variable
with the other variables, conditioned on the latent variables, is bounded as D — oo.
In the following remark, we provide an outline of the proof for the consistency of
proxy variables in the 1-factor copula model.

Remark 3. Consider a realization (v0,up) of (V,Up) where v* is to be estimated

based on up. Let Lp(v;up) be the average negative log-likelihood treating v as a
parameter, that is,

Lp(v;up) :=
D

_ 1
—-Dp! Z logcjo(uj,v)— o log cres(Cijo(u1]v), - -, Cppo(up|v))
j=1

7
:=qLp(vup) =L (vup)

so that Lp(v;up) = qLp(viup) —|—Z(Dr) (v;up), where Z(Dr> comes from the residual
dependence given the latent variable.

From the proof of Theorem 5 in [4], the proxy vp and maximum likelihood esti-
mate v}, with cres = 1 are asymptotically equivalent. With residual dependence, the
optimum vj, estimated from gLy, is now a quasi-MLE. Therefore, to show the con-
sistency of proxy variables, we need to show that the quasi-MLE v}, converges to the
realized latent variable v* under some conditions on the weak residual dependence
as D — oo,

The gradient of the negative log-likelihood for v is
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oL, 4L, JLY
dv  dv dv
The proof mainly consists of two steps.

A. Show that the limiting inference (score) function or derivative of Lp with respect
to v has a unique solution at 1°.

5)

B. Show that the gradient of the Z(Dr) with respect to v at v0 goes to zero as D — co.
To prove v}, — 7, for Step B, it is sufficient to justify the Fisher consistency, by
showing

az(’)
D —p0, D —oo. (16)
dv v=»0
This implies limp_.. dgLp (v;up)/dv |V=V0: 0 since, from step A (under usual reg-

ularity conditions for the likelihood), limp_,. dLp(v;up)/dV|,_,0 = 0.
The Fisher consistency can be derived by a first-order Taylor expansion. Expand-
ing dgL,(v%;up)/dv around the quasi-MLE v}, leads to

dqLp(vpup) 324740("23?“0) 0«
v + ov? (= vp) -

Since dgLp(v}y;up)/dv =0 and assuming limp .. |02gLy, (v});up)/dVv?| is bounded,
then v}, —% — 0 when D — .

The Fisher consistency in (16) is justified in Theorem 3 for the 1-factor copula
model with Assumption 3 and Condition 1 below.

Assumption 3 Consider the 1-factor model with residual dependence in Definition
4.

(i) Assume the bivariate linking copulas {Cjo(u,v)} are such that the derivatives
{9Cjo(u[v)/dv} are uniformly bounded for all j and the limits of the derivatives go
to O when u — 1 or u — 0 for vq < v < vpg, where v, is close to 0 and vg is close to
1.

(ii) Assume the bivariate linking copulas {Cjo(u, v) } are such that the ratio of deriva-
tives [02C;jo(u|v)/dvdu] /[0C;o(u|v) /du] are finite and uniformly bounded over j
when u — 1 or u — 0 and for v4 < v < vg, where v4 is close to 0 and vp is close to
1.

(iii)) Let U? = C;p(U;|V =1°), and E? = &~ (UY) for all j. Assume that

DY |Cov((71(-),l~],?) =O0(D)or X2 Y, |Cov(EY,E{)| = O(D).

Condition 1 For a Gaussian copula for residual dependence, with correlation ma-
trix parameter I'p = (yj), with its (j,k) entry given by COV(E;-),E,?). LetTp' =
(Y)1<jucp- Assume L)y [y = O(1) and L. || = O(1) for all k.

Remark 4. One example where Condition 1 is satisfied is for an m-truncated Gaus-
sian partial correlation vine. In [6], a positive D x D correlation matrix can be re-
parametrized into D correlations and D(D — 1)/2 partial correlations which are al-
gebraically independent in (—1, 1). The re-parametrization is not unique and can be
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represented by vine trees. Consider the vine trees truncated to m levels, from Propo-
sition 2 in [7], there are (D —m)(D —m — 1)/2 positions of the inverse correlation
matrix I 51 that are zero and thus Condition 1 is satisfied.

Theorem 3. (Consistency of proxy in 1-factor copula model with weak residual
dependence when linking copulas are known). For the I-factor model with weak
residual dependence in Definition 4, suppose there is a realized infinite sequence
ui,u, ..., with latent variable V° (independent of dimension D). Truncate the se-
quence to the first D variables and let up = (uy,...,up)". Define the average neg-
ative quasi-log-likelihood in v as

D
gLp(v)=—D""Y logcjo(uj,v). (17)
j=1

Assume limp_,e gL, has a global minimum for all D > d (for some large d > 0) and
the second derivative cTLZ at the global minimum has a limit infimum that is strictly
positive. Also, assume the likelihood function in (17) satisfies the usual regularity
conditions in Assumption 1 in [4]. With Assumption 3, Condition 1, stochastic in-
creasingness (1 —Cjo(-|v) increasing in v for all j), and v4 < W < vg, the proxy vp
defined in (11) satisfies vp —° = 0,(1) as D — o,

Proof. The proof is in Section 9.3.

Remark 5. Assumption 3 requires the linking copulas from the observed variables to
the latent variable are well-behaved such that the limits of some partial derivatives
or ratios of some partial derivatives satisfy certain conditions when the observed
variables reach the boundary. If the linking copulas for modeling the residual de-
pendence are all bivariate Gaussian copulas, these conditions are easy to check and
are satisfied. This assumption is mild, as it holds for commonly used parametric
copula families such as the Gumbel, BB1 and Frank families; this can be verified
through analytical and numerical checks. The conditions in Assumption 3(iii) on the
residual correlation matrix are parallel to the Gaussian copula case. These assump-
tions on the linking copulas and on the residual dependence provide insights for the
bi-factor and oblique-factor models.

5 Consistency of proxy variables with estimated parameters

In this section, rather than completely specified factor models, we assume there
are loading parameters for the Gaussian factor models or parameters for bivariate
linking copulas in the factor copula models that have to be estimated. For factor
models with residual dependence, the estimation based on the log-likelihood as-
suming Qp = Ip or ¢, being an independence copula implies estimation with a
mis-specified likelihood, and the resulting estimator from this mis-specified log-
likelihood is a quasi-MLE.
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In this section, weak sufficient conditions for residual dependence are given so
that it can be proved for the 1-factor Gaussian models with residual dependence
that the quasi-MLEs of loading parameters are consistent. Note that parameters for
the residual dependence are not involved in the estimation of the proxies. The log-
likelihoods in this section are functions of the loading parameters and not the latent
variables (as in Section 4.1).

LetYp,...,Yyp,... be an (infinite) random sample from a density gp and let
the realizations be y; p, ..., ¥y p,--.. (¥ = Z for Gaussian factor models and ¥ = U
for factor copula models.) The ith observation vector is y; p = (Vi - - ,vip) . Sup-

pose gp(yp) is the density with residual dependence and fp(yp,0) is the paramet-
ric density of the corresponding factor model assuming conditional independence
(given latent variables). The quasi-MLE maximizes the quasi-log-likelihood

N
Op=0pyN = OD(yl,Dv e 7yN,D) = argmax Zlong(Yi,D§9)~
i=1
Under some regularity conditions, such as in [13], including the MLE asymptoti-
cally being in the interior of the parameter space, then Op —, 0}, as N — oo (with
fixed D), where 7, minimizes the Kullback-Leibler (KL) divergence

' gp(yp)
gp(yp) log | | dvo. as)
/ O) fo(yp: @) P
For j =1,2,..., let 8; be the dependence parameter vector for observation j

linking to the latent variables. The parameter vectors @ ; are specified in the Gaussian
factor models with weak residual dependence as below.

* Gaussian 1-factor: 6; is a loading parameter or correlation parameter with the
latent variable, that is 6 ; = o;.

* Gaussian bi-factor: 8; = (g jg, 0tj¢) if observation j is in group g.

* Gaussian oblique factor: 8 ; = «;, if observation j is in group g. For Gaussian
oblique factor models, there are additional parameters {p;; : 1 <i < j < G} for
the correlations of the latent variables.

For factor copula models, the parameters are in the copulas in Definitions 4 to 6.

For fixed D, let 8}, = {67, : j € {1,...,D}} be the vector minimizing the KL
divergence of fp relative to gp in (18).

A theorem is given only for the case of the Gaussian 1-factor model (see Theorem
4) and the proof is long. The details are much more complicated than in [4]. The
theorem is stated in Section 5.2 with its proof in Section 9.4. The conditions for
the theorem can be intuitively extrapolated to 1-factor and group-based structured
factor copula models. Section 7 has simulation studies showing the effect of weak
residual dependence on parameter and latent variable estimation in factor copula
models. For a specific simulation scenario with weak residual dependence, the key
properties of the score vector and Hessian matrix in the proof of Theorem 4 and its
lemmas can be verified numerically.
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5.1 Estimation of parameters in blocks

To avoid the rate of convergence with both N and D increasing to infinity, we use
the property of closure under margins for factor models so that parameters can be
estimated in blocks as D gets large. This is valid with a super-population assumption
for the variables (and corresponding parameters linking to latent variables). This is
the methodology of proofs used in [4] for parameter estimation.

With residual dependence, for block-estimation to be valid, there is an additional
assumption. The variables are assumed to be organized in blocks such that the condi-
tional correlations between the blocks conditioned on the latent variables is weaker
than the conditional correlations for the observed variables within blocks.

With the assumption that the residual dependence is sampled from some super-
populations, such that for any variable, the total dependence of the variable with
other variables given the latent variables is bounded as D — oo, the model main-
tains the “closed-under-margin” property by blocks. Therefore, the block-estimation
method discussed in Section 5.3 in [4] can be utilized to estimate the increasing pa-
rameters in the loading matrix for Gaussian factor models or on the linking copulas
in factor copula models in sequential blocks. The block size dpjock is similar across
blocks, and the number of blocks increases with the growing number of observed
variables.

5.2 Differences between quasi-MLEs and true parameters

In this section, we mainly show that with the super-population assumption on the
residual dependence, the differences of the quasi-MLEs estimated in sequential
blocks and the true parameters are of order O(N~'/2) +0(dy,. . ). The remark below
discusses an outline of this result.

Remark 6. Consider a random sample of size N with D variables. The variables are
split into K blocks for parameter estimation. Let the kth block be %, and the block
size di = dpjock, for k =1,..., K. The differences between the quasi-MLEs and true
parameters in each block come from two aspects.

Firstly, based on analysis of Kullback-Leibler divergence between fp and gp,
under conditions in Assumption 4 on the weak residual dependence,

0o — 0 = Oljous)  for j € By (19)

Secondly, consider the sampling variability. The quasi-MLEs for a sample of size
N converge to the minimizer of the KL divergence at rate O(1/+/N). Let the quasi-
MLEs be éj-,Ndblock in one block %. Under the general regularity conditions for
quasi-maximum likelihood estimation [13],

A

0; N dytocc — O block = Op (N7'?), je B

J
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Therefore, the differences between the quasi-MLEs and the true parameters are of
order O(N -1/ 3+ O(dl;éck). If the block size is sufficiently large, the differences
between the quasi-MLEs and the true parameters in each block will be dominated
by sampling variability.

The assumptions on residual dependence, ensuring (19) is satisfied, are outlined
in Assumption 4. The statements for the 1-factor Gaussian model are presented in
Theorem 4. The conditions in Assumption 4 can be extended to other factor (copula)
models, such as the 1-factor copula model and bi-factor Gaussian (copula) models
with residual dependence. The mathematical proof for the 1-factor Gaussian model
is tractable but lengthy. The details of the other models are omitted due to the tedious
calculations.

Assumption 4 (Super-population): (1) In the first-level super-population, the ob-
served variables (or their correlations, partial correlations, or linking copulas)
are sampled from appropriate super-populations. (2) In the second-level super-
population, the conditional dependencies of any pair of variables are assumed
to be sampled from some super-populations such that for any observed vari-
able j, the total dependence of this variable with other variables with indices in
{1,...,j—1,j+1,...}, given the latent variables, is bounded O(1) as D — oo.

In the 1-factor Gaussian factor model with weak residual dependence in (2), for
a fixed dimension, let I'p = (Vi) 1<s:<p be the conditional covariance matrix of
observed variables given the latent variables. Assume that

D D
Y vl =Y el = 0(1).
(=1 /=1

uniformly holds for all k.

The super-population assumption in the first level essentially avoids the cases
where additional variables, indexed by j as j — oo, have dependence with the la-
tent variable that converges to independence or perfect dependence. The super-
population assumption in the second level means that the pattern of conditional
dependence of a variable j with the remaining variables is similar over index j.

The conditions specified in the second paragraph of Assumption 4 are stricter
than those in Assumption 1, because the condition in Assumption 4 serves as a suf-
ficient condition to establish the condition in Assumption 1. The examples provided
in Remark 1 show cases where the assumption could fail or be satisfied.

Theorem 4. (Difference between KL minimizer and vector of true loadings in I-
factor Gaussian model with residual dependence). For the model in Definition 1 with
loadings aj for 1 < j < D, let the correlation matrix of gp be R% = apag +I'p,
where I'p = (Yij)1<i,j<p- The correlation matrix of fp is Zp = BoB) +'P%, with
2 — diag(1 — jz;l <j<D).

Let B}, be the minimizer of the KL divergence between true gp and fp. With the
super-population assumption and conditions in Assumption 4, as well as the loading
parameters being bounded away from +1, then B}, —ap = O(D™1).
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Proof. See Section 9.4 for the proof.

In [4], when Qp = Ip or ¢ is the independence copula, under the super-
population assumption, the differences between the estimated loading matrix for
the Gaussian factor models or the estimated parameters on the linking copulas for
the factor copula model and the true parameters are of order O(N -1/ 2) uniformly in
each block when the block size is large enough. The proxies are defined the same
way as in [4], involving only the links from the observed variables to the latent vari-
ables. Therefore, Lipschitz continuity of the proxy variables presented in Section
5.1 of [4] still holds. Following the same logic, the consistency also holds when the
parameters are estimated as both N and D increase to infinity.

6 Sequential estimation of parameters and latent variables

This section summarizes how estimation for factor copula models can proceed with
weak residual dependence. The estimation method is used in Section 7 for some
simulation examples. It is also used in the applications in [3].

We suppose the context of the data suggests that a factor model should be suit-
able. The steps in using proxies and assessing weak residual dependence are the
following, assuming there is a random sample {(y;i,...,yiq) :i=1,...,N}, from a
multivariate cdf Fy.

1. Fit d univariate distributions and apply probability integral transforms, or apply
rank transforms to get {u; = (uj1,...,uiy) :i=1,...,N}.

2. Apply the standard normal quantile function ! to each u; ; to get vectors of

normal scores {(zi1,...,ziq) :i=1,...,n}.

Let R, be the d x d correlation matrix of normal scores.

4. If there is no group structure, fit a 1-factor Gaussian model to R;4,. If there is
a group structure with G > 2 groups, fit bi-factor and oblique-factor Gaussian
models to Ry, and keep the better fitting model. Let R,,,4.; be the model-based
correlation matrix computed as a function of the loading parameters.

5. Compare R;qq and R,y4 to note the (j,k) entries where |Rgara, jk — Rmodel, ji|
exceeds a threshold and might indicate weak residual dependence.

6. Assuming few instances of exceeding the threshold, use the residual dependence
pattern to find a parsimonious truncated vine structure (e.g., [7]) for the weak
residual dependence.

7. If normal scores plots suggest departures from a Gaussian copula for the mul-
tivariate dependence, apply the proxy estimation theory in previous Sections of
this article and in [4] for estimation of a parametric factor copula model.

(O8]

The steps for estimating latent variables with proxies are as follows. Simple prox-
ies (as in [4]) are used in the first stage to help in selecting parametric linking copula
families from the observed to their corresponding latent variables and obtaining the
initial estimates of the copula parameters. Then, “conditional expectation” proxies
in Section 3.2 are constructed and used to estimate the parameters by optimizing



172 Xinyao Fan and Harry Joe

the approximate (complete) log-likelihood with the latent variables replaced by the
proxy variables.

Some details are repeated from [4] for the 1-factor copula model; they are similar
for the bi-factor model except the simple proxy is based on a bi-factor Gaussian
approximation.

For the parametric 1-factor copula with weak residual dependence in Definition
4, suppose there is realized random sample of size N, with ith observation vector
u; = (u;1,...,u;p) as an independent realization of U = (Uj,...,Up). If the latent
variables (v1,...,vy) are assumed observed, the complete log-likelihood, with para-
metric bivariate linking copula Cjo(-;0 ;) for U; (1 < j < D) and copula Cres(+; 6 res)
for residual dependence, is

M=
nglS]

N
logcey v (uit, - .., uip,vi;0p) = logcjo(uij,vi;0)
=1

= 1

1j=1

~
I

N
+ Y 10g cres (Ciio(uit [vi:01)), - ... Cpjo(uin|vi:0D): Bres). (20)
i=1

There are two stages in the proxy estimation.

e Stage 1: Define the simple proxy random variable as
D
Up = PY (D—1 Zu,-), Q1)
j=1

where Pg is the cdf of Up := D’IZ?:IUJ'. (21) has the version of proxy
in [11]. For observation i, let iz; = D_lszzl u;; and let the sample proxy be
u; o = [rank(;) — 0.5] /N; rank(i;) is defined as the rank of i; based on i1y, . ... , ily.
Combining the bivariate scatterplots of proxy variables versus observed vari-
ables, empirical tail-weighted dependence measures and Akaike information cri-
terion (AIC) values of a few candidate parametric copula families, one can decide
on copula families Cjo. Substitute v; = u; o in the log-likelihood (20), and obtain
the first-stage estimates of the parameters @ from this as an approximate log-
likelihood. Also, for a simple parametric model for weak residual dependence
(such as for a Markov tree structure), 0., can be estimated.

» Stage 2: Construct the conditional expectation proxies based on (11) with the
first-stage estimated parameters of Op = {0;,j = 1,...,D}. One-dimensional
Gauss-Legendre quadrature can be used. Denote the improved proxies as u; o for
i€{1,...,N}. Substitute v; = i; ¢ in the log-likelihood (20) to obtain the second-
stage estimates of the parameters.
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7 Simulation studies

The theorems in previous sections provide intuitive conditions for weak residual
dependence in factor copula models. Proofs emulating Theorems 3 and 4 would take
too much space, so instead this section summarizes some representative simulation
results for factor copulas to support and explain ideas in previous sections, and show
the effects of weak residual dependence.

For the simulations, to concentrate on the behavior under weak residual depen-
dence, we assume univariate margins are known or have been well estimated so that
the probability integral transforms lead to a sample from a factor copula. In all the
following settings, the parameters on the linking copulas are designed to be gener-
ated uniformly from a bounded subset of the parameter space; these are examples
of sampling from some super-populations. A few different scenarios were assessed
and some summaries are given in two subsections for the considered factor copula
models.

7.1 I-factor copula with weak residual dependence

The sample size is N and there are D variables with bivariate linking copulas
Civ(,0j), j€{l,---,D}, to the latent variable. The parameters {6,...,0p}
are uniformly sampled from U(6y,6y), where 6, and 6y are chosen so that the
Kendall’s taus of the bivariate copulas range between 0.4 and 0.8 for moderate to
strong dependence. The parameters change for different generated random samples
in different simulation runs. For simplicity, the weak residual dependence in simu-
lated data sets assume the variable indices have been permuted so that a 1-truncated
or 2-truncated D-vine structure can be used — for 1-truncated, there is weak condi-
tional dependence for variables with neighboring indices, and for 2-truncated, there
is additional weak dependence for variables indexed 2-apart. The parameters for
weak residual dependence have Kendall tau values in the interval (0.1,0.3).

The details of the three simulation settings are shown in Table 1. Setting 1 in Ta-
ble 1 is designed to compare with the results presented in [4] in the 1-factor copula
model. To further explore the influence of the weak residual dependence on param-
eter estimation and proxy estimation, additional settings are designed within Setting
2. The linking copulas in the truncated vine for residual dependence include Gaus-
sian or Frank copulas. In Setting 3, the linking copulas from the observed to the
latent variables comes from different families.

The simulation results for Settings 1, 2, and 3 are presented in Tables 2, 3 and 4,
respectively. In Settings 1 and 2, the family linking copulas are assumed known and
only copula parameters are estimated. In Setting 3, the parametric linking copula
families are chosen from among a few candidates based on AIC. Similar to [4], the
main summary is the Mean Absolute Error (MAE) or Root Mean Squared Error
(RMSE) of the estimated parameters for the D linking copulas from the observed to
the latent variables for two different methods, denoted as m € {1,2} in the equation
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(23). Here, m = 1 indicates the simple proxy approach (based on (21)) and m = 2
represents the sequential proxy approach.

Table 1 Three simulation settings for the 1-factor copula model; in setting 3, the number of linking
copulas in different families is approximately D/3, and the v parameter of t copulas is fixed at 5.
The parameters on the linking copulas from the observed to the latent variables are chosen with
Kendall’s tau in [0.4,0.8] while the parameters on the linking copulas in the residual dependence are
chosen such that Kendall’s tau is in [0.1,0.3]. For Setting 2.2, the residual dependence is modeled
by a 2-truncated D-vine with Kendall’s tau in the first level of the D-vine in [0.2,0.3] and that in
the second level of the D-vine in [0.1,0.2].

Linking Families Residual Dependence Structure
setting 1 Frank 1-truncated D-vine (all Gaussian copulas)
setting 2.1 Gumbel 1-truncated D-vine (all Gaussian copulas)
setting 2.2 Gumbel 2-truncated D-vine (all Gaussian copulas)
setting 2.3 Gumbel 1-truncated D-vine (all Frank copulas)

setting 3  Gumbel, t, BB1 1-truncated D-vine (all Gaussian copulas)

(6.,,0y] (Kendall’s 7) [07°,075°] (Kendall’s 7)
setting 1 [4.2,18.5](0.4,0.8) [0.15,0.45](0.1,0.3)
setting 2.1 [1.67,5] (0.4,0.8) [0.15,0.45](0.1,0.3)
setting 2.2 [1.67,5] (0.4,0.8) U(0.30,0.45)(0.2,0.3)

U(0.15,0.30)(0.1,0.2)
setting 2.3 [1.67,5] (0.4,0.8) [0.95,2.95](0.1,0.3)
setting 3 1.67,5],[0.59,0.95], [0.15,0.45)(0.1,0.3)

[0.5,1.30] x [1.35,3.0] (0.4,0.8)

Summaries from the simulation settings are the following based on N* random
samples of size N being generated.
a. The RMSEs of the proxies of the two methods are:

DO S R AR 1.2 2
VRMSE*{N*NZiZi(Vsi Vi) } , me{l1,2}. (22)
s=1i=

b. The MAE of the differences between the estimates obtained from the proxy
methods and the true parameters is:

K

=z

PN

m

1
OMAE = N°D

D ~
1655 — 65l
=1

s=1j

where 6;; is the parameter of Cjy generated at the sth simulation and és’? is the
corresponding estimate using method m.
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c. The differences of Kendall’s taus (functions of the estimated bivariate link-
ing copula) of the estimates obtained from the proxy methods and the maximum
likelihood with exact likelihood:

R 1 N* D R 0
diff " 165} |y Bdise = 1T5; — 3, me {1,2}. (23)
|1| NDZZ |diff] — N*D;J:Zl sJ sJ

d. In Setting 3, the averaged differences of some dependence measures between
the true and fitted models over the D bivariate linking copulas:

[Mdlff ;ﬁean _ ) Z Z | Mmodel Mtrue] ,‘7 me {172}7 24)
s=1j=

In Setting 3, summaries include the averaged differences of the dependence mea-
sures between the true and fitted models over the D bivariate linking copulas in (24).
The three dependence measures are Kendall’s tau and tail-weighted upper/lower tail
Lo (with or = 20), as defined in [12], to assess central dependence and tail properties.

From the results in Table 2 for Setting 1, the simple and sequential proxy ap-
proaches can provide accurate parameter estimates when D is large, and the se-
quential procedure performs better compared to the simple proxy, as it has more
accurate estimates of the parameters and the realized latent variables. In the 1-factor
model with weak residual dependence, the differences in the estimated parameters
and those obtained from the exact likelihood are in a similar scale as those in the
1-factor copula model (without residual dependence) presented in [4]. However, the
RMSE:s of the estimated proxies are larger compared to those results in [4] with the
assumption the conditional independence given the latent variables.

Table 2 1-factor copula models with all Frank linking copulas (Setting 1); simulation size N* =
1000, sample size N = 500, 6 uniform in (61,0 ) as specified in Table 1. Summaries from (23),
(24), and (22) for 3 approaches — superscript m = 0: exact likelihood; superscript m = 1: simple
proxy; superscript m = 2: stage 2 proxy.

A0 AL A2 1Al B2 14 diff |2 =1 sm=2
D|0vae Ovae Oag| Qi) Ot [T mean |77 [iean | "RMsE PRMSE

20(0.456 0.598 0.646(0.477 0.469| 0.012 0.009 [0.051 0.037
40(0.437 0.483 0.488(0.298 0.217| 0.007 0.004 |0.039 0.027
60(0.429 0.461 0.458(0.234 0.163| 0.005 0.003 10.033 0.023
80(0.418 0.443 0.437|0.203 0.140| 0.004 0.003 [0.030 0.020

From the results in Table 3 for Setting 2, comparing Settings 2.1 and 2.2, when
the weak residual dependence becomes more complex (going from 1-truncated to
2-truncated for modeling the residual dependence), the RMSE of the estimated pa-
rameters (of linking copulas from the observed variables to the latent variable) of
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the two approaches is slightly larger, as well as the RMSE of the proxies for the two
approaches. However, as the dimension increases, the sequential approach can still
provide accurate parameter estimates and proxy estimates, even in cases where the
conditional independence is farther from holding in Setting 2.2. Comparing Settings
2.3 and 2.1, the results are similar. This indicates that the sequential approach can
be useful when the linking copulas for modeling the residual dependence are not
Gaussian but belong to some other well-behaved copula families.

Table 3 Results for Setting 2: 1-factor copula models with all Gumbel linking copulas with weak
residual dependence; simulation size N* = 1000, sample size N = 500. The three stacked panels
show the results for Settings 2.1, 2.2, and 2.3, respectively, from top to bottom. Summaries from
(23), (24), and (22) for 2 approaches —superscript m = 1: simple proxy; superscript m = 2: stage
2 proxy. The differences in (23), (24) are between the estimated parameters and true parameters
(instead of estimated parameters from the exact approach). The implementation of the exact maxi-
mum likelihood approach is limited to scenarios where the residual dependence is modeled using
a 1-truncated vine.

hl H2 Al H2  ||4diff|l Adiff |2 sm=1_ om=2
D | Oruise Ormise| Qi it 1T | ean |27 [imean| "RMsE PRMSE

20| 0.225 0.218(0.167 0.165| 0.015 0.014 |0.054 0.042
40( 0.203 0.149|0.148 0.112| 0.013 0.011 |0.041 0.030
60| 0.192 0.136{0.139 0.103| 0.012 0.010 |0.035 0.024
80| 0.188 0.135(0.138 0.103| 0.012 0.010 |0.032 0.022

20| 0.237 0.308 [0.187 0.246| 0.019 0.021 |0.067 0.053
40( 0.194 0.176|0.143 0.134| 0.013 0.012 | 0.051 0.039
60| 0.190 0.146 0.138 0.111| 0.012 0.011 |0.043 0.032
80| 0.182 0.137(0.133 0.104| 0.012 0.010 |0.039 0.028

20| 0.235 0.233(0.175 0.177| 0.017 0.015 |0.057 0.044
40| 0.201 0.152)0.146 0.114| 0.013 0.011 |0.043 0.032
60| 0.194 0.138[0.141 0.105| 0.012 0.010 |0.036 0.026
80| 0.192 0.135|0.139 0.102| 0.012 0.010 |0.033 0.023

Table 4 Results for Setting3: 1-factor copula model with linking copulas from Gumbel, t, and
BBI families; Simulation size N* = 1000, sample size N = 500. In each simulation 0 is uniform
in (01,0 ). The summaries are for (24) and (22) and are shown in order m = 1/m = 2 respectively
in columns 2 to 4. With linking copula families to be decided, [t%7] yean, [ g{{ﬂmean,[gg{{f] mean, are
the averaged differences in the dependence measures between true and fitted models over D linking
copulas. & = 20 in Ca,y and CD,,L defined in [12] to summarize the dependence in the upper and

lower joint tails.

D| [%diff]%can [ gig}gcan [ gig}glcan 9%\:/[]5E ﬁ;{ll\:/léE

30{0.016/0.016 0.027/0.022 0.033/0.029 0.051 0.038
45(0.014/0.014 0.024/0.020 0.029/0.025 0.042 0.031
60(0.014/0.013 0.023/0.019 0.027/0.024 0.038 0.027
90/0.013/0.012 0.022/0.019 0.025/0.022 0.033 0.022
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Setting 3 indicates that the sequential approach can identify linking copula fami-
lies with similar tail behaviors to the correct ones in most cases, based on the small
differences in upper/lower tail-weighted dependence measures and Kendall’s tau
when the dimension is large. Comparing the results in Table 3 to those results in
[4], when the conditional independence assumption is slightly violated, the RMSE
of the proxies is slightly larger, while the differences in the dependence measures
are on a similar scale.

7.2 Bi-factor copula with weak residual dependence

A simulation setting is summarized in Table 5 to illustrate the sequential approach
in bi-factor copula models. The sample size is N and there are D variables and 2D
linking copulas. The number of groups G = 3 and the size of each group is D/3.
The parameters of the D copulas linking the observed variables and the global latent
variable are generated uniformly in (6;, 6y ) so that there is a wide range for the de-
pendence between the observed variables and the global latent variable. As for the
D bivariate copulas for conditional dependence, the parameters are generated uni-
formly from (6y, By ) so that the within-group dependence is strong. The residual
dependence is assumed to be a 1-truncated D-vine structure, and the parameters on
the linking copulas are uniformly from (07, 07°) such that the residual dependence
is weak. The simulation size is N* = 1000.

Table 5 The simulation setting for the bi-factor copula model with weak residual dependence; the
linking families are for global and group; weak residual dependence is modeled by a 1-truncated
D-vine. The range of Kendall’s tau corresponding to the range of parameters is included after the
parameter interval.

linking families [6.,0y](7) 011,0uy](t) [07°,07°](7)
setting 1 Frank/Frank/Gaussian [1.87,8] (0.2,0.6) [4.2,11.5](0.4,0.7) [0.1,0.3]

Summaries are given in Table 6. When the bi-factor models slightly deviate from
the conditional independence assumption, the MAEs of the estimated parameters on
the global linking copulas are slightly larger, but those and MAEs of the estimated
parameters on the local linking copulas are on the same scale as the previous results
in bi-factor models (with conditional independence given latent variables) shown in
[4]. With proxies, the RMSEs for global latent variables are slightly smaller, and
the RMSEs for local latent variables are larger than those in bi-factor models with
conditional independence. The estimation improves as D increases.
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Table 6 Bi-factor copula model with all linking copulas in the Frank family; Simulation size

= 1000, sample size N = 1200, d, € {10,20,30} for g € {1,2,3}. The parameters are gen-
erated as specified in Table 5. For D global/local linking copulas, summaries of BMAE Od,ff, Taier for
approaches superscript m = 0: exact likelihood; superscript m = 2: stage 2 proxy are shown; For
MAE, the results are shown for m=0/m=2 respectively.

D Global linking copulas Local linking copulas RMSEroxy
AmM=0/m=2  Am=2 Am=0/m=2  Ap—> PEIN
Frank 6,0, maE Gglob |diff] glob |diff] Bloc:MAE eloc |dif] Toc: \chtf| D0/Vg

30 0.240/0.458 0.375 0.013 0.333/1.027 0.812 0.038 0.057/0.151
60 0.215/0.351 0.277  0.009 0.236/0.447 0.320 0.017 0.044/0.111
90 0.210/0.325 0.257  0.008 0.212/0.302 0.200 0.012 0.038/0.096

8 Conclusion

The proxy variable estimates of latent variables in factor models in [4] are defined
based on the assumption of conditional independence given latent variables. In this
article, some interpretable sufficient conditions on weak residual (conditional) de-
pendence are obtained so that the proxies are still consistent when the conditional
independence assumption is slightly violated.

For high-dimensional factor copula models with a large sample size, simulation
studies show that the sequential estimation approach is robust when there is weak
residual dependence. It is possible to efficiently estimate the latent variables, select
the families of parametric linking copulas, and estimate the copula parameters. As
shown in [4], a latent variable can be well estimated when the cumulative depen-
dence of observed variables to a latent variable is strong enough; more variables
would be needed if the individual dependencies with the latent variable are weaker.
Small amounts of mis-specification are acceptable either in the copula families link-
ing to the latent variables or weak residual dependence given the latent variables.

Results on consistency of factor scores for 1-factor and bi-factor Gaussian mod-
els with weak residual dependence are useful results on their own, but our motiva-
tion is to get an idea of weak residual dependence conditions that could apply for
high-dimensional factor copula models.

For a large number of variables that can be divided into G groups with stronger
within-group dependence, several parsimonious dependence structures given below
can be considered that make use of the correlation matrix of normal scores of the
observed variables and proxy variables. These are applied in [3] for data sets with
daily stock returns, changes in daily currency exchange rates and gene expressions,
and will be used in subsequent research.

* An oblique factor model with weak residual dependence, where there is a 1-
factor model with weak residual dependence for each of G groups, and the G
latent variables are dependent to explain the between-group dependence.
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* A bi-factor structure with weak residual dependence, where there is global latent
variable and G group-based latent variables that are mutually independent, and
there is weak residual dependence of variables in each group conditioned on the
global latent variable and the corresponding group-based latent variable.

* A parsimonious dependence structure constructed from applying truncated vine
algorithms to the combination of observed and proxy variables, with one latent
variable for each group.

Each of the above leads to a truncated vine structure (rooted at latent or proxy vari-
ables). With initially estimated proxy variables based on the Gaussian copula then
one can check if there can be improvements to bivariate linking Gaussian copulas
between each observed variable and the corresponding proxy variables.

Finally, the techniques of proofs in Section 9 are useful for studying asymptotic
properties of estimators with slightly mis-specified models.

9 Proofs

9.1 Proof of Theorem 1

The short proof is modified from [4] in order to highlight the steps for the longer
proof of Theorem 2.

Proof. Let ep = (ey,...,ep) be one realization of €p. Let gp :Agll’ngD > 0.
Then, from (8),

wp—w? = (1+qp) A ¥ ep + (1+45") " 'w? —wP.
Note that Y = D~'/2A ¥, ep is a realization of D~'/2A W, 'ep which can be
written as D~!/2 Z?:l aj€j/yj. The latter random quantity has a variance
DY Y2 ooy /[Wiwi]- By Assumption 1 and with loadings that are bounded

away from =1, this variance is O(1) so that ¥ can be considered as O,(1). With

the boundedness assumptions for the a;’s, gp = D‘qu = O(1). Then wp — wd =

D '2(D7 " 4-gp) (D7 2PA ¥, ep) + O(D") is asymptotically O, (D~'/?). O
9.2 Proof of Theorem 2

Proof. Let Qp = Ap¥p*Ap. With p = G + 1, (8) extends to

wp—w’=(I,+0p) 'Ap¥p'ep+ [(I, +Qp") ~'w’ —w’]. (25)
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The proof is outlined in two steps. For stepl, the second term in the right side of
(25) is shown to be O(D™!). For step2, the first term in the right side of (25) is
shown to be 0,(D~1/?).

stepl: Since Ap is of full rank and the entries of ¥p are uniformly bounded
away from 0. Then Qp, = D~ 'Aj¥,?Ap is positive definite for any fixed D and
Qp = O(1). For the second term in the right side of (25), by first-order Taylor expan-
sion, (I, +Qp") "' —1, = (I, +D—1§;)l)_1 ~1,=1,-D7'Qp+0(D?) -1, =
o(D™).

step2: The first term in the right side of (25) can be rewritten as

D VXD, +0p) 'DV2A ¥, ep. (26)

D '2A[¥ lep is a realization of D~'/2A ¥ '€p. The latter quantity will be
shown to be O,(1). It is sufficient to justify that the covariance matrix of this quan-
tity is bounded. Since £p ~ .#(0,Qp), the covariance matrix of D~'/2A¥,'ep
is

DALY, Qp¥,'Ap =D 'B,

where B is p x p. Let 1 be the p x 1 vector with all elements equal to 1. Then, the
sum of the elements in the p X p covariance matrix can be written as

trace[D~'17B1] = trace[D " '1 TAL ¥, ' Qp¥W ' Apl]
= trace[D~'Qp¥,'Ap11 A W ,'] = trace[D ' QpKp),

where Kp =¥, 1ADllTAB'I’[,l. Let (JziT to represent the ith row of Ap so that Ap =
[alT, . ,ag]T. Then [KD],'J' = l[lfl l//;la;rll—raj.

With the assumptions on the loading parameters, there are constants 0 < M| <
M, < 1 such that M; < y; < M, and ||ej]|» < 1 for j=1,...,D. For the abso-
lute value of the (i, j) entry (i can equal j) in Kp, |k;j| = |y/i’ly/jflaiT11Taj| <
v vy el < v wy ! < pllella @l < pM; 2. by the Cauchy-Schwarz
inequality. That is, the elements in Kp are uniformly bounded.

The summation of absolute values of all elements in the covariance matrix D~'B
' D D D D

|trace[D_IQDKD]| =D! Z Z |@yks| < pM;2D™! Z Z |y
s=11=1 s=1t=1
Based on the Assumption 2 on the order of residual dependence, the summa-
tion of absolute values of entries in the covariance matrix D~ !B, , is of O(1).
Therefore, D~'/2A ¥, ep is 0,(1). Since D~'/2A ¥, ep is a realization of
D '2A W, ep, soitis also O,(1). Since (D1, +Qp) in (26) is O(1) as D — oo,
then wp —w’ = 0,(D~'/2) +O(D~") = 0,(D~'/?). O
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9.3 Proof of Theorem 3

Proof. For the model defined in equation (5), write the averaged negative log-
likelihood as the summation of two parts:

1 2 1
Lp(vup) ==~ Y logejo(uj,v) - 1108 cres(Cio(un]v),...,Cppo(up|v)),
=1

7
:=qLp(v,up) ==Ly’ (vup)

where Zg) comes from the residual dependence given the latent variables and gL, is
the averaged negative quasi-log-likelihood based on conditional independence given
the latent variables.

Step A: As mentioned in Remark 3, consider v as the parameter in the log-
likelihood function Lp. According to the general theory of MLE under standard
regularity conditions in [13], and mixing conditions such as [2], the negative log-
likelihood L has a minimizer located at the true parameters v as D — oo.

Step B in Remark 3 is verified under the Assumptions 3 and Condition 1. It will
be shown that with the assumptions that

az(’)
T\Lz) —50, D —oo.

V:VO

Define random variables U;(v) = Cjp(Uj|v), and ﬁj(-) = Cjo(U;]°) with realized
value V0. Then [710 ~U(0,1). Let uj(v) = Cjjo(u;|v) and ﬁ? = u;(°) be realized

values of U;(v) and Iij respectively. Let EY := CD’I(I}]Q) ~ A4 (0,1) and let one

realization be e(j)- =o' (@)).

J
Denote the derivative of ®@~!(i;(v)) with respect to v evaluated at ¥ as m?, SO
that

D~ (Cjjo(ujlv)) 1 IC;io(ujlv)

0 _ _

"= v o H@TG) |
_ 19w

IO Yy

J

Let mj(u,v) = 8®_I(Cj‘0(uj|v))/8v. With Assumption 3 and also Assumption 1
in [4], lim,_ 1 m;(u,v) and lim,_,om(u,v) are finite for v4 < v < vg, and |m;(u,v)|
is uniformly bounded over j, v4 < v < vp and 0 < u < 1. Furthermore, from the
stochastic increasing condition with 1 —Cjo(-|v) increasing in v for all j, then
dCjo(uj|v)/dv < 0 and m(])- < 0 for all j. Let By, be an upper bound on —m;(u,v)
overall j,all0 <u < 1,and vy <v < vp.

Write the derivative of L") (v,up) with respect to v evaluated at 10 as
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aZ(Dr> (Va uD)
v

:D,I alogcres(ﬁl(‘})a cee 7ﬁD(V))

y=w0 (9\/ (27)

From Condition 1, then
¢D(¢>‘1(ﬁ1(v)),...,(P‘l(ﬁD(v));I"D)
2@ (u;(v)

where ¢p is the D-variate Gaussian density, and ¢, @ are respectively the univariate
standard normal densiy and cdf. Therefore,

Cres(gl(v); e ,IID(V)) =

)

D' 9l0g cres (i1 (v), ..., lip(v):07) / v _,
:D718log¢d(¢7l(ﬁ1(\/)),...,¢71(L7D(V));FD) /aV’

D
D! Zl dlog¢ (@' (u;(v)) /v |,
£

y=0

0Tt e 9(€D)
=D '(mp)'Tplep—D'Y —-m] (28)
j=1 ‘P(ej)
=D '(m}) (' —1Ip)ed, (29)
where m9, = (m?,...,m%)" ande?, = (¥,...,¢%) " In the last term of (28), ¢'(x) =

—x@ (x), so that it simplifies to —D~' Y1, m = —D~" (m{}) "Ipe’.

It will proved in Lemma 1 below that {D~!(mQ) " (I'p,' —Ip)ed)} is a realization
of a random sequence whose variance converges to 0 as D — co. Then, combining
(27) and (29), &Zﬁ)” (v,up)/dv ‘v:v0—> 0 as D — . Hence Step B is justified.

As noted in Remark 3 after step B, the quasi-MLE v}, which is the root
dgLp(v,up)/dv = 0is such that vi —% = 0, (1) as D — oo with a Taylor expansion.
Also, due to the asymptotic equivalence of the proxy vp and quasi-MLE v}, based on
the Laplace approximation in [4], vp — v}, = O(D™ ). The consistency of the proxy
variable is still satisfied since vp —v0 = (vp —vj) + (v —°) = O(D 1) +0,(1) =
op(l)asD —eo. O

Lemma 1. {D~'(mQ) " (F'' —Ip)ed} is a realization of a random sequence whose
variance converges to 0 as D — oo.

Proof. The subscript D is suppressed for I',m" ° etc. Let M = (M) and E® = (E;))
be the random counterparts of m® and €” in (29). The component e? is the realization
of E? ~ A#(0,1) and that E® ~ 45(0,I"). M; is a function of a random variable
with distribution Cjo(-[°), and is correlated with E?. With v4 < vy < vp, and the
assumptions of Theorem 3, there is a positive constant By, such that 0 < —M; < By,,.

LetY := D~ 'MT ("' —I)E® be the random version of D~ (m®) " (I ~' —I)e".
LetX" =M (' —I) be a random variable so that X € R”, thenY = D~ 'X "E°. It
will be shown that Var(Y) = D2 Var(X "E®) — 0 when D — co. Write the variance
of Y as
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D 2Var(X "E°) =D 2E(X "E°?) - [D"'E(X TE")]%. (30)
In (30), the expectation in the second term can be rewritten as
D'EXTEYY =D 'EM" (! fI)EO]

=D 'E[EMTE®)(T "' ~DE’]. (31)

Let K = E[MT|[E®("' —I) € RP, so that the ith entry of the vector is K; =
Y2 | EM(|E°]Y* — E[M;|E®] = 0,(1) with Condition 1, Assumption 3 on weak
residual dependence and uniformly bounded {M;}. Thus, K is a realization of an

O, (1) random vector with uniformly bounded entries. Then, based on the law of
large numbers,

D
DY KiE) —,0. (32)
j=1

Based on the dominating convergence theorem, the limit in (31) is 0.
Without D2, the first term in the right side of (30) can be rewritten as

E[(X"E°)Y | =EM" (' —-DE°(E°)"(I'' - M)
=E[trace{(I' ' ~NE(E°) " (F' ' —1)MM " }]

)
=E[trace{(l ' -NE°(E°)" (r ' -I)E(MM " |[E®)}].  (33)

The entries of E(MM " |E®) are positive and uniformly bounded by B2. Let A =
(C~'—DE°(E®)T(I~" —I) = (Ay,). Then from (33),

D ?trace{("' ' —NE°(E°) (' ' ~1)E(MM " |E®) < D*B,, Z Z [Aks|.
=1s=1

LetZ=(C'—-nNr(C ' -1)=C '+ -2 = (&). Then
D D
D1TEl :D’ZZ ngs
=D~ ZZZW +%s—2(k=5)} =O0(D

with Condition (1). Note that DA is a random matrix with expectation D—2E
Since EY is a multivariate normal random vector, as D — oo,

DT '-nEYE"(r'-1n}-D?E >,0. (34)

Hence,
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lim D2E(X "E"]?) — 0. (35)

D300

Combining (32) and (35),

D Var(XE%) = DB(XE°) ~ [D'EXTE) 0.

9.4 Proof of Theorem 4

Proof. The objective KL divergence function is defined as

Zry~og
Da.(f,80) = [ loglen()/fo(2)]- 0(c) &z
~E{—}1og|R}| — 1Z}R;'Zp + } log [E0(Bb)| + 32525 (Bo)Zn |
~ —Llog|R| + 1 log |5 (Bp) | — 4D+ S trace[ ;! (Bo)RY] = Dic (Bo).

and the minimizer is defined as
Bp= anggHDKL(ﬁD)o

Hence B}, minimizes the objective function

log|Zp(Bp)| +trace[E~' (Bp)RY)]. (36)

Let the score vector (gradient of objective function (36) with respect to Bp be
sp(Bp) and let the Hessian matrix be Hp(Bp). Let the jth element of sp(Bp) be
sj(Bp). Based on the mean-value theorem,

sp(Bp) = sp(ap)+Hp(@p)(Bp —an), (37)

where @p is a vector between €p and B7,. Since the estimator B, is the solution of
a system of inference (or score) functions, sp ([3,*)) =0. Thus,

By —ap=—H}'(@p)sp(ep). (38)

All rates below are as D — o and are under the assumption that the «;’s are
uniformly bounded away from —1 and 1. It will be proved in Lemma 3 that (I) the
elements of the score vector s(B p) evaluated at the true parameters ¢ are uniformly
O(D~"), and in Lemma 4 that (II) the diagonal entries in the Hessian matrix Hp (B p)
are uniformly O(1) and the off-diagonal entries are uniformly O(D~').

Next, from Lemma 2, HBI (@p) has uniformly bounded diagonal elements and
off-diagonal elements that are uniformly O(D~!). Let 8 p — jp be an element of
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the left side of (38). The properties of the score vector and inverse Hessian imply
that B, —ajp = O(D™")+D-0(D7?) = O(D") uniformly over j. O

Lemma 2. Let Hp be a non-singular Hessian matrix with diagonal entries that are
uniformly bounded and off-diagonal entries that are O(D~"). Then the inverse Hes-
sian matrix has the same properties and is diagonally dominant.

Proof. Write Hp = Hop +D~'8p where Hop = diag(Hp) and 8p is a D x D matrix
that is uniformly O(1). Then

Hp' = (Hop+D'8p) " = [(Ip+ D' 8pHy ) Hop) ™!
— — —1\—1
=Hg)(Ip+D""8pH,;)
=Hy\{Ip— D '8pHy) + D2 [8pHp 2 +...}.

Since H, is diagonal and has all entries are O(1), then 8;;”H55 is uniformly
bounded. Hence, in the Taylor expansion, the second-order term is O(D") and the
third order is O(D~?), etc. This proves that the inverse Hessian matrix is diagonally
dominant and the off-diagonal elements are uniformly O(D~!). O

Below, we sequentially show the results (I) and (II) in the proof of Theorem 4.
The ideas in the proofs are straightforward, but there are many calculations of partial
derivatives and determining orders of different terms as D — co. All the presented
orders in D are under the assumption that &;’s are uniformly bounded away from
+1.

Lemma 3., The elements of the score vector sp(Bp) in (37), evaluated at the true
parameters Qp, are uniformly O(D~1).

Proof. For simpler notation, the subscript D will be suppressed for most variables.
An outline is summarized below in a few steps and substeps:
Step A: compute the expression of score vector below shown in (42);
Step B: evaluate the order of score vector at the true parameters Qp.
Step A:
Consider the jth element of the gradient of (36).
From Section 15.8 of [5], for a covariance matrix X parametrized by 8,

log|Z| _, 0% or! ) .
=trace( X — ), —=-X " —/X .
Ip; ( 351) Ip i
Thus, the gradient of (36) with respect to B ; is
X X
-19%1] _ —19% ¢ —1p0
trace [E 5 ﬁj} trace {2 5 B]_Z Rp|. (39)

Next, we simplify each term in (39). For the first term, the derivative of X (B)/d B;has

only jth row and jth column being non-zero; specifically:
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00... 0 B O 0]
00... 0 B O 0
AL |0 1 1 10
B, |Bi B ﬁ/ 1 0 /5/+1 . Bo|"
0 : : D0
|0 0 ... 0 ﬁD O 0 |
Let Z7'(B) = (6)1<; j<p. After some algebraic computations, the first term in
(39) becomes
19X \ it
trace[E —] =2 Z Bro’t = 2b (ﬁD) (40)
aﬁj 1<0<D(#]
Fork+# j,ke{l,...,j—1,j+1,D},let
() 3
by "(Bp)= Y B @
1<0<D,(#]

For a fixed j, the second term of (39) becomes

[Bi6Y Boc' ... Bio16 b\ Biicl L. Bpol]
Bic* Bc? ... B],lozf bé Bj+10% ... Bpo¥
z 192 . g .
aﬁj ﬁ]G” ﬁQG” ﬁ] ]G” b ﬁ]+16” ﬁDG”
_ﬁ]GDj BzGDj ﬁj 1GDJ bD B+1GD1 ﬁDGDj_
By symmetry of £,
2\ ali o\ 6 .. 2p\ ) G
L 265 ali ol 6. 2bS ) 6P
9PB; : :

266l 2 6% L 2bl ) 6P

Letting RY = (r;)1<i j<p the second term of the (39) is

D D
2/(21 Zl bl(c_j)

Overall, the gradient in (39) at the fixed index j is

"™ ¥k
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() Y (D g
5i(Bo) =2(b) " (Bo)~ Y. ¥ 070" ). “2)
——— k=lm=
terml

This concludes Step A.

Step B: Consider s;(¢p) on the right side of (37). We will show that s;(¢tp) — 0
as D — oo. More specifically, sj(ap) = O(D~!) with Assumption 1. We need to
evaluate the order of two terms in (42). The second term in (42) can be written as

D D o D o D D L
Z Z b]((_ﬁcmjrmk — Z bﬁ‘_j)cmjrmj‘i’ Z Z b](c_j)cmjrmh (43)
k=1m=1 m=1 k=1k#jm=1

—_—

term2 term3

Step B can be carried out in four sub-steps:

* Step B.0: Some simplified expression are provided.

» Step B.1: The term1 in (42) with Bp = op is simplified and evaluated.
+ Step B.2: The term?2 in (43) with p = ap is simplified and evaluated.
+ Step B.3: The term3 in (43) with p = ap is simplified and evaluated.

Step B.0 The simplified expressions of (1) 6™, (2) b\ (atp). (3) by 7 (eup). (4)
Y2 6™ 04,04, (5) XL 6™ Y, and (6) Y2 _| 6™Ir,, are provided for later use.

(1) For the inverse of X with 1-factor structure, from special case of X - page
136 in [6],

o™ = —(1+qp) 'y, a0y ifm i, (44a)
" =v,," = (1+4qp)” W, 0 ¥, ifm=i,  (44b)
where
D
ap =Y. o7 /y; 45)
/=1

is O(D). Therefore, 6™ for m # iis O(D™'), and 6" =y, 2 +0(D"). The inverse
matrix of X will approach a diagonal matrix as D — oo,
(2) Define ¢, /) = qp — o2y 2. Let By = o in (40). Then

. D .
bﬁ»fj)(aD) = Z (X(GM = — Z (Xg(l +qD>_11[1j_2(Xj(Xgl[/(_2
(=1,0#] 1<U<D l#]
= v 2a(l+ap)" Y oy =~y lo(1+qp) 'gh .
1<U<D#]

(3) Similarly, let B, = a in (41). With k # j,
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D D
Y ac=ac*+ Y  aoc
(=104] (=102 ) i4k
D
=o [y 2= (1+ap) v ooy * ] — Y ou(1+ap) v Popouy®
O=1,0Z] 04k

D
=y 2= Y a(l+4gp) v togory
l=1#]
2 D 2 2
= oy — (1+qp) oy ” oy,
(=104]

D .
=y [1=(lan) ™ Y o] = ey 1= (1+a0) g,
(=1,04]

Letql, ”/(1+gp) = ny 7. In summary,

“ap) =~y tamy ) =857, (46)

(

J

by (ap) = oy 2 — oy m{) (=np N2, k#j. @)
()

Also, from the definition of 1);, */, algebraic calculations lead to:

np )+ (1+ap) ™ =1-(1+gp) " a?y;2 = 0(1), @

o =1-a2y H(1+ap) " —(1+qp)"' =0(1). (49

(4) By substituting 6™ in (44b), Y2 _, 6™/ a0 can be simplified.
For m # |,

D D
Y Maa=-o Y (1+ap) 'y ey’
m=1,m#j m=1,m#j

D .
—(1+4qp)~ ak%ll/] Z v, o, = fm({’)akajwj‘z-
m=1,m#j

For m = j, with (48),

oV ooy = agayi (1= (14gp) oy ?| = ooy [n( D4 (14qp)~ .

Therefore, from summing the two parts,

D D
Y o"an= ) ™o+l ooy = (1 +QD)_1akajl//j_2. (50)
m=1 m=1,m#j

(5) Substituting (44a), (44b) and (48) leads to
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D
Z " Yok = Z " Yok + 0 Yjk
m=1 m=1,m#j
- 1,2 2 2 1,2 —2
== Y (I+a) '¥ 0oy Yo+ v [1 = (1 +ap) o7 w7 | v
m=1,m#j

D .
=—(1+ap) oy Y v 2o+ v s v w21 b an) e
m=1,m#j
(51)

(6) With r,,x = QO + Yk, combining the results in (4) and (5) leads to

Y o"rw=Y c™anou+ Y 6™y
m=1 m=1

m=1

D
=(1+gp) 'owayy; > = (1+ap) 'oyy; > Y W Gtk
m=Tm#j

+ V’jfznl(;j)%k + v (14+4p) i (52)
Step B.1: By (46), the term 1 in (42) is 8.

Step B.2: For term?2 in (43), substituting (46) and (52) with k = j leads to:

D ) '
Y. b5 0",
=1

3

. D
:5é_J) [(1+QD)7106]2W;2_(l+QD)7lajo72 Z Wrzzamij
m=1mj

w2 (1 ap) ) (53)

v

Using (49), 51()_J ) = O(1) in (53) assuming loading parameters bounded away from
+1. As for the four terms inside the brackets in (53), the order of the first and the
fourth term is O(D~!) because (1 +¢p)~! = O(D'). With Assumption 4 for the
{¥m;}, the second term is also O(D™") with ¥,,,_1 .z W2 O Yonk = O(1). Further-

more, the third term is 171(3_/ ) = O(1) by noticing y;; = llljz». Overall, the order of
term?2 in (43) is né_j) 51()_j> +0(D™).
Step B.3: For term3 in (43), the substitution (52) and (47) leads to,
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D D L
5% o
k=1 ks£jm=1
(=) 1 2 L 2. -2
=(1=np ") |(U+ap)'oy;® Y, gy 54
k=1 k]
i ) ) 2
—(I4gp) oy Y, ww® Y W Ol
k=1k#j m=1,m#j
+y2 (=) c w2y -2(1 -1 2 -2,
vitny 7Y v v+ v () Y o Y-
k=1k#j k=1k]

In (54), the scalar (1 — nD ) is O(D~!); the first term, second term, and third term
inside the bracket are all O(1) while the fourth term is O(D~"). Thus, term3 in (43)
iso(D™).

Combining the results in B.1,B.2,B.3, term1 in (42) is 5};’1 ), term2 in (43) is
Sé_ﬁnl()_j) +0(D7"), and term 3 in (43) is O(D~'). The score vector in (42)
equals to 2[term1-(term2+term3)] = 2[65]-) (1— ngj)) +0(D™1)]. Since 5};1‘) (1—
nl()_j>) = O(D™!) by (49), s;(Bp) in (42) is of order O(D~!). With the super-

population assumption, the indices are “exchangeable” and the {s;(Bp)} are uni-
formly O(D~!). O

Lemma 4. The diagonal entries in the Hessian matrix Hp(Bp) in (37) are uni-
formly O(1) and the off-diagonal entries are uniformly O(D™1).

Proof. For simpler notation, the subscript D will be suppressed for most variables.

Following similar techniques to the proof of the preceding lemma, the order of
off-diagonal and diagonal elements in the Hessian matrix will be shown respectively
in Step C and Step D. Based on the super-population assumption, considering the
non-diagonal (1,2) element and diagonal (1,1) element in the Hessian matrix are
sufficient, and this will simplify the notation.

Step C. The order of off-diagonal entries in the Hessian matrix.

Take the derivatives of the score vector in (42), the off-diagonal (1,2) entry in the
Hessian matrix can be expressed as

;&ségzp) _a{b(l—l)(ﬁD)(l_mi’lcmlrml)] /9B

term1

-1
D D a(b )Gmlrmk)

fZ):T. (55)

term2
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The term?2 in (55) can be rewritten as

D D Hp=D D D o™l

k ml (-1)
G Iyk+ b Tmk

kgbngl aﬁz k§2m§1 ¢ aﬁz
term21 term22

D D or

+ bl D gm Lk (56)
/;2)11;1 k aﬁz
term23

For notational simplicity, let

_d(l—og)t 2\2
A = T—ZOQ/(I_O(Q) )
o2yl
Ay = M;(H@)/(]—o@){ and
(0%]
_dgp _d[ag/(1-03)] 22
&= G = g = 2a/(1-03)” from (45).

The evaluation of the order of off-diagonal entries is done in four sub-steps.

¢ Step C.0: Some simplified expressions are provided for later use.

 Step C.1: The term1 in (55) is simplified and evaluated at Bp = a&p.

+ Step C.2: The term21 in the expression (56) is simplified and evaluated at B =
op.

 Step C.3: The term22 in the expression (56) is simplified and evaluated at Bp =
ap.

* Step C.4: The term23 in the expression (56) is simplified and evaluated.

Step C.0: With some algebraic calculations, the derivatives of o* in (44a) and (44b)
with respect to 3, when k # 2 is

9B _ [ tan) taylaey =00 2 o
9B IBo=ap | —(1+qp) 'y P +0(D2)=0D") (=2
When k = 2, the derivative of 62! with respect to B, evaluated is
, _ [(1+gp) oy > Ao —w5 ooy A3
20 (Bp) (1+4p)?
TPy I, | O t72, O9

For k # 2, the derivative of b](c_l) (Bp) = ):.[Dzz Byc* in (41) with respect to 3 eval-
uated at Bp = ap is simplified below by substituting the order of expressions in
(44a) and (57):
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bV (Bp) dok? dok!
B Ippeay (@) +32< P ) * Zﬁf( 7 o )
=om YH+od H+od H)=0D). (59)

In the case of k = 2, the derivative of bg_l)

Bp = ap, using (58) and gp in (45), is

with respect with to B, evaluated at

avs " (Bo) L dc
e + +
B pyar = | = B ZB@ 5 po-a
D
—(—ad) " +263(1- )7~ Y (1 +ap) oy A+ O(D )
(=3

D
=M —(1+q9p)' Y Majy, 2 +0(D ") =0(D7).
(=3

Step C.L. From (52) with Assumption 4, Y2 6™ r = yi2nS iy + oD =
nD D +0(D™") as 711 = y?, and thus from (49),

D
1-Y o™ru=00D7"). (60)
Next,
D a(G rml) D 86"“ D 8r,,,1 ml
= ]/‘m
Lo Loom™t Lo
8621 D &O-ml 91
=—=—n1+ ———TIml+ O 61
25 " milz;,n# o Bi (61)
o HY+od H+omH=0D, (62)

using 7,1 = BP1 + Y1, and ri; = 1. The orders in (62) are based on the orders
computed in (57), (58), and (44a). The derivative of dc*‘/dB, = O(D~') when
k=2(#2o0ork#2¢=2andis O(D™?) when k # 2,/ # 2.

With the above calculation and the term evaluated from step C.0 in (59), the order
of terml in (55) evaluated at Bp = @p is

b\ (ap) a( mlrml)

B> X(l_milcmlrml) I (@) i

m=1

(63)
=0 2)+o H=0D™M).

The first term in (63) is based on (59) and (60) while the second term in (63) is based
on (62) and b\ (@tp) = O(1) in (46). Therefore, the terml in (55) is O(D1).
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Step C.2. From equation (52), 22:1 ™ = llfl_znl(j_l)%k +0(D™"). Then, the
term21 in (56) evaluated at Bp = ap equals to

b~
Z 35 (w2 Y 007). (64)

From (59) in Step C.0, 9b\ " /aB, is uniformly O(D~') for k = 2,...,D. With the
assumption on the weak residual dependence ¥'2_; |y1x| = O(1) and loadings are
bounded away from +1, and hence the order of term in (64) is O(D~'). Thus, the
term21 in (56) is O(D~").

Step C.3. Substituting the expression (47) in the term22 in (56), and evaluating at
Bp = ap leads to

1 - nD Z (0724 Z amak + ’mG) (65)

For the double summation term in (65), substitute (57) leads to

m

Z oY, Z 9[3 amak"_'}/mk)

m=1
21

,d0
E(x *22 ocma+m+§oc ooy +
kW P2 aB k + Yk 1/ aﬁz(Zk Vo)

= Z oYy { Y (144p) 2 A39,, 2 G 061 Wy 2) (G Ok + Yink)
m#2
+[~(1+4gp) oy * A+ 0(D7?)] (azak+72k)}
D
= Z akll/]:z{(l—i_CID) A3a1‘l’1 O Z mIVm
k=2 m#2

+(1+gp) A3y > Y a2k — (14 ap) ooy > Aoy
m#£2

—(1+gp) "oy 2 My + O(D_z)}

= Z o4y, {A3 l+gp)~ 26]5:)_2)05105le1_2

D
+MA3(1+gp) 2oy Y 0wV 2tk
m#2

+0(D?) ~(1+gp) 'y Mooy — (1+qp) o Vfl_zAzsz}

Further algebraic simplications lead to:
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D
= 85(1+gp) ') Doy 2 Y ody?

k=2

+A3(1+qD) oy Zakllfk Zamllfm Yk +O (D™ )
m#2

D
—(I+gp) 'ony * My Z w2 = (14+qp)  ouy A Y oy Py (66)
k=2 k=2
=o()+od Y +od H+o(1)+o(D™ ") =o0(1).

N1 and N2 are in (48) with j = 1 and j = 2 respectively. By noticing

Y10 02y, > = O(D) and ¥, 0 Wy Yink = O(1), the summation in (66) is O(1).
Since 1 — 1" = O(D™1), the order of term in (65) is O(D~1). Thus, the term22 in
(56)is O(D~1).

Step C.4. Since dr,,;/d B, is non-zero only when m = 2 or k = 2. term23 in (56)
can be simplified, using (44a) and (47), to

gzo’"]a +G'22a b
D

:_bgil)allm 1+QD IZ Wm +G l_nD Z kvlk
m#£2 k=3

=0 "HY+od H=0D™).

Recall 55" in (47), 612 in (44a) and 1 — ;") are all O(D~1). The term23 in (56)
is also O(D™1).

Combining Steps C.0, C.1, C.2, and C.3 and using the super-population assump-
tion, the off-diagonal entries are uniformly of order O(D™!).

Step D. The order of diagonal entries in the Hessian matrix.
For the diagonal entries, consider

;as;(gp) _ a[b<11>(50)(1 _mi Gmlrml)] /B,

terml
D 1)

533 —1%) . 67)

k=2m=1

term2

Similar to the analysis of the off-diagonal entries, we evaluate the order of term 1
and term2 in (67) at Bp = ap respectively.
Step D.1: Evaluate term1 in (67)

(1) Using the expressions in (40) and (44a),
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b " (Bp)
B

(2) Using the expressions in (44a) and (44b),
i (861’”
m=1 aﬁl

D
=200y +0(D") = (1+4p) ' (1+ o))y Yo Y oy,
m#2

D aél

P ; Big- B =0(1). (68)

Bp=0ap

36” D aclm
ml = =5 T —5 (0 & + Yim
ﬁn=an>r 1 B = 9P ( 1+ Yim)

D
—(I4ap) "1+ ad)y;* Y @y, > vim+0(D™1) (69)

m=2

=o()+od N +o(1)+o(D ") =0(1).

(3) Using rm1 = BuPi + Yim» when m # 1, 91 /9By = B and when m = 1,
drm1/dB1 = 0. Therefore using (44b),

8rm1
Z 9P

m=1

Bp=ap

D
=Y oo™ =0(1). (70)
m=2

Based on the order in (68), (69), (70), and (60), for the derivative of the term1 in
(67) evaluated at Bp = ap,

ab(l—l)(aD) D D a( mlr 1) .
—_ -1 7P 1— ml - m b< )
aﬁl X ( mZ;lG 1, 1) mgl X 1 (aD)
_ D gglm or
—oH-b\ e [ ol + L cml]
( ) ! ( D) mzl aﬁl ﬁD=aDr : Z 3ﬁ1 Bp=ap
=0 HY+o0(1)=0(1). (71)
Step D.2: Evaluate term2 in (67).
Fork=2,...,D, from (41),
abl(fil)(ﬁD) i B a t O(Dfl) (72)
B Bo-ap =" 9B Bo-as '
The term?2 in (67) can be rewritten as
D D (—1) D D 1) D D 1) O
ZZ " r+ Y Y b mk+ZZbk O']Tg . (73)
k=2m=1 k=2m=1 k=2m=1 1
term21 term22 term23

Since the technique applied to evaluate the order of each term in (73) is quite similar
to Step C, we just briefly discuss the order of terms in (73).
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The term21 in (73) is O(1) because ab,(c_l)/8[31 = O(D~") uniformly for k =

2,...,D, Y2 _ 6™y = l/fl_zn,()_l)}’lk 4+ O(D~") uniformly, and Y2, v = 0(1)
with Assumption 4.

The term22 in (73) is O(1). Substitute the expression (47) in the term22 in (73),
and evaluate at Bp = @p leads to

(1—ny" Zak Z amak+ymk). (74)

(=1)

Similar to the derivation of (65), excluding the scalar 1 — 7, ', for the summa-
tion term in (74), let Ay = 20y, 4and Ay, = (140 )1//1 4 Substltute dc™ /dB,
computed using the expression in (44b) leads to

Zakllfk (Au ol O + Vi)

D

= Y [T+ a0) " w02+ O(D )] (oot -+ 7))
m=2
D D
=Anon Y oy + A Zak‘l/k_z}’lk

k=2 =2

—(I+ap)” Azzzakllfk Z

—(1+¢p) "An Z oy Z O Wiy “ Yok (75)
k=2

m=2

= 0(D)+0(1) +0(D) +0(1) = O(D).

As1—n§" = 0(D™1), the term in (74) is O(1).
As for the term23 in (73), d7, /9 B1 is not zero only when m = 1 or k = 1. Similar
with step C.4, the term23 in (73) can be simplified into

Zc’”la,n+c7"2ab D=o(1)+0(1)=0(1) (76)
m=2 k=2

L . —1 .
by noticing that {@,} are uniformly bounded, bi ) = O(1) in (46), ¥ _,|o™| =

O(1) from (44a), 6! = O(1) in (44b), and b, " = O(D1) in (47) for k # 1.
Combining all these results and under the super-population assumption, the di-
agonal terms in the Hessian matrix are uniformly O(1). O
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